Continuous l_{n,p}-symmetric distributions

Wolf-Dieter Richter, University of Rostock Mathematical Department, University Place 1, 18051 Rostock, Germany e-mail: wolf-dieter.richter@uni-rostock.de

Abstract

Based upon the notion of the l_{n,p}-generalized surface measure on the l_{n,p}-unit sphere, the notion of the l_{n,p}-sphere intersection-percentage function F_p(A, r) for sets A ∈ B^n is extended here from the well studied cases p ∈ {1, 2} to each p > 0 as a function of the p-generalized radius variable r. This function is used for deriving a geometric measure representation formula which can be considered reflecting an extension of Cavalieri’s and Torricelli’s indivisiblen method. Thereby, the l_{n,p}-spheres are the indivisibles and measuring them is based upon a suitable Minkowski geometry if p ≥ 1 and upon the Minkowski functional of a suitable star-shaped set if p ∈ (0, 1). First applications deal with extending classical exact statistical distributions. Further, on generalizing the Euclidean circumference and area content properties of l_{2,2}-circle discs, l_{n,p}-ball numbers are defined which reflect the l_{n,p}-generalized surface content and the Euclidean volume properties of l_{n,p}-balls.

AMS2000 subject classification: 60D05, 60E05, 28A75, 26B15, 62E15, 62H10, 51M25, 51F99, 11H99 Keywords Geometric measure representation, p-generalized indivisiblen method, p-generalized intersection-percentage function, Minkowski geometry, l_{n,p}-generalized surface measure , generalized uniform distribution, cone measure, exact statistical distributions, p-generalized normal distribution, geometric probability, p-generalized Fisher distribution, (p,g)-generalized χ^2-distribution, (n,p,g)-generalized order statistics, l_{n,p}-ball numbers.

Running title: L_{n,p}-symmetric distributions

1 Introduction

In data analysis and statistical modeling, one is interested in knowing families of probability measures which are suitable for being adapted to given data sets under different aspects. The measures N_{g,p} considered here may be of interest if a cloud of points looks like an l_{n,p}-sphere or -ball for an arbitrary form parameter p > 0 and if the modeling random vector has uncorrelated components. More over, a density generating function g allows to model heavy and light tails. Notice that the tail behavior of the considered measures is closely connected with the dependence structure of the marginals. However, for each form parameter there is a density generating function making the modeling random variables independent.

Some problems of probability theory and mathematical statistics are basically dealt with non direct, asymptotic or otherwise approximative methods mainly for technical reasons. It is not well known for several univariate model distributions how to deal explicit with the corresponding multivariate sample distributions. Main success in deriving exact distributions of functions of random vectors was in the literature for many functions in the case of the Gaussian sample law. For a solid basis of this research area, we refer to (1). Many of the original results could be extended later to the class of spherically- or l_{n,2}-norm symmetric sample distributions. This view does not ignore that similar success was for more or less specific functions of random vectors for other sample distributions, too. Numerous results exist, e.g., if the sample distribution is a one- or two-sided exponential or an l_{n,1}-norm symmetric distribution. Considerably few explicit distributional results are known, however, for other types of sample distributions because such distributions are not yet studied as well as those mentioned before.

Much of the foundation of the classes of l_{n,2}- and l_{n,1}-symmetric distributions has been done in (2; 5; 6; 12; 20; 38). Statistical applications were discussed in (4; 9; 17; 43). The separate but analogous theories of these distributions are well established nowadays and include stochastic representations of random vectors with respect to a suitably chosen so called uniform basis and a certain positive random variable. Hence, when establishing these theories, the distribution ω_p of the n-dimensional basis vector, n ≥ 2, plays a fundamental role. This distribution is not yet studied for arbitrary p > 0 as well as for the two special cases p ∈ {1, 2}. To study it is closely connected with answering the question which geometry would be the most suitable for measuring the surface content of the l_{n,p}-sphere if p is not from {1, 2}. It will become obvious in this paper that studying the distribution ω_p for arbitrary p > 0 brings together measure theory and a certain type of non- Euclidean geometry being a Minkowski geometry in the convex case p ≥ 1. Basic properties of l_{n,p}-norm symmetric distributions have been studied in (11; 25; 36; 39; 41). Notice that the continuous l_{n,p}-symmetric distributions are natural generalizations of the p-generalized normal distribution N_p which was introduced in (40) and later on studied in (18; 10; 42). The density of this distribution is

φ_p(x) = C^n_p exp{− 1 p n∑ i=1 |x_i|^p}, x = (x_1, ..., x_n) ∈ R^n

where C_p = p^{1−1/p}/(2Γ(1/p)), p > 0 and, in accordance with the geometric properties of the level sets of this density, p will be called the form parameter. Obviously, this is the Gaussian density if p = 2 and the Laplace density if p = 1. The p-generalized normal distribution can be considered as an l_{n,p}−symmetric or -spherical distribution, or even as an l_{n,p}−norm symmetric distribution if p ≥ 1. It has zero expectation and covariance matrix σ^2_pI_n with σ^2_p = p^{2/p}Γ(3/p)/Γ(1/p) where I_n denotes the n × n-unit matrix and Γ the Gamma function.

Let a random vector X = (X_1, ..., X_n) be distributed according to this distribution, X ∼ N_p, p > 0 and put

R_p = ( n∑ i=1 |X_i|^p)^{1/p} and U_p = X/R_p.

The random variable R_p can be considered as the p-generalized radius variate of the random vector X. It is distributed according to the p-generalized χ−distribution having the distribution function

F_p(x) = I_{(0,∞)}(x) x∫ 0 r^{n−1}e^{− r} p p dr/ ∞∫ 0 r^{n−1}e^{− r} p p dr

and the p-generalized χ^2−type statistic R^p follows the so called χ^p− or p-generalized χ^2− distribution having the density f_{n,p}(y) = I_{(0,∞)}(y) 1 p^{np} Γ(^n_p ) y^{np −1}e^{− yp} .

Possibly without knowing yet the direct derivation of these formulae, the reader may check them immediately by induction. For short, and in accordance with (30), we write R_p ∼ χ(p, n) and R^p ∼ χ^p(n). This distribution will be further generalized in Section 4. The vector U_p takes values in the unit sphere,

U_p|Ω → S_{n,p} = {x ∈ R^n : ( n∑ i=1 |x_i|^p)^{1/p} = 1}

and will be called the p-generalized uniform basis of the random vector X. The distribution generated by U_p on the Borel σ-field B_{S,p} over S_{n,p} is singular w.r.t. the Lebesgue measure λ_n. Moreover, for each p > 0, the random elements R_p and U_p are stochastically independent. The vector U_p has zero expectation and covariance matrix (σ^2_p/ER^2_p)I_n and it follows from the equation ER^2_p = p^{2/p}Γ((n + 2)/p)/Γ(n/p) that

σ^2_p/ER^2_p = Γ(3/p)Γ(n/p))/(Γ(1/p)Γ((n + 2)/p)).

It was shown in (30) that U_p follows the l_{n,p}-generalized uniform probability distribution on S_{n,p} which can be considered as a geometric probability distribution based upon the l_{n,p}-generalized surface measure being also defined there. The latter notion was further studied for dimension n = 2 in (31; 32) and will be discussed for higher dimensions in Section 2. It will be shown there that if p ≥ 1 then the notion of the l_{n,p}-generalized surface measure on the l_{n,p}-sphere relies on the Minkowski metric induced by the unit ball of the space l_{n,p}∗ with the ’dual’ p^∗ ≥ 1 satisfying 1 p +^1_{p∗} = 1. If, however, p ∈ (0, 1) then this notion is based instead upon the Minkowski functional of the non-convex star-shaped set S(p^∗) = {x ∈ R^n :

∑_n

i=1 |x_i|^{p∗} ≥ 1} with p^∗ =^p_{p−1} < 0.

To be more specific, let K_{n,p}(ϱ) = {x ∈ R^n : (

∑_n

1 |x_i|^p)^{1/p} ≤ ϱ} denote for arbitrary p > 0 the l_{n,p}-ball of p-generalized radius ϱ > 0,

CP C_p(D) = {x ∈ R^n : x/( n∑ i=1 |x_i|^p)^{1/p} ∈ D}

the central projection cone corresponding to the set D ∈ B_{S,p} and

sector_p(D, ϱ) = CP C_p(D) ∩ K_{n,p}(ϱ)

the D-based sector of the l_{n,p}-ball K_{n,p}(ϱ). The l_{n,p}-generalized surface content of a set D from B_{S,p} is defined according to (30) as

O_p(D) = d dϱ λ_n(sector_p(D, ϱ))|_{ϱ=1},

i.e., it is the derivative of the sector’s Lebesgue volume λ_n(sector_p(D, ϱ)) w.r.t. the p-generalized radius ϱ taken at the point ϱ = 1. On using this measure, the distribution of U_p may be represented as ω_p(D) = O_p(D)/O_p(S_{n,p}), D ∈ B_{S,p}.

The notion of the l_{n,p}-generalized surface content of a set D from B_{S,p} may be equivalently expressed with the help of the Minkowski functional d_M of an absorbing reference set M as follows. The functions

φ_{+(−)}(x_1, ..., x_{n−1}) = +(−)(1 − n−1∑ i=1 |x_i|^p)^{1−p}

describe the upper and lower half spheres S^{+(−)}_{n,p} in R^n. Let the standard unit vectors in R^n be denoted by e_i, i = 1, ..., n and the normal vector to S_{n,p} at the point (x_1, ..., x_{n−1}) ∈ S^{+(−)}_{n,p} by

N(x_1, ..., x_{n−1}) = (−1)^n(e_1

∂φ_{+(−)}

∂x_1

+ ... + e_{n−1}

∂φ_{+(−)} ∂x_{n−1}

− e_n).

It will be shown in Section 2 that

O_p(D) = ∫ K_{n−1,p}

d_{M(p)}(N(x_1, ..., x_{n−1}))dx, D ∈ S^{+(−)}_{n,p} ∩ B_{S,p}

with K_{m,p} = K_{m,p}(1) and the reference set being M(p) = K_{n,p}∗ if p ≥ 1 and M(p) = S(p^∗) if 0 < p < 1.

The l_{n,p}-generalized surface content of the whole l_{n,p}-sphere S_{n,p} satisfies the equation O_p(S_{n,p}) = ω_{n,p} where ω_{n,p} = 2^nΓ( 1 p )^n/(p^{n−1}Γ( n p )). The constant π_n(p) = ω_{n,p}/n has the properties of a so called l_{n,p}-ball number. The latter notion generalizes that of the circle number π to the case of an arbitrary form parameter p > 0 and an arbitrary dimension n ≥ 2. This is outlined in (31; 32) for dimension n = 2 and will be further discussed in Section 5.

For the formal reason of defining a certain analogy to the case p = 2, the random vector U_p was said by several authors to be uniformly distributed on the sphere S_{n,p}. Notice that, e.g., the authors in (39) deal with this definition without explaining the geometric meaning of the word ”uniform”. Instead, they show that the Lebesgue density of an n-1-dimensional sub-vector of U_p satisfies a certain representation.

It was proved in (30) that, in general, ω_p does not coincide with the geometric probability distribution ω(D) := O(D)/O(S_{n,p}), D ∈ B_{S,p}

which is based upon the usual (Euclidean) surface measure O on B_{S,p} over S_{n,p}. It is quite remarkable that even O_1 does not coincide with O. But, because O_1(D) is a scalar multiple of O(D), it holds nevertheless

ω_i(D) = ω(D), D ∈ B_{S,i} for i ∈ {1, 2}.

For other results characterizing the distribution of U_p, e.g. by almost independence of its components, we refer to (25; 36).

In (41), a special system of generalized spherical coordinates is introduced for studying ω_p. It seems there, however, that the ”uniformity” of this distribution does not refer to real, geometrical uniformity of the probability mass on the surface of the unit sphere.

Hence, if we would call a random vector simply to be uniformly distributed on S_{n,p} if it follows the distribution ω then we could only say that U_p would have this property if p ∈ {1, 2}. The l_{n,p}-generalized uniform distribution on the sphere S_{n,p} can be represented alternatively as a geometric probability distribution which is based upon the volumes of p-generalized ball sectors, i.e., ω_p(D) = λ_n(sector_p(D, 1))/λ_n(K_{n,p}(1))), D ∈ B_{S,p}.

This is closely connected with the circumstance that ω_p is also called the cone measure. One might consider the cone measure representation of ω_p being the global and the l_{n,p}-generalized surface measure representation of ω_p being its local view. For a recent study comparing the Euclidean surface measure with the cone measure, we refer to (23).

Best of all the distributions ω_p, p > 0, the two special cases ω_2 and ω_1 are studied. These play an essential role in the literature for geometric measure representation formulae and their applications. A general foundation of geometric measure theory is given in (8) and (22). Detailed studies were made in (5; 6) for several classes of symmetric multivariate distributions including those having l_2-norm or l_1-norm symmetric densities. Specific geometric measure representation formulae reflecting certain extensions of Cavalieri’s and Torricelli’s indivisiblen method were given for Gaussian measures in (26; 27), for more general l_{n,2}−spherical measures in (28; 29) and for l_{n,1}−symmetric measures in (13). The spheres S_{n,p}, p ∈ {1, 2} may be interpreted thereby as generalized indivisibles and measuring them may be based upon the usual (Euclidean) surface measure.

The key formulae in these papers are based upon the so called l_{n,p}−sphere intersection-percentage functions for p ∈ {1, 2}. In the present paper, we unify these two approaches and generalize them to the case of arbitrary p > 0. For all p > 0, the function

r → F_p(A, r) := ω_p(r^{−1}[A ∩ S_{n,p}(r)]) , r > 0

will be called the l_{n,p}−sphere intersection-percentage function of the set A ∈ B^n. The sets A ∩ S_{n,p}(r), r > 0 may be considered now, for arbitrary p > 0, as generalized indivisibles and measuring them is based upon O_p which is a non Euclidean surface measure, unless for p = 2. The corresponding geometric measure representation formula for N_{g,p}-measures will be proved in Section 3. Section 4 deals with some examples where this formula applies to generalizing classical exact statistical distributions.

2 The l_{n,p}-generalized surface measure on the l_{n,p}-sphere

2.1 The convex case In this subsection, we are merely dealing with the case 1 ≤ p < ∞. It is well known that the usual Euclidean surface content of S^{+(−)}_{n,p} (r) can be represented as

O(S^{+(−)}_{n,p} (r)) = ∫ S^{+(−)} n,p (r)

do = ∫ K_{n−1,p}(r)

||N(x_1, ..., x_{n−1})||_2dx

where ||.||_2 denotes the Euclidean norm. For details see, e.g., in (37). Notice that O(S^{+(−)}_{n,p} (r)) = r^{n−1}O(S^{+(−)}_{n,p} ) and that it generally suffices to consider surface measures on the unit sphere. The given representation formula for O(S^{+(−)}_{n,p} ) is suitable for generalizing the notion of the l_{2,q}-arclength AL_{p,q} of the l_{2,p}-circle S_{2,p} studied in (31) to the multivariate case n ≥ 2. For doing this, we consider elements (x_1, ..., x_{n−1}) from the Euclidean space (R^{n−1}, ||.||_2) alternatively as elements from the Minkowski space (R^{n−1}, ||.||_q) where ||.||_q denotes the l_{n−1,q}-norm, q ≥ 1.

Let the l_{n,q}-surface content of a Borel subset A of a half-sphere S^{+(−)}_{n,p} be defined for p ≥ 1 and q ≥ 1 as O^{(n)}_{p,q} (A) = ∫ G(A)

||N(x_1, ..., x_{n−1})||_qdx,

G(A) = {(x_1, ..., x_{n−1}) ∈ K_{n−1,p} : (x_1, ..., x_n) ∈ A}.

Theorem 2.1. If (p, p^∗) = (1, ∞) or p > 1 and p^∗ =^p_{p−1} then there holds

O^{(n)}_{p,p}∗ (A) = O_p(A), A ∈ B_{S,p}.

Proof. It follows from the definition of O^{(n)}_{p,q} (A) that it satisfies the representation formula

O^{(n)}_{p,q} (A) = ∫ G(A)

(1 + n−1∑ i=1 | ∂φ_{+(−)} ∂x_i

|^q)^{1/q}dx

with | ∂φ_{+(−)}

∂x_i

|^q = |x_i|^{(p−1)q}(1 − n−1∑ j=1 |x_j |^p)^{1−pp q} .

In the case p = 1, there holds

O^{(n)}_{1,q} (A) = n^{1/q} ∫ G(A)

dx^{q→∞}→ ∫ G(A)

dx = O^{(n)}_{1,∞}(A).

Below, it will become obvious that O^{(n)}_{1,∞}(A) coincides with O_1(A). Now, let p > 1. On choosing q = p^∗, it follows

O^{(n)}_{p,p}∗ (A) = ∫ G(A)

(1 − n−1∑ i=1 |x_i|^p)^{1−pp} dx.

Let us assume for a while that the set A may be represented as

A = A(r_1, r_2, M^∗) = {(y_1, ..., y_{n−1}, [1 − n−1∑ i=1 |y_i|^p]^{1/p}) :

(y_1, ..., y_{n−1}) = SP H^{(n−1)}_p ([r_1, r_2) × M^∗)}

where r_1 < r_2 are real numbers from the interval (0, 1),

M^∗ = {(φ_1, ..., φ_{n−2}) : φ_{il} ≤ φ_i < φ_{iu}, i = 1, ..., n − 2}

is a subset of M^∗_{n−1} = [0, π)^{×(n−3)} × [0, 2π) and SP H^{(n−1)}_p |M^∗_{n−1} × [0, ∞) → R^{n−1} denotes the n − 1-dimensional p-generalized spherical coordinate transformation defined in (30). The collection of all such sets A(r_1, r_2, M^∗) is a sub-semi-algebra of B_{S,p}, say S_p.

If we change in the integral representation of O^{(n)}_{p,p}∗ (A(r_1, r_2, M^∗)) Cartesian with n-1-dimensional p-generalized spherical coordinates then it follows

O^{(n)}_{p,p}∗ (A(r_1, r_2, M^∗)) =

r_2∫

r_1 ∫ M^∗

J(SP H^{(n−1)}_p )(φ, ϱ)(1 − ϱ^p)^{1−pp} d(φ, ϱ)

where J(SP H^{(n−1)}_p )(φ, ϱ) denotes the Jacobian of the p-generalized spherical coordinate transformation SP H^{(n−1)}_p . On exploiting the multiplicative structure of this Jacobian, J(SP H^{(n−1)}_p )(φ, ϱ) = ϱ^{n−2}J^∗(SP H^{(n−1)}_p )(φ), we get

O^{(n)}_{p,p}∗ (A(r_1, r_2, M^∗)) =

r_2∫

r_1 ∫ M^∗

J^∗(SP H^{(n−1)}_p )(φ)ϱ^{n−2}(1 − ϱ^p)^{1−pp} d(φ, ϱ).

For describing now the set sector_p((A(r_1, r_2, M^∗)), ϱ), let us define the coordinate transformation T : (R, r, φ) → z[R, r, φ] as follows:

z_1 = Rr cos_p(φ_1), z_2 = Rr sin_p(φ_1) cos_p(φ_2), ...,

z_{n−2} = Rr sin_p(φ_1) · · · sin_p(φ_{n−3}) cos_p(φ_{n−2}),

z_{n−1} = Rr sin_p(φ_1) · · · sin_p(φ_{n−3}) sin_p(φ_{n−2}), z_n = R(1 − r^p)^{1/p}

where sin_p and cos_p are the p-generalized sine and cosine functions defined in (30). The Jacobian of this coordinate transformation is

J(T ) =

D(z_1, ..., z_n) D(R, r, φ_1, ..., φ_{n−2}) = |

| | | | | | | z_{1R} z_{1r} z_{1φ1} · · · z_{1φn−2} · · · z_{n−1R} z_{n−1r} z_{n−1φ1} · · · z_{n−1φn−2} z_{nR} z_{nr} 0 · · · 0

| | | | | | | |

= R^{n−1}(1 − r^p)^{1/p−1}J(SP H^{(n−1)}_p )(r, φ), R > 0, r ∈ (0, 1), φ ∈ M^∗_{n−1}

where z_{iθ} means the partial derivative^{∂zi}_{∂θ} and J(SP H^{(n−1)}_p )(r, φ) is still the Jacobian of the n − 1-dimensional p-generalized spherical coordinate transformation SP H^{(n−1)}_p . On using the new coordinates, we get the representation formulae

A(r_1, r_2, M^∗) = T ({1} × [r_1, r_2) × M^∗) = {z[R, r, φ] ∈ K_{n,p} : R = 1, r ∈ [r_1, r_2), φ ∈ M^∗} and sector_p((A(r_1, r_2, M^∗), ϱ) = {z[R, r, φ] ∈ K_{n,p} : 0 ≤ R < ϱ, φ ∈ M^∗, r_1 ≤ r < r_2}, ϱ > 0.

For proving now O^{(n)}_{p,p}∗ (A) = d dϱ λ_n(sector_p(A, ϱ))|_{ϱ=1}, we start from λ_n(sector_p(A(r_1, r_2, M^∗), ϱ)) = ∫ sector_p(A(r_1,r_2,M^∗),ϱ) dz

= ϱ∫ 0 r_2∫

r_1 ∫ M^∗

D(z_1, ..., z_n) D(R, r, φ_1, ..., φ_{n−2})

(R, r, φ_{(n−2)})dφ_{(n−2)}drdR

= ϱ∫ 0 r_2∫

r_1 ∫ M^∗

R^{n−1}(1 − r^p)^{1/p−1}r^{n−2}J^∗(SP H^{(n−1)}_p )(φ)dφ_{(n−2)} drdR.

It follows d dϱ λ_n(sector_p(A(r_1, r_2, M^∗), ϱ)|_{ϱ=1} =

r_2∫

r_1 ∫ M^∗

(1 − r^p)^{1/p−1}r^{n−2}J^∗(SP H^{(n−1)}_p )(φ)d(φ, r).

This integral representation for O_p(A(r_1, r_2, M^∗)) coincides with that for O^{(n)}_{p,p}∗ (A(r_1, r_2, M^∗)) both if p > 1 and if p = 1. Hence, the measures O^{(n)}_{p,p}∗ and O_p coincide on the semi-algebra S_p. They are countable additive on the smallest algebra A_p including S_p. The smallest σ-algebra including A_p includes at least the intersections of l_{n,p}-balls with the sphere S_{n,p}. Thus, by measure extension theorem, the measures O^{(n)}_{p,p}∗ and O_p coincide on B_{S,p}.

Notice that on substituting z = ϱ^{1/p} in the latter integral, we get

O_p(A(r_1, r_2, M^∗)) = 1 p r^{1/p}_2∫

r^{1/p}_1

z^{n−1p −1}(1 − z)^{1p −1}dz ∫ M^∗

J^∗(SP H^{(n−1)}_p )(φ)dφ.

This shows that the measure O_p = O^{(n)}_{p,p}∗ is closely connected with a certain type of incomplete Beta function as because_1 ∫ 0 z^{n−1p −1}(1 − z)^{1p −1}dz = B( n − 1 p , 1 p ).

Notice further that there holds both ∫ M^∗_{n−1}

J^∗(SP H^{(n−1)}_p )(φ)dφ = ω_{n−1,p} and 2 ·^1_p · B(^{n−1}_p ,^1_p ) ·

ω_{n−1,p} = ω_{n,p}. Hence, O_p(S_{n,p}) = ω_{n,p}.

What we have done so far shows that the present approach is closely connected with a generalization of the indivisiblen method of Cavalieri and Torricelli in the sense that the indivisibles are here the boundaries of convex l_{n,p}-balls and integrating their l_{n,p}∗ -surface contents means measuring the l_{n,p}-ball volume.

The very special role which plays the case p = 1 is expressed in the following theorem. It says that the 1-generalized surface measure on the l_{n,1}-sphere is closely connected with but nevertheless different from the Euclidean one.

Theorem 2.2. O_1(A) = 1 √ n O(A), A ∈ B_{S,1}.

Proof. We start with considering the measure O_1:

O^{(n)}_{1,q} (A) = n^{1/q} ∫ G(A)

dx^{q→∞}→ ∫ G(A)

dx = O_1(A).

On the other hand, O(A) = O_2(A) = O^{(n)}_{1,2} (A) = n^{1/2} ∫ G(A) dx.

2.2 The non-convex case On using the notion of the Minkowski functional one can rewrite the integral in the definition of the l_{n,q}-surface content of a Borel subset A of a half-sphere S^{+(−)}_{n,p} in the just considered case p ≥ 1 as O^{(n)}_{p,q} (A) = ∫ G(A)

d_{Kn,q (1)}(N(x_1, ..., x_{n−1}))dx.

We may turn over from this representation formula to a suitable modification for the case p ∈ (0, 1). In the remaining part of this subsection, we are merely dealing with this case. For the announced purposes, we define for q < 0 the d_{S(q)}-surface content of a Borel subset A of a half-sphere S^{+(−)}_{n,p} with p ∈ (0, 1) as

O^{(n)}_{p,q} (A) = ∫ G(A)

d_{S(q)}(N(x_1, ..., x_{n−1}))dx.

Notice that S(q) is a non-convex star-shaped set and that because of

λ · S(q) = {(λ_1x_1, ..., λ_nx_n) ∈ R^n : n∑ i=1 |x_i|^q ≥ 1} = {y_{(n)} ∈ R^n : λ ≥ ( n∑ i=1 |y_i|^q)^{1/q}}, λ > 0

there holds z ∈ λ · S(q) if and only if

λ ≥ ( n∑ i=1 |z_i|^q)^{1/q} ≡ inf{λ > 0 : z ∈ λ · S(q)}.

Hence, the Minkowski functional d_{S(q)}(z) = inf{λ > 0 : z ∈ λ · S(q)} of the set S(q) may be written as d_{S(q)}(z) = I n_∏ i=1 z_i≠0

(z)( n∑ i=1 |z_i|^q)^{1/q}, z ∈ R^n.

Consequently, O^{(n)}_{p,q} (A) = ∫ G(A)

(1 + n−1∑ i=1 | ∂φ_{+(−)}(x) ∂x_i

|^q)^{1/q}dx.

This formula generalizes the notion of the l_{2,q}-arc-length AL_{p,q} of the l_{2,p}-circle S_{2,p} studied in (32) to the multivariate case n ≥ 2.

Theorem 2.3. If p ∈ (0, 1) and p^∗ =^p_{p−1} then there holds

O^{(n)}_{p,p}∗ (A) = O_p(A), A ∈ B_{S,p}.

Proof. Starting from the last equation before the theorem, we observe that

O^{(n)}_{p,q} (A) = ∫ G(A)

(1 + n−1∑ i=1 |x_i|^{(p−1)q}(1 − n−1∑ 1 |x_j |^p)^{1−pp q})^{1/q}dx.

On choosing q = p^∗, it follows

O^{(n)}_{p,p}∗ (A) = ∫ G(A)

(1 + n−1∑ i=1 |x_i|^p

1 −^{n−1} ∑ 1 |x_j |^p

)^{p−1p} dx = ∫ G(A)

(1 − n−1∑ 1 |x_i|^p)^{1−pp} dx.

Proceeding now as in the proof of Theorem 2.1, we get the assertion

This theorem shows that we are also in the present case confronted with a generalization of the indivisiblen method of Cavalieri and Torricelli in the sense that the indivisibles are now the boundaries of the non-convex l_{n,p}-balls and integrating their d_{S(p}∗_)-surface contents means measuring the l_{n,p}-ball’s volume.

3 Geometric measure representation

According to (5) and (13), we denote the set of all nonnegative random variables defined on the same probability space as the random variable R_p and the random vector U_p by R. Let F be any distribution function of a positive random variable and put

L_n(F ) = {X : X^d= RU_p, R ∈ R has distribution function F, R and U_p are stochastically independent}.

From now on let X denote an arbitrary element of L_n(F ). The random vector X is called l_{n,p}- symmetric or -spherical distributed, or even l_{n,p}-norm symmetric distributed if p ≥ 1, and the corresponding random variable R is called its generating variate. The assumption X ∈ L_n(F ) implies that X has a density iff R has a density. In this case, the density of X is

φ_{g,p}(x) = C_p(n, g)g( n∑ i=1 |x_i|^p)

where g|R^+ → R^+ is called the density generating function. It is assumed that g satisfies the

assumption I_{n+2,g,p} < ∞. Here, we make use of the notation I_{k,g,p} = ∞∫ 0 r^{k−1}g(r^p)dr and C_p(n, g) =

1/(nπ_n(p)I_{n, g, p}) is a suitably chosen normalizing constant.

Because of the independence of the random variables R and U_p, it holds P (R < r) = P (X ∈ K_{n,p}(r)). Changing Cartesian with p-generalized spherical coordinates in the integral representation of the latter probability, one can see immediately that the connection between the density generating function g and the density f of the random variable R is given by the equation

f(r) = I^{−1}_{n,g,p}r^{n−1}g(r^p)I_{(0,∞)}(r).

For an l_{n,p}−spherical distribution defined in this way, we shall use the notation N_{g,p}. This distribution is the p-generalized normal distribution if the density generating function is g(r) = e^{−r/p}I_{(0,∞)}(r). In this case, we have 1/I_{n,g,p} = p^{1−n/p}/Γ(n/p). For each form parameter p > 0 there exists a density generating function g such that N_{g,p} is a product measure.

Theorem 3.1. The l_{n,p}−symmetric distribution with the density generating function g satisfies the representation

N_{g,p}(A) = 1 I_{n, g, p} ∞∫ 0 F_p(A, r)r^{n−1}g(r^p) dr, A ∈ B^n.

Proof. Let us first consider Borel sets of the type

A_p(D, ϱ_1, ϱ_2) = sector_p(D, ϱ_2) \ sector_p(D, ϱ_1), D ∈ B_{S,p}

for arbitrary ϱ_1 < ϱ_2 from [0, ∞). The collection of all such sets is a semi-algebra on R^n, say S_p . The smallest algebra including S_p, i.e., the collection of finite unions of elements from S_p, will be denoted by A_p. Let us further consider the finite additive function N^∗_{g,p} on A_p which is already defined by its values for elements from S_p as

N^∗_{g,p}(A) = 1 I_{n, g, p}

ϱ_2∫

ϱ_1

F_p(A, r)r^{n−1}g(r^p)dr, A = A_p(D, ϱ_1, ϱ_2), 0 ≤ ϱ_1 < ϱ_2 < ∞, D ∈ B_{S,p}.

Note that N^∗_{g,p}(A_n) tends to zero whenever (A_n)_{n∈N} is a decreasing sequence of sets from A_p satisfying ⋂ n A_n = ∅ for the empty set ∅. This means that N^∗_{g,p} is continuous at ∅ and therefore a

countable additive function on A_p. Now, it remains to show that N^∗_{g,p} coincides with N_{g,p} on A_p. Then, by measure extension theorem, N^∗_{g,p} coincides with N_{g,p} on the whole σ−algebra B^n. For doing the latter it suffices to show that N^∗_{g,p}(A) is the same as N_{g,p}(A) for sets of the type A = A_p(D, ϱ_1, ϱ_2), 0 ≤ ϱ_1 < ϱ_2 < ∞, D ∈ B_{S,p}. Due to the product structure of the set A_p(D, ϱ_1, ϱ_2) = [ϱ_1, ϱ_2] · D, the function r → F_p(A_p(D, ϱ_1, ϱ_2), r) is constant with the constant being ω_p(D). Hence,

N^∗_{g,p}(A_p(D, ϱ_1, ϱ_2)) = ω_p(D) I_{n, g, p}

ϱ_2∫

ϱ_1

r^{n−1}g(r^p)dr = ω_p(D)

ϱ_2∫

ϱ_1

f(r)dr.

Let us consider now N_{g,p}. Because R and U_p are independent and there holds sector_p(D, ϱ) = [0, ϱ] · D, it follows that

N_{g,p}(sector_p(D, ϱ)) = P^R([0, ϱ])P^{Up} (D) = ω_p(D) ϱ∫ 0 f(r)dr, ϱ > 0, D ∈ B_{S,p}.

Hence

N_{g,p}(A_p(D, ϱ_1, ϱ_2)) = ω_p(D)

ϱ_2∫

ϱ_1

f(r)dr, 0 ≤ ϱ_1 < ϱ_2 < ∞, D ∈ B_{S,p}

Geometric measure representation formulae apply to several problems from probability theory and mathematical statistics. As just to mention some of them, we refer to determining the asymptotic behavior of large deviation probabilities in dependence of the geometric structure of the multivariate domain of deviations in (26) (and succeeding papers), remainder term estimation in the multivariate central limit theorem in (27), studying functionals of Gaussian vectors of fixed or increasing dimensions in (7; 24), proving a Hilbert space probability inequality in (35), constructing the coefficients in an asymptotic expansion for probabilities of multivariate large deviations in (3; 34), studying finite sample and large deviation properties in two-way ANOVA in (33), evaluating probabilities and large quantiles of noncentral statistical distributions in (15; 21), constructing exact tests and confidence regions in nonlinear regression in (14; 29) and evaluating probabilities of correct classification in (21). Theorem 2.1 opens now the possibility for extending several of these results to the case of arbitrary p > 0 and to give exact representation formulae for distributions of functions not only of p-generalized normally distributed random vectors but also of l_{n,p}-symmetric distributed ones. Some first examples will be studied in the next section.

4 Examples

In the first example, we derive a further generalization of the χ^p- distribution w.r.t. the more general density generating function g. To this end, let A = A(ϱ) = K_{n,p}(ϱ), ϱ > 0. Then, the l_{n,p}-sphere intersection-percentage function satisfies the representation

F_p(A(ϱ) , r) = I_{[0,ϱ)}(r), r > 0

and it follows from Theorem 2.1 that

N_{g,p}(A(ϱ)) = 1 I_{n,g,p} ϱ∫ 0 r^{n−1}g(r^p)dr.

Let us consider now the χ^p-statistic R^p. For all y > 0, we have d dy P (R^p < y) = d dy N_{g,p}(A(y^{1/p})) = y^{np −1}g(y) p · I_{n,g,p}

=: f^χ_{n,g,p}(y).

This motivates the following definition. A continuous random variable Z will be said to be distributed according to the χ^p_g-distribution with n d.f. if its density is f^χ_{n,g,p}. Symbolically, we write in this case Z ∼ χ^p_g(n). The following theorem summarizes this example.

Theorem 4.1. If X follows the l_{n,p}-symmetric sample distribution N_{g,p} with form parameter p and density generating function g then R^p ∼ χ^p_g(n).

In the second example, let A satisfy the assumption

F_p(A, r) = C for all r > 0 and a certain constant C ∈ (0, 1).

It follows immediately from Theorem 2.1 that N_{g,p}(A) = C. Thus, the probability integral does not depend on whether the distribution has light or heavy tails. This motivates the following definition. If the sets A(t) are generated by a statistic T , A(t) = {T < t}, t ∈ R and if, for each fixed t, the l_{n,p}-sphere intersection-percentage function of A(t) does not depend on r > 0 then the statistic T is called robust with respect to the density generating function g.

We’ll consider now a situation where this applies. Let the p-generalized Fisher statistic be defined for 1 ≤ m < n by

T_{m,n−m}(p) = 1 m (|X_1|^p + ... + |X_m|^p) 1 n−m (|X_{m+1}|^p + ... + |X_n|^p) . The random event {T_{m,n−m}(p) < t} can be reformulated for arbitrary p > 0, t > 0 as X falling into the set C_m(p ; t) = { x ∈ R^n :

|x_1|^p + ... + |x_m|^p |x_{m+1}|^p + ... + |x_n|^p < mt n − m }. Notice that C_m(p; t) is a cone with vertex in the origin. This ensures that if x ∈ S_{n,p} then x belongs to C_m(p; t) if and only if rx belongs to C_m(p; t) for all r > 0. Hence, the l_{n,p}-sphere intersection-percentage function of the set C_m(p; t) is constant w.r.t. the p-generalized radius r. The p-generalized Fisher statistic is therefore robust w.r.t. the density generating function and its distribution function can be written as

P (T_{m,n−m}(p) < t) = F_p(C_m(p ; t), 1)I_{(0,∞)}(t).

We determine now the actual F_p-value.

Theorem 4.2. (a) The l_{n,p}-sphere intersection-percentage function of the cone C_m(p ; t) allows the representation formula

F_p(C_m(p ; t), 1) = p B(^m_p ,^{n−m}_p ) π/2∫

arccot((^{mt}_{n−m} )^{1/p})

(cos φ)^{m−1}(sin φ)^{n−m−1} (N_p(φ))^n dφ

where N_p(φ) = ((sin φ)^p + (cos φ)^p)^{1/p}.

(b) The density of the random variable T_{m,n−m}(p) is d dt P (T_{m,n−m}(p) < t) =

(^m_{n−m} )^{mp} t^{mp −1} B(^m_p ,^{n−m}_p )(1 +^{mt}_{n−m} )^{np}

I_{(0,∞)}(t).

Proof. (a) In order to determine the function

t → F_p(C_m(p ; t), 1) = 1 ω_{n,p} ∫ {x∈S_{n,p}∩C_m(p;t)}

O_p(dx),

we change Cartesian coordinates with p-generalized spherical coordinates. Following the line in (13; 29) we’ll do this separately in two subspaces of R^n, L({e_1, ..., e_m}) and L({e_{m+1}, ..., e_n}) which are spanned up by the standard unit vectors e_1, ..., e_m and e_{m+1}, ..., e_n, respectively. If SP H_{p,1}|(r_1, φ_1, ..., φ_{m−1}) → (x_1, ..., x_m) and SP H_{p,2}|(r_2, φ_{m+1}, ..., φ_{n−1}) → (x_{m+1}, ..., x_n) denote the corresponding p-generalized coordinate transformations then the cone C_m(p; t) coincides with the SP H_{p,2} ∘ SP H_{p,1}-image of the set

{(r_1, φ_1, ..., φ_{m−1}, r_2, φ_{m+1}, ..., φ_{n−1}) :

r^p_1 r^p_2 < m n − m t}. Changing now the coordinates r_1, r_2 with usual polar coordinates r, φ_m, P OL|(r, φ_m) → (r_1, r_2), gives the final representation of the cone under consideration:

C_m(p; t) = SP H_{p,2} ∘ SP H_{p,1} ∘ P OL({(r, φ_1, ..., φ_{n−1}) : (φ_1, ..., φ_{m−1}) ∈ M^∗_m,

(φ_{m+1}, ..., φ_{n−1}) ∈ M^∗_{n−m}, r ∈ [0, ∞), 0 ≤ cot φ_m < ( m n − m t)^{1/p}}).

The Jacobian of the composite transformation SP H_{p,2} ∘ SP H_{p,1} ∘ P OL is the product of the three separate Jacobians, i.e.,

J(SP H_{p,2} ∘ SP H_{p,1} ∘ P OL)(r, φ_1, ..., φ_{n−1}) = r^{n−1}(cos φ_m)^{m−1}(sin φ_m)^{n−m−1} (N_p(φ_m))^{2+(m−1)+(n−m−1)} ×J^∗(SP H_{p,1})(φ_1, ..., φ_{m−1})J^∗(SP H_{p,2})(φ_{m+1}, ..., φ_{n−m−1}) where J^∗(SP H_{p,1})(φ_1, ..., φ_{m−1}) = m−1∏ i=1 (sin φ_i)^{m−1−i}/N_p(φ_i)^{m+1−i} and J^∗(SP H_{p,2})(φ_{m+1}, ..., φ_{n−m−1}) is defined analogously. On recalling the notation ω_{k,p} for the l_{k,p}-generalized surface content of the unit sphere S_{k,p}, we see that it holds ∫ M^∗_m

J^∗(SP H_{p,1})(φ_1, ..., φ_{m−1})dφ_1...dφ_{m−1} = ω_{m,p}

and ∫

M^∗_{n−m}

J^∗(SP H_{p,2})(φ_{m+1}, ..., φ_{n−m−1})dφ_{m+1}...dφ_{n−m−1} = ω_{n−m,p}.

It follows that

ω_{n,p}F_p(C_m(p ; t), 1) = ω_{m,p}ω_{n−m,p} π/2∫

arccot((^{mt}_{n−m} )^{1/p})

(cos φ)^{m−1}(sin φ)^{n−m−1} (N_p(φ))^n dφ.

(b) The probability density function corresponding to the distribution function of the p-generalized Fisher statistic T_{m,n−m}(p) is therefore d dt P (T_{m,n−m}(p) < t) = − p B(^m_p ,^{n−m}_p ) ( (^{mt}_{n−m} )^{1/p} √ 1 + (^{mt}_{n−m} )^{2/p}

)^{m−1}( 1 √ 1 + (^{mt}_{n−m} )^{2/p}

)^{n−m−1}

× (1 + (^{mt}_{n−m} )^{2/p})^{n/2}

(1 +^{mt}_{n−m} )^{n/p} (− 1 1 + (^{mt}_{n−m} )^{2/p} ) 1 p ( mt n − m

)^{1/p−1} m n − m

Due to Theorem 4.2, it is well motivated to say that a continuous random variable Z is distributed according to the p-generalized Fisher- or F- distribution with m and n d.f. if its density is f^F_{m,n;p}(t) =

(^m_n )^{mp} t^{mp −1} B(^m_p ,^n_p )

(1 + m n t)^{− m+np} I_{(0,∞)}(t).

In this case, we’ll write Z ∼ F_{m,n}(p). This density formula coincides with the corresponding well known density formula of the (usual) F_{m,n}−distribution if p=2 and with that of the F_{2m,2n}- distribution as derived in (13) for the case p = 1.

Notice that the analytical structure of f^F_{m,n;p} is closely connected with that of the generalized F-density f_{GF (m1,m2,λ,p)} which may be derived for the random variable T in the four parameter (m_1, m_2, λ, p)-model considered in (19),

ln T = − ln λ + 1 p W, if it is assumed that ln W follows the Fisher distribution with 2m_1 and 2m_2 d.f. To be more concrete, it holds f^F_{m,n,p}( x p ) = f_{GF (} m_{p ,} n_{p ,λ(x),p)}(x)

where the natural numbers m_1, m_2 and the parameter λ have been formally replaced in f_{GF (m1,m2,λ,p)} with the real numbers^m_p ,^n_p and the function λ(x) =^1_p (^x_p )^{1/p−1}, respectively Quite another type of generalized F -distribution was considered in (16) where a ratio of (partly) weighted sums of squares is considered for Gaussian sample distribution and the resulting density is given by a series representation.

The l_{n,p}-sphere intersection-percentage function with p ∈ {1, 2} has been determined in the literature for different types of Borel sets which occur in a natural way in the different applications of geometric measure representation formulae. As just to mention some of them, we refer to Euclidean balls and l_{n,2}-cones in (28), half-spaces in (7; 33), shifted balls in (15; 35), l_{n,1}-cones in (13), parabolic cylinder type sets in (21) and curved transformed cone type sets in (14). Just to extend the second example, let us define a system A^{(p)}_m ⊂ B^n of Borel sets as follows. We’ll say that a set A belongs to A^{(p)}_m if there exists a function λ^∗|[0, ∞) → [0, ∞] such that A satisfies the condition A ∩ S_{n,p}(r) = C_m(p; λ^∗(r)) ∩ S_{n,p}(r), r > 0.

This means that, for fixed r > 0, the value F_p(A; r) of the l_{n,p}-sphere intersection-percentage function of such a set A coincides with the constant value of the intersection-percentage function of the cone C_m(p; λ^∗(r)). Hence, if A ∈ A^{(p)}_m then A satisfies the geometric measure representation

N_{g,p}(A) = 1 I_{n,g,p} ∞∫ 0 F_p(C_m(p; λ^∗(r)), 1)r^{n−1}g(r^p)dr

where F_p(C_m(p; t), 1) has been defined in Theorem 4.2.

To additionally illustrate this example, let N_n = {1, ..., n}, 1 ≤ m < n, 1 ≤ i_1 < ... < i_m ≤ n, I_m = {i_1, ..., i_m}, R^{(m)}_p = ( ∑ j∈I_m

|X_j |^p)^{1/p}, R_{p,m} = ( ∑ j∈N_n\I_m

|X_j |^p)^{1/p}, A = {R^{(m)}_p < R^2_{p,m}} and

λ^∗(r) =^{n−m}_n (

√_1 4 + r^p −^1_2 ). Then, A ∈ A^{(p)}_m .

5 On l_{n,p}-ball numbers

It was recently shown in (31; 32) that Archi-medes’ or Ludolph’s number π is not alone as a circle number. There exists a continuous and monotonously increasing function p → π(p), p > 0 with lim_{p→0} π(p) = 0, π(1) = 2, π(2) = π, lim_{p→∞} π(p) = 4 and such that, for each p > 0, π(p) reflects both the area content and the l_{2,p}-generalized perimeter properties of the l_{2,p}-circle. This means that if U_p(r) = AL_{p,p}∗ (r) and A_p(r) denote the l_{2,p}-generalized circumference and the area content of an l_{2,p}-circle S_{2,p}(r) of p-generalized radius r and its included disc K_{2,p}(r), respectively, then the ratios U_p(r)/(2r) and A_p(r)/r^2 attain the same values and do not depend on r > 0 and their common value is π(p), p > 0. It turns out that like in the case p = 2 there holds

π(p) = A_p(1) =

2Γ^2(^1_p ) pΓ(^2_p )

in all cases p > 0.

Here, the notion of a circle number will be extended to that of a ball number of an arbitrary l_{n,p}- ball K_{n,p}(r) of p-generalized radius r > 0 for p > 0, n ∈ {2, 3, ...}. To that end, let us denote the usual (Euclidean) volume of K_{n,p}(r) by V_{n,p}(r). The ratio V_{n,p}(r)/r^n = V_{n,p}(1) does not depend on r > 0. It follows immediately from Sections 2 and 3 that this ratio is in fact equal to the ratio O_p(r)/(nr^{n−1}). We will say that the common value which these ratios actually attain reflects the volume and the p-generalized surface content properties of the l_{n,p}-balls. This value is, for each p > 0,

π_n(p) = V_{n,p}(1) =

2^nΓ^n(^1_p ) np^{n−1}Γ(^n_p )

and will be called l_{n,p}-ball number.

References

[1] Anderson, T.W.(1984). An introduction to multivariate statistical analysis. 2nd ed. N.Y.

[2] Anderson, T.W., Fang, K.T.(1982). On the theory of multivariate elliptically contoured distributions and their applications. In: Fang, K.T., Anderson, T.W. (Eds.)(1990). Statistical inference in elliptically contoured and related distributions. Allerton Press Inc., N.Y., pp.1-23.

[3] Breitung, K., Richter, W.-D.(1996). A geometric approach to an asymptotic expansion for large deviation probabilities of Gaussian random vectors. J.Multivariate Anal. 58,1,1-20.

[4] Fang, K.T., Anderson, T.W. (Eds.)(1990). Statsitical inference in elliptically contoured and related distributions. Allerton Press Inc., N.Y.

[5] Fang, K.T., Kotz, S. and Ng, K.W. (1990). Symmetric multivariate and related distributions. Chapman and Hall, London, New York.

[6] Fang, K.T., Zang, Y.T.(1990). Generalized multivariate analysis. Springer Verlag, N.Y.

[7] Fatalov, V., Richter, W.-D.(1992). Gaussian probabilities of large deviations for fixed and increasing dimensions. J.Contemporary Math. Anal. 27, 1, 1-16.

[8] Federer,H. (1969). Geometric measure theory. Springer-Verlag. Berlin-Heidelberg-New York.

[9] Fisher, R., Lewis, T. and Embleton, B.(1987). Statistical analysis of spherical data.

Cambridge: University press.

[10] Goodman, I.R., Kotz, S. (1973). Multivariate θ−generalized normal distributions.

J.Multivariate Anal. 3, 204-219.

[11] Gupta, A., Song, D.(1997). L_p-norm spherical distributions. J. Statist. Planning and Inference, 60, 241-260.

[12] Gupta, A., Varga, T.(1993). Elliptically contoured models in statistics. Kluwer Academic publishers, Dordrecht, Boston, London.

[13] Henschel,V., Richter,W.-D.(2002). Geometric generalization of the exponential law. J.

Mult. Anal., 81, 189-204.

[14] Ittrich, C., Richter, W.-D.(2005). Exact tests and confidence regions in nonlinear regression. Statistics 39,1,13-42.

[15] Ittrich, C., Krause, D. and Richter, W.-D.(2000). Probabilities and large quantiles of noncentral generalized chi-square distributions. Statistics 34, 53-101.

[16] Jensen, D.R., Ramirez, D.E. (1998). Some exact properties of Cook’s D_I statistic. In:

Handbook of statistics, voll. 16, Balakrishnan, N. and Rao, C. eds., 387-402. Elsevier Science Publishers, Amsterdam.

[17] Johnson, M.(1987). Multivariate statistical simulation. J.Wiley Sons, N.Y.

[18] Johnson,N.L., Kotz,S.(1970). Distributions in statistics-continuous univariate distributions-2, pp. 33-34. Houghton Mifflin Co, Boston.

[19] Kalbfleisch, J.D., Prentice, R.L.(1980). The statistical analysis of failure time data. J.

Wiley Sons, N.Y.

[20] Kelker,D. (1970). Distribution theory of spherical distributions and a location-scale parameter generalization.

[21] Krause, D., Richter, W.-D.(2004). Exact probabilities of correct classifications for uncorrelated repeated measurements from elliptically contoured distributions. J. Mult. Anal., 89 , 36-69.

[22] Morgan, F.(1995). Geometric measure theory. Academic press. San Diego. [23] Naor, A.(2007) The surface measure and cone measure on the sphere of l^n_p . Transactions Amer. Math. Soc., vol. 359, 3, 1045-1080.

[24] Pap, G., Richter,W.-D.(1988). Zum asymptotischen Verhalten der Dichten gewisser Funktionale Gaußscher Zufallsvektoren. Math. Nachr. 135, 119-124.

[25] Rachev,S.T., Rüschendorf,L.(1991). Approximate independence of distributions on spheres and their stability properties. Ann.Probab. 19,3, 1311-1337.

[26] Richter,W.-D.(1985). Laplace-Gauss integrals, Gaussian measure asymptotic behavior and probabilities of moderate deviations. Z. Anal. Anw. 4(3), 257-267.

[27] Richter,W.-D.(1988). Zur Restgliedabschätzung im mehrdimensionalen integralen Zentralen Grenzwertsatz der Wahrscheinlichkeitstheorie. Math. Nachr. 135, 103-117.

[28] Richter,W.-D.(1991). Eine geometrische Methode in der Stochastik. Rostock. Math. Kolloq.

44, 63-72.

[29] Richter,W.-D.(1995). A geometric approach to the Gaussian law. In: Symposia Gaussiana, Conf.B, Eds. Mammitzsch/Schneeweiß, Walter de Gruyter and Co.,Berlin, New York, 25-45.

[30] Richter,W.-D.. Generalized spherical and simplicial coordinates. J. Math. Anal. Appl., 336 (2007), 1187-1202.

[31] Richter,W.-D.(Lith. Math. J., accepted for print ). On l_{2,p}-circle numbers. [32] Richter,W.-D.(Lith. Math. J., accepted for print). On the π-function for non-convex l_{2,p}- circle discs.

[33] Richter,W.-D., Steinebach, J.(1994). A geometric approach to finite sample and large deviation properties in two-way ANOVA with spherically distributed error vectors. Metrika, 41:325-353.

[34] Richter,W.-D., Schumacher, J.(2000). Asymptotic expansions for large deviation probabilities of noncentral generalized chi-square distributions. J.Multivariate Anal. 75,184-218.

[35] Richter, W.-D., Ulyanov, V.V.(1991). Two sides estimates for the Gaussian measure of the complements of balls in Hilbert space. Probability Theory Appl. 36, 4, 805-806.

[36] Schechtman, G., Zinn, J.(1990). On the volume of the intersection of two l_{n,p}-balls. Proc.

Amer. Math. Soc. 110, 1, 217-224.

[37] Schilov, G.E.(1972). Mathematical analysis. Functions of several real variables(In Russian),Sect.3.62.Izdvo.Nauka, Moskva.

[38] Schoenberg, I.J.(1938). Metric spaces and completely monotone functions. Ann.Math., 39, 811-841.

[39] Song, D., Gupta, A.K.(1997). L_p−norm uniform distributions. Proc. Amer. Math. Soc.

v.125, no.2, 595-601.

[40] Subbotin, M.T.(1923). On the law of frequency of errors. Matem. Sbornik, 31,296-301. [41] Szablowski, P.J. (1998). Uniform distribution on spheres in finite dimensional L_α and their generalisations. J. Mult. Anal., 64, 2, 103-117.

[42] Taguchi, T.(1978). On a generalization of Gaussian distribution. Ann.Inst.Statist.Math.

30,211-242.

[43] Watson, G.(1983) Statistics on spheres. J.Wiley Sons, N.Y.