Some Error Estimates for Periodic Interpolation on Full and Sparse Grids

Gisela Pöplau and Frauke Sprengel

Abstract. We give a unified approach to error estimates for periodic interpolation on full and sparse grids in certain Sobolev spaces. We impose ‘periodic’ Strang–Fix conditions on the underlying functions in order to obtain error bounds with explicit constants.

§1. Introduction

The approximation and interpolation of bivariate periodic functions have been studied for some time. While periodic interpolation by translates on full grids is well investigated for several function spaces, especially Sobolev spaces H^α_2 (TT^2) (see e.g. [2,3,8]), error estimates for periodic interpolation on sparse grids are studied for functions from Korobov spaces E^α(TT^2) (see e.g. [1,4]).

In this paper, we give a unified approach to error estimates for periodic interpolation on full and sparse grids for functions from the usual Sobolev spaces H^α_2 (TT^2) and Sobolev spaces S^{α,β}_{2,2} H(TT^2) with dominating mixed smoothness. We consider tensor product interpolation and j-th order blending interpolation. Applying the concept of ‘periodic’ Strang–Fix conditions on the underlying univariate fundamental interpolant, we are able to give error estimates with explicit constants.

§2. Univariate Periodic Interpolation by Translates

Let d ∈ IN be fixed. Put d_j := 2^j d, j ∈ IN_0. We consider continuous 2πperiodic functions Λ_j defined as fundamental interpolants on the equidistant interpolation grid T_j := {t_{j,k} := 2πk/d_j : k = 0, . . . , d_j − 1}, that means, Λ_j (t_{j,k}) = δ_{k,0}, k = 0, 1, . . . , d_j − 1. The corresponding interpolation operator L_j is given as

L_jf := dj −1∑

k=0 f(t_{j,k} ) Λ_j (· − t_{j,k}).

Curves and Surfaces with Applications in CAGD 355 A. Le Méhauté, C. Rabut, and L. L. Schumaker (eds.), pp. 355–362. Copyright o^c 1997 by Vanderbilt University Press, Nashville, TN. ISBN 0-8265-1293-3.

All rights of reproduction in any form reserved.

Furthermore, we assume the functions Λ_j , j ∈ IN_0 satisfy Im L_j ⊂ Im L_{j+1}. Let the remainder of an arbitrary operator P be defined as P^c := I −P, where I denotes the identity operator in the function space under consideration. For instance, we investigate the error for functions from Sobolev spaces of order α ≥ 0 of periodic functions

H^α_2 (TT) := {f ∈ L_2(TT) : ‖f‖_Hα_{2 (TT)} < ∞}

with ‖f‖^2_Hα_{2 (TT)} := ∑ k∈ZZ (1 + k^2)^α |c_k(f)|^2,

where c_k(f) := ⟨f, e^{ik·}⟩_{L2 (TT)} denote the Fourier coefficients. Let I_j for j ∈ IN_0 denote the index set I_j := {k ∈ ZZ : −d_j /2 < k ≤ d_j /2}.

To obtain error estimates in the case of multivariate periodic interpolation by translates, the ‘periodic’ Strang–Fix conditions were introduced in [2]. In our setting the univariate fundamental interpolants Λ_j (j ∈ IN_0) satisfy the ‘periodic’ Strang–Fix conditions of order m > 0, if for k ∈ I_j and all j ∈ IN_0 the following inequalities hold:

|1 − d_j c_k(Λ_j )| ≤ a_0 | | | 2πk d_j | | | m

|d_j c_{k+djℓ}(Λ_j )| ≤ a_ℓ | | | | 2πk d_j | | | | m , ℓ ∈ ZZ\{0}, (1)

where {a_ℓ}_{ℓ∈ZZ} with γ^2_1 := ∑ ℓ∈ZZ a 2 ℓ < ∞ is a series of non-negative constants independent of j.

Applying the estimates for multivariate periodic interpolation by translates proved in [2,8], we obtain in our special case the following theorem.

Theorem 1. Let f ∈ H^α_2 (TT) with α > 1/2 be given. Further, let the fundamental interpolants Λ_j (j ∈ IN_0) with {c_k(Λ_j )}_{k∈ZZ} ∈ ℓ_1(ZZ) satisfy the ‘periodic’ Strang–Fix conditions (1) of order m. Let ϱ := min{m, α}. Then the following estimate holds ‖f − L_j f‖_{L2 (TT)} ≤ c_ϱ d^{−ϱ}_j ‖f‖_Hα_{2 (TT)}, where

c_ϱ := (2π)^ϱ { γ_1 + π^{−α} + γ_2γ_3 for α ≥ m, ( √ 2 π)^{m−α}γ_1 + π^{−α} + γ_2 γ_3 for α < m.

The constant γ_1 is given by (1) and γ_2, γ_3 are defined by

γ^2_2 := sup j∈IN0 d^2_j max_{k∈Ij} ∑ ℓ∈ZZ |c_{k+djℓ}(Λ_j )|^2 , γ^2_3 := max_{k∈Ij} ∑ ℓ∈ZZ\{0} |2π(k/d_j + ℓ)|^{−2α} .

All constants are independent of j.

Remark: The constant γ_3 is independent of d_j (j ∈ IN_0), because for ℓ ∈ ZZ\{0} we obtain max_{k∈Ij} |2π(k/d_j + ℓ)|^{−2α} = (π(2|ℓ| − 1))^{−2α}. In [8] the estimate γ^2_3 ≤ (π^{2α})^{−1}(4α − 1)(2α − 1)^{−1} was given for α > 1/2. If α ∈ IN, then we get the sharper estimate γ^2_3 ≤ (2^{2α}−1)((2α)!)^{−1}B_α, where B_α denotes the Bernoulli number.

Corollary 2. Assume the fundamental interpolants Λ_j with {c_k(Λ_j )}_{k∈ZZ} ∈ ℓ_1(ZZ) (j ∈ IN_0) satisfy the ‘periodic’ Strang–Fix conditions (1) of order m. Let α > 1/2, ϱ := min{m, α}. Then

‖L^c_j‖_Hα_{2 (TT)→L2(TT)} ≤ c_ϱ d^{−ϱ}_j

with c_ϱ defined in Theorem 1.

§3. Examples

Lagrange functions constructed from B–Splines or trigonometric polynomials are often used for bivariate interpolation on full and sparse grids which we consider in the next section. Therefore, we want to investigate the ‘periodic’ Strang–Fix conditions (1) for B–Splines and special de la Vallée Poussin means. The constant γ_1 we obtain here occurs in the error estimates of Theorem 1 for univariate interpolation as well as those of Theorem 5 and 6 for the bivariate case.

Let M_{m,j} (j ∈ IN_0) denote the 2π–periodic centred B–Spline of order m ∈ IN given by its Fourier coefficients as c_k(M_{m,j} ) = d^{−1}_j (sinc (πk/d_j ))^m (k ∈ ZZ, j ∈ IN_0) with sinc t := sin t/t. Then the corresponding fundamental interpolants Λ_j are known [7] to be

c_k(Λ_j ) = c_k(M_{m,j} ) ∑ ℓ∈Ij Mm,j (2πℓ/dj )e −2πi kℓ/dj , k ∈ ZZ, j ∈ IN0. (2) The following ‘periodic’ Strang–Fix conditions for B–Splines were shown in [8]. The order of the Strang–Fix conditions coincides with the known approximation order of B–Splines. Theorem 3 also provides explicit constants in the error estimates.

Theorem 3. Let Λ_j (j ∈ IN_0) be the fundamental interpolant of the 2π– periodic B–Spline of order m ∈ IN given by (2). Then Λ_j satisfies the ‘periodic’ Strang–Fix conditions (1) of order m with the constants

a_0 = { 2^{−(m+1)} for m odd, (2(2^m − 1))^{−1} for m even,

a_ℓ = 1 π^m(2|ℓ| − 1)^m × 1 for m = 1, (m − 1)! E_{(m−1)/2} for m > 1 odd, m! 2^m(2^m − 1)B_{m/2} for m even and

γ^2_1 =

5 16 for m = 1, 1 2^{2(m+1)} + ( (m − 1)! E_{(m−1)/2} )_2

2^{2m} − 1 (2m)!

B_m for m > 1 odd, 1 4(2^m − 1)^2 + ( m! 2^m(2^m − 1)B_{m/2}

)_2

2^{2m} − 1 (2m)!

B_m for m even.

Here, B_n and E_n (n ∈ IN) denote the corresponding Bernoulli and Euler number, respectively.

The interpolation by trigonometric polynomials may serve as another example. For N, M ∈ IN, N > M, the de la Vallée Poussin means φ^M_N of the Dirichlet kernel are given as

φ^M_N (x) := 1 4MN N+M−1 ∑ ℓ=N−M ℓ∑ k=−ℓ e^{ikx} . For j ∈ IN_0, we define the fundamental polynomial Λ_j as a special de la Vallée Poussin mean Λ_j := { 1 for j = 0, d = 1, φ^{Mj}_{Nj} otherwise, (3)

where

N_j := d 2^{j−1} and M_j := { 2^{j−1−λ} for j > λ, 1 for j ≤ λ, λ ∈ IN, λ ≥ 2. Theorem 4. Let Λ_j (j ∈ IN_0) be the special de la Vallée Poussin mean given by (3). Then Λ_j satisfies the ‘periodic’ Strang–Fix conditions (1) of order m for arbitrary m with the constants

a_ℓ = { (4/3π)^m/2 for ℓ = −1, 0, 1, 0 otherwise

and γ^2_1 = 3 (4/3π)^{2m}/4.

§4. Bivariate Periodic Interpolation

Starting from univariate interpolation, we want to investigate bivariate interpolation on full and sparse grids. Therefore, we define the corresponding interpolation projectors. The tensor product operator L_j ⊗ L_k realizes the interpolation on a full grid T_j × T_k with d^22^{j+k} interpolation points. The j-th order Boolean sum operator is defined by

B_j := j⨁ r=0 L_r ⊗ L_{j−r}, where A⊕B := A+B−AB. The j-th order Boolean sum B_j is an interpolation projector on the sparse grid ⋃_j r=0 T_r × T_{j−r} which contains d^2(j2^{j−1} + 2^{j+1}) interpolation points.

We want to measure the error of interpolation for functions from certain Sobolev spaces. With the Fourier coefficients c_{k,ℓ}(f) := ⟨f, e^{ik·} ⊗ e^{iℓ·}⟩_{L2 (TT}2_), the usual Sobolev space of order α ≥ 0 of bivariate periodic functions is defined by H^α_2 (TT^2) := {f ∈ L_2(TT^2) : ‖f‖_Hα_{2 (TT}2_) < ∞} with ‖f‖^2_Hα_{2 (TT}2_) := ∑ k,ℓ∈ZZ (1 + k^2 + ℓ^2)^α |c_{k,ℓ}(f)|^2.

Another important function space is the Sobolev space of order (α, β), α, β ≥ 0 of bivariate periodic functions with mixed smoothness. It is defined (see [9]) as

S^{α,β}_{2,2} H(TT^2) := {f ∈ L_2(TT^2) : ‖f‖_Sα,β_{2,2 H(TT}2_) < ∞}

with ‖f‖^2_Sα,β_{2,2 H(TT2 )} := ∑ k,ℓ∈ZZ (1 + k^2)^α (1 + ℓ^2)^β |c_{k,ℓ}(f)|^2.

The spaces S^{α,α}_{2,2} H(TT^2) are strongly related to the Korobov spaces [6]

E^α(TT^2) := { f ∈ L_2(TT^2) : |c_{k,ℓ}(f)| = O ( ((1 + |k|)(1 + |ℓ|))^{−α} ) , for |k|, |ℓ| −→ ∞ } , which are often used in error estimates for j-th order blending interpolation (e.g. [1,4]) and numerical integration based on number theoretical methods (e.g. [6]). It holds that S^{α,α}_{2,2} H(TT^2) ⊂ E^α(TT^2) ⊂ S^{α−1/2−ε,α−1/2−ε} 2,2 H(TT^2)

for arbitrary ε > 0. With the help of these definitions, we obtain immediately L_2(TT^2) = H^0_2 (TT^2) = S^{0,0}_{2,2} H(TT^2) and S^{α,β}_{2,2} H(TT^2) = H^α_2 (TT) ^⊗H^β_2 (TT) ⊂ H^{min{α,β}} 2 (TT^2) ⊂ L_2(TT^2).

Theorem 5. Let f ∈ S^{α,β}_{2,2} H(TT^2) with α, β > 1/2 be given. Further, let the fundamental interpolants Λ_j (j ∈ IN_0) with {c_k(Λ_j )}_{k∈ZZ} ∈ ℓ_1(ZZ) satisfy the ‘periodic’ Strang–Fix conditions (1) of order m. Let ϱ := min{m, α}, σ := min{m, β}, τ := min{m, α, β}, ℓ := min{ϱj, σk}. Then the following estimates hold:

‖f − (L_j ⊗ L_k)f‖_{L2 (TT}2_) ≤ (c_ϱ d^{−ϱ}_j + c_σ d^{−σ}_k + c_ϱ c_σ d^{−ϱ}_j d^{−σ}_k ) ‖f‖_Sα,β_{2,2 H(TT}2_) , ‖f − B_j f‖_{L2 (TT}2_) ≤ ( c_ϱ d^{−ϱ}_j + c_σ d^{−σ}_j + c_ϱ c_σ j∑ r=0 d^{−ϱ}_r d^{−σ}_{j−r}

+ c_ϱ c_σ j−1∑ r=0 d^{−ϱ}_r d^{−σ}_{j−r−1} ) ‖f‖_Sα,β_{2,2 H(TT}2_) , with c_ϱ, c_σ as defined in Theorem 1. Summarizing, we obtain ‖f − (L_j ⊗ L_k)f‖_{L2 (TT}2_) ≤ c_{τ,T} d^{−τ} 2^{−ℓ} ‖f‖_Sα,β_{2,2 H(TT}2_) , ‖f − B_j f‖_{L2 (TT}2_) ≤ c_{τ,B} d^{−τ}_j ‖f‖_Sα,β_{2,2 H(TT}2_) , where c_{τ,T} := c_ϱ d^{τ−ϱ} 2^{ℓ−ϱj} + c_σ d^{τ−σ} 2^{ℓ−σk} + c_ϱ c_σ d^{τ−ϱ−σ} 2^{ℓ−ϱj−σk} c_{τ,B} = c_{τ,B} (j) := c_ϱ d^{τ−ϱ}_j + c_σ d^{τ−σ}_j + c_ϱ c_σ j∑ r=0 d^τ_j d^{−ϱ}_r d^{−σ}_{j−r}

+ c_ϱ c_σ j−1∑ r=0 d^τ_j d^{−ϱ}_r d^{−σ}_{j−r−1}. We note that c_{τ,B}(j) depends on j. For ϱ = σ, we obtain c_{τ,B}(j) = c^2_ϱ d^{−ϱ}(1 + 2^ϱ)j + 2c_ϱ − c^2_ϱ d^{−ϱ} 2^ϱ = O(j). That means that in this case, we lose only a logarithmic term in approximation order if we compare the interpolation by B_j on a sparse grid with O(j2^j ) points and the interpolation by L_j ⊗ L_j on a full grid with O(2^{2j} ) points.

Proof: The remainder of the tensor product interpolation operator can be written as (L_j ⊗ L_k)^c = L^c_j ⊗ I + I ⊗ L^c_k − L^c_j ⊗ L^c_k.

Since S^{α,β}_{2,2} H(TT^2) = H^α_2 (TT) ^⊗H^β_2 (TT) we can estimate the operator norm (compare [10, Chap. 8]) of the remainder

‖(L_j ⊗ L_k)^c‖_Sα,β_{2,2 H(TT}2_{)→L2(TT}2_) ≤ ‖L^c_j ‖_Hα_{2 (TT)→L2(TT)} + ‖L^c_k‖_Hβ_{2 (TT)→L2(TT)}

+ ‖L^c_j ‖_Hα_{2 (TT)→L2(TT)} ‖L^c_k‖_Hβ_{2 (TT)→L2(TT)}.

Applying Corollary 2, we obtain the assertion for tensor product interpolation. The assertion for j-th order blending interpolation follows from the representation of the remainder of the j-th order Boolean sum (see [4, Chap. 1])

B^c_j = L^c_j ⊗ I + I ⊗ L^c_j − j∑ r=0 L^c_r ⊗ L^c_{j−r} + j−1∑ r=0 L^c_r ⊗ L^c_{j−r−1} and the same arguments as before.

With the next theorem, we give error estimates for functions from Sobolev spaces H^α_2 (TT^2). The estimate for tensor product interpolation can be derived from a result on multivariate interpolation by translates [2,8]. Using the tensor product structure of the involved operators and function spaces, we can prove it here in a shorter way and obtain a similar result for the j-th order blending interpolation.

Theorem 6. Let f ∈ H^α_2 (TT^2) with α > 1 be given. Further, let the fundamental interpolants Λ_j (j ∈ IN_0) with {c_k(Λ_j )}_{k∈ZZ} ∈ ℓ_1(ZZ) satisfy the ‘periodic’ Strang–Fix conditions (1) of order m. Let ϱ := min{m, α}, σ := min{m, α/2}, ℓ := min{j, k}. Then the following estimates hold: ‖f − (L_j ⊗ L_k)f‖_{L2 (TT}2_) ≤ c̃_{ϱ,T} d^{−ϱ}_ℓ ‖f‖_Hα_{2 (TT}2_), ‖f − B_jf‖_{L2 (TT}2_) ≤ c̃_{ϱ,B} d^{−σ}_j ‖f‖_Hα_{2 (TT}2_), where c̃_{ϱ,T} := c_ϱ 2^{ϱ(ℓ−j)} + c_ϱ 2^{ϱ(ℓ−k)} + c^2_σ d^{ϱ−2σ} 2^{ϱℓ−σk−σℓ} , c̃_{ϱ,B} = c̃_{ϱ,B}(j) := 2 c_ϱ d^{σ−ϱ}_j + 2 c^2_σ d^{−σ}(j + (j − 1) 2^σ) and c_ϱ is as in Theorem 1.

Proof: We will use that H^α(TT^2) = S^{α,0}_{2,2} H(TT^2) ∩ S^{0,α}_{2,2} H(TT^2) (compare [5]) with the following norm equivalence

2^{1−3α} ‖ · ‖^2_Hα_{(TT}2_) ≤ ‖ · ‖^2_Sα,0_{2,2 H(TT2)} + ‖ · ‖^2_S0,α_{2,2 H(TT2 )} ≤ 2 ‖ · ‖^2_Hα_{(TT}2_) and the inequalities

‖ · ‖_Sα,0_{2,2 H(TT}2_) ≤ ‖ · ‖_Hα_{(TT}2_) and ‖ · ‖_S0,α_{2,2 H(TT}2_) ≤ ‖ · ‖_Hα_{(TT}2_) .

Furthermore, H^α(TT^2) ⊂ S^{α/2,α/2}_{2,2} H(TT^2) and ‖ · ‖_Sα/2,α/2 2,2 H(TT^2) ≤ ‖ · ‖_Hα_{(TT}2_) .

This leads to the following estimates ‖f − (L_j ⊗ L_k)f‖_{L2 (TT}2_) = ‖(L^c_j ⊗ I + I ⊗ L^c_k − (L^c_j ⊗ I)(I ⊗ L^c_k)) f‖_{L2 (TT}2_) ≤ (‖L^c_j ‖_Hα_{2 (TT)→L2(TT)} + ‖L^c_k‖_Hα_{2 (TT)→L2(TT)} + ‖L^c_j ‖_Hα/2_{2 (TT)→L2(TT)} ‖L^c_k‖_Hα/2_{2 (TT)→L2(TT)}) ‖f‖_Hα_{2 (TT}2_).

Applying Corollary 2, we obtain the assertion in the case of tensor products. The Boolean sum case can be handled analogously.

While it might be quite useful in tensor product interpolation to use different grids T_j and T_k in x- and y-direction, respectively, for f ∈ S^{α,β}_{2,2} H(TT^2), the previous result shows that it doesn’t make any sense for f ∈ H^α_2 (TT^2). If we interpolate on the grid T_j × T_j we achieve the same approximation order already for functions in H^α_2 (TT^2) as we have for the smoother functions in S^{α,α}_{2,2} H(TT^2).

Furthermore, we can use j-th order blending interpolation with essentially less interpolation knots than for tensor product interpolation. We obtain reasonable approximation order only for functions which are smooth enough, but for the classes S^{α,α}_{2,2} H(TT^2), the approximation order for interpolation on sparse and full grid only differ in a logarithmic term.

References

1. Baszenski, G., and F.-J. Delvos, A discrete Fourier transform scheme for Boolean sums of trigonometric operators, in Multivariate Approximation Theory IV, C. K. Chui, W. Schempp, and K. Zeller (eds.), Birkhäuser, Basel, 1989, 15–24.

2. Brumme, G., Error estimates for periodic interpolation by translates, in Wavelets, Images, and Surface Fitting, P.-J. Laurent, A. Le Méhauté, and L. L. Schumaker (eds.), A. K. Peters, Wellesley, 1994, 75–82.

3. Delvos, F.-J., Mean approximation via interpolation by translates, in Constructive Theory of Functions, B. Sendov, P. Petrushev, K. Ivanov, and R. Maleev (eds.), Publishing House of the Bulgarian Academy of Science, Sofia, 1988, 97–103.

4. Delvos, F.-J. and W. Schempp, Boolean Methods in Interpolation and Approximation, Pitman Research Notes in Mathematics Series, Longman Scientific & Technical, Harlow, 1989.

5. Griebel, M. and P. Oswald, Tensor product type subspace splitting and multilevel iterative methods for anisotropic problems, Advances in Comp. Math. 4 (1995), 171–206.

6. Korobov, N. M., The approximate computation of multiple integrals, Dokl. Akad. Nauk SSSR 124 (1959), 1207–1210.

7. Locher, F., Interpolation on uniform meshes by translates of one function and related attenuation factors, Math. Comp. 37 (1981), 404–416.

8. Pöplau, G., Multivariate periodic interpolation and its application, PhD dissertation, Universität Rostock, 1995.

9. Schmeißer, H.-J. and H. Triebel, Topics in Fourier Analysis and Function Spaces, Akadem. Verlagsgesellschaft Geest & Portig, Leipzig, 1987.

10. Weidmann, J., Linear Operators in Hilbert Spaces, B. G. Teubner, Stuttgart, 1976.

Gisela Pöplau Fachbereich Mathematik, Universität Rostock D-18051 Rostock, GERMANY

gisela.poeplau@mathematik.uni-rostock.de

Frauke Sprengel Fachbereich Mathematik, Universität Rostock D-18051 Rostock, GERMANY

frauke.sprengel@mathematik.uni-rostock.de