Multivariate cosine wavelets

Kai Bittner, Charles K. Chui and Jürgen Prestin

Abstract. We construct bivariate biorthogonal cosine wavelets on a twooverlapping rectangular grid with bell functions not necessary of tensor product type. The biorthogonal system as well as frame and Riesz basis conditions are given explicitly. Our methods are based on the properties of bivariate total folding and unfolding operators.

1. Introduction

Recently, local trigonometric bases have been investigated by many authors. Let us mention here only Malvar [8], Coifman and Meyer [5], Daubechies, Jaffard and Journee [6], Auscher, Weiss and Wickerhauser [1], Wickerhauser [10], Jawerth and Sweldens [7], Matviyenko [9], Xia and Suter [11], Chui and Shi [3,4], and the literature cited there. In the meantime the idea to use windowed sinusoids as an orthonormal basis for L^2(IR) is widely applied, e.g. in image processing to eliminate blocking effects in transform coding. Therefore, not only univariate bases but also bivariate constructions were investigated in more detail.

In this paper we are interested in bivariate biorthogonal cosine wavelet bases generated on arbitrary ‘two-overlapping’ rectangular grids. In particular, the corresponding bell functions need not have tensor product structure. Our approach is based on univariate results for a nonuniform grid obtained in [3,4]. As a main tool for our purposes we introduce a bivariate folding operator. Such an operator maps a function on IR^2 into a function which satisfies certain parity conditions on the gridlines of the underlying rectangular grid. Then, frame and Riesz basis properties of the cosine wavelets could be studied in terms of boundedness of the corresponding total folding and unfolding operators. In particular, it is pointed out that in this context frame and Riesz basis are equivalent conditions. The best possible constants in the inequalities could be given explicitly as minimal and maximal eigenvalue of certain matrices. In a final example we compare a linear bell function of pyramid type with a bilinear bell of tensor product type.

Proceedings of Mannheim Conference 1996 1 G. Nürnberger, J. W. Schmidt, and G. Walz (eds.), pp. 1–9. Copyright oc 1997 by Birkhäuser, Basel ISBN x-xxxxx-xxx-x.

All rights of reproduction in any form reserved.

2. The bivariate folding operator Let (a_r )_{r∈ZZ}, (a^+_r )_{r∈ZZ}, (a^−_r )_{r∈ZZ} and (b_s)_{s∈ZZ}, (b^+_s )_{s∈ZZ}, (b^−_s )_{s∈ZZ} be given sequences with

a_r < a^+_r ≤ a^−_{r+1} < a_{r+1} and a_r − a^−_r = a^+_r − a_r for r ∈ ZZ

and analogous conditions for b_s, so these numbers generate a rectangular grid for IR^2 (see Figure 1).

We consider now bivariate bell functions w_{r,s} : IR^2 → C^| with support

[a_r, a_{r+1}] × [b_s, b_{s+1}] ⊂ supp w_{r,s} ⊂ [a^−_r , a^+_{r+1}] × [b^−_s , a^+_{s+1}] . (1)

Then supp w_{r,s} ∩ supp w_{p,q} = ∅ if |r − p| > 1 or |s − q| > 1 , which means that at most 4 bell functions overlap. Further we define the functions

C^k_{[α,β]}(x) := √ 2 β − α cos (( k +^1_2 ) x − α β − α π ) , k, l ∈ IN_0 which form an orthonormal basis of L^2([α, β]). The main properties of these particular trigonometric polynomials used in the sequel are that C^k_{[α,β]} is even with respect to α, i.e. C^k_{[α,β]}(α − x) = C^k_{[α,β]}(α + x) and odd with respect to β, i.e. C^k_{[α,β]}(β − x) = −C^k_{[α,β]}(β + x) . Now we introduce the bivariate cosine wavelets Ψ^{k,l}_{r,s}(x, y) := w_{r,s}(x, y) C^k_{[ar ,ar+1]}(x) C^l_{[bs,bs+1]}(y) , r, s ∈ ZZ, k, l ∈ IN_0 . To investigate the basis properties of Ψ^{k,l}_{r,s} we define the matrices K_{r,s}(x, y) := K^w_{r,s}(x, y) := ( w_{r,s}(x, y) w_{r,s}(u_r, y) −w_{r−1,s}(x, y) w_{r−1,s}(u_r, y) ) ,

L_{r,s}(x, y) := L^w_{r,s}(x, y) := ( w_{r,s}(x, y) w_{r,s}(x, v_s) −w_{r,s−1}(x, y) w_{r,s−1}(x, v_s) )

and M_{r,s}(x, y) := M^w_{r,s}(x, y)

:= w_{r,s}(x, y) w_{r,s}(u_r, y) w_{r,s}(x, v_s) w_{r,s}(u_r , v_s) −w_{r−1,s}(x, y) w_{r−1,s}(u_r, y) −w_{r−1,s}(x, v_s) w_{r−1,s}(u_r , v_s) −w_{r,s−1}(x, y) −w_{r,s−1}(u_r, y) w_{r,s−1}(x, v_s) w_{r,s−1}(u_r, v_s) w_{r−1,s−1}(x, y) −w_{r−1,s−1}(u_r, y) −w_{r−1,s−1}(x, v_s) w_{r−1,s−1}(u_r, v_s) where u_r := 2a_r − x and v_s := 2b_s − y. For further discussion we consider the partition of IR^2 into the disjoint rectangles (see Figure 1)

R_1 := R^{r,s}_1 := [a^+_r , a^−_{r+1}) × [b^+_s , b^−_{s+1}) , R_2 := R^{r,s}_2 := [a^−_r , a^+_r ) × [b^+_s , b^−_{s+1}) , R_3 := R^{r,s}_3 := [a^+_r , a^−_{r+1}) × [b^−_s , b^+_s ) , R_4 := R^{r,s}_4 := [a^−_r , a^+_r ) × [b^−_s , b^+_s ) ,

i.e.

IR^2 = ⋃ r,s∈ZZ R^{r,s}_1 ∪ R^{r,s}_2 ∪ R^{r,s}_3 ∪ R^{r,s}_4 . In this way we obtain that on R_1 only the function w_{r,s} is not zero, on R_2 resp. R_3 we have two non-vanishing functions w_{r,s} and w_{r−1,s} resp. w_{r,s} and w_{r,s−1} and finally on R_4 only the four functions w_{r,s}, w_{r−1,s}, w_{r,s−1} and w_{r−1,s−1} are not zero.

Fig. 1. Grid for the support of the bell function wr,s.

With the help of these matrices we introduce the total folding operator T_w. For a given measurable function f we define T_wf separately in every of the rectangles

R^{r,s}_i , i = 1, 2, 3, 4; r, s ∈ ZZ in the following way

T_wf(x, y) := w_{r,s}(x, y) f(x, y) for (x, y) ∈ R^{r,s}_1 , ( T_wf(x, y) T_wf(u_r , y) ) := K_{r,s}(x, y) ( f(x, y) f(u_r , y) ) for a_r < x < a^+_r , b^+_s < y < b^−_{s+1} , ( T_wf(x, y) T_wf(x, v_s) ) := L_{r,s}(x, y) ( f(x, y) f(x, v_s) ) for a^+_r < x < a^−_{r+1}, b_s < y < b^+_s , T_wf(x, y) T_wf(u_r , y) T_wf(x, v_s) T_wf(u_r , v_s) := M r,s(x, y) f(x, y) f(u_r , y) f(x, v_s) f(u_r , v_s) for a_r < x < a^+_r , b_s < y < b^+_s .

(2)

Note that this definition determines T_wf uniquely a.e. on IR^2.

We want to emphasize that the introduction of T_w is motivated by the following observation. Since C^k_{[α,β]} is even with respect to α and odd with respect to β one can ‘fold’ Ψ^{k,l}_{r,s} into [a_r, a_{r+1}] × [b_s, b_{s+1}] to obtain

∫ IR2 Ψ^{k,l}_{r,s}(x, y) f(x, y) dx dy = a_r+1∫

a_r b_s+1∫

b_s C^k_{[ar ,ar+1]}(x) C^l_{[bs,bs+1]}(y) T_w f(x, y) dx dy (3)

if the integrals are well-defined. Only for simplicity we have restricted ourselves to the particular cosine functions C^k_{[α,β]} which then determine the structure of the folding operator T_wf. Other trigonometric bases would work as well but lead to modified folding operators.

Applying formula (3) we will deduce basis properties of the Ψ^{k,l}_{r,s} from norm estimates of T_w. In particular, we are interested in the L^2-boundedness of T_w and in the existence and boundedness of T^{−1}_w . For this we consider the following functions

Δ_K(x, y) := |w_{r,s}(x, y)|^2 + |w_{r,s}(u_r , y)|^2 + |w_{r−1,s}(x, y)|^2 + |w_{r−1,s}(u_r , y)|^2 , Δ_L(x, y) := |w_{r,s}(x, y)|^2 + |w_{r,s}(x, v_s)|^2 + |w_{r,s−1}(x, y)|^2 + |w_{r,s−1}(x, v_s)|^2 and constants

B^{r,s}_1 := ess sup (x,y)∈R^{r,s}1 |w_{r,s}(x, y)|^2 , B^{r,s}_2 := ess sup ar <x<a+r b+_{s <y<b}−_s +1 ‖K_{r,s}(x, y)‖^2

= ess sup ar <x<a+r b+_{s <y<b}−_s +1 Δ_K (x, y) 2 + √ Δ^2_K (x, y) 4 − | det K_{r,s}(x, y)|^2 ,

B^{r,s}_3 := ess sup a+_{r <x<a}−_r +1 bs<y<b+s ‖L_{r,s}(x, y)‖^2

= ess sup a+_{r <x<a}−_r +1 bs<y<b+s Δ_L(x, y) 2 + √ Δ^2_L(x, y) 4 − | det L_{r,s}(x, y)|^2 ,

B^{r,s}_4 := ess sup ar <x<a+r bs<y<b+s ‖M_{r,s}(x, y)‖^2 .

Here ‖A‖_2 := sup_| x|=1 |AxAxAxAx| = √ ρ(A^H A) is the spectral norm of a matrix A.

Now we can establish the following assertion. Lemma 1. Let {w_{r,s}} be measurable functions such that

B_0 := sup_{r,s∈ZZ} max {B^{r,s}_1 , B^{r,s}_2 , B^{r,s}_3 , B^{r,s}_4 } < ∞ . (4)

Then T_w is a bounded operator from L^2(IR^2) → L^2(IR^2) with

‖T_w‖^2_L2_{(IR}2_{)→L}2_{(IR}2_) = B_0 .

Proof: For arbitrary f ∈ L^2(IR^2), we have

‖T_wf‖^2_L2_{(IR}2_) = ∑ r,s∈ZZ ‖T_wf‖^2_L2_{(R}r,s_{1 )} + ‖T_wf‖^2_L2_{(R}r,s_{2 )} + ‖T_wf‖^2_L2_{(R}r,s_{3 )} + ‖T_wf‖^2_L2_{(R}r,s_{4 )} .

We consider now every term separately. For R_1 we obtain immediately, by Hölder inequality

‖T_wf‖^2_L2_{(R}r,s_{1 )} = ∫∫ R^{r,s}1 |w_{r,s}(x, y)|^2 |f(x, y)|^2 dx dy ≤ B^{r,s}_1 ‖f‖^2_L2_{(R}r,s_{1 )} , where B^{r,s}_1 is the best possible constant. For R_2 we have

‖T_wf‖^2_L2_{(R}r,s_{2 )} = b^−_s+1∫

b+_s a+_r∫

a_r | | | | ( T_wf(x, y), T_wf(u_r , y) )_T | | | 2 dx dy

≤ b^−_s+1∫

b+_s a+_r∫

a_r ‖K_{r,s}(x, y)‖^2 | | | | ( f(x, y), f(u_r , y) )_T | | | 2 dx dy .

In particular, equality is attained if f ∈ L^2(R^{r,s}_2 ) is given by ( f(x, y) f(u_r , y) ) = a(x, y) ( g_1(x, y) g_2(u_r, y) ) , (x, y) ∈ (a_r , a^+_r ) × (b^+_s , b^−_{s+1})

with an arbitrary function a ∈ L^2 ( (a_r , a^+_r ) × (b^+_s , b^−_{s+1}) ) and a normalized eigenvector ((g_1(x, y), g_2(x, y))^T corresponding to the maximal eigenvalue of K_{r,s}(x, y)^T K_{r,s}(x, y). Again B^{r,s}_2 is the best possible constant in the Hölder inequality

‖T_wf‖^2_L2_{(R}r,s_{2 )} ≤ B^{r,s}_2 ‖a‖^2_{L2}(_{(ar ,a}+_{r )×(b}+_{s ,b}−_{s+1)}) = B^{r,s}_2 ‖f‖^2_L2_{(R}r,s_{2 )} .

Analogously we obtain

‖T_wf‖^2_L2_{(R}r,s_{3 )} ≤ B^{r,s}_3 ‖f‖^2_L2_{(R}r,s_{3 )} and ‖T_wf‖^2_{L2(R}r,s_{4 )} ≤ B^{r,s}_4 ‖f‖^2_{L2(R}r,s_{4 )} with best possible constants B^{r,s}_3 and B^{r,s}_4 . Therefore,

‖T_wf‖^2_L2_{(IR}2_) ≤ ∑ r,s∈ZZ B^{r,s}_1 ‖f‖^2_L2_{(R}r,s_{1 )} + B^{r,s}_2 ‖f‖^2_L2_{(R}r,s_{2 )} + B^{r,s}_3 ‖f‖^2_L2_{(R}r,s_{3 )} + B^{r,s}_4 ‖f‖^2_L2_{(R}r,s_{4 )}

≤ sup_{r,s∈ZZ} max {B^{r,s}_1 , B^{r,s}_2 , B^{r,s}_3 , B^{r,s}_4 } ‖f‖^2_L2_{(IR}2_) .

Hence, ‖T_w‖^2_{L2(IR2)→L2(IR2)} = B_0.

Remark 2. Note that B_0 < ∞ iff sup_{r,s∈ZZ} ‖w_{r,s}‖_L∞_{(IR}2_) < ∞, which is obviously

equivalent to ‖ ‖ ‖ ∑ r,s∈ZZ |w_{r,s}|^2 ‖ ‖ ‖_{L∞(IR2)} < ∞.

Let us now assume that

w_{r,s} ≠ 0 a.e. on R^{r,s}_1 , (5a) det K_{r,s} ≠ 0 a.e. on R^{r,s}_2 , (5b) det L_{r,s} ≠ 0 a.e. on R^{r,s}_3 , (5c) det M_{r,s} ≠ 0 a.e. on R^{r,s}_4 . (5d)

In the same way as in (2) we define an operator V_w by replacing w_{r,s}, K^w_{r,s}, L^w_{r,s} and M^w_{r,s} by w^{−1}_{r,s} , (K^w_{r,s})^{−1}, (L^w_{r,s})^{−1} and (M^w_{r,s})^{−1}, respectively. If the conditions (5a)-(5d) are satisfied the operator V_w is well–defined a.e. and we obtain by simple inspection that V_wT_wf = T_wV_wf = f a.e. .

Analogously to Lemma 1 we introduce the following constants

A^{r,s}_1 := ess inf (x,y)∈R^{r,s}1 |w_{r,s}(x, y)|^2 (6) A^{r,s}_2 := ess inf ar <x<a+r b+_{s <y<b}−_s +1 ‖K^{−1}_{r,s} (x, y)‖^{−2}_2

= ess inf ar <x<a+r b+_{s <y<b}−_s +1 Δ_K(x, y) 2 − √ Δ^2_K(x, y) 4 − | det K_{r,s}(x, y)|^2 (7)

A^{r,s}_3 := ess inf a+_{r <x<a}−_r +1 bs<y<b+s ‖L^{−1}_{r,s} (x, y)‖^{−2}_2

= ess inf a+_{r <x<a}−_r +1 bs<y<b+s Δ_L(x, y) 2 − √ Δ^2_L(x, y) 4 − | det L_{r,s}(x, y)|^2 (8)

A^{r,s}_4 := ess inf ar <x<a+r bs<y<b+s ‖M^{−1}_{r,s} (x, y)‖^{−2}_2 .

Note that for an invertible matrix it holds ‖A^{−1}‖^{−2}_2 = min σ(A^HA). Lemma 3. Let {w_{r,s}} be measurable functions and the conditions (5a)-(5d) be satisfied. If A_0 := inf_{r,s∈ZZ} min {A^{r,s}_1 , A^{r,s}_2 , A^{r,s}_3 , A^{r,s}_4 } > 0 , (9)

then V_w is a bounded operator from L^2(IR^2) → L^2(IR^2) with

‖V_w‖^2_{L2(IR}2_{)→L2(IR}2_) = A^{−1}_0

and T^{−1}_w = V_w.

The proof is analogous to the proof of Lemma 1.

Let us mention here that in the bivariate setting the condition A_0 > 0 could not be rewritten as easy as B_0 < ∞ in Remark 2. To explain this let us restrict ourselves to nonnegative bell functions w_{r,s}. As in the univariate setting and analogous to Remark 2 it follows from

ess inf x,y∈IR ∑ r,s∈ZZ w_{r,s}(x, y) > 0 (10) that inf_{r,s∈ZZ} min {A^{r,s}_1 , A^{r,s}_2 , A^{r,s}_3 } > 0 . This can be easily derived from (6)-(8). However, if the bell functions are not tensor products of univariate functions, then A_0 > 0 is a stronger assumption than (10). This can be seen by the following example.

Let the bell functions in R^{r,s}_4 be uniquely defined by setting them piecewise constant ξ or 1 for all (x, y) ∈ (a_r, a^+_r ) × (b_s, b^+_s ) and such that

h(ξ) := det M^w_{r,s}(x, y) = det 1 ξ ξ ξ −ξ ξ −1 ξ −ξ −1 ξ ξ ξ −ξ −ξ 1 .

Then we obtain h(ξ) = (ξ + 1)^3(3ξ − 1) , i.e., h(1/3) = 0. In other words, this yields an example that all four bell functions supported in R_4 are greater or equal 1/3 but A^{r,s}_4 is unbounded.

3. Biorthogonal bases

We start this section with the definition of a bell function w̃_{r,s} with

supp w̃_{r,s} ⊂ [a^−_r , a^+_{r+1}] × [b^−_s , b^+_{s+1}] .

We define w̃_{r,s} by giving the complex conjugate of w̃_{r,s} in the following way

w̃_{r,s}(x, y) =

1/w_{r,s}(x, y) , if (x, y) ∈ R^{r,s}_1 , w_{r−1,s}(u_r, y)/ det K_{r,s}(x, y) , if (x, y) ∈ R^{r,s}_2 , w_{r+1,s}(u_{r+1}, y)/ det K_{r+1,s}(x, y) , if (x, y) ∈ R^{r+1,s}_2 , w_{r,s−1}(x, v_s)/ det L_{r,s}(x, y) , if (x, y) ∈ R^{r,s}_3 , w_{r+1,s}(x, v_{s+1})/ det L_{r,s+1}(x, y) , if (x, y) ∈ R^{r,s+1}_3 , det M^{1,1}_{r,s} (x, y)/ det M_{r,s}(x, y) , if (x, y) ∈ R^{r,s}_4 , det M^{2,1}_{r+1,s}(x, y)/ det M_{r+1,s}(x, y) , if (x, y) ∈ R^{r+1,s}_4 , det M^{3,1}_{r,s+1}(x, y)/ det M_{r,s+1}(x, y) , if (x, y) ∈ R^{r,s+1}_4 , det M^{4,1}_{r+1,s+1}(x, y)/ det M_{r+1,s+1}(x, y) , if (x, y) ∈ R^{r+1,s+1}_4 , 0 otherwise where M^{i,j}_{r,s}(x, y) is the minor of the matrix M_{r,s}(x, y) canceling the i-th row and the j-th column.

Let us mention here that the continuity of w_{r,s}, for all r, s ∈ ZZ implies the continuity of w̃_{r,s}.

Remark 4. If the bell functions w_{r,s} are tensor products of univariate bells, i.e.

w_{r,s} = w^1_r ⊗ w^2_s

we obtain that M_{r,s}(x, y) =M^1_r (x) ⊗ M^2_s(y) , K_{r,s}(x, y) =M^1_r (x) , L_{r,s}(x, y) =M^2_s(y) . In this case the bell functions w̃_{r,s} are also tensor products of univariate bell functions.

With w̃_{r,s} defined above we can describe biorthogonal functions Ψ̃_{r,s} := w̃_{r,s} C^k_{[ar ,ar+1]} ⊗ C^l_{[bs,bs+1]} . Lemma 5. Let w_{r,s} ∈ L^2(IR^2) for all r, s ∈ ZZ. Let the functions {w̃_{r,s}} be well defined, i.e. (5a)-(5d) are satisfied. If Ψ̃^{k,l}_{r,s} ∈ L^2(IR^2) for all r, s ∈ ZZ, k, l ∈ IN_0, then the system {Ψ̃^{k,l}_{r,s}} is biorthogonal to {Ψ^{k,l}_{r,s}}, i.e. ⟨Ψ^{k′,l′}_r′_{,s}′ , Ψ̃^{k,l}_{r,s}⟩_L2_{(IR}2_) = δ_{r,r}′ δ_{s,s}′ δ_{k,k}′ δ_{l,l}′ . (11) Proof: If min(|r − r^′|, |s − s^′|) ≥ 2, then the condition (11) follows immediately from supp w̃_{r,s} ⊂ [a^−_r , a^+_{r+1}] × [b^−_s , b^+_{s+1}] .

Now we show (11) for r^′ = r − 1 and s^′ = s − 1. Because C^{k′}_{[a,b]} C^k_{[b,c]} is an odd function with respect to b we conclude ⟨Ψ^{k′,l′}_{r−1,s−1} , Ψ̃^{k,l}_{r,s}⟩_L2_{(IR}2_) = ∫ R^{r,s}4 ∫ w_{r−1,s−1}(x, y) w̃_{r,s}(x, y)

× C^{k′}_{[ar−1,ar]}(x) C^k_{[ar ,ar+1]}(x) C^{l′}_{[bs−1,bs]}(y) C^l_{[bs ,bs+1]}(y) dx dy

= a+_r∫

a_r b+_s∫

b_s ( w_{r−1,s−1}(x, y)w̃_{r,s}(x, y) − w_{r−1,s−1}(u_r , y)w̃_{r,s}(u_r, y)

− w_{r−1,s−1}(x, v_s)w̃_{r,s}(x, v_s) + w_{r−1,s−1}(u_r, v_s)w̃_{r,s}(u_r, v_s) ) × C^{k′}_{[ar−1,ar]}(x) C^k_{[ar ,ar+1]}(x) C^{l′}_{[bs−1,bs]}(y) C^l_{[bs ,bs+1]}(y) dx dy .

From the definition of w̃_{r,s}(x, y) on R^{r,s}_4 it follows that det M_{r,s}(x, y) ( w_{r−1,s−1}(x, y)w̃_{r,s}(x, y) − w_{r−1,s−1}(u_r , y)w̃_{r,s}(u_r, y) − w_{r−1,s−1}(x, v_s)w̃_{r,s}(x, v_s) + w_{r−1,s−1}(u_r, v_s)w̃_{r,s}(u_r , v_s) )

= w_{r−1,s−1}(x, y) det M^{1,1}_{r,s} (x, y) − w_{r−1,s−1}(u_r , y) det M^{1,1}_{r,s} (u_r , y) − w_{r−1,s−1}(x, v_s) det M^{1,1}_{r,s} (x, v_s) + w_{r−1,s−1}(u_r , v_s) det M^{1,1}_{r,s} (u_r , v_s)

= w_{r−1,s−1}(x, y) det M^{1,1}_{r,s} (x, y) + w_{r−1,s−1}(u_r , y) det M^{1,2}_{r,s} (x, y) − w_{r−1,s−1}(x, v_s) det M^{1,3}_{r,s} (x, y) − w_{r−1,s−1}(u_r, v_s) det M^{1,4}_{r,s} (x, y)

= det M^{4→1}_{r,s} (x, y) = 0 ,

where M^{j→i}_{r,s} is the matrix M_{r,s} with its i-th row replaced by the j-th row. Therefore we obtain ⟨Ψ^{k′,l′}_{r−1,s−1} , Ψ̃^{k,l}_{r,s}⟩_L2_{(IR}2_) = 0 . Analogously we can show (11) for all other r^′, s^′ with max(|r − r^′|, |s − s^′|) = 1.

Finally, since C^{k′}_{[a,b]} C^k_{[a,b]} is even with respect to a and b we obtain ⟨Ψ^{k′,l′}_r′_{,s}′ , Ψ̃^{k,l}_{r,s}⟩_L2_{(IR}2_) = a_r+1∫

a_r C^{k′}_{[ar ,ar+1]}(x) C^k_{[ar ,ar+1]}(x) dx b_s+1∫

b_s C^{l′}_{[bs,bs+1]}(y) C^l_{[bs,bs+1]}(y) dy = δ_{k,k}′ δ_{l,l}′ .

We define now the total unfolding operator U_w by replacing in (2) w_{r,s}, K^w_{r,s}, L^w_{r,s} and M^w_{r,s} by w_{r,s}, (K^w_{r,s})^H , (L^w_{r,s})^H and (M^w_{r,s})^H , respectively. From the defi- nition of w̃_{r,s} we deduce ( M^w_{r,s} )_{−1} = ( M^{w̃}_{r,s} )_H . Therefore we obtain T^{−1}_w =U_{w̃}.

Furthermore, the norm of U_w can be determined in the following way. For a non-singular matrix A it holds that AAAAAAAA^H = AAAAAAAA^HAAAAAAAA^{−1}. Hence AAAAAAAA^H and A^HA have the same eigenvalues and thus ‖A^{±1}‖_2 = ‖A^{±H} ‖_2. Therefore, it follows that ‖U_w‖ = ‖T_w‖ and ‖U^{−1}_w ‖ = ‖T^{−1}_w ‖ if T_w and T^{−1}_w are bounded operators.

For many applications one needs that {Ψ^{k,l}_{r,s}} is a frame, i.e. there exist numbers 0 < A ≤ B < ∞ such that

A‖f‖^2_L2_{(IR}2_) ≤ ∑ r,s,k,l | |⟨f, Ψ^{k,l}_{r,s}⟩ | |^2 ≤ B‖f‖^2_{L2(IR2)}

or that {Ψ^{k,l}_{r,s}} is a Riesz basis, i.e. it is complete in L^2(IR^2) and A ∑ r,s,k,l | | | ⟨ f, ψ̃^{k,l}_{r,s} ⟩| |^2 ≤ ‖f‖^2_L2_{(IR}2_) ≤ B ∑ r,s,k,l | | | ⟨ f, ψ̃^{k,l}_{r,s} ⟩| |^2

with 0 < A ≤ B < ∞. For cosine wavelets, it turns out that there is no difference between Riesz bases and frames, as stated in the following.

Theorem 6. Let {w_{r,s}} be measurable functions such that Ψ^{k,l}_{r,s} ∈ L^2(IR^2). Then the following statements are equivalent.

(i) The system {Ψ^{k,l}_{r,s}} is a frame of L^2(IR^2) with frame bounds A and B.

(ii) The system {Ψ^{k,l}_{r,s}} is a Riesz basis of L^2(IR^2) with Riesz bounds A and B. (iii) It holds 0 < A ≤ A_0 ≤ B_0 ≤ B < ∞ with A_0 and B_0 from (9) and (4).

Proof: First we show (i) ⇐⇒ (iii). It is known that the functions C^k_{[α,β]}, k ∈ IN_0 form an orthonormal basis of L^2([α, β]). Therefore with (3) we obtain ∑ r,s∈ZZ ∑ k,l∈IN0 | |⟨f, Ψ^{k,l}_{r,s}⟩ | |^2 = ‖T_wf‖^2_{L2(IR2)} .

Hence, {Ψ^{k,l}_{r,s}} satisfies the frame inequality with the best possible frame bounds A_0 = ‖T^{−1}_w ‖^{−2} and B_0 = ‖T_w‖^2.

Now we show that (i, iii) ⇐⇒ (ii). In particular, (i) follows from (ii) immediately. Furthermore, if the implication ∑ r,s,k,l a^{k,l}_{r,s}Ψ^{k,l}_{r,s} = 0 ⇒ a^{k,l}_{r,s} = 0, ∀r, s, k, l (12)

is proved, the statement (ii) follows from (i) (see e.g. [2] Theorem 2.1). To show (12) let us notice that Ψ^{k,l}_{r,s} = U_w ( χ_{[ar ,ar+1]×[bs,bs+1]} C^k_{[ar,ar+1]} ⊗ C^l_{[bs,bs+1]} ) , where χ_{[ar ,ar+1]×[bs,bs+1]} is the characteristic function of [a_r, a_{r+1}]×[b_s, b_{s+1}]. From (iii) it follows, that U^{−1}_w is a bounded operator. Therefore we obtain that ∑ r,s∈ZZ ∑ k,l∈IN0 a^{k,l}_{r,s}Ψ^{k,l}_{r,s} = 0 implies

0 = U^{−1}_w ∑ r,s∈ZZ ∑ k,l∈IN0 a^{k,l}_{r,s} U_w ( χ_{[ar ,ar+1]×[bs ,bs+1]} C^k_{[ar ,ar+1]} ⊗ C^l_{[bs,bs+1]} )

= ∑ r,s∈ZZ χ_{[ar ,ar+1]×[bs,bs+1]} ∑ k,l∈IN0 a^{k,l}_{r,s} C^k_{[ar ,ar+1]} ⊗ C^l_{[bs,bs+1]} .

This means that for all r, s ∈ ZZ it holds that ∑ k,l∈IN0 a^{k,l}_{r,s} C^k_{[ar ,ar+1]} ⊗ C^l_{[bs,bs+1]} = 0 a.e on [a_r, a_{r+1}] × [b_s, b_{s+1}] .

Since {C^k_{[ar ,ar+1]} ⊗ C^l_{[bs,bs+1]} : k, l ∈ IN_0} is a basis of L^2([a_r, a_{r+1}] × [b_s, b_{s+1}]) it follows that a^{k,l}_{r,s} = 0 for all r, s ∈ ZZ and k, l ∈ IN_0. Hence, (12) is proved.

Finally we present conditions on the bells to obtain orthonormal bases. Obviously the Ψ^{k,l}_{r,s} constitute an orthonormal basis iff w_{r,s} = w̃_{r,s} for all r, s ∈ ZZ . Because M^{w̃}_{r,s} = (M^w_{r,s})^{−H} this is equivalent to

|w_{r,s}| =1 a.e on R^{r,s}_1 , K^H_{r,s}K_{r,s} =I a.e on R^{r,s}_2 , L^H_{r,s}L_{r,s} =I a.e on R^{r,s}_3 , M^H_{r,s}M_{r,s} =I a.e on R^{r,s}_4 . It is easy to see, that the last three equations can be written as K^H_{r,s} ( w_{r,s} w_{r−1,s} ) = ( 1 0 ) a.e on R^{r,s}_2 , L^H_{r,s} ( w_{r,s} w_{r,s−1} ) = ( 1 0 ) a.e on R^{r,s}_3 ,

M^H_{r,s} w_{r,s} w_{r−1,s} w_{r,s−1} w_{r−1,s−1} = 1 0 0 0 a.e on R^{r,s}_4

for all r, s ∈ ZZ. Similar conditions can be found also in [11].

4. Examples First we want to consider a continuous, piecewise linear non-tensor product bell function in more detail. We restrict ourselves to the simple rectangular pyramid w^1_{r,s} = w^1_{0,0}(· − r, · − s) with

w^1_{0,0}(x, y) = y, if 0 ≤ x ≤ 2 and 0 ≤ y ≤ min(x, 2 − x), 1 − y, if 0 ≤ x ≤ 2 and max(x, 2 − x) ≤ y ≤ 2, x, if 0 ≤ y ≤ 2 and 0 ≤ x ≤ min(y, 2 − y), 1 − x, if 0 ≤ y ≤ 2 and max(y, 2 − y) ≤ y ≤ 2, 0 otherwise for the grid a_r = r +^1_2 , b_s = s +^1_2 , a^+_{r−1} = a^−_r = r and b^+_{s−1} = b^−_s = s (see Fig. 2).

Fig. 2. The piecewise linear bell w^1_{0,0} and the dual bell w̃^1_{0,0}.

As dual bell w̃_{r,s} we obtain a piecewise rational, continuous function (see Fig. 2) with

w̃^1_{0,0}(x, y) = y ( 2y^2 − 2x^2 + 4x − 1 ) 4x^4 − 8x^3 + 8x^2 − 4x + 8xy^2 − 8x^2y^2 + 4y^4 + 1 for 0 ≤ x ≤ 1 and 0 ≤ y ≤ min(x, 1 − x) and

w̃^1_{0,0}(x, y) = 2x^2 − 4x − 2x^2y + 4xy − y − 2y^2 + 2y^3 + 2 4y^4 − 8y^3 + 4y + 16xy^2 − 8x^2y^2 + 8x^2y − 16xy − 16x + 24x^2 − 16x^3 + 4x^4 + 5 for^1_2 ≤ x ≤ 1 and 1 − x ≤ y ≤ x. The remaining values of the function can be determined by symmetry arguments as follows w̃^1_{0,0}(x, y) = w̃^1_{0,0}(y, x) , if 0 ≤ x ≤ 1 and x ≤ y ≤ 1, w̃^1_{0,0}(x, y) = w̃^1_{0,0}(−x, y), if 1 ≤ x ≤ 2 and 0 ≤ y ≤ 1, w̃^1_{0,0}(x, y) = w̃^1_{0,0}(x, −y), if 0 ≤ x ≤ 2 and 1 ≤ y ≤ 2.

To compute the best possible Riesz bounds for this bell function following Theorem 6 we have to consider the eigenvalues of the corresponding matrix (M^{w1}_{0,0})^T M^{w1}_{0,0}. By the above mentioned symmetry we only have to deal with x, y from the triangle 0 ≤ x ≤ 1, 0 ≤ y ≤ min(x, 1 − x). In this case the eigenvalues are λ_1(x, y) = λ_2(x, y) = 2(x − y −^1_2 )^2 +^1_2 , λ_3(x, y) = λ_4(x, y) = 2(x + y −^1_2 )^2 +^1_2 .

By easy calculations we obtain the Riesz bounds A_0 =^1_2 and B_0 = 1.

The second example is the tensor product w^2_{0,0}(x, y) := h(x)h(y) of the linear B-spline

h(x) := { x, if 0 ≤ x < 1, 2 − x, if 1 ≤ x < 2, 0 otherwise (see Fig. 3).

Fig. 3. The piecewise bilinear bell w^2_{0,0} and the dual bell w̃^2_{0,0}.

The corresponding dual bell function is given by

w̃^2_{0,0}(x, y) = x y (2x^2 − 2x + 1) (2y^2 − 2y + 1) for 0 ≤ x, y ≤ 1. The remaining values can be determined by the same symmetry conditions as in the first example.

In the tensor product case the four eigenvalues of M^T_{0,0}M_{0,0} are products of the eigenvalues of (M^1_0)^T M^1_0 and (M^2_0)^T M^2_0 (see Remark 4). Easily one computes λ_1(x, y) = λ_2(x, y) = λ_3(x, y) = λ_4(x, y) = ( 2(x −^1_2 )^2 +^1_2 ) ( 2(y −^1_2 )^2 +^1_2 ) . Here we obtain the best possible Riesz bounds A_0 =^1_4 and B_0 = 1.

Acknowledgements. The research of C. K. Chui and J. Prestin was supported by NATO CRG Programme, Grant No. 950681. In addition, the research of C. K. Chui was sponsored by NSF Grant #DMS-95-05460 and ARO Grant #DAAH 04-95-10193. The research of K. Bittner was supported by the Deutsche Forschungsgemeinschaft.

References

1. Auscher P., Weiss G. and Wickerhauser, M. V., Local sine and cosine bases of Coifman and Meyer and the construction of smooth wavelets, in Wavelets - A Tutorial in Theory and Applications, Chui C. K. (ed.), Academic Press, Boston, 1992, 237–256.

2. Christensen O., Frames containing a Riesz basis and approximation of the frame coefficients using finite-dimensional methods, J. Math. Anal. Appl. 199 (1996), 256–270.

3. Chui C. K. and Shi X., A study of biorthogonal sinusoidal wavelets, in Curves and Surfaces III, A. LeMehaute, C. Rabut, and L. L. Schumaker (eds.), to appear.

4. Chui, C. K. and Shi X., Characterization and construction of biorthogonal wavelets. CAT Report #375, Texas A&M University, 1996.

5. Coifman R. R. and Meyer Y., Remarques sur l’analyse de Fourier á fenêtre, C. R. Acad. Sci. Paris 312 (1991), 259–261.

6. Daubechies I., Jaffard S. and Journé J. L., A simple Wilson orthonormal basis with exponential decay, SIAM J. Math. Anal. 22 (1991), 554–572.

7. Jawerth B. and Sweldens W., Biorthogonal smooth local trigonometric bases, J. Fourier Anal. Appl. 2 (1995), 109–133.

8. Malvar H., Lapped transforms for efficient transform/subband coding, IEEE Trans. Acoustic, Speech, and Signal Processing 38 (1990), 969–978.

9. Matviyenko G., Optimized local trigonometric bases, Appl. Comput. Harmonic Anal. 3 (1996), 301-323.

10. Wickerhauser M. V., Adapted Wavelet Analysis from Theory to Software, A. K. Peters, Wellesley, MA, 1994.

11. Xia X.-G. and Suter B. W., A family of two-dimensional nonseparable Malvar wavelets, Appl. Comput. Harmonic Anal. 2 (1995), 243–256.

Kai Bittner FB Mathematik Universität Rostock Universitätsplatz 1 D-18051 Rostock Germany

kai.bittner@cks1.uni-rostock.de

Charles K. Chui Center for Approximation Theory Texas A&M University College Station, TX 77843-3368

cchui@tamu.edu

Jürgen Prestin FB Mathematik Universität Rostock Universitätsplatz 1 D-18051 Rostock Germany

prestin@mathematik.uni-rostock.d400.de