Numerical Algorithms 17 (1998) 147–169 147

Periodic Interpolation and Wavelets on Sparse Grids

Frauke Sprengel

FB Mathematik, Universität Rostock 18051 Rostock, Germany E-mail: frauke.sprengel@mathematik.uni-rostock.de

Received 11 June 1997

Dedicated to Professor Gerhard Maeß on the occasion of his 60th birthday

Nested spaces of multivariate periodic functions forming a non-stationary multiresolution analysis are investigated. The scaling functions of these spaces are fundamental polynomials of Lagrange interpolation on a sparse grid. The approach based on Boolean sums leads to sample and wavelet spaces of significantly lower dimension and good approximation order. The algorithms for complete decomposition and reconstruction are of simple structure and low complexity. Keywords: Wavelets, Multivariate periodic interpolation, Boolean sums, Sparse grids AMS Subject classification: 65T05, 42B99

1. Introduction

Periodic processes in numerical analysis and signal processing are nowadays often examined in terms of an analysis of periodic wavelets. We are interested here in decomposing multivariate periodic functions into wavelet parts.

Therefore, we consider special bivariate sample and wavelet spaces of periodic functions. Starting with given univariate periodic interpolatory scaling functions and wavelets, we obtain new bivariate periodic interpolatory scaling functions and wavelets by investigating Boolean sums of interpolation operators. In this way, we overcome the problem of a very rapid growth of the dimensions which we have in the ordinary tensor product case. This means that we obtain sample spaces with a dimension of O(j 2^j) while the tensor products yield a dimension of O(2^{2j}) for the level j. The concept of Boolean sums and sparse grids is often applied in interpolation and approximation (see e.g. [7,20]) as well as in finite element methods (see e.g. [24]). A related field is the hyberbolic approximation (see e.g. [8,9,23]). We will use essentially the interpolatory properties of the underlying periodic univariate scaling functions and wavelets. The general multivariate case can be handled analogously.

Applying the Boolean sum method, we are able to construct multivariate scaling functions and wavelets from univariate periodic interpolatory scaling functions and wavelets. We obtain the bivariate sample spaces

V^B_j = j∑ r=0 V_r ⊗ V_{j−r}, and the bivariate wavelet spaces

W^B_{j+1} = j+1⨁ r=0 ⊥ W_r ⊗ W_{j+1−r}, both introduced in Section 4, from the underlying univariate sample spaces V_r and wavelet spaces W_r, respectively. The univariate sample spaces V_r are images of interpolation operators L_r on equidistant grids. Analogously, the bivariate sample spaces V^B_j are images of j-th order blending interpolation operators B_j defined by Boolean sums in Section 4. The obtained spaces can be used to define stable subspace splittings which are needed for the construction of fast elliptic solvers (see e.g. [10,11]). Similar hyperbolic sums of wavelet spaces have been considered in [8] for the cardinal case. There the authors were interested in the characterization of the best approximation in such wavelet spaces but not in characterizing suited scaling functions or in the reconstruction and decomposition relations between scaling functions and wavelets.

In this paper, we present the algorithms for complete decomposition and reconstruction which are based on the algorithms for the univariate case. These procedures have a simple structure and a low complexity of O(j^2 2^j) essential operations for the level j.

There are many possibilities for the particular choice of univariate periodic wavelets. One can periodize a wavelet on the real line (see e.g. [3,5]) or build scaling functions and wavelets directly by using periodic functions like trigonometric polynomials (see e.g. [4,16,17]). More general and unified introductions to periodic univariate wavelets based on calculations with Fourier coefficients can be found in [12–14].

For our purposes, we use a univariate non-stationary multiresolution analysis with interpolatory scaling functions and interpolatory wavelets. The de la Vallée Poussin means of the Fourier sum as in [17] and certain interpolatory splines may serve as examples of univariate interpolatory scaling functions and wavelets.

2. Univariate Interpolation and Periodic Sample and Wavelet Spaces

Let d ∈ N be fixed. Put d_j := 2^jd, j ∈ N_0. We consider continuous 2πperiodic scaling functions ϕ_{j,0} ∈ L_2(T) defined as fundamental interpolants on the equidistant interpolation grid Tj := { t_{j,k} := k^{2π}_{dj} : k = 0, . . ., d_j − 1 } , i.e., ϕ_{j,0}(t_{j,k}) = δ_{k,0}, k = 0, 1, . . ., d_j − 1. (1) Let us denote the translates of the function ϕ_{j,0} by ϕ_{j,k}(x) := ϕ_{j,0}(x − t_{j,k}), k = 0, 1, . . ., d_j − 1. Then we define corresponding sample spaces by V_j := span {ϕ_{j,k} : k = 0, 1, . . ., d_j − 1} . (2) From the interpolatory conditions on the functions ϕ_{j,0}, we immediately obtain dim V_j = d_j. Furthermore, we assume the spaces V_j to form a chain of subspaces of the Hilbert space L_2(T) with V_j ⊂ V_{j+1}, j ∈ N_0 and clos_{L2(}T_) ⋃ j∈N0^{Vj = L2(} T). The interpolation operator L_j projecting onto V_j is given as

L_jf := d_j −1∑ k=0 f(t_{j,k}) ϕ_{j,k} . Now let us consider the univariate wavelet spaces W_{j+1} defined by V_{j+1} = V_j ⊕^⊥ W_{j+1}, where ⊕^⊥ denotes the orthogonal sum with respect to the inner product ⟨·, ·⟩Tof L_2(T). Then assume the wavelet spaces W_{j+1} to be generated by the translates of a single function ψ_{j+1,1} W_{j+1} := span {ψ_{j+1,2k+1} : k = 0, 1, . . ., d_j − 1} (3) with ψ_{j+1,2k+1}(x) := ψ_{j+1,1}(x − t_{j+1,2k}), k = 0, 1, . . ., d_j − 1, satisfying also interpolatory conditions ψ_{j+1,2m+1} (t_{j+1,2ℓ+1}) = δ_{ℓ,m}, ℓ = 0, 1, . . ., d_j − 1. (4) Next, we want to establish reconstruction and decomposition relations in matrix form. Therefore, we define the function vectors ϕ_{j−1} := (ϕ_{j−1,k})^{dj}�^{1−1}_{k=0} , ψ_j := (ψ_{j,2k+1})^{dj}�^{1−1}_{k=0} , and P_j ϕ_j := (ϕ_{j,0}, ϕ_{j,2}, . . ., ϕ_{j,dj−2}, ϕ_{j,1}, ϕ_{j,3}, . . ., ϕ_{j,dj−1})^T and the following circulant matrices. We need the three inner product matrices G_{j−1} := ( ⟨ϕ_{j−1,k}, ϕ_{j−1,ℓ}⟩T )d_j�_{1−1} k,ℓ=0 , G e j,j−1 := ( ⟨ϕ_{j,2k}, ϕ_{j−1,ℓ}⟩T )d_j�_{1−1} k,ℓ=0 , G^o_{j,j−1} := ( ⟨ϕ_{j,2k+1}, ϕ_{j−1,ℓ}⟩T )d_j�_{1−1} k,ℓ=0 ,

the two knot evaluation matrices

K_{j−1} := ( ϕ_{j−1,k}(t_{j,2ℓ+1}) )d_j�_{1−1} k,ℓ=0 , Lj := ( ψ_{j,2k+1}(t_{j,2ℓ}) )d_j�_{1−1} k,ℓ=0 , and the Fourier matrix of order d_j

F_j := ( ω^{kℓ}_j )d_{j−1} k,ℓ=0 , where ω_j := e^{−2πi/dj} is a primitive d_j-th root of unity. The Kronecker product of two matrices A ∈ C^{m×n} , B ∈ C^{r×s} is defined as A ⊗ B := ( a_{k,ℓ}B )m_{−1},n_{−1} k=0,ℓ=0 . By construction, it holds that L_j G^e_{j,j−1} = −G^o_{j,j−1}. (5) Theorem 1. (i) The two-scale or reconstruction relation is given by ( ϕ_{j−1} ψ_j ) = C_j P_j ϕ_j

with

C_j = ( I_{dj}�_1 K_{j−1} L_j I_{dj}�_1 )

= 1 d_{j−1} (I_2 ⊗ F_{j−1}) C_{j,λ} (I_2 ⊗ F_{j−1}),

where C_{j,λ} consists of 2×2 blocks, each of which is a diagonal matrix of dimension d_{j−1}. (ii) The decomposition relation can be written as

P_j ϕ_j = D_j ( ϕ_{j−1} ψ_j )

with

D_j = C^{−1}_j = ( A_j −A_jK_{j−1} −A_jL_j A_j )

= 1 d_{j−1} (I_2 ⊗ F_{j−1}) D_{j,λ} (I_2 ⊗ F_{j−1}),

where A_j = G^{−1}_{j−1} G^e_{j,j−1} and D_{j,λ} consists of 2 × 2 blocks, each of which is a diagonal matrix of dimension d_{j−1}.

Proof. (i) We obtain the form of the reconstruction matrix C_j immediately from the interpolatory properties (1) and (4) of the scaling functions and the wavelets.

(ii) Using the dual scaling functions and wavelets and again (1) and (4), we get the decomposition matrix D_j. For more details, we refer to [16] where this assertion is proved for a special case.

The matrices C_j and D_j, respectively, are matrices with 2 × 2 circulant blocks. These circulant blocks can be diagonalized by the Fourier matrices (see e.g. [6]). That gives the factorized forms of the matrices C_j and D_j. �

An interesting special case of such periodic interpolating scaling functions and wavelets are the trigonometric ones described in [16–18]. We briefly recall the definitions of these trigonometric scaling functions. For n, m ∈ N, n > m, the de la Vallée Poussin means φ^m_n are given as

φ^m_n (x) := 1 4mn n+m−1 ∑ ℓ=n−m ℓ∑ k=−ℓ e^{ikx} . For j ∈ N_0, the univariate trigonometric scaling function ϕ_{j,0} can be defined as a special de la Vallée Poussin mean

ϕ^t_{j,0} := { 1 for j = 0, d = 1, φ^{mj}n_j otherwise,

where

n_j := d 2^{j−1} and m_j := { 2^{j−1−μ} for j > μ, 1 for j ≤ μ, μ ∈ N, μ ≥ 2. For d ∈ 2N ∪ {1} and with the definition of the univariate trigonometric wavelet function

ψ^t_{j+1,1}(x) := 2ϕ^t_{j+1,1}(x) − ϕ^t_{j,0} (x − t_{j+1,1}) ,

one obtains an example for the univariate periodic sample and wavelet spaces as defined in (2) and (3). The diagonalized matrices for reconstruction and decomposition are C^t_{j,λ} = I_{dj}�_1 diag (κ_{j−1,r})^{dj}�^{1−1}_{r=0}

diag (−κ_{j−1,r})^{dj}�^{1−1}_{r=0} I_{dj}�_1 ,

D^t_{j,λ} = diag

(_1 γ_j�1_{,r} )d_j�_{1−1} r=0 diag ( − κ^j�^{1,r} γ_j�1_{,r} )d_j�_{1−1} r=0 diag ( κ_j �1,r γ_j�1_{,r} )d_j�_{1−1} r=0 diag

(_1 γ_j�1_{,r} )d_j�_{1−1} r=0 , where κ_{j,r} = ω^r_{j+1} 1 if 0 ≤ r ≤ n_j − m_j, n_j−r m_j if nj − mj ≤ r ≤ nj + mj, −1 if n_j + m_j ≤ r ≤ 2n_j − 1,

Figure 1. The trigonometric scaling function ϕ^t_{4,8} and wavelet ψ^t_{5,13} for d = 1, μ = ∞.

γ_{j,r} = 1 m^2_j { (m^2_j + (n_j − r)^2) for n_j − m_j < r < n_j + m_j, 2m^2_j otherwise.

The periodized linear splines (compare [3,14]) and spline wavelets may serve as another example in this field. For d = 2, j ∈ N_0, the periodic hat function ϕ^s_{j,0} is defined

ϕ^s_{j,0}(x) :=

1 −^{dj}_{2π} x for x ∈ [0, t_{j,1}], 0 for x ∈ [t_{j,1}, t_{j,dj−1}], d_j 2π (x − t_{j,dj −1}) for x ∈ [t_{j,dj −1}, 2π] in [0, 2π] and extended 2π-periodically. The univariate periodic interpolatory linear spline wavelet is given by

ψ^s_{j+1,1} := ϕ^s_{j+1,1} − 6 d_j d_j−1∑ k=0 β_kϕ^s_{j+1,2k}, where the coefficients

β_k := d_j −1∑ ℓ=0 ω^{−kℓ}_j + ω^{−(k−1)ℓ} j ω^{kℓ}_j + 10 + ω^{−kℓ}_j are computed according to Theorem 1 and relation (5). Here, the diagonalized matrices for the changes of basis are given by

C^s_{j,λ} = I_{dj}�_1^1_2 diag ( 1 + ω^r_{j−1}

)d_j�_{1−1} r=0 −6 diag

(_{1+}

ω^r_j�1 ω^r_j�1+10+ω�^r_j�1

)d_j�_{1−1} r=0 I_{dj}�_1 ,

D^s_{j,λ} = 1 2 diag ( ω^r_j�1+10+ω�^r_j�1 ω^r_j�1+4+ω�^r_j�1

)d_j�_{1−1} r=0 −^1_4 diag

(_{(1+}

ω^r_j�1)(ω^r_j�1+10+ω�^r_j�1) ω^r_j�1+4+ω�^r_j�1

)d_j�_{1−1} r=0 3 diag

(_{1+}

ω^r_j�1 ω^r_j�1+4+ω�^r_j�1

)d_j�_{1−1} r=0 1 2 diag ( ω^r_j�1+10+ω�^r_j�1 ω^r_j�1+4+ω�^r_j�1

)d_j�_{1−1} r=0 .

3. Univariate Decomposition and Reconstruction

In this section, we want to give the relations for complete decomposition and reconstruction of univariate periodic functions. Assume, we have a univariate continuous (or Riemann integrable) 2π-periodic function f. We obtain the projection f_j of this function into the sample space V_j simply by interpolation

f_j := L_jf = d_j−1∑ r=0 f(t_{j,r}) ϕ_{j,r} . This means, f_j = a^T_j ϕ_j with the coefficient vector a_j containing the sampled function values a_{j,r} = f(t_{j,r}), r = 0, . . ., d_j − 1, and the function vector ϕ_j as defined in Section 2. On the other hand, we can write f_j as the sum of its wavelet parts

f_j = f_0 + j∑ k=1 g_k = d0−1∑ r=0 a_{0,r}ϕ_{0,r} + j∑ k=1 d_k�1−1 ∑ r=0 c_{k,r}ψ_{k,2r+1} where f_0 ∈ V_0 and g_k ∈ W_k, respectively. Using vector notation, we have f_j = a^T_0 ϕ_0 + ∑j k=1 c^T_k ψ_k, with the function vectors ψ_k as defined in Section 2. We collect the coefficient vectors and the function vectors in two vectors

b^T_j := ( a^T_0 , c^T_1 , . . ., c^T_j ) , (ψ^a_j )^T := ( ϕ^T_0 , ψ^T_1 , . . ., ψ^T_j ) , both having length d_j. The function f_j can be written as

f_j = a^T_j ϕ_j = b^T_j ψ^a_j .

This means that the functions f_j ∈ V_j can be represented in the highest order scaling function basis as well as in the basis of the wavelets contained in this sample space.

We want to establish relations between these bases of a univariate sample space V_j. The complete decomposition of the scaling functions into wavelets parts describes one possible change of basis. There have to exist coefficients z^j_{k,ℓ} such that ϕ_{j,k} = d0−1∑ ν=0 z^j_{k,2jν} ϕ_{0,ν} + j−1∑ μ=0 dμ−1∑ ν=0 z^j_{k,2j}�_μ�_{1(2ν+1)} ψ_{μ+1,2ν+1} where the second index ℓ of the entries of Z_j := (z^j_{k,ℓ})^{dj−1}_{k,ℓ=0} corresponds to that point t_{j,ℓ} in which the function ϕ_{0,ν} or ψ_{μ+1,2ν+1}, respectively, satisfies the interpolatory condition (1) or (4) with the function value 1. On the other hand, there have to be coefficients r^j_{k,ℓ} such that the complete reconstruction of the wavelets into terms of scaling functions of a higher level in the univariate case reads as

ϕ_{0,ν} = d_j−1∑ ℓ=0 r^j_{2jν,ℓ} ϕ_{j,ℓ} = d_j −1∑ ℓ=0 ϕ_{0,ν}(t_{j,ℓ}) ϕ_{j,ℓ}, (6) ψ_{μ+1,2ν+1} = d_j−1∑ ℓ=0 r^j_{2j}�_μ�_{1(2ν+1),ℓ} ϕ_{j,ℓ} = d_j −1∑ ℓ=0 ψ_{μ+1,2ν+1}(t_{j,ℓ}) ϕ_{j,ℓ},

where the first index k of the entries of R_j := (r^j_{k,ℓ})^{dj−1}_{k,ℓ=0} corresponds to that point t_{j,k} of the fine grid in which the function ϕ_{0,ν} or ψ_{μ+1,2ν+1}, respectively, fulfils (1) or (4) with the function value 1.

Of course, one can describe the matrices Z_j of complete decomposition and R_j of complete reconstruction by a stepwise application of the matrices D_r and C_r from Theorem 1, respectively. We want to use discrete Fourier transform in our decomposition and reconstruction algorithms. Therefore, we need to introduce some notations. We restrict ourselves to a special case. Assume here and in the sequel that d = d_0 is a power of 2, i.e. d = 2^{td}. Otherwise things can be done in a similar way (see [22]) but will become somewhat more complicated. Let k ∈ {0, . . ., d_j − 1} have the representation

k = t∑ s=0 k_s 2^s , k_s ∈ {0, 1}, t < t_d + j. (7)

Then, the binary representation mirrored at j + t_d − 1 (i.e., in bit reversed order) is given by

M_j(k) := t∑ s=0 k_s 2^{j+td−1−s}. (8) The following lemma collects some assertions on such mirrored representions. It can be proved by some simple calculations.

Lemma 2. Let k ∈ N_0 have the representation (7). Then

(i) M_j (M_j(k)) = k.

(ii) M_J (2^{J−j}k) = M_j(k), for 2^{J−j} k ∈ N_0, k ∈ {0, . . ., d_j − 1}.

Now, we want to give factorizations of the matrices for complete univariate decomposition Z_j and reconstruction R_j. We use the notation A B := diag(A, B) for the direct sum of matrices.

Theorem 3. Let j ∈ N and Q_s, F_{s,λ} be the matrices

Q_s := ( δ_{k,Ms(ℓ)} )d_{s−1} k,ℓ=0 , F_{s,λ} := I_{ds}�_1 I_{ds}�_1 diag ( ω^k_s )d_s�_{1−1} k=0 −diag ( ω^k_s )d_s�_{1−1} k=0 .

(i) The matrix R_j for complete univariate reconstruction can be factorized as

Q_jR_jQ^T_j = 1 d_{j−1} Q_0F_0 j−1 r=0 Q_rF_r Rj,λ ( I_2 ⊗ F_{j−1}Q^T_{j−1} )

with the inner sparse matrix R_{j,λ} := j−1∏ r=1 (C_{r,λ}F_{r,λ}) I_{dj −dr} Cj,λ .

(ii) The matrix Z_j for complete univariate decomposition can be factorized as

Q_j Z_jQ^T_j = 1 d_{j−1} ( I_2 ⊗ Q_{j−1}F_{j−1} ) Z_{j,λ} F_0Q^T_0 j−1 r=0 F_rQ^T_r

with the inner sparse matrix Z_{j,λ} := D_{j,λ} j−1∏ r=1 (F^T_{j−r,λ}D_{j−r,λ}) I_{dj −dj}�_r . All occurring matrix products are taken from left to right.

Proof. By construction, it holds that,

Q_jR_jQ^T_j = j∏ r=1 (( (I_2 ⊗ Q_{r−1})C_rP_rQ^T_r ) I_{dj −dr} ) . With some calculations, assertion (i) follows from Theorem 1 (i), the orthogonality of the matrices Q_r and the relation 1 d_{s−1} (I_2 ⊗ F_{s−1}) P_s F_s = F_{s,λ}.

The proof of (ii) can be done analogously. �

Figure 2. Non-zero entries of the matrix R^λ_9 .

We return to our function f_j ∈ V_j which we wanted to represent in the basis of scaling functions as well as in the basis of wavelets. With the decomposition and reconstruction relations for the basis functions, we obtain the decomposition and reconstruction relations for the coefficient vectors

b_j =

Q^T_0 j−1 r=0 Q^T_r ( Q_jZ^T_j Q^T_j ) Q_j a_j ,

a_j = Q^T_j ( Q_j R^T_j Q^T_j ) Q_0 j−1 r=0 Q_r bj . Using Theorem 3, this simplifies to

b_j = F_0 j−1 r=0 F_r Z^Tj,λ ( I_2 ⊗ F_{j−1} ) P_j a_j,

a_j = P^T_j (I_2 ⊗ F_{j−1}) R^T_{j,λ} F_0 j−1 r=0 F_r bj. So the univariate complete decomposition and the univariate complete reconstruction, respectively, for the level j cost some discrete Fourier transforms of length at most d_{j−1} and a multiplication with a matrix with at most jd_j non-zero entries, i.e., altogether O(j2^j) essential operations in the general periodic case. If we use the interpolatory spline wavelets from our second example then there are direct algorithms for complete decomposition and complete reconstruction, respectively, working with O(2^j ) essential operations (see [2]).

4. Sample and Wavelet Spaces for Sparse Grids

Starting from the univariate interpolation, we want to investigate bivariate interpolation on a sparse grid. Therefore, we recall that by the definition of the interpolation projectors L_j and the univariate sample spaces V_j, it holds that Im L_j ⊂ Im L_{j+1} and T_j ⊂ T_{j+1}, thus, L_j ≤ L_{j+1}, j ∈ N_0, is a chain of projectors, where the order relation A ≤ B holds if and only if AB = BA = A.

For bivariate functions, we will consider the j-th order blending operator defined by the j-th order Boolean sum

B_j := j⨁ r=0 L_r ⊗ L_{j−r}, where A ⊕ B := A + B − AB. The representation of B_j in terms of ordinary sums is known (see [1,7]) to be

B_j = j∑ r=0 L_r ⊗ L_{j−r} − j−1∑ r=0 L_r ⊗ L_{j−r−1}. (9) The Boolean sums also form a chain [7]. They have the range

Im B_j = j∑ r=0 Im L_r ⊗ Im L_{j−r} = j∑ r=0 V_r ⊗ V_{j−r} and the interpolate on the grid

T^Bj := j⋃ r=0 Tr × Tj_−r . In this manner, the Boolean sum operator B_j is an interpolation projector on a sparse grid. Furthermore, as in the univariate case, it holds that Im B_j ⊂ Im B_{j+1} and T^B_j ⊂ T^B_{j+1}. (10)

Taking into account the properties of the j-th order blending interpolation operator B_j , we are now able to define new sample spaces of bivariate functions by V^B_j := Im B_j = j∑ r=0 V_r ⊗ V_{j−r}. (11)

Figure 3. The trigonometric scaling functions Φ^t_{6,0,0} (left) and Φ^t_{6,16,16} (right).

From this definition and (10), we obtain

V^B_j ⊂ V^B_{j+1}, clos_{L2(}T2_) ⋃ j∈N0^V B j = L_2(T^2)

and V^B_j = span j⋃ r=0 { ϕ_{r,k} ⊗ ϕ_{j−r,ℓ} : k = 0, 1, . . ., d_r − 1; (12) ℓ = 0, 1, . . ., d_{j−r} − 1 } . Hence, we immediately get a generating system, but unfortunately this set of functions does not form a basis. In order to characterize the bivariate scaling functions again by their interpolatory properties, we investigate the relation T^B_j ⊂

Tj ×Tj between the sparse and the regular interpolation grid. Thus, we can define

an index set J_j by Jj := { (k, ℓ) ∈ Z^2 : (t_{j,k}, t_{j,ℓ}) ∈ T^B_j }

and search scaling functions Φ_{j,k,ℓ} as fundamental interpolants in V^B_j on the sparse grid T^B_j , i.e. with the property, Φ_{j,k,ℓ}(t_{j,m}, t_{j,n}) = δ_{k,m}δ_{ℓ,n}, (k, ℓ), (m, n) ∈ J_j .

Figure 4. Sparse grid T^B_5 and the index set M5(J5) for d = 1.

Such functions can easily be found using tensor products of the univariate interpolating scaling functions on the level j. The application of the blending interpolation projector B_j leads to Φ_{j,k,ℓ} = B_j(ϕ_{j,k} ⊗ ϕ_{j,ℓ}) = j∑ s=0 ϕ_{s,2}s�j_k ⊗ ϕ_{j−s,2}�s_ℓ − j−1∑ s=0 ϕ_{s,2}s�j_k ⊗ ϕ_{j−s−1,2}�s�1_ℓ where (k, ℓ) ∈ J_j and ϕ_{s,t} ≡ 0 for t /∈ Z.

For further investigations, we take a finer splitting of the index set J_j

Jj = 2 J_{j−1} ∪ (J_j\2 J_{j−1}), J_j\2 J_{j−1} = j⋃ p=0 Kj,p

with

K_0,_0 = J_0

and for j ≥ 1, Kj,p = { (M_j(η), M_j(κ)) : η = d_{p−1}, . . ., d_p − 1; κ = d_{j−p−1}, . . ., d_{j−p} − 1 } , p = 1, . . ., j − 1, Kj,_0 = { (M_j(η), M_j(κ)) : η = 0, . . ., d_0 − 1; κ = d_{j−1}, . . ., d_j − 1 } , Kj,j = { (M_j(η), M_j(κ)) : η = d_{j−1}, . . ., d_j − 1; κ = 0, . . ., d_0 − 1 } .

Hence, Jj = j⋃ t=0 2^{j−t} t⋃ r=0 Kt,r (13) and M_j (J_j) = j⋃ r=0 r⋃ s=0 M_r(K_{r,s}) . (14) With the finer splitting of the index set J_j, we can more precisely describe the fundamental interpolants in V^B_j .

Theorem 4. For indices (k, ℓ) ∈ 2^{j−t}K_{t,p}, 0 ≤ p ≤ t ≤ j, the fundamental interpolant Φ_{j,k,ℓ} has the form Φ_{j,k,ℓ} = j+p−t∑ s=p ϕ_{s,2}s�j_k ⊗ ϕ_{j−s,2}�s_ℓ − j+p−t−1 ∑ s=p ϕ_{s,2}s�j_k ⊗ ϕ_{j−s−1,2}�s�1_ℓ

= j+p−t∑ s=p ϕ_{s,Ms(Mj(k))} ⊗ ϕ_{j−s,Mj}�_{s(Mj(ℓ))} (15)

− j+p−t−1 ∑ s=p ϕ_{s,Ms(Mj(k))} ⊗ ϕ_{j−s−1,Mj}�_s�_{1(Mj(ℓ))} . Proof. The assertion follows from the definition of K_{t,p} and Lemma 2. � As usual we define the wavelet space W^B_{j+1} as the orthogonal complement of the sample space on the lower level j relative to the sample space on the higher level j + 1, i.e., V^B_{j+1} = V^B_j ⊕^⊥ W^B_{j+1} (16) with respect to the inner product in L_2(T^2). The wavelet spaces can be characterized in terms of tensor products of univariate wavelet spaces. Theorem 5. For j ∈ N_0, it holds that W^B_{j+1} = j+1⨁ r=0 ⊥ W_r ⊗ W_{j+1−r} (17) with the notation W_0 := V_0.

The proof can be found in [21]. For (m, n) ∈ K_{j+1,p}, we define the wavelet function Ψ_{j+1,m,n} := ψ_{p,2}p�j�1_m ⊗ ψ_{j+1−p,2}�p_n (18)

Figure 5. The trigonometric wavelet functions Ψ^t_{7,68,96} (left) and Ψ^t_{7,88,48} (right).

with ψ_{0,r} := ϕ_{0,r}. Using the representation (17) of the wavelet space, we immediately obtain bases of the sample and the wavelet spaces. Corollary 6. Let j ∈ N_0.

(i) The basis and the dimension of the sample space are given by B(V^B_j ) = {Φ_{j,k,ℓ} : (k, ℓ) ∈ J_j}, dim V^B_j = d^2(j2^{j−1} + 2^j).

(ii) The basis and the dimension of the wavelet space are given by B(W^B_{j+1}) = {Ψ_{j+1,m,n} : (m, n) ∈ K_{j+1,p} , p = 0, . . ., j + 1}, dim W^B_{j+1} = d^2(j2^{j−1} + 2^{j+1}).

Proof. Part (ii) of the assertion follows from Theorem 5. Denoting W^B_0 := V^B_0 , we can write the sample space in terms of orthogonal sums of wavelet spaces

V^B_j = j⨁ r=0 ⊥ W^B_r = j⨁ r=0 ⊥ r⨁ k=0 ⊥ (W_k ⊗ W_{r−k}) , and obtain the dimension of the sample space as above. The functions Φ_{j,k,ℓ} are fundamental interpolants in V^B_j . Hence, they are linearly independent. By (13) their number equals the just computed dimension of the sample space. That proves part (i). �

This means, we have the dimension of the constructed bivariate sample space growing as O(j2^j), while the dimension of ordinary tensor products of univariate sample spaces grows as O(2^{2j}).

5. Complete Decomposition and Reconstruction

We want to establish the relation for the complete decomposition of the fundamental interpolants on the sparse grid, i.e., the scaling functions in the bivariate case, into wavelet parts in matrix form Φ_j = Z^B_j Ψ_j

with Φ_j = (Φ_{j,k,ℓ})_{(k,ℓ)∈Jj} and Ψ_j = (Ψ_{u,m,n})_{u=0,...,j; q=0,...,u; (m,n)∈Ku,q} where the indices in the vector Φ_j follow the ordering

2^jK_{0,0}, 2^{j−1}K_{1,0}, 2^{j−1}K_{1,1}, . . . , K_{j,j}. (19)

For the numbering of rows and columns of the matrices involved we use notations like (a_{k,ℓ,m,m})_{(k,ℓ)∈Jj, (m,n)∈Mj(Jj)}. In this example the numbering of rows follows the ordering (19). The numbering of columns uses the splitting (14). The subsets and the tuples in each subset are ordered lexicographically. We want to describe the matrix Z^B_j in terms of the matrices Z_s for the univariate decompositions.

Theorem 7. With the permutation matrices S_{k,s} := ( δ_{η,⌊d}�1_k�_{sr⌋} δ_{κ,r mod dk}�_s ) (η,κ)∈Mj(Jj), r=0,...,d dk−1 , T_j := ( δ_{Mj(k),m} δ_{Mj(ℓ),n} ) (k,ℓ)∈Jj, (m,n)∈Mj(Jj) , and Q_s as in Theorem 3, the matrix Z^B_j for complete decomposition has the form

Z^B_j = T_j j∑ s=0 S_{j,s} ( (Q_sZ_sQ^T_s ) ⊗ (Q_{j−s}Z_{j−s}Q^T_{j−s}) ) S^T_{j,s}

− j−1∑ s=0 S_{j−1,s} ( (Q_sZ_sQ^T_s ) ⊗ (Q_{j−s−1}Z_{j−s−1}Q^T_{j−s−1}) ) S^T_{j−1,s} T^Tj .

Proof. Decomposing the scaling function Φ_{j,k,ℓ}, we compute the entries of Z^B_j for (k, ℓ) ∈ 2^{j−t}K_{t,p}, (m, n) ∈ 2^{j−u}K_{u,q} as z^B_{j,k,ℓ,m,n} = j+p−t∑ s=p z^s_2s�j_{k,2}s�j_m z^{j−s}_2�_{sℓ,2}�_{sn} − j+p−t−1 ∑ s=p z^s_2s�j_{k,2}s�j_m z^{j−s−1}_2�_s�_{1ℓ,2}�_s�_{1n}.

From Lemma 2 we obtain 2^{s−j} k = M_s(M_j(k)), 2^{−s}ℓ = M_{j−s}(M_j(ℓ)), 2^{−s−1}ℓ = M_{j−s−1} (M_j(ℓ)), 2^{s−j} m = M_s(M_j(m)), 2^{−s}n = M_{j−s}(M_j(n)), 2^{−s−1}n = M_{j−s−1}(M_j (n)). for (k, ℓ) ∈ 2^{j−t}K_{t,p} and (m, n) ∈ 2^{j−u}K_{u,q}. Then, we can rewrite the formula for z^B_{j,k,ℓ,m,n} as

z^B_{j,k,ℓ,m,n} = j+p−t∑ s=p z^s_{Ms(Mj(k)),Ms(Mj(m))} z^{j−s}_{Mj}�_{s(Mj(ℓ)),Mj}�_{s(Mj(n))}

− j+p−t−1 ∑ s=p z^s_{Ms(Mj(k)),Ms(Mj(m))} z^{j−s−1}_{Mj}�_s�_{1(Mj(ℓ)),Mj}�_s�_{1(Mj(n))}, which proves the assertion. �

We also want to establish the relation for complete reconstruction in the bivariate case in matrix form

Ψ_j = R^B_j Φ_j

with Ψ_j and Φ_j as before. We describe the matrix R^B_j in terms of the matrices R_s for the univariate reconstructions.

Theorem 8. With the permutation matrices Q_s, S_{k,s} and T_j as in Theorem 7, the matrix R^B_j for complete reconstruction has the form

R^B_j = T_j j∑ s=0 S_{j,s} ( (Q_sR_sQ^T_s ) ⊗ (Q_{j−s}R_{j−s}Q^T_{j−s}) ) S^T_{j,s}

− j−1∑ s=0 S_{j−1,s} ( (Q_sR_sQ^T_s ) ⊗ (Q_{j−s−1} R_{j−s−1} Q^T_{j−s−1}) ) S^T_{j−1,s} T^Tj .

Proof. Let the matrix on the right-hand side be A_j = (a_{j,k,ℓ,m,n})_{(k,ℓ),(m,n)∈Jj} , then for (k, ℓ) ∈ 2^{j−t}K_{t,p}, (m, n) ∈ 2^{j−u}K_{u,q},

a_{j,k,ℓ,m,n} = j+p−t∑ s=p r^s_{Ms(Mj(k)),Ms(Mj(m))} r^{j−s}_{Mj}�_{s(Mj(ℓ)),Mj}�_{s(Mj(n))}

− j+p−t−1 ∑ s=p r^s_{Ms(Mj(k)),Ms(Mj(m))} r^{j−s−1}_{Mj}�_s�_{1(Mj(ℓ)),Mj}�_s�_{1(Mj(n))}.

From Lemma 2, we obtain a_{j,k,ℓ,m,n} = j+p−t∑ s=p r^s_2s�j_{k,2}s�j_m r^{j−s}_2�_{sℓ,2}�_{sn} − j+p−t−1 ∑ s=p r^s_2s�j_{k,2}s�j_m r^{j−s−1}_2�_s�_{1ℓ,2}�_s�_{1n} .

Because we are working on nested grids, we have r^s_{2s}�_{jk,2s}�_{jm} = r^j_{k,m} for s ≤ j. This leads to a_{j,k,ℓ,m,n} = r^j_{k,m} r^j_{ℓ,n} = Ψ_{t,2}t�j_{k,2}t�j_ℓ(t_{j,m}, t_{j,n}). This proves the assertion. �

6. Algorithms

In this section, we want to present the algorithms for complete decomposition and reconstruction, respectively, for our Boolean sum approach. At first, we project a bivariate continuous (or more general: Riemann integrable) 2πperiodic function f into the sample space V^B_j . We obtain the projection f_j of f by interpolation on the sparse grid

f_j := B_j f = ∑ (k,ℓ)∈Jj f(t_{j,k}, t_{j,ℓ}) Φ_{j,k,ℓ} .

Writing this as vectors, we have f_j = v^T_j Φ_j , with the coefficient vector v_j consisting of the function values v_{j,k,ℓ} = f(t_{j,k}, t_{j,ℓ}), (k, ℓ) ∈ J_j, sampled from the sparse grid. The function vector Φ_j was introduced in Section 5. In terms of the wavelet basis, we get another representation of f_j as f_j = w^T_j Ψ_j, with a coefficient vector w_j and the function vector Ψ_j as in the previous section. Then we use the relations of complete decomposition and reconstruction for the basis vectors

Φ_j = Z^B_j Ψ_j and Ψ_j = R^B_j Φ_j ,

and obtain the relations of complete decomposition and reconstruction, respectively, for the coefficient vectors

w_j = (Z^B_j )^T v_j and v_j = (R^B_j )^T w_j (20)

in the same way as before. Here, the multiplication with the corresponding matrix reduces by Theorems 7 and 8 to the stepwise application of the algorithms in the univariate case.

The equations (20) are of the form y_j = (A^B_j )^T x_j with the symbol A standing for Z in the complete decomposition relation and for R in the reconstruction relation, respectively. The application of such a matrix (A^B_j )^T can be realized by the following procedure.

Algorithm 9. (Complete decomposition or reconstruction) Input vector: x_j = (x_{j,k,ℓ})_{(k,ℓ)∈Jj} Output vector: y_j = (y_{j,k,ℓ})_{(k,ℓ)∈Jj} Help vector: z_j = (z_{j,k,ℓ})_{(k,ℓ)∈Jj} Notation: z_{j,k} = (z_{j,k,ℓ})_{ℓ∈L}, z_{j,ℓ} = (z_{j,k,ℓ})_{k,∈K}, with an appropriate choice of the index sets K, L (the ranges for k, ℓ as given in the algorithm) Initialization: y_{j,k,ℓ} := 0 for all (k, ℓ) ∈ J_j For all s = 0, . . ., j do z_{j,k,ℓ} := x_{j,Mj(k),Mj(ℓ)} for k = 0, . . ., d_s − 1; ℓ = 0, . . ., d_{j−s} − 1 z_{j,k} := Q_{j−s} A^T_{j−s} Q^T_{j−s} z_{j,k} for k = 0, . . ., d_s − 1 z_{j,ℓ} := Q_s A^T_s Q^T_s z_{j,ℓ} for ℓ = 0, . . ., d_{j−s} − 1 y_{j,Mj (k),Mj(ℓ)} := y_{j,Mj (k),Mj(ℓ)} + z_{j,k,ℓ} for k = 0, . . ., d_s − 1; ℓ = 0, . . ., d_{j−s} − 1 For all s = 0, . . ., j − 1 do z_{j,k,ℓ} := x_{j,Mj(k),Mj(ℓ)} for k = 0, . . ., d_s − 1; ℓ = 0, . . ., d_{j−s−1} − 1 z_{j,k} := Q_{j−s−1} A^T_{j−s−1} Q^T_{j−s−1} z_{j,k} for k = 0, . . ., d_s − 1 z_{j,ℓ} := Q_s A^T_s Q^T_s z_{j,ℓ} for ℓ = 0, . . ., d_{j−s−1} − 1 y_{j,Mj (k),Mj(ℓ)} := y_{j,Mj (k),Mj(ℓ)} − z_{j,k,ℓ} for k = 0, . . ., d_s − 1; ℓ = 0, . . ., d_{j−s−1} − 1

The products Q_sA^T_s Q^T_s are of the structure given in Theorem 3. That’s why they can be realized by fast Fourier transforms and multiplication with a sparse matrix.

Now, we are interested in the number of essential operations for the bivariate complete decomposition and the complete reconstruction, respectively, for the level j if we use the Boolean sum approach. Therefore, we count the univariate complete decompositions and the univariate complete reconstructions, respectively, for the levels occuring in the algorithm. In the end we need altogether O(j^2 2^j) essential operations for the bivariate complete decomposition or reconstruction, respectively, for the level j. In the case of interpolating spline wavelets this reduces again to O(j 2^j) essential operations.

7. An Example

Now we want to compare the wavelet decompositions of two test functions with different smoothness properties. Both functions are periodized splines centered in (π, π). The first function f_1 := N_1 ⊗ N_1 is the bilinear hat function, the second f_2 := B_{1,1,1} is the linear 3-directional box spline.

The investigation of the decay of their Fourier coefficients leads to the order α of isotropic Sobolev spaces H^α_2 (T^2) and of the Sobolev spaces with dominating mixed smoothness properties S^{α,α}_{2,2} H(T^2) (cf. [19]) the test functions belong to:

f_k ∈ H^α_2 (T^2) S^{α,α}_{2,2} H(T^2) f_1 ∀ α < 3/2 ∀ α < 3/2 f_2 ∀ α < 3/2 ∀ α < 3/4 We choose the trigonometric scaling functions ϕ^t_{j,k} and the corresponding wavelets with the parameters d = 2, μ = 2. The test functions are sampled on the grid of level j. So we obtain the coefficient vectors of the projections into the sample space of the highest level j. The interpolation error depends on the smoothness of the interpolated functions [15]:

smoothness of f ‖L_j ⊗ L_jf − f ‖_{L2(}T2_) ‖B_jf − f ‖_{L2(}T2_) f ∈ H^α_2 (T^2), O(2^{−αj} ) O(j 2^{−αj/2}) f ∈ S^{α,α}_{2,2} H(T^2) O(2^{−αj} ) O(j 2^{−αj})

Now, these coefficient vectors can be decomposed by the algorithms given in Sections 3 and 6. Figure 6 shows density plots of the abolute value of the wavelet part at level j of the interpolants of the test functions on the j-th grid. The values given below the density plots mark the used range (minimum=white, maximum=black). On the left-hand side one can see the wavelet parts of f_1, on the right-hand side those of f_2. For the figures in the first row we interpolated on the sparse grid T^B_8 with 5 120 grid points, for the second row we interpolated on the full grid T_8 × T_8 with 262 144 points. The third row corresponds to the interpolation on a full grid with 9 126 points what is near the number of points used in the first row. This is now a grid of level 4, the parameters for the trigonometric wavelets are d = 6, μ = 0. The number of essential operations behave like 4 : 132 : 1.

What all density plots have in common is that the absolute value of the wavelet parts appears to be large in regions where the underlying functions are not smooth. Now we will compare the second row with the third row. As expected we obtain better results for the finer sampling. Comparing the left-hand with the right-hand side in those rows, one finds the absolute values of the wavelet parts to have nearly the same range. The interpolated functions belong to the same isotropic Sobolev spaces. This is why the error of interpolation on the full grid is of the same order for both functions. This is reflected by the shown wavelet part

F. Sprengel / Periodic Interpolation and Wavelets on Sparse Grids 167

[0; 0:005] [0; 0:05]

[0; 0:005] [0; 0:001]

[0; 0:015] [0; 0:006]

Figure 6. Some wavelet decompositions.

which is the orthogonal difference of the sample space of level j (corresponding to T_j × T_j) and the sample space of level j − 1 (corresponding to T_{j−1} × T_{j−1}).

Now we proceed to the first row. The range of the wavelet part of the second test function is ten times as large as the wavelet part of the first test function. The interpolated function are not in the same Sobolev spaces with dominated mixed smoothness. In this sense, the box spline is only ”half as smooth” as the tensor product B–Spline. So the interpolation error for f_2 has half the order of the interpolation error for f_1. This again effects the wavelet part shown here. Furthermore, the regions of discontinuities seem to be better localized for f_1. Already in the usual tensor product case discontinuities parallel to the axes are better localized. This effect seems to be strengthed for the sparse grid wavelets. There the wavelet functions are tensor products of univariate interpolatory wavelets where the step sizes in x- or y-direction, respectively, can be very different from each other. If one compares the first and the third row the sparse grid wavelets seem to be a useful tool for analyzing bivariate functions (signals, pictures) at least in the case of mixed smoothness (only edges, discontinuities parallel to the axes).

References

[1] G. Baszenski and F.-J. Delvos, A discrete Fourier transform scheme for Boolean sums of trigonometric operators. In Multivariate Approximation Theory IV, eds. C.K. Chui, W. Schempp, and K. Zeller, ISNM 90, Birkhäuser, Basel, 1989, pp. 15–24.

[2] K. Bittner, Fast algorithms for periodic spline wavelets on sparse grids, SIAM J. Scientific Computing, 1998, to appear.

[3] C.K. Chui, An Introduction to Wavelets, Academic Press, New York, 1992. [4] C.K. Chui and H.N. Mhaskar, On trigonometric wavelets, Constr. Approx. 9 (1993), 167–190.

[5] I. Daubechies, Ten Lectures on Wavelets, CBMS-NSF Series in Appl. Math. SIAM Publications, Philadelphia, 1992.

[6] P. Davis, Circulant Matrices, Wiley Interscience, New York, 1979.

[7] F.-J. Delvos and W. Schempp, Boolean Methods in Interpolation and Approximation, Pitman Research Notes in Mathematics Series. Longman Scientific & Technical, Harlow, 1989.

[8] R.A. DeVore, S.V. Konyagin, and V.N. Temlyakov, Hyperbolic wavelet approximation, Constr. Approx. 14 (1998), 1–26.

[9] R.A. DeVore, P. Petrushev, and V.N. Temlyakov, Multivariate trigonometric approximation with frequencies from the hyperbolic cross, Mat. Zametki 56 (1994), 36–63, English Transl. in Math. Notes 56 (1994).

[10] M. Griebel and P. Oswald, On additive Schwarz preconditioners for sparse grid discretizations, Numer. Math. 66 (1994), 449–464.

[11] M. Griebel and P. Oswald, Tensor product type subspace splitting and multilevel iterative methods for anisotropic problems, Adv. Comput. Math. 4 (1995), 171–206.

[12] Y.W. Koh, S.L. Lee, and H.H. Tan, Periodic orthogonal splines and wavelets, Appl.

Comput. Harmon. Anal. 2 (1995), 201–218.

[13] F.J. Narcowich and J.D. Ward, Wavelets associated with periodic basis functions, Appl.

Comput. Harmon. Anal. 3 (1996), 40–56.

[14] G. Plonka and M. Tasche, A unified approach to periodic wavelets, In Wavelets: Theory, Algorithms, and Applications, eds. C.K. Chui, L. Montefusco, and L. Puccio, Academic

Press, 1994, pp. 137–151.

[15] G. Pöplau and F. Sprengel, Some error estimates for periodic interpolation on full and sparse grids, In Curves and Surfaces with Applications in CAGD, eds. A.L. Méhauté, C. Rabut, and L.L. Schumaker, Vanderbilt University Press, Nashville, 1997, pp. 355–362.

[16] J. Prestin and E. Quak, Trigonometric interpolation and wavelet decomposition, Numer.

Algorithms 9 (1995), 293–318.

[17] J. Prestin and K. Selig, Interpolatory and orthonormal trigonometric wavelets, In Signal and Image Representation in Combined Spaces, eds. J. Zeevi and R. Coifman, Academic Press, 1998, to appear.

[18] A. A. Privalov, Ob odnom ortogonalnom trigonometriqeskom basise (On an orthogonal trigonometric basis), Mat. Sbornik 182 (1991), 384–394.

[19] H.-J. Schmeißer and H. Triebel, Topics in Fourier Analysis and Function Spaces, Akadem.

Verlagsgesellschaft Geest & Portig, Leipzig, 1987.

[20] S.A. Smolyak, Quadrature and interpolation formulas for tensor products of certain classes of functions, Soviet Math. Dokl. 4 (1963), 240–243.

[21] F. Sprengel, Multivariate periodic interpolating wavelets, In Approximation Theory, Wavelets, and Applications, ed. S.P. Singh, Kluwer Academic Publ., Dordrecht, 1995, pp. 473–483.

[22] F. Sprengel, Interpolation and Wavelet Decomposition of Multivariate Periodic Functions, Ph.D. thesis, University of Rostock (1997).

[23] V.N. Temlyakov, Approximation of Periodic Functions, Nova Science, New York, 1993. [24] C. Zenger, Sparse grids, In Notes on Numerical Fluid Mechanics, ed. W. Hackbusch, volume 31, Parallel Algorithms for Partial Differential Equations: Procceedings of the Sixth GAMM-Seminar, Vieweg, Braunschweig, 1991, pp. 297–301.