On Orthogonal Double Covers by Hamilton Paths

Volker Leck Universität Rostock, Fachbereich Mathematik 18051 Rostock Germany

April 28, 1998

Abstract

An Orthogonal Double Cover (ODC) of the complete graph K_n is a set of isomorphic graphs such that two of them share exactly one edge and all together cover the complete graph twice. In the case of paths the problem is also known as self-orthogonal Hamilton path decomposition of 2K_n. Solutions generated by a group correspond to self-orthogonal 2-sequencings of this group. We present small solutions which can be applied to a well-known recursive construction. This gives new classes of such ODCs.

1 Introduction

Let K_n denote the complete graph with n vertices (n ≥ 2). A collection G of n spanning subgraphs G = {G_1, . . . , G_n} of K_n is an orthogonal double cover (ODC) of K_n if

1. every edge of K_n belongs to exactly two subgraphs

2. any two distinct subgraphs have exactly one common edge.

The elements of G are called pages. If all of them are isomorphic to a graph G we call G an ODC by G. Clearly, G must have n − 1 edges. ODCs are also known as self-orthogonal decompositions of 2K_n. An example is given in figure 1.

ODCs have been considered for several classes of graphs (cf.[1, 11]), e.g. triangle factors [7], short cycles [8, 17], graphs of maximum degree 2 [10], trees of small diameter [9, 19, 18, 16]. Also the directed analogue was examined. But the problem considered first is that of an ODC by an “almost-hamiltonian” cycle, that is a cycle of length n−1 [14, 13, 2]. It turns out that such an ODC (of K_{4n}) can be constructed from an ODC (of K_n) by a Hamilton path [12]. Hence ODCs by paths become of interest.

In [12] an ODC of K_n by a Hamilton path P_n is given for 2 ≤ n ≤ 20 and n ≠ 4. Most of these ODCs are cyclic, that means generated by the cyclic group; all pages can be derived from a given labeled path P by adding k with respect to u u u u u u u u 0 1 2 3 4 5 6 7 u u u u u u u u 0 1 5 2 6 3 7 4 u u u u u u u u 4 6 0 2 1 3 7 5 u u u u u u u u 3 2 7 4 1 6 0 5 u u u u u u u u 2 4 3 0 7 5 1 6 u u u u u u u u 2 0 7 1 4 5 3 6 u u u u u u u u 3 0 4 6 5 2 7 1 u u u u u u u u 1 3 5 0 4 2 6 7

Figure 1: an ODC of K_8 by the path P_8

the cyclic group to each vertex label, 0 ≤ k ≤ n − 1. A path P with this property is called ODC–starter with respect to the cyclic group. This idea extends to arbitrary groups.

Let the vertex set of K_n be the elements of an abelian group A. Define the length ℓ of edge xy by the set of differences ℓ(xy) := {x − y, y − x}. Two edges x_1y_1 and x_2y_2 of the same length have distance k (k > 0), if either adding k to x_1 and to y_1 or subtracting k from both gives the vertices x_2 and y_2 (in some order). Clearly, if two edges have distance k they also have distance −k. If x − y = y − x (i.e. x − y is an element of order 2) then xy has distance k = −k = x − y to itself.

The following lemma gives necessary and sufficient conditions for a graph to be an ODC–starter with respect to A.

Lemma 1 (cf. [15]) A graph G is an ODC-starter with respect to A iff the following conditions hold:

1. For every a ∈ A with order 2 there is exactly one edge e with a ∈ ℓ(e).

2. For every a ∈ A with order not 2 there are exactly two distinct edges e_1 and e_2 with a ∈ ℓ(e_1) and a ∈ ℓ(e_2).

3. The set of distances is A \ {0}.

An ODC by a Hamilton path P_n is said to be 2–colorable if the edges of each path of the ODC can be colored alternately such that every edge of the complete graph is covered twice by the same color (see [15]). Such an ODC cannot exist for n ≡ 3 mod 4. The additional condition for an ODC-starter to generate a 2– colorable ODC is that edges of the same length have the same color, i.e. there is an odd number of edges inbetween any such pair. The following theorem gives a construction that makes use of 2-colorable ODCs.

Theorem 1 ([15]) Let m ≥ 5 be a prime power and let n ≥ 3. Suppose that there exist ODCs by P_m and by P_n. Furthermore, suppose that the ODC by P_m is 2–colorable. Then there exists an ODC by P_{mn}.

In addition, 2–colorable ODC-starters are known for n = 5, 9, 10, 12, 13, 17, 29 [15]. Applying theorem 1 this gives infinite classes of ODCs by paths. Apart from this, such ODC-starters are known to exit asymptotically for certain classes of prime powers [4, 3].

2 Solutions from starters

If an ODC-starter is a path, then it corresponds to a self–orthogonal 2–sequencing of A (see [4]). A special class of such 2–sequencings can be constructed using starters. A starter (cf. [5]) in the additive abelian group A, where |A| = 2n + 1, is a set of unordered pairs S := {{s_i, t_i} : 1 ≤ i ≤ n} which satisfies: 1. {s_i : 1 ≤ i ≤ n} ∪ {t_i : 1 ≤ i ≤ n} = A \ {0} 2. {±(s_i − t_i) : 1 ≤ i ≤ n} = A \ {0} A translate S +a of a starter S is the set {{s_i + a, t_i + a} : 1 ≤ i ≤ n} for some fixed a ∈ A. Consider the union of a starter S_1 and a translate S_2 + a and let the pairs of this union be edges. By the starter definition, condition 1 and 2 of Lemma 1 hold. If also condition 3 holds, then S_1 and S_2 + a are said to be skew–orthogonal, i.e. they form an ODC–starter with respect to A. If this ODC-starter is a path we speak of a starter–translate self–orthogonal 2–sequencing.

In [4] the authors conjecture that if 2n+1 ≥ 11 then Z_{2n+1} has a starter-translate self–orthogonal 2–sequencing.

There is a very efficient Hill Climbing approach to construct orthogonal starters [6]. This can easily be modified to find a starter and a starter-translate which are skew-orthogonal. If in addition the union of them forms a path, we have found the desired ODC. We implemented this construction. The results are summarized in the following lemma.

Lemma 2 Let 11 ≤ 2n+1 ≤ 101. Then Z_{2n+1} has a starter-translate self-orthogonal 2–sequencing.

Unfortunately, a starter-translate self-orthogonal 2–sequencing is never 2–colorable since edges of the same length lie in different starters and thus receive different colors. In order to construct 2–colorable solutions we change from starters to half–starters.

3 Solutions from half{starters

A half–starter [4] in the additive abelian group A, where |A| = 4n + 1, is a set of unordered pairs H := {{s_i, t_i} : 1 ≤ i ≤ 2n} which satisfies: 1. {s_i : 1 ≤ i ≤ 2n} ∪ {t_i : 1 ≤ i ≤ 2n} = A \ {0}

2. {±(s_i − t_i) : 1 ≤ i ≤ 2n} contains exactly half the nonzero elements of A and each such element occurs exactly twice.

Again a translate H + a of a half–starter H is the set {{s_i + a, t_i + a} : 1 ≤ i ≤ 2n} for some fixed a ∈ A.

Consider the union of a half–starter H_1 and a translate H_2 + a and let the pairs in this union be edges. By the half–starter definition, condition 1 and 2 of Lemma 1 hold. If also condition 3 holds, then H_1 and H_2 + a are said to be supplementary, i.e. they form an ODC–starter with respect to A. If this ODC–starter is a path, then this path is 2–colorable since edges of the same half–starter receive the same color.

It is straight forward to modify the Hill Climbing algorithm [6] to construct supplementary half–starters. Also the case when n is even and there is exactly on element of order 2 in the group can be included by fixing the edge with length of order 2 before starting the algorithm. We implemented this modified algorithm. The results are summarized in the following lemma.

Lemma 3 Let 10 ≤ n ≤ 101, n ≢ 3 mod 4. Then Z_n has a self-orthogonal 2– sequencing consisting of a half–starter and a translate of a half–starter which are supplementary.

It is known [15] that there are no group–generated 2–colorable ODCs by P_6 and P_8. A complete computer search showed that there is in fact no 2–colorable ODC by P_6. But we found one for P_8 (see figure 1). Applying theorem 1 we can summarize the results in the following theorem.

Theorem 2 Let n = 2^aq, where q is a product of (not necessarily distinct) prime powers p_i with p_i ≡ 1 mod 4, 5 ≤ p_i ≤ 101 and a ≥ 0, a ≠ 1, 2. Further suppose that there exists an ODC of K_m by a Hamilton path. Then there exists an ODC of K_{nm} by a Hamilton path.

Remark

The 2–sequencings in Lemma 2 and 3 are available at the author.

References

[1] B. Alspach, K. Heinrich, and G. Liu. Orthogonal factorizations of graphs. In J.H. Dinitz and D.R. Stinson, editors, Contemporary Design Theory, chapter 2, pages 13–40. J. Wiley, New York, 1992.

[2] B. Alspach, K. Heinrich, and M. Rosenfeld. Edge partitions of the complete symmetric directed graph and related designs. Israel J. Math., 40(2):118–128, 1981.

[3] B.A. Anderson. A doubling construction for certain self-orthogonal 2- sequencings. Congr. Numerantium, 84:61–95, 1991.

[4] B.A. Anderson and P.A. Leonard. A class of self-orthogonal 2-sequencings. Des.

Codes Cryptography, 1(2):149–181, 1991.

[5] J.H. Dinitz. Starters. In C.J. Colbourn and J.H. Dinitz, editors, The CRC Handbook of Combinatorial Designs, pages 467–473. CRC, 1996.

[6] J.H. Dinitz and D.R. Stinson. Room squares and related designs. In J.H. Dinitz and D.R. Stinson, editors, Contemporary Design Theory, chapter 5, pages 137– 204. J. Wiley, New York, 1992.

[7] B. Ganter and H.-D.O.F. Gronau. On two conjectures of Demetrovics, Füredi and Katona on partitions. Discrete Math., 88:149–155, 1991.

[8] A. Granville, H.-D.O.F. Gronau, and R.C. Mullin. On a problem of hering concerning orthogonal double covers of K_n. J. Comb. Theory, A(72):345–350, 1995.

[9] H.-D.O.F. Gronau, R.C. Mullin, and A. Rosa. Orthogonal double covers of complete graphs by trees. Graphs Comb., 13:251–262, 1997.

[10] H.-D.O.F. Gronau, R.C. Mullin, and P.J. Schellenberg. On orthogonal double covers and a conjecture of Chung and West. J. Combin. Designs, 3:213–231, 1995.

[11] K. Heinrich. Graph decompositions and designs. In C.J. Colbourn and J.H.

Dinitz, editors, The CRC Handbook of Combinatorial Designs, pages 361–366. CRC, 1996.

[12] K. Heinrich and G. Nonay. Path and cycle decompositions of complete multigraphs. Ann. Discrete Math., 27:275–286, 1985.

[13] F. Hering. Block designs with cyclic block structure. Ann. Discrete Math., 6:201–214, 1980.

[14] F. Hering and M. Rosenfeld. Problem number 38. In K. Heinrich, editor, Unsolved Problems: Summer Research Workshop in Algebraic Combinatorics. Simon Fraser University, 1979.

[15] J.D. Horton and G. Nonay. Self-orthogonal hamilton path decompositions.

Discrete Math., 97:251–264, 1991.

[16] U. Leck and V. Leck. Orthogonal double covers of complete graphs by trees of short diameter. Discr. Appl. Math. to be published.

[17] U. Leck and V. Leck. There is no odc with all pages isomorphic to C_4∪C_3∪C_3∪v.

Utilitas Mathematica, 49:185–189, 1996.

[18] U. Leck and V. Leck. On orthogonal double covers by trees. J. Combin. Designs, 5:433–441, 1997.

[19] V. Leck. Orthogonale Doppelüberdeckungen des K_n. Diplomarbeit, Universität Rostock, FB Mathematik, 1996.