Interpolation and Wavelets on Sparse Gauß–Chebyshev Grids

F. Sprengel

Abstract

Nested spaces of multivariate functions on the square forming a nonstationary multiresolution analysis are investigated. The scaling functions of these spaces are fundamental Lagrange interpolants on a sparse Gauß–Chebyshev grid. The approach based on Boolean sums leads to sample spaces of significantly lower dimension. The algorithms for complete decomposition and reconstruction are of simple structure and low complexity.

1 Introduction

We are interested here in wavelet methods on a bounded domain, in our case on the square [−1, 1]^2, which are based on the construction of univariate wavelets on an interval. Therefore, we consider special bivariate sample and wavelet spaces of functions on the square. As our starting point we take univariate interpolatory scaling functions and wavelets similar to those introduced by Kilgore and Prestin [11], which were recently further developed and generalized by Plonka, Selig, and Tasche [12, 17]. This approach works for the weighted Hilbert space L^2_w([−1, 1]) and with generalized shifts for functions on the interval instead of special scaling functions and wavelets at the boundary as in e.g. [4, 5, 13]. We want to introduce here new bivariate interpolatory scaling functions and wavelets by investigating Boolean sums of interpolation operators. In this way, we overcome the problem of a very fast growth of the dimensions that we have in the ordinary tensor product case. That means, we obtain sample spaces with dimension O(j 2^j) while tensor products yield dimension O(2^{2j}) for the level j. However, because of the simple structure of the spaces one can take use of fast algorithms provided in [12] for the univariate case. The concept of Boolean sums and sparse grids is often applied in interpolation and approximation (see e.g. [1, 6]) as well as in finite element methods (see e.g. [9, 10, 20]). It uses essentially the interpolatory properties of the underlying univariate scaling functions and wavelets. Similar approaches are the approximation of periodic functions by trigonometric polynomials with frequencies from the hyperbolic cross (see e.g. [8, 18, 19]) and the investigation of hyperbolic wavelets [7] in the cardinal case.

Applying the Boolean sum method, we are able to construct multivariate scaling functions and wavelets from univariate interpolatory scaling functions and wavelets. We obtain the bivariate sample spaces

V^B_j = j∑ r=0 V_r ⊗ V_{j−r}, and the bivariate wavelet spaces

W^B_{j+1} = j+1⨁ r=0 ⊥ W_r ⊗ W_{j+1−r}, from the underlying univariate sample spaces V_r and wavelet spaces W_r, respectively. The univariate sample spaces V_r are images of interpolation operators L_r. Analogously, the bivariate sample spaces V^B_j are images of blending interpolation operators B_j defined by j-th order Boolean sums.

We can give the algorithms for complete decomposition and reconstruction which are based on the algorithms for the univariate case. They have simple structure and low complexity of O(j^2 2^j) essential operations for the level j.

2 Univariate Interpolation and Sample and Wavelet Spaces on the Interval

Let d ∈ IN be a fixed parameter. Put d_j := d2^j, j ∈ IN_0. We denote our reference interval by I := [−1, 1] and the Chebyshev weight by w(x) := (1 − x^2)^{−1/2} (x ∈ (−1, 1)). Let L^2_w(I) be the weighted Hilbert space of all measurable functions f : I −→ IR with ∫ I f(x)^2w(x) dx < ∞. For f, g ∈ L^2_w(I), the corresponding inner product is given by ⟨f, g⟩_I := 2 π ∫ I f(x)g(x)w(x) dx .

By Π_n we denote the set of all real valued polynomials of degree at most n restricted on I. Furthermore let T_n ∈ Π_n be the Chebyshev polynomials T_n(x) := cos(n arccos x) and G_j the grid of the Gauß–Chebyshev nodes Gj := {g_{j,k} := cos k^π_{2j} ; k = 0, . . ., d_j}. The Chebyshev shift (cf. [3]) s_hf of a function f is defined as

(s_hf)(x) :=^1_2 f(xh −^1_{w(x)w(h)} ) +^1_2 f(xh +^1_{w(x)w(h)} ), x ∈ I. For every level j, we need the shifts σ_{j,k} := s_{gj,k} , k = 0, . . ., d_j. We choose scaling functions ϕ_j as modified Langrange interpolants on the Gauß–Chebyshev grid, i.e., (σ_{j,k}ϕ_j)(g_{j,ℓ}) = 1 ε_{j,k} δ_{k,l}, (2.1) where here and in the following ε_{j,k} := {_1 2 if k = 0 or k = d_j, 1 if k = 1, 2, . . ., d_j − 1. We define the sample spaces V_j by V_j := span{ϕ_{j,k} := σ_{j,k}ϕ_j ; k = 0, . . ., d_j} (2.2) with the dimension dim V_j = d_j + 1. We assume the spaces V_j to form a non–stationary multiresolution of the weighted Hilbert space L_2(I), i.e., V_j ⊂ V_{j+1}, j ∈ IN_0 and clos_L2_{w(I)} ⋃ j∈IN0 V_j = L^2_w(I).

The interpolation operator L_j projecting onto Im L_j = V_j with the interpolation nodes G_j is given as

L_jf := dj∑ k=0 ε_{j,k} f(g_{j,k}) ϕ_{j,k} Now let us consider the univariate wavelet spaces W_{j+1} defined by V_{j+1} = V_j ⊕^⊥ W_{j+1}, where ⊕^⊥ denotes the orthogonal sum with respect to the inner product in L^2_w(I). Assume the wavelet spaces W_{j+1} to be generated by the shifts of a single function ψ_{j+1}

W_{j+1} := span{ψ_{j+1,2k+1} := σ_{j+1,2k+1}ψ_{j+1} ; k = 0, 1, . . ., d_j − 1} (2.3) with wavelet functions ψ_{j+1,2k+1} satisfying also interpolatory conditions

ψ_{j+1,2m+1} (g_{j+1,2ℓ+1}) = δ_{ℓ,m}, ℓ = 0, 1, . . ., d_j − 1. (2.4)

Then, we want to establish reconstruction and decomposition relation in matrix form. Therefore, we define the function vectors ϕ_{j−1} := (ϕ_{j−1,k})^{dj}�^1_{k=0} , ψ_j := (ψ_{j,2k+1})^{dj}�^{1−1} k=0 , and P_j ϕ_j := (ϕ_{j,0}, ϕ_{j,2}, . . ., ϕ_{j,dj} , ϕ_{j,1}, ϕ_{j,3}, . . ., ϕ_{j,dj−1})^T , the following knot evaluation and permutation matrices

K_{j−1} := (ϕ_{j−1,k}(g_{j,2ℓ+1}))^{dj}�^{1, dj}�^{1−1} k=0, ℓ=0 , P j = ( δ_{k,2ℓ} + δ_{k+dj}�_{1+1,2ℓ+1}

)d_j�_1 k,ℓ=0 , L_j := (ψ_{j,2k+1}(g_{j,2ℓ}))^{dj}�^{1−1, dj}�^1

k=0, ℓ=0 , P̃ j−^1 = ( δ_{k,dj}�_{1−ℓ} )d_j�_{1−1} k,ℓ=0 , and C^e_j := ( cos^{kℓπ}_{dj} )d_j k,ℓ=0 , E_j := diag (ε_{j,k})^{dj}_{k=0} ,

C^o_j := ( cos^{(2k+1)ℓπ}_{dj} )d_{j −1} k,ℓ=0 , Ẽ_j := diag (ε_{j,k})^{dj −1}_{k=0} .

The matrices for the discrete cosine transforms are given by

C^I_j := C^e_j E_j : type-I-DCT of length d_j + 1 (DCT-I (d_j + 1)), C^{II}_j := C^o_j : type-II-DCT of length d_j (DCT-II (d_j)), C^{III}_j := (C^e_j)^T Ẽ_j : type-III-DCT of length d_j (DCT-III (d_j)).

They satisfy the relations

C^I_j C^I_j =^{dj}_2 I_{dj+1} and C^{II}_j C^{III}_j = C^{III}_j C^{II}_j =^{dj}_2 I_{dj} .

Fast and numerically stable algorithms for the DCT-I (d_j + 1), DCT-II (d_j) and DCT-III (d_j) working in real arithmetic are described in [2, 16]. We use the notation A B := diag(A, B) for the direct sum of matrices. Theorem 2.1. (i) The two-scale or reconstruction relation is given by ( ϕ_{j−1} ψ_j ) = C_j ϕ_j, with

C_j = ( I_{dj}�_{1+1} K_{j−1}

Ẽ_{j−1}L_j I_{dj}�_1 ) P_j =^1_{dj}�_1 ((C^I_{j−1})^T (C^{II}_{j−1})^T ) C_{j,λ} (C^I_j)^T .

Here C_{j,λ} is the following sparse matrix

C_{j,λ} = diag(α_{j−1,k})^{dj}�^{1−1}_{k=0} 0 diag(α_{j−1,k})^{dj}_{k=dj}�_{1+1}P̃_{j−1} 0 α_{j−1,dj}�_1 0 diag(β_{j,k})^{dj}�^{1−1}_{k=0} 0 −diag(β_{j,k})^{dj}_{k=dj}�_{1+1}P̃_{j−1} ,

where

(α_{j−1,k})^{dj}_{k=0} := C^I_j (ϕ_{j−1}(g_{j,k}))^{dj}_{k=0} , (β_{j,k})^{dj}_{k=0} := C^I_j (ψ_j(g_{j,k}))^{dj}_{k=0} .

(ii) The decomposition relation can be written as

ϕ_j = D_j ( ϕ_{j−1} ψ_j ) , with

D_j = C^{−1}_j =^2_{dj}�_1 (C^I_j)^T D_{j,λ} ((C^I_{j−1})^T (C^{III}_{j−1})^T ) .

Here D_{j,λ} denotes

D_{j,λ} = −diag(α̃_{j−1,k})^{dj}�^{1−1}_{k=0} 0 diag(β̃_{j,k})^{dj}�^{1−1}_{k=0} P̃_{j−1} 0 α̃_{j−1,dj}�_1 0 diag(α̃_{j−1,k})^{dj}_{k=dj}�_{1+1} 0 diag(β̃_{j−1,k})^{dj}_{k=dj}�_{1+1}P̃_{j−1} ,

where

α̃_{j−1,k} := αj�1,k αj�1,k^βj,d_j�k^{+α}j�1,d_j �k^βj,k , for k = 0, . . ., d^{j−1 −} 1, d_{j−1} + 1, . . ., d_j, 1 αj�1,d_j�_1 , for k = d^{j−1}, β̃_{j,k} :=^{βj,k} αj�1,k^βj,d_j�k^{+α}j�1,d_j �k^βj,k , for k = 0, . . ., d^j.

Figure 1: The polynomial scaling function ϕ^p_5 and the Chebyshev shift ϕ^p_{5,16}.

Proof. We derive the form of the reconstruction matrix C_j immediately from the interpolatory properties (2.1) and (2.4) of the scaling functions and the wavelets. The factorized forms of the matrices C_j and D_j are obtained by using the results in [12].

The polynomial scaling functions and wavelets introduced in [11] and generalized in [12, 17] may serve as an example here. The scaling function is given by ϕ^p_j := 2 d_j dj∑ r=0 ε_{j,r} T_r, with d = 1. Then V_j = Π_{dj} . The corresponding wavelet function can be written as

ψ^p_{j+1} := 2 d_j dj+1∑ r=dj+1 ε_{j+1,r} T_r. The vectors α^p_{j−1} ans β^p_j needed for decomposition and reconstruction have a simple form

α^p_{j−1,k} = 2, for k = 0, . . ., d_{j−1} − 1, 1, for k = d_{j−1}, 0, otherwise, β^p_{j,k} = { 2, for k = d_{j−1} + 1, . . ., d_j, 0, otherwise.

Figure 2: The polynomial wavelet ψ^p_5 and the Chebyshev shift ψ^p_{5,17}.

As another example one can regard the fundamental spline interpolants constructed from the transformed B-splines of even order in [12].

3 Univariate Decomposition and Reconstruction

In this section, we want to give the matrices for complete decomposition and reconstruction of univariate functions. Functions f_j ∈ V_j can be represented in the basis of scaling functions as well as in the basis of the wavelets contained in this sample space. If we want to change between these bases of a univariate sample space V_j we need transformations between these bases. The complete decomposition of the scaling functions into wavelets parts in the univariate case means the following. There have to exist coefficients z^j_{k,ℓ}, such that

ϕ_{j,k} = d0∑ ν=0 z^j_{k,2jν} ϕ_{0,ν} + j−1∑ μ=0 dμ−1∑ ν=0 z^j_{k,2j}�_μ�_{1(2ν+1)} ψ_{μ+1,2ν+1} ,

where the second index ℓ of the entries of Z_j := (z^j_{k,ℓ})^{dj}_{k,ℓ=0} corresponds to that point g_{j,ℓ} in which the function ϕ_{0,ν} or ψ_{μ+1,2ν+1}, respectively, fulfils the interpolatory condition (2.1) or (2.4) with value 1. On the other hand, there have to be coefficients r^j_{k,ℓ}, such that the complete reconstruction of the wavelets into terms of scaling functions of a higher level in the univariate case reads as

ϕ_{0,ν} = dj∑ ℓ=0 r^j_{2jν,ℓ} ϕ_{j,ℓ} = dj∑ ℓ=0 ε_{j,ℓ} ϕ_{0,ν}(g_{j,ℓ}) ϕ_{j,ℓ},

ψ_{μ+1,2ν+1} = dj∑ ℓ=0 r^j_{2j}�_μ�_{1(2ν+1),ℓ} ϕ_{j,ℓ} = dj∑ ℓ=0 ε_{j,ℓ} ψ_{μ+1,2ν+1}(g_{j,ℓ}) ϕ_{j,ℓ} ,

where the first index k of the entries of R_j := (r^j_{k,ℓ})^{dj}_{k,ℓ=0} corresponds to that point g_{j,k} of the fine grid in which the function ϕ_{0,ν} or ψ_{μ+1,2ν+1}, respectively, satisfies (2.1) or (2.4) with function value 1.

Of course, one can describe the matrices Z_j of complete decomposition and R_j of complete reconstruction by a stepwise application of the matrices D_r and C_r from Theorem 2.1, respectively. Here, we want to use discrete cosine transform in our decomposition and reconstruction algorithms. Therefore, we need some notations. We restrict ourselves to a special case. Assume here and in the sequel that d = d_0 is a power of 2, i.e. d = 2^{td} . Otherwise things can be done in a similar way but will become somewhat more complicated. Let k ∈ {0, . . ., d_j − 1} have the representation k = t∑ s=0 k_s 2^s , k_s ∈ {0, 1}, t < t_d + j. Then, the binary representation mirrored at j +t_d − 1 (or in bit reversed order) is given by

M_j(k) := t∑ s=0 k_s 2^{j+td−1−s} . Additionally, we define

M_j(d_j) := −1 and M_j(−1) := d_j .

Now, we want to give factorizations of the matrices for complete univariate decomposition Z_j and reconstruction R_j .

Theorem 3.1. Let j ∈ IN and Q_s be the permutation matrices

Q_s := ( δ_{k,Ms(l)} )d_{s−1}, d_s k=−1,ℓ=0 , Q̃_s := ( δ_{k,Ms(l)} )d_{s−1} k,ℓ=0 . All occuring matrix products are taken from left to right.

(i) The matrix R_j for complete univariate reconstruction can be factorized as Q_jR_jQ^T_j =^1_{dj}�_1 ( Q_0(C^I_0)^T j−1 r=0 Q̃_r(C^{II}_r )^T ) R_{j,λ} ( (C^I_j )^T Q^T_j )

with the inner sparse matrix R_{j,λ} := j∏ r=1 C_{r,λ} I_{dj −dr} . (ii) The matrix Z_j for complete univariate decomposition can be factorized as Q_jZ_jQ^T_j =^2_{dj}�_1 ( Q_j(C^I_j)^T ) Z_{j,λ} ( (C^I_0)^T Q^T_0 j−1 r=0 (C^{III}_r )^T Q̃^T_r )

with the inner sparse matrix Z_{j,λ} := j∏ r=1 D_{r,λ} I_{dj−dr} . We skip the proof which uses the properties of the DCT-I and the orthogonality of the matrices Q_r. As we can see by this theorem univariate complete decomposition and reconstruction, respectively, for the level j cost some discrete cosine transforms of length at most d_{j−1} and a multiplication with a matrix with O(j2^j) non-zero entries, i.e., altogether O(j2^j) essential operations.

4 Sample and Wavelet Spaces for Sparse Grids

Starting from the univariate interpolation, we want to investigate bivariate interpolation on a sparse grid. The j-th order Boolean sum interpolation operator is defined by

B_j := j⨁ r=0 L_r ⊗ L_{j−r}, where A ⊕ B := A + B − AB and the representation of B_j in terms of ordinary sums is known (see [1, 6]) to be

B_j = j∑ r=0 L_r ⊗ L_{j−r} − j−1∑ r=0 L_r ⊗ L_{j−r−1}.

Figure 3: Sparse Gauß–Chebyshev grid (left) and the index set M_j (J_j) for d = 1, j = 6 (right).

The range of this interpolation operator is given by

Im B_j = j∑ r=0 Im L_r ⊗ Im L_{j−r} = j∑ r=0 V_r ⊗ V_{j−r} ⊂ Im B_{j+1} . (4.1)

It interpolates on the sparse grid GBj = j⋃ r=0 Gr × Gj_−r ⊂ GBj_{+1} . Now we define new sample spaces of bivariate functions by

V^B_j := Im B_j = j∑ r=0 V_r ⊗ V_{j−r} . From that definition and (4.1) we obtain immediately V^B_j ⊂ V^B_{j+1} .

In order to characterize bivariate scaling functions again by their interpolatory properties we observe the relation G^B_j ⊂ G_j × G_j between the sparse and the regular interpolation grid. Thus, we can define an index set J_j by Jj := {(k, ℓ) ∈ IN^2_0 ; (g_{j,k}, g_{j,ℓ}) ∈ G^B_j }

Figure 4: The polynomial scaling functions Φ^p_{6,0,0} (left) and Φ^p_{6,48,48} (right).

and choose scaling functions Φ_{j,k,ℓ} as modified fundamental interpolants in V^B_j on the sparse grid G^B_j , i.e., with the property, Φ_{j,k,ℓ}(g_{j,m}, g_{j,n}) = 1 ε_{j,k}ε_{j,ℓ} δ_{k,m}δ_{ℓ,n}, (k, ℓ), (m, n) ∈ J_j.

For describing these functions in detail, we first take a finer splitting of the index set J_j

Jj = 2 J_{j−1} ∪ (J_j\2 J_{j−1}), J_j\2 J_{j−1} = j⋃ r=0 Kj,p with

K_0,_0 = {(η, κ) ; η = 0, . . ., d_0, κ = 0, . . ., d_0}

and for j ≥ 1 Kj,p = {(Mj(η), Mj(κ)) ; η = dp_{−1}, . . ., dp − 1, κ = d_{j−p−1}, . . ., d_{j−p} − 1}, p = 1, . . ., j − 1 Kj,_0 = {(Mj(η), Mj(κ)) ; η = −1, . . ., d_0 − 1, κ = dj_{−1}, . . ., dj − 1} Kj,j = {(Mj(η), Mj(κ)) ; η = dj_{−1}, . . ., dj − 1, κ = −1, . . ., d_0 − 1} .

Hence, Jj = j⋃ t=0 2^{j−t} t⋃ r=0 Kt,r . (4.2) For indices (k, ℓ) ∈ 2^{j−t}K_{t,p}, 0 ≤ p ≤ t ≤ j, we can describe the modified fundamental interpolants Φ_{j,k,ℓ} in V^B_j by Φ_{j,k,ℓ} = j+p−t∑ s=p ϕ_{s,2}s�j_k ⊗ ϕ_{j−s,2}�s_ℓ − j+p−t−1 ∑ s=p ϕ_{s,2}s�j_k ⊗ ϕ_{j−s−1,2}�s�1_ℓ (4.3)

= j+p−t∑ s=p ϕ_{s,Ms(Mj(k))} ⊗ ϕ_{j−s,Mj}�_{s(Mj(ℓ))}

− j+p−t−1 ∑ s=p ϕ_{s,Ms(Mj(k))} ⊗ ϕ_{j−s−1,Mj}�_s�_{1(Mj(ℓ))} .

The wavelet space W^B_{j+1} is defined as the orthogonal complement of the sample space on the lower level j relative to the sample space on the higher level j + 1, i.e., V^B_{j+1} = V^B_j ⊕^⊥ W^B_{j+1} with respect to the inner product in L^2_w(I^2) ⟨f, g⟩_I2 := 4 π^2 ∫ I2 ∫ f(x, y)g(x, y)w(x)w(y) dxdy . The wavelet spaces can be characterized in terms of tensor products of the univariate wavelet spaces.

Theorem 4.1. For j ∈ IN_0, it holds that

W^B_{j+1} = j+1⨁ r=0 ⊥ W_r ⊗ W_{j+1−r} with the notation W_0 := V_0. The proof can be found in [14].

We define for (m, n) ∈ K_{j+1,p} the wavelet function Ψ_{j+1,m,n} := ψ_{p,2}p�j�1_m ⊗ ψ_{j+1−p,2}�p_n (4.4) with ψ_{0,r} := ϕ_{0,r}. Using the representation of the wavelet space given by Theorem 4.1, we obtain immediately bases of the sample and the wavelet spaces.

Figure 5: The polynomial wavelet functions Ψ^p_{6,20,48} (left) and Ψ^p_{6,40,40} (right).

Corollary 4.2. Let j ∈ IN_0, then,

(i) the basis and the dimension of the sample space are given by B(V^B_j ) = {Φ_{j,k,ℓ} ; (k, ℓ) ∈ J_j }, dim V^B_j = d^2((j − 1)2^{j−1} + 2^{j+2} + 1), (ii) the basis and the dimension of the wavelet space are given by B(W^B_{j+1}) = {Ψ_{j+1,m,n} ; (m, n) ∈ K_{j+1,p}, p = 0, . . ., j + 1}, dim W^B_{j+1} = d^2(j2^{j−1} + 2^{j+2}).

Hence, the dimension of the constructed bivariate sample space is growing as O(j2^j) while the dimension of ordinary tensor products of univariate sample spaces grows as O(2^{2j}).

5 Complete Decomposition and Reconstruction

We want to establish the relations for the complete decomposition of the fundamental interpolants on the sparse grid, i.e., the scaling functions in the bivariate case, into wavelets parts in matrix form

Φ_j = Z^B_j Ψ_j

and for complete reconstruction of the wavelet parts into the basis of fundamental interpolants Ψ_j = R^B_j Φ_j with Φ_j = (Φ_{j,k,ℓ})_{(k,ℓ)∈Jj} , where the indices follow the ordering 2^jK_{0,0}, 2^{j−1}K_{1,0}, 2^{j−1}K_{1,1}, . . . , K_{j,j} and Ψ_j = (Ψ_{u,m,n})_{u=0,...,j, q=0,...,u, (m,n)∈Ku,q} . We want to describe the matrices Z^B_j and R^B_j in terms of matrices for the univariate relations.

Theorem 5.1. With the permutation matrices S_{k,s} := ( δ_{η,⌊(dk}�_{s+1)}�1_{r⌋−1} δ_{κ,rmod (dk}�_{s+1)−1} ) (η,κ)∈Mj(Jj),r=0,...,(ds+1)(dk�s+1) , T_j := ( δ_{Mj (k),m} δ_{Mj(ℓ),n} ) (k,ℓ)∈Jj, (m,n)∈Mj(Jj) , and Q_s as in Theorem 3.1,

(i) the matrix Z^B_j for complete decomposition has the form

Z^B_j = T_j j∑ s=0 S_{j,s} ( (Q_sZ_sQ^T_s ) ⊗ (Q_{j−s}Z_{j−s}Q^T_{j−s}) ) S^T_{j,s}

− j−1∑ s=0 S_{j−1,s} ( (Q_sZ_sQ^T_s ) ⊗ (Q_{j−s−1} Z_{j−s−1}Q^T_{j−s−1} ) ) S^T_{j−1,s} T Tj ,

(ii) the matrix R^B_j for complete reconstruction has the form

R^B_j = T_j j∑ s=0 S_{j,s} ( (Q_sR_sQ^T_s ) ⊗ (Q_{j−s}R_{j−s}Q^T_{j−s}) ) S^T_{j,s}

− j−1∑ s=0 S_{j−1,s} ( (Q_sR_sQ^T_s ) ⊗ (Q_{j−s−1}R_{j−s−1}Q^T_{j−s−1}) ) S^T_{j−1,s} T Tj .

For the proof, we refer the reader to [15] where it has been carried out in the periodic case (only some slight modifications are necessary).

Now, we want to present the algorithms for complete decomposition and reconstruction, respectively, of a given function for our Boolean sum approach. We project a bivariate continuous (or piecewise continuous) function f into the sample space V_j. We obtain the projection f_j of f by interpolation

f_j := B_jf = ∑ (k,ℓ)∈Jj ε_{j,k} ε_{j,ℓ} f(t_{j,k}, t_{j,ℓ}) Φ_{j,k,ℓ}

on the sparse Gauß–Chebyshev grid. Writing this in vector form, we obtain f_j = v^T_j Φ_j with the coefficient vector v_j consisting of the function values v_{j,k,ℓ} = ε_{j,k} ε_{j,ℓ} f(t_{j,k}, t_{j,ℓ}), (k, ℓ) ∈ J_j sampled from the sparse grid. In terms of the wavelet basis of V_j, we get another representation of the interpolant as f_j = w^T_j Ψ_j with a coefficient vector w_j. Then, we use the relations of complete decomposition and reconstruction for the basis vectors

Φ_j = Z^B_j Ψ_j and Ψ_j = R^B_j Φ_j

and obtain the relations of complete decomposition and reconstruction, respectively, for the coefficient vectors

w_j = (Z^B_j )^T v_j and v_j = (R^B_j )^T w_j. (5.1)

The matrices involved in the Equations (5.1) are of the same structure. We have y_j = (A^B_j )^T x_j

with the letter A standing for Z in the complete decomposition relation and for R in the reconstruction relation, respectively. By Theorem 5.1, the multiplication with the matrix (A^B_j )^T reduces to the stepwise application of the algorithms in the univariate case.

Algorithm. (Complete decomposition or reconstruction)

Input vector: x_j = (x_{j,k,ℓ})_{(k,ℓ)∈Jj} Output vector: y_j = (y_{j,k,ℓ})_{(k,ℓ)∈Jj} Help vector: z_j = (z_{j,k,ℓ})_{(k,ℓ)∈Jj} Notation: z_{j,k} = (z_{j,k,ℓ})_{ℓ∈L}, z_{j,ℓ} = (z_{j,k,ℓ})_{k,∈K}, with an appropriate choice of the index sets K, L (the ranges for k, ℓ as given in the algorithm)

Initialization: y_{j,k,ℓ} := 0 for all (k, ℓ) ∈ J_j

For all s = 0, . . ., j do z_{j,k,ℓ} := x_{j,Mj(k),Mj(ℓ)} for k = −1, . . ., d_s − 1, ℓ = −1, . . ., d_{j−s} − 1 z_{j,k} := Q_{j−s} A^T_{j−s} Q^T_{j−s} z_{j,k} for k = −1, . . ., d_s − 1 z_{j,ℓ} := Q_s A^T_s Q^T_s z_{j,ℓ} for ℓ = −1, . . ., d_{j−s} − 1 y_{j,Mj(k),Mj(ℓ)} := y_{j,Mj (k),Mj(ℓ)} + z_{j,k,ℓ} for k = −1, . . ., d_s − 1, ℓ = −1, . . ., d_{j−s} − 1 For all s = 0, . . ., j − 1 do z_{j,k,ℓ} := x_{j,Mj(k),Mj(ℓ)} for k = −1, . . ., d_s − 1, ℓ = −1, . . ., d_{j−s−1} − 1 z_{j,k} := Q_{j−s−1} A^T_{j−s−1} Q^T_{j−s−1} z_{j,k} for k = −1, . . ., d_s − 1 z_{j,ℓ} := Q_s A^T_s Q^T_s z_{j,ℓ} for ℓ = −1, . . ., d_{j−s−1} − 1 y_{j,Mj(k),Mj(ℓ)} := y_{j,Mj (k),Mj(ℓ)} − z_{j,k,ℓ} for k = −1, . . ., d_s − 1, ℓ = −1, . . ., d_{j−s−1} − 1 The products Q_sA^T_s Q^T_s are of the structure given in Theorem 3.1. That’s why they will be realized by fast cosine transforms and multiplication with a sparse matrix.

We count the univariate complete decompositions and the univariate complete reconstructions, respectively, for the levels occuring in the algorithm. In the end we need altogether O(j^2 2^j) essential operations for the bivariate complete decomposition and the complete reconstruction, respectively, for the level j if we use the Boolean sum approach.

References

[1] G. Baszenski and F.-J. Delvos: A discrete Fourier transform scheme for Boolean sums of trigonometric operators, in: Multivariate Approximation Theory IV, ISNM 90, C. K. Chui, W. Schempp, and K. Zeller (eds.), 15–24, Birkhäuser, Basel 1989.

[2] G. Baszenski and M. Tasche: Fast DCT-algorithms, interpolating wavelets and hierarchical bases, in: Wavelets, Images, and Surface Fitting, P. J. Laurent, A. L. Méhauté, and L. L. Schumaker (eds.), 37–50, AK Peters, Boston 1994.

[3] P. L. Butzer and R. L. Stens: The operational properties of the Chebyshev transform, Funct. Approx. Comment. Math., 5 (1977), 129–160.

[4] C. K. Chui and E. Quak: Wavelets on a bounded interval, in:

Numerical Methods of Approximation Theory, D. Braess and L. L. Schumaker (eds.), 53–75, Birkhäuser, Basel 1992.

[5] A. Cohen, I. Daubechies, and P. Vial: Wavelets on the interval and fast wavelet transforms, Appl. Comput. Harmonic Anal., 1 (1993), 54–81 .

[6] F.-J. Delvos and W. Schempp: Boolean Methods in Interpolation and Approximation, Pitman Research Notes in Mathematics Series, Longman Scientific & Technical, Harlow 1989.

[7] R. A. DeVore, S. V. Konyagin, and V. N. Temlyakov: Hyperbolic wavelet approximation, Constr. Appr., to appear (1996).

[8] R. A. DeVore, P. Petrushev, and V. N. Temlyakov: Multivariate trigonometric approximation with frequencies from the hyperbolic cross, Mat. Zametki, 56 (1994), 36–63 , English transl. in Math. Notes 56 (1994).

[9] M. Griebel and P. Oswald: On additive Schwarz preconditioners for sparse grid discretizations, Numer. Math., 66 (1994), 449– 464.

[10] M. Griebel and P. Oswald: Tensor product type subspace splitting and multilevel iterative methods for anisotropic problems, Adv. Comput. Math., 4 (1995), 171–206.

[11] T. Kilgore and J. Prestin: Polynomial wavelets on the interval, Const. Approx., 12 (1996), 95–110.

[12] G. Plonka, K. Selig, and M. Tasche: On the construction of wavelets on a bounded interval, Adv. in Comput. Math., 4 (1995), 357–388.

[13] E. Quak and N. Weyrich: Decomposition and reconstruction algorithms for spline wavelets on a bounded interval, Appl. Comput. Harmonic Anal, 1 (1994), 217–231.

[14] F. Sprengel: Polynomial wavelets on the square, in: Approximation Theory VIII, Volume 2: Wavelets and Multilevel Approximation, C. K. Chui and L. L. Schumaker (eds.), 383–390, World Scientific Publ., 1995.

[15] F. Sprengel: Periodic interpolation and wavelets on sparse grids, submitted (1996).

[16] M. Tasche: Fast algorithms for discrete Chebyshev–Vandermonde transforms and applications, Numer. Algorithms, 5 (1993), 453– 464.

[17] M. Tasche: Polynomial wavelets on [-1,1], in: S. P. Singh (Ed.): Approximation Theory, Wavelets, and Applications, 497– 512, Kluwer Academic Publ, Dordrecht 1995.

[18] V. N. Temlyakov: Approximation of functions with bounded mixed derivative, Proc. Steklov institute, 1 (1989).

[19] V. N. Temlyakov: Approximation of Periodic Functions, Nova Science, New York 1993.

[20] C. Zenger: Sparse grids, in: Notes on Numerical Fluid Mechanics, W. Hackbusch (ed.), Volume 31, 297–301, Parallel Algorithms for Partial Differential Equations: Procceedings of the Sixth GAMM- Seminar, Vieweg, Braunschweig 1991.

Address:

F. Sprengel, University of Rostock, Department of Mathematics, D–18051 Rostock, Germany