Bounded quasi-interpolatory polynomial operators

H. N. Mhaskar^� Department of Mathematics, California State University Los Angeles California, 90032, U.S.A.

J. Prestin FB Mathematik Universität Rostock Universitätsplatz 1 18051 Rostock, Germany

Abstract We construct bounded polynomial operators, similar to the classical de la Valleé Poussin operators in Fourier series, which preserve polynomials of a certain degree, but are defined in terms of the values of the function rather than its Fourier coefficients.

AMS classification: 41 A 10, 41 A 05 Key words and phrases: Orthogonal polynomials, weighted approximation, de la Vallée Poussin means.

1 Introduction

Let f be a continuous 2π-periodic function, and for integer m ≥ 1, s^∗_m(f) be the m-th partial sum of its trigonometric Fourier series. It is well known (see e.g. [9]) that the de la Valleé Poussin operators

v^∗_n(f) := 1 n 2n∑ k=n+1 s^∗_k(f), n = 1, 2, . . . , are linear operators with the following interesting properties, where for integer n ≥ 0, IH_n denotes the class of all trigonometric polynomials of order not exceeding n. For all integer n ≥ 1, and continuous 2π-periodic functions f,

�This research was supported, in part, by National Science Foundation Grant DMS 9404513, Air Force Office of Scientific Research Grant F49620-97-1-0211, and the Alexander von Humboldt Foundation.

v^∗_n(f) ∈ IH_{2n−1}, (1.1)

v^∗_n(T ) = T, T ∈ IH_n, (1.2) and max −π≤x≤π |v ∗ n(f, x)| ≤ c max_{−π≤x≤π} |f(x)|. (1.3) These operators are naturally of great importance in the study of trigonometric polynomial approximation. Namely, it follows immediately from (1.2) that max −π≤x≤π | f(x) − v^∗_n(f, x)| ≤ cE_n(f), where E_n(f) denotes the best approximation in the sup-norm by trigonometric polynomials of degree at most n. Let us finally mention here a sharper result for strong approximation proved by Leindler (see [8] and the literature cited there) max −π≤x≤π 1 n 2n∑ k=n+1 |f(x) − s^∗_k(f, x)| ≤ cE_n(f) . (1.4) Operators similar to these are also studied in the context of algebraic polynomial approximation, where, instead of the trigonometric Fourier series, one studies the Fourier series with respect to suitable orthogonal polynomials [2]. Such operators proved to be indispensable in the theory of weighted polynomial approximation (cf. [3], [4], [5], [6], [12]). We observe that the operators v^∗_n are defined in terms of the Fourier coefficients of f, which in turn, involve the evaluation of integrals. In many applications (e.g. [13]), it is more desirable to have operators which have properties similar to (1.1), (1.2), and (1.3), but which are defined in terms of the values of the function f.

In the case of periodic functions, such quasi-interpolatory operators were defined by Bernstein [1] where also the boundedness result analogous to (1.3) is proved. In [18], Szabados proved similar results for certain operators based on the zeros of Chebyshev polynomials. In this paper, we generalize the results in two ways. First, we study operators based on the values of the function at the zeros of certain generalized Jacobi polynomials. Second, we study similar operators also in the case of certain Freud-type weight functions, supported on the whole real axis.

In Section 2, we give the preliminary definitions and estimates. These are applied to the case of generalized Jacobi weights in Section 3 and the case of Freud-type weight functions in Section 4.

2 Preliminaries

In this paper, for every real number x ≥ 0, we denote the class of all algebraic polynomials of degree at most x by Π_x. This somewhat unusual convention will actually simplify our notations later when we need to discuss polynomials of degree not exceeding cn for some constant c and integer n. Let α be a positive Borel measure on IR having finite moments; i.e., ∫ |t|^r dα(t) < ∞, r = 0, 1, 2, . . . . If α has at least N points of increase, then there exists a unique system of polynomials p_n(dα; x) := γ_n(dα)x^n + · · · , γ_n(dα) > 0, n = 0, 1, . . . , N − 1, such that ∫ p_m(dα; t)p_k(dα; t)dα(t) = { 1, if k = m, 0, otherwise.

(2.1) If f is Borel measurable function on IR, we write a_k(dα; f) := ∫ f(t)p_k(dα; t)dα(t), k = 0, 1, 2, . . . , N − 1, whenever these integrals are well defined. The partial sum of the Fourier-orthonormal expansion of f is then given by

s_m(dα; f) := m−1∑ k=0 a_k(dα; f)p_k(dα), m = 1, 2, . . . , N. Using (2.1), we obtain the integral representation s_m(dα; f, x) = ∫ f(t)K_m(dα; x, t)dα(t), m = 1, 2, . . . , N, where it is known [2] that the Christoffel-Darboux kernel K_m can be expressed as

K_m(dα; x, t) := m−1∑ k=0 p_k(dα; x)p_k(dα; t) = γ_{n−1}(dα) γ_n(dα) p_m(dα; x)p_{m−1}(dα; t) − p_m(dα; t)p_{m−1}(dα; x) x − t . (2.2)

It is well known [2] that for each n = 1, 2, . . . , the polynomial p_n(dα) has n distinct zeros, all in the smallest interval S(α) containing the support of dα. We denote these zeros by x_{k,n}(dα), with the ordering x_{n,n}(dα) < x_{n−1,n}(dα) < · · · < x_{1,n}(dα) . The Cotes numbers are defined by

λ_{k,n}(dα) := { K_n(dα; x_{k,n}(dα), x_{k,n}(dα)) }_{−1} , k = 1, . . . , n, n = 1, 2, . . . , N. One of the most important properties of these is the (Gaussian) quadrature formula:

n∑ k=1 λ_{k,n}(dα)P (x_{k,n}(dα)) = ∫ P (t)dα(t), P ∈ Π_{2n−1}, n = 0, 1, . . . , N. (2.3) In this paper, we sometimes find it convenient to express the left hand side of (2.3) as a Stieltjes integral. Thus, let α_n be the measure that associates the mass λ_{k,n}(dα) with x_{k,n}(dα), k = 1, . . . , n. Then (2.3) can be written in the form ∫ P (t)dα_n(t) = ∫ P (t)dα(t), P ∈ Π_{2n−1}, n = 0, . . . , N. (2.4) In the remainder of this section, we assume that α is a mass distribution; i.e., it is a positive Borel measure, all of whose moments are finite, and α has infinitely many points of increase. Thus, the orthonormal polynomials p_k(dα) are defined for all non-negative integers k.

We now proceed to define the operators which will be the discrete analogues of the de la Valleé Poussin means. For any integer m ≥ 1, and Borel measurable function f defined on the smallest interval containing the support of α, we define the discrete Fourier coefficients of f by

a_{k,m}(dα; f) := m∑ j=1 λ_{j,m}(dα)f(x_{j,m}(dα))p_k (dα; x_{j,m}(dα)) = ∫ f(t)p_k(dα; t)dα_m(t), k = 0, 1, . . . . The operators analogous to the de la Valleé Poussin operators are now defined by

τ_{n,m}(dα; f) := n∑ k=0 a_{k,m}(dα; f)p_k (dα)

+ 2n−1∑ k=n+1 ( 2 − k n ) a_{k,m}(dα; f)p_k (dα), n, m = 1, 2, . . . . The following Theorem 2.1 lists some basic properties of the operators τ_{n,m}. In the sequel, if f is a function defined on a Borel set A ⊆ IR, we write ‖f‖_{∞,A} := sup_{t∈A} |f(t)|. During the proof of Theorem 2.1, we will point out that τ_{n,m}(dα; f) = 1 n 2n∑ k=1 s_k(dα_m; f). Motivated by (1.4), we define the sublinear operator

τ^#_{n,m}(dα; f) := 1 n 2n∑ k=n+1 |s_k(dα_m; f)|. (2.5)

Theorem 2.1 Let α be a mass distribution and n ≥ 1, m ≥ 2n be integers, and Z_m be the set of zeros {x_{k,m}(dα)}^m_{k=1}. Then τ_{n,m}(dα; P ) = P, P ∈ Π_n. If f : Z_m → IR, then τ_{n,m}(f) ∈ Π_{2n−1}. Let G : Z_m → [0, ∞), x ∈ S(α), I ⊆ S(α) be an interval containing x, and J be an interval such that f(x_{k,m}(dα)) = 0 if x_{k,m}(dα) ∈ J. Then the following estimate holds

|τ_{n,m}(dα; f, x)| ≤ τ^#_{n,m}(dα; f, x) ≤ ‖fG‖_{∞,Zm\J} √ K_{2n}(dα; x, x) (2.6) × ∫ I\J 1 G^2(t) dα_m(t) + 2Γ_{2n}(dα) n ∫ S(α)\(I∪J) 1 G^2(t)(x − t)^2 dα_m(t) ,

where Γ_{2n}(dα) := max_{1≤j≤2n} γ_{j−1}(dα) γ_j(dα) . Proof. Let p̃_k(dα) := γ^{−1}_k (dα)p_k(dα). From the orthogonality relations, we see that for some polynomial P ∈ Π_{k−1}, k < m, ∫ p̃_k(dα_m)p̃_k(dα)dα = γ_k(dα)^{−2} ∫ γ_k(dα)p̃_k(dα_m)p_k(dα)dα = γ_k(dα)^{−2} ∫ {p_k(dα) + P }p_k(dα)dα = γ_k(dα)^{−2} . Similary, ∫ p̃_k(dα_m)p̃_k(dα)dα_m = γ_k(dα_m)^{−2} .

In view of the fact that m ≥ 2n, the quadrature formula (2.4) implies that γ_k(dα_m) = γ_k(dα), k = 0, . . . , 2n − 1 . Using the quadrature formula again, we obtain for k = 0, . . . , 2n − 1 ∫ (p̃_k(dα_m) − p̃_k(dα))^2dα = ∫ p̃_k(dα_m)^2dα + ∫ p̃_k(dα)^2dα − 2 ∫ p̃_k(dα_m)p̃_k(dα)dα = ∫ p̃_k(dα_m)^2dα_m − γ^{−2}_k (dα) = 0 .

We have thus shown that p_k(dα) = p_k(dα_m), k = 0, . . . , 2n − 1 . Therefore, a_{k,m}(dα; f) = a_k(dα_m; f) . A simple computation then leads to τ_{n,m}(dα; f) = 1 n 2n∑ k=n+1 s_k(dα_m; f) . The operator τ_{n,m} is thus a discretization of the de la Valleé Poussin-type operator for the orthonormal polynomial expansions. The first inequality in (2.6) is now clear. Since s_k(dα_m; P ) = P for every P ∈ Π_n, and k = n + 1, . . . , 2n, we obtain that τ_{n,m}(dα; P ) = P for all P ∈ Π_n. Also, it is clear that for any function f defined on Z_m we have τ_{n,m}(dα; f) ∈ Π_{2n−1}.

The estimate (2.6) is obtained using an argument similar to the one in [3], [16]. Let I be a neighbourhood of x. Then we define

A_xf(t) := { f(t), if t ∈ I , 0, otherwise, and

B_xf(t) := 0, if t ∈ I , f(t) − A_xf(t) x − t , otherwise,

to obtain the splitting f(t) = A_xf(t) + (x − t)B_xf(t) . For n < k ≤ 2n we have

|s_k(dα_m; A_xf, x)|^2 = | | | | | | ∫ I\J f(t)K_k(dα; x, t) dα_m(t) | | | | | |

2

≤ {∫ |K_k(dα; x, t)|^2 dα_m(t) } ∫ I |f(t)|^2 dα_m(t) ≤ K_k(dα; x, x) ‖f · G‖^2_{∞,Zm\J} ∫ I\J 1 G^2(t) dα_m(t) . Hence,

τ^#_{n,m}(dα; A_xf, x) ≤ √ K_{2n}(dα_m; x, x) ∫ I\J 1 G^2(t) dα_m(t) ‖f · G‖_{∞,Zm\J} . (2.7)

Next, applying the Christoffel-Darboux-formula (2.2), we write

s_k(dα_m; f − A_xf, x) = s_k(dα_m; (x − ∘)B_xf, x) = γ_{k−1}(dα) γ_k(dα) ∫ p_{k−1}(dα; t)p_k(dα; x) − p_{k−1}(dα; x)p_k(dα; t) x − t (x − t)B_xf(t) dα_m(t) = γ_{k−1}(dα) γ_k(dα) (p_k(dα; x)a_{k−1}(dα_m, B_xf) − p_{k−1}(dα; x)a_k(dα_m, B_xf)) . Since

|s_k(dα_m; f−A_xf, x)| ≤ Γ_{2n}(dα) (|p_k(dα; x)a_{k−1}(dα_m, B_xf)| + |p_{k−1}(dα; x)a_k(dα_m, B_xf)|) , we get using Bessel’s inequality that

τ^#_{n,m}(dα; f − A_xf, x) = 1 n 2n∑ k=n+1 |s_k(dα_m; f − A_xf, x)|

≤ 2Γ_{2n}(dα) n √ K_{2n}(dα; x, x) 2n∑ k=n |a_k(dα_m; B_xf)|^2 ≤ 2Γ_{2n}(dα) n √ K_{2n}(dα; x, x) √∫ |B_xf(t)|^2 dα_m(t) ≤ 2Γ_{2n}(dα) n √ K_{2n}(dα; x, x) ∫ Zm\(I∪J) 1 G^2(t)(x − t)^2 dα_m(t) ‖f · G‖_{∞,Zm\(I∪J)} . (2.8)

Since τ^#_{n,m}(dα; f, x) ≤ τ^#_{n,m}(dα; A_xf, x) + τ^#_{n,m}(dα; f − A_xf, x), the second estimate in (2.6) is proved in view of (2.7) and (2.8). 2

3 Generalized Jacobi weights

A generalized Jacobi weight is a function of the form

w(x) := ρ∏ k=1 (x − ξ_k)^{βk} , x ∈ [−1, 1], 0, otherwise,

(3.1)

where ρ ≥ 1 is an integer, −1 =: ξ_ρ < · · · < ξ_1 := 1, and β_k > −1 for k = 1, . . . , ρ. The class of generalized Jacobi weights will denoted by GJ; orthonormal polynomials with respect to a weight in GJ will be called GJ polynomials. These polynomials are studied extensively by Nevai in [17]. Following [17], if w ∈ GJ is of the form (3.1), and m ≥ 1 is an integer, we write for x ∈ [−1, 1],

w_m(x) := (√ 1 − x + 1 m )_2β_{1+1} ρ−1∏ k=2 ( |x − ξ_k| + 1 m )β_k (√ 1 + x + 1 m )_2β_{ρ+1} . If w is the Legendre weight, β_k = 0, k = 1, . . . , ρ, then it is easy to see that

w_m(x) ∼ Δ_m(x) := √ 1 − x^2 + 1 m . In the sequel, we adopt the following convention regarding constants. The letters c, c_1, . . . will denote positive constants depending only on the weight function and other fixed parameters of the problem, but their value may be different in different occurences, even within the same formula. The notation A ∼ B denotes the fact that cA ≤ B ≤ c_1A.

Theorem 3.1 Let w ∈ GJ, dα(x) := w(x)dx, and

G(x) := (1 − x^2)^{γ/2} √ w(x), −1 < γ < 1. If L ≥ 2, n ≥ 1, 2n ≤ m ≤ Ln are integers, and f is a function defined on Z_m, then ||τ_{n,m}(dα; f)Δ^{γ√}_m √ w_m||_{∞,[−1,1]} ≤ ||τ^#_{n,m}(dα; f)Δ^{γ√}_m √ w_m||_{∞,[−1,1]} ≤ c||fG||_{∞,Zm} . (3.2) Proof. We recall from [17] a few facts about the GJ polynomials. Writing x_{j,m}(dα) =: cos θ_{j,m} =: x_{j,m}, j = 1, . . . , m, we have 0 < θ_{j,m} < π, θ_{j,m} − θ_{j−1,m} ∼ 1 m , j = 1, . . . , m, (3.3) where θ_{0,m} := 0, θ_{m+1,m} := π. Further, Γ_n(dα) ∼ 1, K_{2n}(dα; x, x) ∼ n w_n(x) , x ∈ [−1, 1], (3.4) and λ_{j,m} ∼ 1 m w(x_{j,m}) √ 1 − x^2_{j,m}, j = 1, . . . , m. (3.5) Theorem 2.1 now implies that for x ∈ [−1, 1], and any interval I containing x, τ^#_{n,m}(dα; f, x) ≤ c||fG||_{∞,Zm} √ n w_n(x) × {√∫ I G^{−2}(t)dα_m(t) + 1 n √∫ [−1,1]\I (G(t)(x − t))^{−2}dα_m(t) } . Using (3.5), we obtain for x ∈ [−1, 1] √ w_n(x)τ^#_{n,m}(dα; f, x) ≤ c||fG||_{∞,Zm} (√ S_1 + 1 m √ S_2 ) , (3.6) where, with δ := 1 − 2γ,

S_1 := ∑ x_{j,m}∈I (1 − x^2_{j,m})^{δ/2},

S_2 := ∑ x_{j,m}∈[−1,1]\I (1 − x^2_{j,m})^{δ/2} (x − x_{j,m})^2 . (3.7)

We will estimate S_1 and S_2 for x ≥ 0, the case when x < 0 is similar. In the remainder

of the proof x =: cos ϕ is a fixed number, with 0 ≤ ϕ ≤ π/2.

Case 1. (0 ≤ ϕ ≤ 2/ √ m) We write I^∘ := [0, ϕ + 2/ √ m], and

I := {x = cos θ : θ ∈ I^∘}. (3.8)

In view of (3.3) and the fact that δ > −1, 1 m S_1 = 1 m ∑ θ_{j,m}∈I^∘ sin^δ θ_{j,m} ≤ c m ∑ θ_{j,m}∈I^∘ θ^δ_{j,m} ≤ c ∫ ϕ_{+3}/^√m 0 t^δdt ≤ c(ϕ + 1 √ m )^{δ+1}. (3.9)

Since ϕ + 1 √ m ∼ 1 √ m , we deduce that

S_1 ≤ c(ϕ + 1 √ m )^{δ−1} ≤ c(sin ϕ + 1 √ m )^{−2γ} = cΔ^{−2γ√}_m (x). (3.10)

It is easy to check that sin θ ∼ θ if θ ∈ [0, 3π/4], and hence, that

S_2 ≤ c ∑ θ_{j,m}∈[0,π]\I^∘ sin^δ θ_{j,m} (θ^2_{j,m} − ϕ^2)^2

. (3.11)

If θ_{j,m} ∈ [π/2, π], then θ^2_{j,m} − ϕ^2 ≥ c. Using (3.3), and the fact that δ > −1, we obtain ∑ θ_{j,m}∈[π/2,π] sin^δ θ_{j,m} (θ^2_{j,m} − ϕ^2)^2 ≤ c ∑ θ_{j,m}∈[π/2,π] sin^δ(π − θ_{j,m}) ≤ cm ∫_3π/_4 0 t^δdt ≤ cm.

Since δ < 3 and ϕ + 1 √ m ∼ 1/ √ m,

m ≤ m^2m^{−(δ−1)/2} ≤ cm^2 ( ϕ + 1 √ m )δ_{−1} . Hence, ∑ θ_{j,m}∈[π/2,π] sin^δ θ_{j,m} (θ^2_{j,m} − ϕ^2)^2 ≤ cm^2 ( ϕ + 1 √ m )δ_{−1} . (3.12)

If ϕ + 2 √ m ≤ θ_{j,m} ≤ π/2, then θ^2_{j,m} − ϕ^2 ≥ cθ^2_{j,m} and sin θ_{j,m} ∼ θ_{j,m}. Hence, using (3.3)

and the fact that δ < 3, we get ∑ θ_{j,m}∈[0,π/2]\I^∘ sin^δ θ_{j,m} (θ^2_{j,m} − ϕ^2)^2 ≤ cm { 1 m ∑ θ_{j,m}∈[0,π/2]\I^∘ θ^{δ−4}_{j,m} }

≤ cm ∫_∞ ϕ+ 1√_m t^{δ−4}dt ≤ cm ( ϕ + 1 √ m )δ_{−3} ≤ cm^2 ( ϕ + 1 √ m )δ_{−1} . Along with (3.11) and (3.12), this gives

S_2 ≤ cm^2 ( ϕ + 1 √ m )δ_{−1} ≤ cm^2Δ^{−2γ√}_m (x). (3.13)

The estimates (3.6), (3.10), (3.13) yield that when 0 ≤ ϕ ≤ 2/ √ m, we have Δ^{−γ√}_m(x) √ w_n(x)τ^#_{n,m}(dα; f, x) ≤ c||fG||_{∞,Zm} . (3.14) Case 2. (2/ √ m < ϕ ≤ π/2) In this case, we take I^∘ := [ϕ − 1/(mϕ), ϕ + 1/(mϕ)], and I := {cos θ : θ ∈ I^∘}. The following estimates will be used in the remainder of this proof often, sometimes without an explicit reference: 1 4 ( ϕ + 1 √ m ) ≤ 1 2 ( ϕ + 1 mϕ ) ≤ ϕ − 1 mϕ ≤ ϕ ≤ ϕ + 1 mϕ ≤ ϕ + 1 √ m . (3.15)

Also, in view of (3.3), the number of θ_{j,m}’s in I^∘ is at most c/ϕ ≤ c ( ϕ + 1 √ m )_{−1} . Hence,

S_1 ≤ c ∑ θ_{j,m}∈I^∘ θ^δ_{j,m} ≤ c ( ϕ + 1 √ m )δ_{−1} ≤ cΔ^{−2γ√}_m (x). (3.16)

As in Case 1, we deduce easily that ∑ θ_{j,m}∈[3π/4,π] sin^δ θ_{j,m} (θ^2_{j,m} − ϕ^2)^2 ≤ cm. If 1 ≤ δ < 3 then 1 m ≤ m^{−(δ−1)/2} ≤ cϕ^{δ−1}, and if −1 < δ < 1 then it is clear that 1/m ≤ cϕ^{δ−1}. Thus, in either case, m ≤

m^2 ( ϕ + 1 √ m )δ_{−1} , and we get ∑ θ_{j,m}∈[3π/4,π] sin^δ θ_{j,m} (θ^2_{j,m} − ϕ^2)^2

≤ cm^2Δ^{−2γ√}_m (x). (3.17)

Next, we write

I_{2,1} := [0, 1 2 (ϕ − 1 mϕ )], I_{2,2} := [ 1 2 (ϕ − 1 mϕ ), ϕ − 1 mϕ ], I_{2,3} := [ϕ + 1 mϕ , 2(ϕ + 1 mϕ )], I_{2,4} := [2(ϕ + 1 mϕ ), 3π/4], S_{2,j} := ∑ θ_{j,m}∈I2_{,j} θ^δ_{j,m} (θ^2_{j,m} − ϕ^2)^2 , j = 1, 2, 3, 4. Then ∑ θ_{j,m}∈[0,3π/4]\I^∘ sin^δ θ_{j,m} (θ^2_{j,m} − ϕ^2)^2 ≤ c 4∑ j=1 S_{2,j}. (3.18)

We estimate S_{2,3} and S_{2,4}; the estimates for S_{2,2} and S_{2,1} are similar. Using (3.3),

S_{2,3} ≤ c ϕ^2 ( ϕ + 1 mϕ )δ ∑ θ_{j,m}≥ϕ+1/(mϕ) 1 (θ_{j,m} − ϕ)^2 ≤ cϕ^{δ−2}m ∫ ϕ+1/(mϕ) (t − ϕ)^{−2}dt ≤ cm^2ϕ^{δ−1} ≤ cm^2 ( ϕ + 1 √ m )δ_{−1} . (3.19)

If θ ∈ I_{2,4}, then θ − ϕ ≥ θ/2. Using (3.3) and the fact that δ < 3, we get S_{2,4} ≤ c ∑ θ_{j,m}∈I2_,4 θ^{δ−4}_{j,m} ≤ cm ∫ ϕ+1/(mϕ) t^{δ−4}dt ≤ cm ( ϕ + 1 mϕ )δ_{−3} ≤ cm^2 ( ϕ + 1 √ m )δ_{−1} . (3.20)

From (3.18), (3.19), (3.20), and similar estimates for S_{2,1} and S_{2,2}, we obtain ∑ θ_{j,m}∈[0,3π/4]\I^∘ sin^δ θ_{j,m} (θ^2_{j,m} − ϕ^2)^2 ≤ cm^2 ( ϕ + 1 √ m )δ_{−1} ≤ cm^2Δ^{−2γ√}_m (x). Along with (3.17), this yields S_2 ≤ cm^2Δ^{−2γ√}_m (x). (3.21) From (3.6), (3.16), and (3.21), we conclude that Δ^{−γ√}_m(x) √ w_n(x)τ^#_{n,m}(dα; f, x) ≤ c||fG||_{∞,Zm} . (3.22) The estimates (3.14), (3.22), and analogous estimates for x ∈ [−1, 0) yield (3.2). 2 We end this section by observing the “continuous analogue” of Theroem 3.1. It is probably not new, but we are unable to locate a precise reference. The proof of the following theorem is similar to that of Theorem 3.1, but simpler.

Theorem 3.2 Let w ∈ GJ, dα(x) := w(x)dx, and G, L, m, n be as in Theorem 3.1. Let f : [−1, 1] → IR be a measurable function such that fG is essentially bounded on [−1, 1]. Then for x ∈ [−1, 1],

Δ^{γ√}_m(x) √ w_m(x) 1 n 2n∑ k=n+1 |s_k(dα; f, x)| ≤ c||fG||_{∞,[−1,1]}. (3.23)

4 Freud-type weight functions

Let w : IR → (0, ∞), and Q := log(1/w). The function w is called a Freud-type weight function if each of the following conditions is satisfied. The function Q is an even, convex function on IR, Q is twice continuously differentiable on (0, ∞) and there are constants c_1 and c_2 such that

0 < c_1 ≤ xQ^{′′}(x) Q^′(x) ≤ c_2 < ∞, 0 < x < ∞. (4.1) The most commonly discussed examples include exp(−|x|^α), α > 1. In the remainder of this section, w will denote a fixed Freud-type weight function, {p_k} will denote the sequence of polynomials orthonormal on IR with respect to the measure w^2(x)dx. From all notations, we will omit the mention of this measure; thus x_{k,n} will be the k-th zero of p_n, etc.

Associated with the weight function w are two sets of numbers: The Freud-number q_x is the least positive solution of the equation q_xQ^′(q_x) = x, x > 0. The number a_x is the solution of the equation x = 2 π ∫_1 0 a_xtQ^′(a_xt) √ 1 − t^2 dt . It is not difficult to see that a_x ∼ q_x ∼ q_{2x}, x > 0. One of the most important properties of a_x is the following: For every integer n ≥ 1 and P ∈ Π_n, (cf. [15], [12]), max_{x∈IR} |P (x)w(x)| = max_{|x|≤an} |P (x)w(x)|, and, if 0 < p < ∞, N is the least integer not exceeding n + 2/p, then ∫ IR |P (x)w(x)|^pdx ≤ 2 ∫ |x|≤aN |P (x)w(x)|^pdx. (4.2) Our main theorem in this section is the following.

Theorem 4.1 Let w be a Freud-type weight function, and Q := log(1/w) satisfy the following Lipschitz condition:

|Q^′(a_y cos θ) − Q^′(a_y cos ϕ)| ≤ c y a_y |θ − ϕ|^λ, y > 0, where c and λ are positive constants independent of y. If f : Z_m → IR, and L, δ > 0, then for each integer n ≥ 1 and (2 + δ)n ≤ m ≤ Ln, ‖τ_{n,m}(f)w‖_{∞,IR} ≤ ‖τ^#_{n,m}(f)w‖_{∞,IR} ≤ c‖wf‖_{∞,Zm} , (4.3) where Z_m = {x_{k,m}}^m_{k=1}, and c is a positive constant depending only on w, L, and δ.

In order to prove this theorem, we need the following lemma, where we summarize some of the important, relevant facts regarding Freud polynomials.

Lemma 4.1 Let n ≥ 1 be an integer. (a) For x ∈ IR, K_n(x, x) ≤ c n q_n w^{−2}(x) . (4.4)

(b) We have

Γ_n ∼ q_n . (4.5) (c) For any η > 0 and |x| ≤ (1 − η)a_n, K_n(x, x) ≥ c(η) n q_n w^{−2}(x). (4.6)

(d) For any η > 0 and x_{k,n}, x_{k−1,n}, x_{k+1,n} in [−(1 − η)a_n, (1 − η)a_n], x_{k−1,n} − x_{k,n} ∼ x_{k,n} − x_{k+1,n} ∼ q_n n . (e) If |x − t| ≤ cq_n/n, |x|, |t| ≤ c_1q_n, then w(x) ∼ w(t). (f) Let b ∈ IR and 0 ≤ p ≤ 2. Then

c ∫ c_1q_n 0 w^{2−p}(x)(1 + x^2)^bdx ≤ n∑ j=1 λ_{j,n}w^{−p}(x_{j,n})(1 + x^2_{j,n})^b (4.7) ≤ c_2 ∫ c_3q_n 0 w^{2−p}(x)(1 + x^2)^bdx .

Proof. Parts (a) and (b) are proved in [6]. Using (4.1), it is not difficult to verify (cf. [6]) that Q^′(Aq_n) ∼ n/q_n for any A > 0. Part (e) is then a simple application of the mean value theorem. Part (f) was proved by Knopmacher and Lubinsky [7] under slightly different conditions on the weight function. As stated, the result is proved in [12] (Theorem 8.2.7) using their ideas. Parts (c) and (d) were proved by Lubinsky and Saff [10] under somewhat stronger conditions on the weight function. We are unable to find a proof of these facts under the stated conditions. Therefore, we provide a brief proof, utilizing the ideas in [20], [12]. It is proved in [12] (Lemma 10.3.3(b)) that there exists a sequence of real, nonnegative polynomials R^∗_k ∈ Π_k, such that w(a_kx)R^∗_k(x) { ≤ c, if x ∈ IR, ≥ c_1(1 − x^2 + n^{−2/3}), if |x| ≤ 1.

Writing x := a_ny/a_k, we obtain w(a_ny)R^∗_k(a_ny/a_k) { ≤ c, if x ∈ IR, ≥ c_1(1 − (a_ny/a_k)^2 + n^{−2/3}), if |y| ≤ a_k/a_n.

In particular, for any η > 0, there exists a sequence of real, nonnegative polynomials R_k := R_{k,η} such that w(a_ny)R_n(y) { ≤ c, if y ∈ IR, ≥ 1, if |y| ≤ (1 − η/2)a_k/a_n. (4.8)

Next, we recall [11], [12] (Lemma 8.3.2) that for any A > 0 and k < n < Ak,

c_1 ( n k − 1 ) ≤ a_n a_k − 1 ≤ c_2 ( n k − 1 ) . Hence, for any η > 0, we may choose an ϵ > 0 such that with k being the integer part of (1 + ϵ)^{−1}n, (1 − η)a_n ≤ (1 − η 2 )a_k ≤ (1 − η 2 )a_n. (4.9)

Now, let η > 0 and |x| ≤ (1 − η)a_n be fixed, and ξ := x/a_n. We choose the integer k so as to satisfy (4.9). Using (4.2), and a well known extremal property of the Christoffel functions K_n(x, x), (cf. [2]), we obtain by making obvious substitutions,

K_n(x, x)^{−1} = inf_{P ∈Πn−1} P (x)^{−2} ∫ IR |P (t)w(t)|^2dt ≤ 2 inf_{P ∈Πn−1} P (x)^{−2} ∫ |t|≤an |P (t)w(t)|^2dt = 2a_n inf_{P ∈Πn−1} P (ξ)^{−2} ∫ |u|≤1 |P (u)w(a_nu)|^2du ≤ 2a_n inf_{P ∈Πn−k−1}[P (ξ)R(ξ)]^{−2} ∫ |u|≤1 |P (u)R(u)w(a_nu)|^2du . Since |x| ≤ (1 − η)a_n, the choice of k shows that |ξ| ≤ (1 − η/2)a_k/a_n. Then (4.8) implies that

K_n(x, x)^{−1} ≤ ca_nw^2(a_nξ) inf_{P ∈Πn−k−1} P (ξ)^{−2} ∫ |u|≤1 |P (u)|^2du = ca_nw^2(x) inf_{P ∈Πn−k−1} P (ξ)^{−2} ∫ |u|≤1 |P (u)|^2du . The estimate (4.6) now follows from well known estimates for the Christoffel functions for Legendre weights (cf. (3.4)) and the fact that k ∼ n. This proves part (c) of the lemma. Part (d) follows by using ideas as in [4], [5], [12]. 2 We are now in a position to prove Theorem 4.1.

Proof of Theorem 4.1. In this proof, let x ∈ [−a_{2n}, a_{2n}] be a fixed number, and ν be an integer such that x ∈ [x_{ν+1,m}, x_{ν,m}). The constants in this proof will generally depend upon δ and L. Necessarily, there exists η > 0 such that |x| ≤ (1 − η)a_m. We use the estimate (2.6) with I = [x − q_m/m, x + q_m/m], with J equal to the empty interval, and G = w. The set S(α) in this case is IR. In view of (4.4) and (4.5), we obtain the estimate

|w(x)τ_{n,m}(f, x)| ≤ c‖fw‖_{∞,Zm} × n q_n ∫ I 1 w^2(t) dα_m(t) + q_n n ∫ IR\I 1 w^2(t)(x − t)^2 dα_m(t) . (4.10)

The number of points x_{j,m} in I is bounded from above, independently of n and m. For each such x_{j,m} ∈ I, (4.6) (with m in place of n and a different value of η) shows that λ_{j,m}w^{−2}(x_{j,m}) ≤ c q_m m . Hence, ∫ I w^{−2}(t)dα_m(t) ≤ c q_m m ≤ c q_n n . (4.11) Let I_1 := [−(1 − η 2 )a_m, (1 + η 2 )a_m] \ I and I_2 := (−∞, −(1 − η 2 )a_m) ∪ ((1 − η 2 )a_m, ∞). In view of (4.7) with b = 0 and p = 2, ∑ x_{j,m}∈I2 w^{−2}(x_{j,m})λ_{j,m} (x − x_{j,m})^2 ≤ ca^{−2}_m n∑ j=1 w^{−2}(x_{j,m})λ_{j,m} ≤ cq^{−1}_m . (4.12) If x_{j,m} ∈ I_1, then |x − x_{j,m}| ∼ |x − x_{j−1,m}| ∼ |x − x_{j+1,m}| and w^{−2}(x_{j,m})λ_{j,m} ∼ q_m m ∼ x_{j,m} − x_{j+1,m} . Therefore, taking into account the fact that m ∼ n, we obtain ∑ x_{j,m}∈I1 w^{−2}(x_{j,m})λ_{j,m} (x − x_{j,m})^2 ≤ ∑ x_{j,m}∈I1 x_{j,m} − x_{j+1,m} (x − x_{j,m})^2 (4.13) ≤ ∫ IR\I dt (x − t)^2 ≤ c m q_m ≤ c n q_n . Substituting the estimates (4.13), (4.12) and (4.11) into (4.10), we arrive at (4.3). 2 We end this section by observing the following amusing inequality, obtained by using Theorem 4.1 with a polynomial of degree n in place of f, and observing that τ_{n,m}(P ) = P for all P ∈ Π_n.

Corollary 4.1 Let w, L, δ, n, m, Z_m be as in Theorem 4.1. Then for any P ∈ Π_n, c_1‖wP ‖_{∞,IR} ≤ ‖wP ‖_{∞,Zm} ≤ ‖wP ‖_{∞,IR}. (4.14) In [14], we have shown how estimates such as (4.14) together with the uniform boundedness of the de la Vallée Poussin means of the Freud polynomial expansions lead to estimates similar to (4.14) with an L^p norm instead of the supremum norm. In turn, it is well known that such estimates are important in the study of interpolatory processes at the zeros of Freud polynomials.

References

[1] S. N. Bernstein, Sur le maximum absolu d’une somme trigonométrique, C. R. Acad. Sci. Paris 193 (1931), 433–436.

[2] G. Freud, Orthogonale Polynome, Birkhäuser Verlag (Basel und Stuttgart, 1969).

[3] G. Freud, Extension of the Dirichlet-Jordan criterion to a general class of orthogonal polynomial expansions, Acta Math. Acad. Sci. Hungar. 25 (1974), 109–122.

[4] G. Freud, On the theory of one-sided weighted L^1-approximation by polynomials, in “Approximation Theory and Functional Analysis” (P. L. Butzer et. al. Eds.), pp. 285–303, Birkhäuser-Verlag, Basel, 1974.

[5] G. Freud, Markov-Bernstein-type inequalities and their applications, J. Approx. Theory 19 (1977), 22–37.

[6] G. Freud, On polynomial approximation with respect to general weights, in Lecture Notes in Mathematics, Vol. 399 (H. G. Garnir et. al. Eds.), pp. 149–179, Springer Verlag, Berlin/New York, 1974.

[7] A. Knopmacher and D. S. Lubinsky, Mean convergence of Lagrange interpolation for Freud’s weights with application to product integration rules, J. Comp. Appl. Math. 17 (1987), 79–103.

[8] L. Leindler, Sharpening of Steckin’s theorem to strong approximation, Analysis Math.

16 (1990), 27–38.

[9] G. G. Lorentz, Approximation of functions, Holt, Rinehart and Winston (New York, 1966).

[10] D. S. Lubinsky and E. B. Saff, Uniform and mean approximation by certain weighted polynomials, with applications, Constr. Approx. 4 (1988), 21–64.

[11] D. S. Lubinsky and E. B. Saff, Strong asymptotics for extremal polynomials associated with weights on R, Lecture Notes in Matematics 1305, Springer Verlag (Berlin, Heidelberg, New York, 1988).

[12] H. N. Mhaskar, Weighted polynomial approximation, World Scientific, Singapore, 1996.

[13] H. N. Mhaskar and C. A. Micchelli, Degree of approximation by neural and translation networks with a single hidden layer, Adv. Appl. Math. 16 (1995), 151–183.

[14] H. N. Mhaskar and J. Prestin, On Marcinkiewicz-Zygmund-type inequalities, Varma Memorial Volume, (N. K. Govil, R. N. Mohapatra, A. Sharma, and J. Szabados Eds.).

[15] H. N. Mhaskar and E. B. Saff, Where does the sup norm of a weighted polynomial live ? , Constr. Approx. 1 (1985), 71–91.

[16] P. Nevai, Necessary conditions for weighted mean convergence of Fourier series in orthogonal polynomials, J. Approx. Theory 46 (1986), 314–322.

[17] P. Nevai, Orthogonal polynomials, Mem. Amer. Math. Soc. 18 no. 213 (1979). [18] J. Szabados, On an interpolatory analogon of the de la Vallée Poussin means, Studia Sci. Math. Hungar. 9 (1974), 187–190.

[19] J. Szabados, P. Vértesi, Interpolation of functions, World Scientific (Singapore, 1990). [20] V. Totik, Weighted approximation with varying weight, Lecture Notes in Matematics 1569, Springer Verlag (Berlin, Heidelberg, New York, 1994).