NONEXISTENCE OF A KRUSKAL–KATONA TYPE THEOREM FOR SUBWORD ORDERS

UWE LECK

We consider the poset SO(n) of all words over an n–element alphabet ordered by the subword relation. It is known that SO(2) falls into the class of Macaulay posets, i.e. there is a theorem of Kruskal–Katona type for SO(2). As the corresponding linear ordering of the elements of SO(2) the vip–order can be chosen.

Daykin introduced the V –order which generalizes the vip–order to the n ˘ 2 case. He conjectured that the V –order gives a Kruskal–Katona type theorem for SO(n).

We show that this conjecture fails for all n ˘ 3 by explicitely giving a counterexample. Based on this, we prove that for no n ˘ 3 the subword order SO(n) is a Macaulay poset.

Mathematics Subject Classification (1991): 06A07, 05D05, 68R15

Date: March 30, 1998.

1. Introduction.

Macaulay posets. Let P be a ranked poset with the associated partial order ≤. Denote its i–th level (the set of all elements of rank i) by N_i(P ) resp. by N_i if there is no danger of ambiguity. For x ∈ N_i the (down) shadow Δ(x) of x is the set of all y ∈ N_{i−1} such that y ≤ x. The shadow of a subset X ⊆ N_i is the set Δ(X) = S_{x∈X} Δ(x).

Let ≺ be some linear ordering of the elements of P . For X ⊆ N_i, the set C(X) of the smallest |X| elements of N_i with respect to ≺ is called the compression of X (w.r.t. ≺). We say that P is a Macaulay poset if there is a linear ordering ≺ such that the following two conditions are satisfied for all i and all nonempty X ⊆ N_i: (1) |Δ(C(X))| ≤ |Δ(X)|, (2) C(Δ(C(X))) = Δ(C(X)).

If the conditions (1) and (2) are satisfied for some linear ordering ≺, then we will use a notion from [8] and say that ≺ is suitable (for P ).

Since the fact that some ranked poset P is a Macaulay poset has many applications to extremal and optimization problems on P (see [12, 2, 13] for example), it is always interesting to know wheather or not some specific poset is a Macaulay poset. As the most popular examples of Macaulay posets let us mention Boolean lattices [18, 16], cartesian products of chains [21, 6], and cartesian products of stars [20, 3, 14, 19].

Subword orders. For an integer n ≥ 2 the set [n] := {0, 1, . . . , n − 1} is called the alphabet of the subword order SO(n). The elements of SO(n) are all strings (called words) that contain symbols (called letters) only from [n]. The partial order on SO(n) is the subword relation, that is x ≤ y if x can be obtained from y by successively deleting letters. More precisely, x_1x_2 . . . x_k ≤ y_1y_2 . . . y_ℓ holds if there is a subset {i_1, i_2, . . . , i_k} ⊆ {1, 2, . . . , ℓ} such that i_1 < i_2 < · · · < i_k and x_j = y_{ij} for j = 1, 2, . . . , k. The rank of an element of SO(n) equals its length, that means x_1x_2 . . . x_i ∈ N_i(SO(N)). The only element of N_0(SO(n)) is the empty word, denoted by ϵ.

A linear ordering which is known to be suitable for SO(2) is the vip–order. The i–th level of SO(2) consists of all words of length i over the alphabet {0, 1}. Therefore, in an obvious way they can be considered as the vertices of the i–cube. The name vip– order stems from the fact that the ordering of the elements of N_i(SO(2)) induced by the vip–order on SO(2) gives a solution of the vertex–isoperimetric problem for the i–cube [15].

To define the vip–order on SO(2), for x = x_1x_2 . . . x_k ∈ SO(2) we introduce the notation w(x) := |{j : x_j = 1, 1 ≤ j ≤ k}|, and compare any two elements x = x_1x_2 . . . x_k and y = y_1y_2 . . . y_ℓ of SO(2) by: (a) x ≺_{vip} y if w(x) < w(y), (b) x ≺_{vip} y if w(x) = w(y) and there is some j ≤ min{k, ℓ} such that x_j > y_j and x_h = y_h for h = 1, 2, . . . , j − 1,

(c) x ≺_{vip} y if w(x) = w(y), k < ℓ and x_j = y_j for j = 1, 2, . . . , k.

Theorem 1.1. [1, 5, 7] The vip–order is suitable for SO(2).

Let us remark that there are also other suitable orderings for SO(2), all these orderings were determined by Daykin [10].

2. Daykin’s conjecture.

Daykin [9] (see also [8]) introduced the V–order, a linear ordering of the elements of SO(n). He conjectured that this ordering is suitable for SO(n) (for arbitrary n).

Definition of the V –order. The following definition of the V –order on SO(n) is essentially the one given in [8].

Consider an element x = x_1x_2 . . . x_k ≠ ϵ of SO(n). Let i ∈ {1, 2, . . . , k} be the least index such that x_i ≤ x_{i+1} ≤ · · · ≤ x_k. Denote by x^∗ the word obtained from x by deleting the letter x_i, and for s = 1, 2, . . . , k denote by x^{s∗} the word obtained from x by successively applying this operation s times. Finally define x^{0∗} := x for all x ∈ SO(n). Note that, by this definition, x^{k∗} = ϵ holds for all k = 0, 1, 2, . . . and x ∈ N_k.

Therefore, for all x, y ∈ SO(n) there are non–negative integers s, t such that x^{s∗} = y^{t∗}, and among all z with z = x^{s∗} = y^{t∗} for some s, t there is a unique element of maximum rank. Let us denote this element by inf^∗(x, y). Now the following two conditions establish the V –order on SO(n):

(i) x ≺_V y if inf^∗(x, y) = x,

(ii) x ≺_V y if inf^∗(x, y) = x^{s∗} = y^{t∗} with s, t ≥ 1 and for x^{(s−1)∗} = u_1u_2 . . . u_m, y^{(t−1)∗} = v_1v_2 . . . v_m there is an i ∈ {1, 2, . . . , m} such that u_i < v_i, u_j = v_j (j = i + 1, i + 2, . . . , m). Properties of the V –order. The following properties of the V –order were shown in [7] and [8], respectively. Properties 3.,4.,5. provide a possibility to construct the V –order inductively over n.

1. The V –order on SO(2) reduces to the vip–order.

2. C_V (Δ(C_V (X))) = Δ(C_V (X)) for all i and ∅ ⊂ X ⊆ N_i, where C_V (X) denotes the compression of X w.r.t. the V –order.

3. For x ∈ SO(n), let μ(x) the maximum element of [n] occuring in x as a letter, where μ(ϵ) := 0. If μ(x) < μ(y), then x ≺_V y.

4. Let ν(x) be the number of letters of x equal to μ(x). If μ(x) = μ(y) and ν(x) < ν(y), then x ≺_V y.

5. Let μ(x) = μ(y) = g and ν(x) = ν(y) = k. Then x and y are of the forms x = x_0gx_1gx_2g . . . gxk and y = y_0gy_1gy_2g . . . gyk, where μ(xj) < g, μ(yj) < g for j = 0, 1, . . . , k. (Note that some xj’s and yj’s can be the empty word.) If xj ≺_V yj for the least j with xj ≠ yj, then x ≺_V y.

3. The counterexample.

The example. Let n ≥ 3, and let X be a subset of N_5(SO(n)) with |X| = 68. By the definition of the V –order and its properties given in the previous section, it is easy to see that C_V (X) = R ∪ S ∪ T , where

R = {x_1x_2x_3x_4x_5 : x_i ∈ {0, 1} for i = 1, 2, 3, 4, 5},

S = {x_1x_2x_3x_4x_5 : ∃i ∈ {1, 2, 3, 4, 5} such that x_i = 2, x_j = 0 for 1 ≤ j < i and x_j ∈ {0, 1} for i < j ≤ 5}, T = {12000, 12100, 12010, 12001, 12110}.

Let us now specify X saying that X is the subset of N_5 which is obtained from C_V (X) replacing the elements 00020, 00021, 00002 by 12101, 12011, 12111. Obviously, the shadow of {12101, 12011, 12111} is contained in Δ(C_V (X)) which yields Δ(X) ⊆ Δ(C_V (X)). On the other hand, 0002 is in Δ(C_V (X)), but not in Δ(X). Therefore, |Δ(X)| < |Δ(C_V (X))| holds.

Consequently, the V –order is not suitable for SO(n) with n ≥ 3.

Discussion. Since it will be needed in the next section let us briefly recall some basic facts and (roughly) describe how the above example was found.

It is well–known (cf. [4, 12]) that some ordering ≺ is suitable for some poset P iff the reverse of ≺ is suitable for the dual of P . In other words, the conditions (1) and (2) hold iff (1’) and (2’) below are satisfied for all i and ∅ ⊂ X ⊆ N_i: (1’) |∇(L(X))| ≤ |∇(X)|, (2’) L(∇(L(X))) = ∇(L(X)), where L(X) is the set of the greatest |X| elements of N_i w.r.t. ≺. For x ∈ N_i, the upper shadow ∇(x) is the set of all y ∈ N_{i+1} with x ≤ y, and the upper shadow of X ⊆ N_i is ∇(X) = S_{x∈X} ∇(x). Let P = SO(n), and assume that there is a suitable ordering ≺ for P . Without loss of generality, we may assume that 0 ≺ 1 ≺ · · · ≺ n − 1 holds for the elements of N_1. Now μ(x) < μ(y) =⇒ x ≺ y for x, y ∈ N_i follows by (2’). Consequently, for m < n the ordering of the elements of SO(m) induced by ≺ is suitable for SO(m). In particular, if SO(n) was a Macaulay poset for some n > 3, then SO(3) would be a Macaulay poset, too. We will use this simple observation in the next section.

Now let P = SO(3) and consider a subset X ⊆ N_i. For j = 0, 1, 2 let X_j denote the set of all words x_2x_3 . . . x_i such that jx_2 . . . x_i ∈ X. Counting seperately the numbers of elements of ∇(X) with first letter equal to 0,1, and 2, respectively, gives the inequality |∇(X)| ≥ max{|X|, |∇(X_0)|} + max{|X|, |∇(X_1)|} + max{|X|, |∇(X_2)|} (which is related to an approach of Eckhoff and Wegner [11] and Katona [17] for Boolean lattices).

For X = L_V (X), using the properties of the V –order given in the previous section, it is not hard to verify that we have equality in the above inequality. Moreover, we have |X| ≤ |∇(X_j)| for j = 0, 1, 2, and therefore |∇(X)| = |∇(X_0)| + |∇(X_1)| + |∇(X_2)|. Furthermore, if |X| < |∇(X_1)| and x_0, x_1 ∈ N_{i−1} are the largest element not contained in X_0 and the smallest element of X_1, respectively, then |∇(X \ {1x_1} ∪ {0x_0})| = |∇(X_0 ∪ {x_0})| + |∇(X_1 \ {x_1})| + |∇(X_2)|. Therefore, in this case |∇_{new}(x_1)| ≤ |∇_{new}(x_0)| is a necessary condition for the V –order to satisfy (1’), where the (upper) new–shadow ∇_{new}(x) of x ∈ N_{i−1} is defined to be the set of all elements of ∇(x) not contained ∇({y : x ≺_V y}) .

Consider the set X = L_V (X) ⊂ N_4 whose smallest element is 1211. The set Y in the proof of the proposition below is obtained from X replacing 1211 by 0002, where 002 is the greatest element of N_3 which is not in X_0. The proposition provides a counterexample to the validity of (1’) for the V –order since ∇_{new}(211) = {2111, 2011, 2101, 2110} and ∇_{new}(002) = {0002, 0021, 0020}.

Proposition 3.1. There is a subset Y of N_4(SO(3)) with |Y | = 47 and |∇(Y )| = 175.

Proof. Choose Y = U ∪ V ∪ W , where

U = {x_1x_2x_3x_4 : ∃1 ≤ i < j ≤ 4 such that x_i = x_j = 2},

V = {x_1x_2x_3x_4 : ∃i ∈ {3, 4} such that x_i = 2, x_j ∈ {0, 1} for j ≠ i and P^{i−1}_{j=1} x_j ≥ 1},

W = {0002}.

Then, clearly, |Y | = 33 + 13 + 1 = 47 and |∇(Y )| = 131 + 41 + 3 = 175 holds.

Using the (simple) proof of the equivalence [(1) and (2)]⇐⇒[(1’) and (2’)] (the one given in [12] for instance), it is easy to figure out that Y corresponds to the counterexample to the validity of (1) for V –order given above.

By the help of the inequality |∇(X)| ≥ P_{j=0,1,2} max{|X|, |∇(X_j)|} (and with some effort of time), one can observe that the V –order is suitable for the subposet of SO(3) consisting just of the words with at most 4 letters. This illustrates that Proposition 3.1 yields a strong condition which a suitable ordering for SO(3) must satifsy. In fact, we will show that this condition does not allow the existence of a suitable ordering for SO(3).

4. The main result.

Theorem 4.1. There is no suitable ordering for SO(n) with n > 2.

Proof. By the arguments of the previous section, it suffices to show that there is no ordering of the elements of SO(3) satisfying (1’) and (2’). Assume there is a suitable ordering ≺ for SO(3).

The proof follows a very simple strategy: Using (1’) and (2’), we will obtain necessary consitions on the structure of ≺ on the levels N_1, N_2, N_3, N_4 and N_5. Finally, Proposition 3.1 will imply a contradiction to (1’).

Without loss of generality, we may assume 0 ≺ 1 ≺ 2. Now the (w.r.t. ≺) greatest 5 elements of N_2 are those containing 2 as a letter. Also w.l.o.g. we can suppose that the greatest element of N_2 is a2, where a ∈ {0, 1, 2}. Now the greatest 7 elements of N_3 are those from ∇(a2), the greatest 33 elements of N_4 are those from ∇(∇(a2)), and the greatest 131 elements of N_5 are those from ∇(∇(∇(a2))).

Let x be the element of N_2 preceding a2 in the ordering ≺. Then |∇(a2) ∩ ∇(x)| ≤ 2 with equality iff the second letter of x is 2. Consequently, x = b2 with b ∈ {0, 1, 2}, b ≠ a. Furthermore, ∇_{new}(b2) = {bb2, bc2, cb2, b20, b21}, where c is the only element of {0, 1, 2} \ {a, b}. Let Z be the set of the greatest 3 elements of ∇_{new}(b2). Then |∇_{new}(Z)| ≥ 13 with equality iff Z = {bb2, bc2, cb2}. Therefore, Z = {bb2, bc2, cb2} must hold. Obviously, |∇_{new}(∇_{new}(Z))| = 41. Altogether, we have the following information about ≺: The greatest 46 elements of N_4 are those containing a2, bb2, bc2, or cb2 as a subword, and the greatest 172 elements of N_5 are those satisfying the same condition. The element of N_3 preceding the first element of Z must be in ∇_{new}(b2), so it is either b20 or b21. Consequently, in N_4 the predecessor of the greatest 46 elements is of the form b2de with d, e ∈ {0, 1}, and its upper new–shadow is of cardinality 4. This implies that the upper shadow of the greatest 47 elements of N_4 has cardinality 176, and we obtained the desired contradiction.

References

[1] R. Ahlswede and N. Cai: Shadows and isoperimetry under the sequence–subsequence relation, Combinatorica, 17 (1) (1997), 11–29.

[2] R. Ahlswede and N. Cai: Isoperimetric theorems in the binary sequences of finite length, SFB 343 Diskrete Strukturen in der Mathematik, preprint 97–047, Universität Bielefeld (1997).

[3] S. Bezrukov: Minimization of the shadows of the partial mappings semilattice (russian), Diskret.

Analiz, 46 (1988), 3–16.

[4] S. Bezrukov: Isoperimetric problems in discrete spaces, Extremal problems for finite sets (P.

Frankl, Z. Füredi, G. Katona and D. Miklós eds.), Bolyai Society Mathematical Studies 3, Budapest (1994), 59–91.

[5] S. Bezrukov: Discrete extremal problems on graphs and posets, Habilitationsschrift, Universität– GH Paderborn (1995).

[6] G.F. Clements and B. Lindström: A generalization of a combinatorial theorem of Macaulay, J. Combin. Theory, 7 (1969), 230–238.

[7] T.N. Danh and D.E. Daykin: Ordering integer vectors for coordinate deletion, J. London Mathematical Society, II. Ser. 55, No.3 (1997), 417-426.

[8] T.N. Danh and D.E. Daykin: The structure of V–order for integer vectors, Congressus Numerantium, 112 (1996), 43–53.

[9] D.E. Daykin: Ordered ranked posets, representations of integers and inequalities from extremal poset problems, Graphs and order. The role of graphs in the theory of ordered sets and its applications (I. Rival ed.), Proc. Conf. NATO Adv. Study Inst., Banff, Canada (1984), NATO ASI Ser., Ser. C 147 (1985), 395-412.

[10] D.E. Daykin: To find all “suitable” orders of 0,1–vectors, Congressus Numerantium, special volume in honour of C. Nash–Williams, to appear.

[11] J. Eckhoff and G. Wegner: Über einen Satz von Kruskal, Period. Math. Hungar., 6 (1975), 137–142.

[12] K. Engel: Sperner theory, Cambridge University Press, Cambridge (1997). [13] K. Engel and U. Leck: Optimal antichains and ideals in Macaulay posets, Universität Rostock, FB Mathematik, preprint 96/21 (1996). Proc. Conf. Balatonlelle, Hungary (1996), Bolyai Math. Soc., to appear.

[14] P. Frankl, Z. Füredi and G. Kalai: Shadows of colored complexes, Math. Scand., 63 (1988), 169–178.

[15] L.H. Harper: Optimal numberings and isoperimetric problems on graphs, J. Combin. Theory, 1 (1966), 385–393.

[16] G.O.H. Katona: A theorem of finite sets, Theory of graphs (P. Erdős and G. Katona eds.), Akadémiai Kiadó and Academic Press, Budapest and New York (1968), 187–207.

[17] G.O.H. Katona: The Hamming sphere has minimum boundary, Studia Sci. Math. Hungar., 10 (1975), 131–140.

[18] J.B. Kruskal: The number of simplices in a complex, Mathematical Optimization Techniques (R.

Bellman ed.), Univ. of California Press, Berkeley, Los Angeles (1963), 251–278. [19] U. Leck: Extremalprobleme für den Schatten in Posets, PhD thesis, Freie Universität Berlin (1995), Shaker–Verlag, Aachen (1995).

[20] K. Leeb: Salami–Taktik beim Quader–Packen, Arbeitsber. Inst. Math. Masch. Datenverarb. (Inform.), 11 (5) (1978), 1–15.

[21] F.S. Macaulay: Some properties of enumeration in the theory of modular systems, Proc. London Math. Soc., 26 (1927), 531–555.

Uwe Leck

Universität Rostock, Fachbereich Mathematik, 18051 Rostock, Germany

uleck@zeus.math.uni-rostock.de