A Tool for Approximation in Bivariate Periodic Sobolev Spaces

Frauke Sprengel

Abstract. We give a characterization of Sobolev spaces of bivariate periodic functions with dominating smoothness properties in terms of Sobolev spaces of univariate functions. The mixed Sobolev norm is proved to be a uniform crossnorm. This property can be used as a powerful tool in approximation theory.

§1. Introduction

Beside the approximation of functions from the usual isotropic periodic Sobolev spaces the approximation of bivariate periodic functions with dominating mixed smoothness properties attracted more and more attention. Spaces of functions with dominating mixed smoothness properties are especially well suited for the approximation or numerical integration using sparse grids or a hyperbolic approximation approach (e.g. [1,8]).

In this paper, we prove that the Sobolev spaces of bivariate periodic functions with dominating mixed smoothness properties are tensor products of Sobolev spaces of univariate periodic functions. Additionally, the corresponding mixed Sobolev norms turn out to be uniform cross norms.

In particular, that means that one can derive error estimates for functions from these spaces from error estimates for the univariate functions in the same simple way as in the Hilbert space case (see e.g. [5]).

§2. Periodic Sobolev Spaces

We recall the definitions of the periodic Sobolev spaces first. Let TT^d denote the d-dimensional torus represented by the cube

TT^d := { x = (x_1, . . . , x_d) ∈ IR^d ; |x_k| ≤ π, k = 1, . . . , d } . Approximation Theory IX 1 Charles K. Chui and Larry L. Schumaker (eds.), pp. 1–8. Copyright o^c 1998 by Vanderbilt University Press, Nashville, TN. ISBN 1-xxxxx-xxx-x.

All rights of reproduction in any form reserved.

By D^′(TT^d) we denote the linear space of tempered periodic distributions (or generalized periodic functions) (see [3,6]). The Fourier coefficients of a distribution g ∈ D^′(TT^d) are c_k(g) := g(e^{−ik·}) for k ∈ ZZ^d.

Let 1 < p < ∞ and α, β ∈ IR. The Sobolev space H^α_p (TT^d) of order α is defined as

H^α_p (TT^d) := { f ∈ D^′(TT^d) ; ‖f | H^α_p (TT^d)‖ := ‖ ‖ ‖ ∑ k∈ZZd (1 + |k|^2)^{α/2}c_k(f)e^{ik·} | | L_p(TT^d) ‖ ‖ ‖ < ∞ } .

The Sobolev space S^{α,β}_{p,p} H(TT^2) of order (α, β) of bivariate generalized periodic functions with dominating mixed smoothness properties is given by

S^{α,β}_{p,p} H(TT^2) := { f ∈ D^′(TT^2) ; ‖f | S^{α,β}_{p,p} H(TT^2)‖ := ‖ ‖ ‖ ∑ k∈ZZ^2 (1 + k^2_1)^{α/2}(1 + k^2)^{β/2}c_k(f)e^{ik·} | | L_p(TT^2) ‖ ‖ ‖ < ∞ } .

§3. Tensor Products of Reflexive Banach Spaces

Because the Sobolev spaces considered here are reflexive, we restrict our following introduction to tensor products to this case. In [4], one can find a general introduction.

Given two reflexive Banach spaces X, Y . We form the linear space of formal linear combinations F (X, Y ) := {^r∑ k=1 α_k (x_k, y_k) ; α_k ∈ C, x_k ∈ X, y_k ∈ Y, k = 1, . . . , r, r ∈ IN }

of pairs (x_k, y_k ) ∈ X ×Y . Furthermore, we denote by G the subspace F (X, Y ) spanned by elements of the form r∑ k=1 s∑ ℓ=1 α_k β_ℓ (x_k , y_ℓ) − (^r∑ k=1 α_k x_k , s∑ ℓ=1 β_ℓ y_ℓ ) . Then, the algebraic tensor product is the quotient space X ⊗ Y := F (X, Y )/G. The equivalence class generated by (x, y) is denoted by x ⊗ y. In general, the algebraic tensor product X ⊗Y equipped with a suitable norm is not complete. We denote the completion of X ⊗ Y with respect to the norm λ by X ⊗_λ Y . Two Banach spaces will be identified if they are isomorphic to each other. A norm λ on X ⊗ Y with λ(x ⊗ y) = ‖x | X‖ · ‖y | Y ‖ for all x ⊗ y ∈ X ⊗ Y , is termed a crossnorm.

A pair of crossnorms λ_1 on X_1 ⊗ Y_1 and λ_2 on X_2 ⊗ Y_2 is uniform, if for all operators P ∈ L(X_1, X_2) and Q ∈ L(Y_1, Y_2) and all x_k ∈ X_1, y_k ∈ Y_1, it holds that

λ_2 (^r∑ k=1 P x_k ⊗ Qy_k ) ≤ ‖P | L(X_1, X_2)‖ · ‖Q | L(Y_1, Y_2)‖ λ_1 (^r∑ k=1 x_k ⊗ y_k ) . In the case of uniform crossnorms the tensor product P ⊗ Q has a unique continuous extension P ^⊗Q with

‖P ^⊗Q | L(X_1 ⊗_{λ1} Y_1, X_2 ⊗_{λ2} Y_2)‖ = ‖P | L(X_1, X_2)‖ · ‖Q | L(Y_1, Y_2)‖.

Using this property of uniform crossnorms, one is able to obtain results for the tensor product spaces directly from the results for the underlying single spaces. An example for spaces with uniform crossnorms is a pair of tensor product spaces both equipped with the p-nuclear norm (see [7]).

For 1 ≤ p ≤ ∞, 1/p + 1/q = 1, the p-nuclear norm of z ∈ X ⊗ Y is given by λ̃_p(z) := inf {(^n∑ j=1 ‖x_j | X‖^p )_{1/p} θ_q (y_1, . . . , y_n) ; z = n∑ j=1 x_j ⊗ y_j } , where

θ_q (y_1, . . . , y_n) := sup {‖ ‖ n∑ j=1 η_j y_j | | Y ‖ ‖ ‖ ; ‖{ηj }j=1,...,n | ℓp({1, . . . , n})‖ = 1 } . The infimum is taken with respect to all representations of z.

§4. Tensor Products of Sobolev Spaces

After all these preparations we are able to characterize the Sobolev spaces of bivariate functions with dominating mixed smoothness properties.

Theorem 1. Let 1 < p < ∞, α, β ∈ IR. Then it holds that

S^{α,β}_{p,p} H(TT^2) = H^α_p (TT) ⊗_{λ̃p} H^β_p (TT)

with the p-nuclear norm λ̃_p and λ̃_p(f) = ‖f | S^{α,β}_{p,p} H(TT^2)‖ for all f ∈ S^{α,β}_{p,p} H(TT^2).

Since the p-nuclear norms are uniform, error estimates for functions with higher order dominating mixed smoothness in a mixed norm of lower orders can be derived in a simple manner from the error estimates for the univariate functions. This can be done for all approaches using tensor products of linear operators, for instance interpolation on full or on sparse grids.

The proof of the theorem requires the following two lemmata. Let here and in the sequel μ denote the Lebesgue measure.

Lemma 2. Let f_1, . . . , f_n ∈ H^α_p (TT), 1 < p < ∞, α ∈ IR,

supp ( ∑ k∈ZZ (1 + k^2)^{α/2}c_k(f_j )e^{ik·} ) = E_j ⊂ TT

with μ(E_j ∩ E_k) = 0 for j ≠ k, then

θ_q(f_1, . . . , f_n) = max_j ‖f_j | H^α_p (TT)‖.

Proof: In the following, we take the supremum over all ‖η | ℓ_p{1, . . . , n}‖ = 1

and compute

θ_q(f_1, . . . , f_n) = sup_η {‖ ‖ n∑ j=1 η_j f_j | | H^α_p (TT) ‖ ‖ ‖ }

= sup_η {∫ TT | |^n∑ j=1 η_j ∑ k∈ZZ (1 + k^2)^{α/2}c_k(f_j )e^{ikx} | |^p dx}^{1/p}

= sup_η {^n∑ ℓ=1 ∫ Eℓ | | | n∑ j=1 η_j ∑ k∈ZZ (1 + k^2)^{α/2}c_k(f_j )e^{ikx} | | |^p dx }_{1/p}

= sup_η {^n∑ j=1 ∫ Ej | | |ηj ∑ k∈ZZ (1 + k^2)^{α/2}c_k(f_j )e^{ikx} | | |^p dx }_{1/p}

= sup_η {^n∑ j=1 |η_j|^p ‖f_j | H^α_p (TT)‖^p }_{1/p}

= sup ∑_{|κj|=1} {^n∑ j=1 |κ_j | ‖f_j | H^α_p (TT)‖^p }_{1/p}

= max_j ‖f_j | H^α_p (TT)‖.

Lemma 3. Let 1 < p < ∞, α ∈ IR. The functions of the form ∑_N j=1 f_j with

N ∈ IN, f_j ∈ H^α_p (TT),

supp ( ∑ k∈ZZ (1 + k^2)^{α/2}c_k(f_j )e^{ik·} ) = E_j ⊂ TT,

μ(E_j ∩ E_k) = 0 for j ≠ k, form a dense set in H^α_p (TT).

Proof: Let f ∈ H^α_p (TT), ε > 0, then

f̃ := ∑ k∈ZZ (1 + k^2)^{α/2}c_k(f)e^{ik·} ∈ L_p(TT).

The simple functions form a dense set in L_p(TT) (cf. [2], p. 125). Therefore, a function

f̃_N = N∑ j=1 a_j χ_{Ej} with a_j ∈ C, E_j ⊂ TT, μ(E_j ∩ E_k) = 0 for j ≠ k, has to exist, such that ‖f̃ − f̃_N | L_p(TT)‖ < ε. Now, we define

g_j := a_j ∑ k∈ZZ (1 + k^2)^{−α/2}c_k(χ_{Ej} )e^{ik·} ∈ H^α_p (TT)

and conclude ‖ ‖ ‖f − N∑ j=1 g_j | | H^α_p (TT) ‖ ‖ ‖ = ‖f̃ − f̃N | Lp(TT)‖ < ε.

This proves the lemma.

After having proved these two lemmata we are now able to proceed to the proof of the theorem.

Proof: (for Theorem 1). Denote λ_{α,β} := ‖ · | S^{α,β}_{p,p} H(TT^2)‖. Let

h = n∑ j=1 f_j ⊗ g_j (1)

be a representation of h ∈ H^α_p (TT) ⊗ H^β_p (TT). Then

f̃_j := ∑ k∈ZZ (1 + k^2)^{α/2}c_k(f_j )e^{ik·} ∈ L_p(TT),

g̃_j := ∑ ℓ∈ZZ (1 + ℓ^2)^{β/2}c_ℓ(g_j )e^{iℓ·} ∈ L_p(TT).

With the definition h̃ = n∑ j=1 f̃_j ⊗ g̃_j , we obtain λ_{α,β}(h) = ‖ ‖ ‖ n∑ j=1 ∑ k,ℓ∈ZZ (1 + k^2)^{α/2}(1 + ℓ^2)^{β/2}c_k(f_j )c_ℓ(g_j )e^{ikx}e^{iℓy} | | L_p(TT^2) ‖ ‖ ‖

= ‖ ‖^n∑ j=1 f̃_j ⊗ g̃_j | L_p(TT^2) ‖ ‖ = ‖h̃ | L_p(TT2)‖.

Now, we use the tensor product property of

L_p(TT^2) = L_p(TT) ⊗_{λ̃p} L_p(TT)

and the equality λ̃_p = ‖ · | L_p(TT^2)‖

of the p–nuclear norm and the usual L_p–Norm (cf. [4], Chap. 1). That leads to

λ_{α,β}(h) = inf {(^n∑ j=1 ‖f̂_j | L_p(TT)‖ )_{1/p} θ_q(ĝ_1, . . . , ĝ_n) ; h̃ = n∑ j=1 f̂_j ⊗ ĝ_j } ,

where the infimum is taken over all representations of h̃.

The functions f̂_j , ĝ_j need not necessarily have a form like f̃_j , g̃_j which stems from the representation (1) of h. Therefore, we obtain

λ_{α,β}(h) ≤ inf {(^n∑ j=1 ‖f̃_j | L_p(TT)‖ )_{1/p} θ_q(g̃_1, . . . , g̃_n) ; h̃ = n∑ j=1 f̃_j ⊗ g̃_j } ,

where we take the infimum over all representations of h̃ with particular functions f̃_j , g̃_j from a representation of h. Using the definitions of f̃_j , g̃_j yields

λ_{α,β}(h) ≤ inf {(^n∑ j=1 ‖f_j | H^α_p (TT)‖ )_{1/p} θ_q (g_1, . . . , g_n) ; h = n∑ j=1 f_j ⊗ g_j }

= λ̃_p(h). It remains to prove that λ̃_p(h) ≤ λ_{α,β}(h).

Let h have the representation (1) where the functions g_j satisfy

supp (∑ k∈ZZ (1 + k^2)^{α/2}c_k(g_j )e^{ik·} ) = E_j ⊂ TT,

μ(E_j ∩ E_k) = 0 for j ≠ k, and ‖g_j | H^β_p (TT)‖ = 1. By Lemma 2,

θ_q (g_1, . . . , g_n) = 1

and hence, λ̃_p(h) ≤ (^n∑ j=1 ‖f_j | H^α_p (TT)‖ )_{1/p} .

On the other hand, λ_{α,β}(h) = ‖ ‖ ‖ n∑ j=1 f̃_j ⊗ g̃_j | | L_p(TT^2) ‖ ‖ ‖

= (^n∑ k=1 ∫ TT ∫ Ek | | | n∑ j=1 f̃_j (x)g̃_j (y) | | |^p dxdy )_{1/p}

= (^n∑ j=1 ∫ TT ∫ Ej |f̃_j (x)g̃_j (y)|^p dxdy )_{1/p}

= (^n∑ j=1 ‖f̃_j | L_p(TT)‖ · ‖g̃_j | L_p(TT)‖ )_{1/p}

= (^n∑ j=1 ‖f_j | H^α_p (TT)‖ )_{1/p} .

That means, for functions h of this particular form we proved λ̃_p(h) ≤ λ_{α,β}(h). Because of Lemma 3 and the first part of this proof it holds for all functions h ∈ H^α_p (TT) ⊗ H^β_p (TT) that λ̃_p(h) = λ_{α,β}(h). Since S^{α,β}_{p,p} H(TT^2) is complete, we finally have

S^{α,β}_{p,p} H(TT^2) = H^α_p (TT) ⊗_{λα,β} H^β_p (TT) = H^α_p (TT) ⊗_{λ̃p} H^β_p (TT),

where the first equality was proved in [7] and isomorphic spaces are identified.

Acknowledgments. The author would like to thank Dr. W. Sickel for helpful discussions and useful remarks which stimulated her work in this direction.

References

1. Delvos, F.-J. and W. Schempp, Boolean Methods in Interpolation and Approximation, Pitman Research Notes in Mathematics Series, Longman Scientific & Technical, Harlow, 1989.

2. Dunford, N. and J. T. Schwartz, Linear Operators I, Wiley, New York, 1988.

3. Edwards, R. E., Fourier Series. A Modern Introduction, vol. 1/2, Springer, New York, 1982.

4. Light, W. A. and E. W. Cheney, Approximation Theory in Tensor Product Spaces, Lecture Notes in Mathematics, Springer, Berlin, 1985.

5. Pöplau, G. and F. Sprengel, Some error estimates for periodic interpolation on full and sparse grids, in Curves and Surfaces with Applications in CAGD, A. Le Méhauté, C. Rabut, and L. L. Schumaker (eds.), Vanderbilt Univ. Press, Nashville, 1997, 355–362.

6. Schmeißer, H.-J. and H. Triebel, Topics in Fourier Analysis and Function Spaces, Akadem. Verlagsgesellschaft Geest & Portig, Leipzig, 1987.

7. Sprengel, F., Interpolation and Wavelet Decomposition of Multivariate Periodic Functions, PhD thesis, University of Rostock, 1997.

8. Temlyakov, V. N., Approximation of Periodic Functions, Nova Science, New York, 1993.

Frauke Sprengel FB Mathematik, Universität Rostock 18051 Rostock Germany

frauke.sprengel@mathematik.uni-rostock.de