A Class of Periodic Function Spaces and Interpolation on Sparse Grids

Frauke Sprengel Fachbereich Mathematik Universität Rostock, Universitätsplatz 1, 18051 Rostock, Germany frauke.sprengel@mathematik.uni-rostock.de

Abstract We present a unified approach to error estimates of periodic interpolation on equidistant, full, and sparse grids for functions from a scale of function spaces which includes L_2–Sobolev spaces, the Wiener algebra and the Korobov spaces.

Keywords: Periodic interpolation, Sparse grids, Function spaces of dominating mixed smoothness. 1991 Mathematics Subject Classification: 41A05, 41A63, 46E35

1 Introduction

The interpolation of periodic functions on an equidistant grid by translates of a given function and the corresponding error estimates have been analyzed by several authors (e.g. [4, 10, 11]) in the univariate as well as in the multivariate case. A unified approach to error estimates in the L_2–norm using periodic Strang–Fix conditions can be found in [3, 11] for the first time.

The investigation of sparse grids and the related field of hyperbolic approximation has already a long tradition (e.g. [5, 6, 18]). In the bivariate case, the number of degrees of freedom is reduced to O(N log_2 N) for the sparse grids where the equidistant grid has O(N^2) points. Nevertheless, the interpolation on sparse grids yields error estimates for functions with dominating mixed smoothness properties which are asymptotically only by a logarithmic term worse than the error estimates for the interpolation on the corresponding equidistant grids.

We introduce spaces A^α_q (T^n) of periodic functions defined via weighted ℓ_q–summability of Fourier coefficients. Beside the isotropic function spaces, we also consider the corresponding spaces S^{α,β}_{q,q} A(T^2) of bivariate functions with dominating mixed smoothness properties. They turn out to be tensor products of univariate function spaces. Their norms are uniform crossnorms. This fact allows us to carry over error estimates from the univariate to the bivariate case as in [12].

We generalize the periodic Strang–Fix conditions in a way that we can find error estimates for the interpolation on equidistant, full, and sparse grids in the norm of these new function spaces. This scale is best suited for the use of such simple conditions on the modulus of the Fourier coefficients of the fundamental interpolant. By this method, we can generalize known results for functions from L_2–Sobolev spaces (e.g. [11]), Wiener algebra– type spaces [4] and Korobov spaces (e.g. [5]). The constants occurring in the error estimates are given explicitly.

Using imbedding theorems, one can derive similar error estimates also for functions from L_p–Sobolev spaces H^α_p (T^n) and S^{α,β}_{p,p} H(T^2) for 1 < p < ∞ and α, β ≥ 0.

2 Function Spaces Let T^n denote the n–dimensional torus represented by the cube T^n :=^{x = (x1, . . . , xn) ∈ R^n ; |xk| ≤ π, k = 1, . . . , n^}. By D^′(T^n), we denote the linear space of tempered periodic distributions (or generalized periodic functions) (see [7, 14]). The Fourier coefficients of a distribution g ∈ D^′(T^n) are c_k(g) := g( e^{−ik·}) for k ∈ Z^n. With the help of the inner product in L_2(T^n), ⟨f, g⟩Tn := 1 (2π)^n ∫ T^n f(x)g(x) dx,

the Fourier coefficients for functions g ∈ L_p(T^n) can be written as c_k(g) = ⟨g, e^{ik·}⟩Tn.

Definition 1 Let 1 ≤ q ≤ ∞ and α ∈ R. The space A^α_q (T^n) of order α is defined as

A^α_q (T^n) := { f ∈ D^′(T^n) ; ‖f | A^α_q (T^n)‖ := ‖ ‖{(1 + |k|^2)^{α/2}c_k(f)}_{k∈}Z_n | | ℓ_q(Z^n) ‖ ‖ < ∞ } . The scale of the spaces A^α_q (T^n) of generalized functions includes the well–known Wiener algebra A^0_1(T^n) = A(T^n) of functions with absolutely summable Fourier series, the L_2– Sobolev spaces A^α_2 (T^n) = H^α_2 (T^n) and for n = 1 the Korobov spaces A^α_∞(T) = E^α(T) (see [8]). The next theorem provides imbeddings of spaces A^α_q (T^n) into Sobolev spaces H^μ_p (T^n). It can be proved (cf. [16]) by using Haussdorff–Young’s and Hölder’s inequality and then interpolation between the function spaces by the Riesz–Thorin Theorem.

Theorem 1 Let 1/p + 1/q = 1, α, β, μ ∈ R, ε > 0, β = (n + ε)(1/p − 1/q), μ = (n + ε)(1/q − 1/p) and K_n(ε, p) := ‖{(1 + |k|^2)^{−(n+ε)/2}}_{k∈}Zn | ℓ_1(Z^n)‖^{1/p−1/q}.

(i) For 1 < p ≤ 2, it holds that A^{α+β}_q (T^n) ⊂ H^α_p (T^n) ⊂ A^α_q (T^n) with ‖f | A^α_q (T^n)‖ ≤ ‖f | H^α_p (T^n)‖ ≤ K_n(ε, p) ‖f | A^{α+β}_q (T^n)‖ . (ii) For 2 ≤ p < ∞, it holds that A^α_q (T^n) ⊂ H^α_p (T^n) ⊂ A^{α−μ}_q (T^n) with 1 K_n(ε, q) ‖f | A^{α−μ}_q (T^n)‖ ≤ ‖f | H^α_p (T^n)‖ ≤ ‖f | A^α_q (T^n)‖ .

Remark: For n < β < ∞, the constant appearing in Theorem 1 can be estimated by

‖{(1 + |k|^2)^{−β/2}}_{k∈}Zn | ℓ_1(Z^n)‖ ≤ 1 + n∑ s=1 ( n s ) 1 s^{β/2} ( 2β β − s )_s .

Additionally, we define spaces of generalized functions with dominating mixed smoothness properties.

Definition 2 Let 1 ≤ q ≤ ∞ and α, β ∈ R. The spaces S^{α,β}_{q,q} A(T^2) of bivariate periodic (generalized) functions with dominating mixed smoothness of order α, β with the exponent q are defined by

S^{α,β}_{q,q} A(T^2) := { f ∈ D^′(T^2) ; ‖f | S^{α,β}_{q,q} A(T^2)‖ := ‖ ‖{(1 + k^2)^{α/2}(1 + ℓ^2)^{β/2}c_{k,ℓ}(f)}_{(k,ℓ)∈}Z_2 | ℓ_q(Z^2) ‖ ‖ < ∞ } . Again we have closed relations to known function spaces. By construction, it holds that S^{α,β}_{2,2} A(T^2) = S^{α,β}_{2,2} H(T^2) as well as S^{α,α}_{∞,∞}A(T^2) = E^α(T^2) and S^{0,0}_{1,1} A(T^2) = A(T^2). Similarly to Theorem 1, one can prove imbeddings of the spaces S^{α,β}_{q,q} A(T^2) into spaces of the scale of the Sobolev spaces S^{μ,ν}_{p,p} H(T^2) with dominating mixed smoothness properties (see [14, 16]).

Lemma 1 Let 1 ≤ q ≤ ∞, 1/p + 1/q = 1 and α, β ∈ R. The spaces A^α_q (T^n) and S^{α,β}_{q,q} A(T^2) are reflexive Banach spaces with the dual spaces ( A^α_q (T^n) )_′ = A^{−α}_p (T^n) and ( S^{α,β}_{q,q} A(T^2) )_′ = S^{−α,−β} p,p A(T^2), respectively.

Proof: This lemma can be proved by a straight–forward computation using the duality of the underlying ℓ_p–sequence spaces and the separability of the A^α_q –spaces.

3 Interpolation on Equidistant Grids

In this section, we give a generalization of the periodic Strang–Fix conditions given in [3, 11] in order to obtain error estimates for interpolation on equidistant grids in the scale of the A^α_q (T^n)–spaces.

With the help of the index set J_N = {k ∈ Z^n ; −N/2 ≤ k_s < N/2, s = 1, . . . , n}, we define the equidistant grid T_N := {2πk/N ; k ∈ J_N }, the set of trigonometric polynomials T_N := { ∑ k∈J_N ηk e ikx ; η_k ∈ C }, and the discrete Fourier coefficients

c^N_k (f) := 1 N^n ∑ ℓ∈J_N f (2πℓ N ) e^{2πikℓ/N} of a pointwise given function. For f ∈ A(T^n), we can use the aliasing formula

c^N_k (f) = ∑ ℓ∈Z^{n ck+ℓN (f) (1)} for computation. The N–th Fourier partial sum of a function f ∈ L_1(T^n) is denoted by

S_N f := ∑ k∈J_N c_k(f) e^{ik·}.

Let a continuous 2π–periodic fundamental interpolant Λ_N for the grid T_N be given, i.e., Λ_N satisfies the interpolatory conditions

Λ_N (2πk N ) = δ_{0,k}, k ∈ J_N . The corresponding Lagrange interpolation operator is of the form

L_N f := ∑ k∈J_N f (2πk N ) Λ_N ( · − 2πk N ) .

The Fourier coefficients of the interpolant of a function f can be computed as

c_k(L_N f) = N^n c^N_k (f) c_k(Λ_N ) , k ∈ Z^n. (2)

We are interested in estimating the error of interpolation of 2π–periodic functions by L_N in the norm of the spaces A^α_q (T^n). These error estimates will use the smoothness of the function to be interpolated on one hand. On the other hand, the order of the interpolation error depends on the behaviour of the fundamental interpolant. This behaviour can be characterized by a certain decay of the Fourier coefficients of Λ_N .

Definition 3 The 2π–periodic fundamental interpolant Λ_N ∈ A(T^n) satisfies the periodic Strang–Fix conditions of order m > 0 for the exponents q ≥ 1 and α ≥ 0, if for all k ∈ J_N the inequalities

|1 − N^nc_k(Λ_N )| ≤ b_0 |2πk|^m_2 N^{−m}, |N^nc_{k+ℓN} (Λ_N )| ≤ b_ℓ |2πk|^m_2 N^{−m−α}, ℓ ∈ Z^n \ {0} (3) hold for some sequence of non–negative constants {b_ℓ}_{ℓ∈}Zn with

γ_1 := ‖{(1 + |ℓ|^2)^{α/2} b_ℓ}_{ℓ∈}Zn | ℓ_q(Z^n)‖ < ∞.

These periodic Strang–Fix conditions are a generalization of the periodic Strang–Fix conditions given in [3, 11] for the special case q = 2, α = 0 to the more general situation q ≥ 1, α ≥ 0. Originally, the Strang–Fix conditions for cardinal interpolation by translates were given in [15] for the univariate and in [17] for the multivariate case.

The norm of the interpolation error can be estimated by applying the triangle inequality ‖f − L_N f | A^α_q (T^n)‖ ≤ ‖S_N f − L_N S_N f | A^α_q (T^n)‖ + ‖f − S_N f | A^α_q (T^n)‖ + ‖L_N (f − S_N f) | A^α_q (T^n)‖. (4) The next three theorems give error estimates for the error terms on the right–hand side of the inequality.

Theorem 2 Let the 2π–periodic fundamental interpolant Λ_N ∈ A(T^n) satisfy the periodic Strang–Fix conditions (3) of order m > 0 for the exponents q ≥ 1 and α ≥ 0. Then for all trigonometric polynomials f ∈ T_N , it holds that ‖f − L_N f | A^α_q (T^n)‖ ≤ γ_1 ( 2π N )_m ‖f | A^{α+m}_q (T^n)‖, where γ_1 is the constant from the Strang–Fix conditions.

Proof: We can apply the aliasing formula (1) for f ∈ T_N and obtain the Fourier coefficients of the interpolant from (2) as

c_k(L_N f) = N^n ∑ ν∈Z^{n ck+νN (f) ck(ΛN ), k ∈} Z^n.

The error of interpolation can be written as ‖f − L_N f | A^α_q (T^n)‖ = ‖ ‖ ‖ ∑ k∈Z^{n (ck(f) − ck(LN f)) e} ik· | | A^α_q (T^n) ‖ ‖ ‖ = ‖ ‖ ‖ ∑ k∈Z^n ( (1 − N^nc_k(Λ_N )) c_k(f) − ∑ ν∈Z^n\{0}^{ck+νN (f)N} nc_k(Λ_N ) ) e^{ik·} | | A^α_q (T^n) ‖ ‖ ‖.

Because c_k(f) = 0 for k /∈ J_N these sums can be simplified ‖f − L_N f | A^α_q (T^n)‖ = ‖ ‖ ‖ ∑ k∈J_N (1 − N^nc_k(Λ_N )) c_k(f) e^{ik·} − ∑ k∈J_N ∑ ℓ∈Z^n\{0} ∑ ν∈Z^n\{0}^{ck+(ℓ+ν)N (f)N} nc_{k+ℓN} (Λ_N ) e^{i(k+ℓN )·} | | A^α_q (T^n) ‖ ‖ ‖ = ‖ ‖ ‖ ∑ k∈J_N (1 − N^nc_k(Λ_N )) c_k(f) e^{ik·} − ∑ k∈J_N ∑ ℓ∈Z^d\{0}^{ck(f)N} nc_{k+ℓN} (Λ) e^{ik·} e^{iℓN ·} | | A^α_q (T^n) ‖ ‖ ‖ = ‖ ‖ ‖ ∑ k∈J_N c_k(f) e^{ik·} ( (1 − N^nc_k(Λ_N )) − ∑ ℓ∈Z^d\{0}^N nc_{k+ℓN} (Λ) e^{iℓN ·} ) | | A^α_q (T^n) ‖ ‖ ‖. As a next step, we apply the Definition 1 of the norm of the space A^α_q (T^n) (here for q < ∞,

the case q = ∞ is analoguous)

‖f − L_N f | A^α_q (T^n)‖^q = ∑ k∈J_N |c_k(f)|^q (| |(1 − N^nc_k(Λ_N ))(1 + |k|^2)^{α/2} | |^q + ∑ ℓ∈Z^n\{0} | |N^nc_{k+ℓN} (Λ_N )(1 + |k + ℓN|^2)^{α/2} | |^q )

≤ ∑ k∈J_N | |(1 + |k|^2)^{α/2} c_k(f) | |^q ( |1 − N^nc_k(Λ_N )|^q + ∑ ℓ∈Z^n\{0} | |N^nc_{k+ℓN} (Λ_N )(1 + |ℓ|^2)^{α/2}N^α | |^q ) . The periodic Strang–Fix conditions (3) yield the estimates ‖f − L_N f | A^α_q (T^n)‖^q ≤ ( ∑ k∈J_N |2πk|^{mq}_2 N^{−mq} | |(1 + |k|^2)^{α/2} c_k(f) | |^q ) (∑ ℓ∈Z^n ( (1 + |ℓ|^2)^{α/2}b_ℓ )_q)

≤ γ^q_1 ( 2π N )_{mq} ‖f | A^{m+α}_q (T^n)‖^q, which give us the desired result.

Theorem 3 Let f ∈ A^μ_q (T^n) with q ≥ 1 and μ ≥ α ≥ 0. Then, ‖f − S_N f | A^α_q (T^n)‖ ≤ π^{α−μ} ( 2π N )_{μ−α} ‖f | A^μ_q (T^n)‖ . Proof: Using Hölder’s inequality, we can compute

‖f − S_N f | A^α_q (T^n)‖ = ‖ ‖{(1 + |k|^2)^{α/2} c_k(f)}_{k∈}Z_{n\JN} | ℓ_q(Z^n \ J_N ) ‖ ‖ = ‖ ‖{(1 + |k|^2)^{(α−μ)/2} (1 + |k|^2)^{μ/2} c_k(f)}_{k∈}Z_{n\JN} | ℓ_q(Z^n \ J_N ) ‖ ‖ ≤ max k∈Z^n\JN^{(1 + |k|2)(α−μ)/2 ‖f | Aμq (}T^{n)‖} ≤ π^{α−μ} ( 2π N )_{μ−α} ‖f | A^μ_q (T^n)‖.

Theorem 4 Let f ∈ A^μ_q (T^n) with q ≥ 1, μ ≥ α ≥ 0 and μ > n(1 − 1/q). Let

γ_2 := N^n max k∈J_N ( |c_k(Λ_N )|^q + N^{αq} ∑ ℓ∈Z^n\{0} | (1 + |ℓ|^2)^{α/2} c_{k+ℓN} (Λ_N ) |_q)1/q

for 1 ≤ q < ∞, max k∈J_N sup { |c_k(Λ_N )|, N^α | |(1 + |ℓ|^2)^{α/2} c_{k+ℓN} (Λ_N ) | | ; ℓ ∈ Z^n \ {0} } for q = ∞

be finite for the 2π–periodic fundamental interpolant Λ_N . Then the estimate

‖L_N (f − S_N f) | A^α_q (T^n)‖ ≤ γ_2 γ_3 ( 2π N )_{μ−α} ‖f | A^μ_q (T^n)‖ holds with

γ_3 := (1 + n)^{α/2} 2^{−μ} π^{α−μ} max k∈J_N ∑ ℓ∈Z^n\{0} | | | | k N + ℓ | | | | −μp

2

1/p for q > 1, 1/p + 1/q = 1, max k∈J_N sup ℓ∈Z^n\{0} | | | | k N + ℓ | | | | −μ

2 for q = 1.

Proof: The assumption μ > n(1 − 1/q) insures f ∈ A(T^n). Therefore, interpolation is

well–defined and aliasing is applicable. We only prove the case q < ∞. The case q = ∞ can

be handled analogously. The Definition 1 of the norm in A^α_q (T^n) yields

‖L_N (f − S_N f) | A^α_q (T^n)‖^q = ‖ ‖ ‖ ∑ k∈Z^{n c} N k (f − S_N f) N^nc_k(Λ_N ) e^{ik·} | | A^α_q (T^n) ‖ ‖ ‖^q = ∑ k∈Z^n | |(1 + |k|^2)^{α/2} c^N_k (f − S_N f) N^nc_k(Λ_N ) | |^q ≤ ∑ k∈J_N | (1 + |k|^2)^{α/2} c^N_k (f − S_N f) |_q N^{nq} ( |c_k(Λ_N )|^q + N^{αq} ∑ ℓ∈Z^n\{0} | |(1 + |ℓ|^2)^{α/2} c_{k+ℓN} (Λ_N ) | |^q )

≤ N^{nq} max_{k∈JN} ( |c_k(Λ_N )|^q + N^{αq} ∑ ℓ∈Z^n\{0} | (1 + |ℓ|^2)^{α/2} c_{k+ℓN} (Λ_N ) |_q)

· ( ∑ k∈J_N | |(1 + |k|^2)^{α/2} c^N_k (f − S_N f) | |^q ) . Now we want to estimate the sum in the last factor. We use the aliasing formula (1) and

Hölder’s inequality for the case 1 < q < ∞, 1/p + 1/q = 1. Analogous computation can be

done for q = 1. We obtain ∑ k∈J_N | |(1 + |k|^2)^{α/2} c^N_k (f − S_N f) | |^q ≤ ∑ k∈J_N (1 + |k|^2)^{αq/2} ( ∑ ℓ∈Z^n\{0}^{|ck+ℓN (f)|} )_q

≤ ∑ k∈J_N (1 + |k|^2)^{αq/2} ( ∑ ℓ∈Z^n\{0}^{(1 + |k + ℓN|} 2 2)^{−μp/2} )_{q/p}

· ( ∑ ℓ∈Z^n\{0} | |(1 + |k + ℓN|^2)^{μ/2}c_{k+ℓN} (f) | |^q ) .

The assumption μ > n(1 − 1/q) = n/p insures the convergence of the series for γ_3. Hence, ∑ k∈J_N | |(1 + |k|^2)^{α/2} c^N_k (f − S_N f) | |^q

≤ max_{k∈JN} (1 + |k|^2)^{αq/2} N^{−μq} max_{k∈JN} ∑ ℓ∈Z^n\{0} | | | | k N + ℓ | | | | −μp

2 q/p

· ( ∑ k∈Z^n\JN | |(1 + |k + ℓN|^2)^{μ/2}c_{k+ℓN} (f) | |^q )

≤ (1 + n)^{αq/2} 2^{−αq} N^{(α−μ)q} max_{k∈JN} ∑ ℓ∈Z^n\{0} | | | | k N + ℓ | | | | −μp

2 q/p ‖f | A^μ_q (T^n)‖^q

≤ γ^q_3 ( 2π N )_{(μ−α)q} ‖f | A^μ_q (T^n)‖^q. Together with the first estimate this proves the theorem.

Remark: While the constant γ_2 again depends on the behaviour of the fundamental interpolant Λ_N , the order of the error and the constant γ_3 are only influenced by the smoothness μ of the function to be interpolated. We give upper bounds for the constants.

(i) If Λ_N ∈ A(T^n) satisfies the periodic Strang–Fix conditions (3) of order m for the exponents q ≥ 1 and α ≥ 0, then the constant γ_2 from Theorem 4 can be estimated by

γ_2 ≤ π^m n^{m/2} {( γ^q_1 − b^q_0 + (b_0 + π^{−m} n^{−m/2})^q )_{1/q} for 1 ≤ q < ∞, max { γ_1, b_0 + π^{−m} n^{−m/2} } for q = ∞,

with γ_1, b_0 being the constants from the Strang–Fix conditions.

(ii) For μ > n/p, 1/p + 1/q = 1, the constant γ_3 from Theorem 4 satisfies

γ_3 ≤ (1 + n)^{α/2} π^{α−μ} (_n ∑ s=1 2^s ( n s ) 1 s^{μp/2} ( 1 + s 2(μp − s) )_s)1/p for 1 ≤ p < ∞, 1 for p = ∞.

Now we can use the Theorems 2–4 to give an error estimate for the interpolation of a function f ∈ A^μ_q (T^n).

Theorem 5 Let f ∈ A^μ_q (T^n) with q ≥ 1, μ ≥ α ≥ 0 and μ > n(1 − 1/q). Let the 2π– periodic fundamental interpolant Λ_N ∈ A(T^n) satisfy the periodic Strang–Fix conditions (3) of order m for the exponents q and α. Then, for ϱ := min{μ, m + α}, the estimate ‖f − L_N f | A^α_q (T^n)‖ ≤ C_ϱ ( 2π N )_{ϱ−α} ‖f | A^μ_q (T^n)‖ holds with

C_ϱ := { γ_1 + π^{α−μ} + γ_2 γ_3 for ϱ = m + α, π^{m+α−μ} (n + 1)^{(m+α−μ)/2} γ_1 + π^{α−μ} + γ_2 γ_3 for ϱ = μ.

The constants γ_1, γ_2, γ_3 are chosen as in the Theorems 2 and 4.

Proof: We use the triangle inequality (4). In case ϱ = m + α, we have ‖f | A^{m+α}_q (T^n)‖ ≤ ‖f | A^μ_q (T^n)‖ for m + α ≤ μ. The assertion follows directly from the above Theorems 2–4.

If ϱ = μ we can not apply Theorem 2 in that direct way. We need the following estimate for the norm of order μ

‖S_N f − L_N S_N f | A^α_q (T^n)‖ ≤ γ_1 ( 2π N )_m ‖ ‖{(1 + |k|^2)^{(m+α)/2} c_k(f)}_{k∈JN} | ℓ_q(J_N ) ‖ ‖ ≤ γ_1 π^{m+α−μ} (n + 1)^{(m+α−μ)/2} ( 2π N )_{μ−α} ‖f | A^μ_q (T^n)‖. Combined with Theorems 3 and 4 this proves the theorem.

Example: Periodized B–Splines

As an example, we may use the interpolation by the 2π–periodized centered B–Spline M_{N,r} of order r ∈ N. Its Fourier coefficients are known as c_k(M_{N,r}) = 1/N (sinc(πk/N))^r, k ∈ Z, with sinc t := sin t/t. The corresponding fundamental interpolant Λ_{N,r} can be computed from

c_k(Λ_{N,r}) := c_k(M_{N,r}) N c^N_k (M_{N,r}) , k ∈ Z. (5) The following theorem gives the order and the constants of the periodic Strang–Fix conditions satisfied by the B–splines. It was proved in [11] for q = 2, α = 0 and in [16] as below. The order of Strang–Fix conditions in case q = 2, α = 0 coincides with the approximation order of the cardinal B–splines (cf. [2]).

Theorem 6 Let Λ_{N,r} be the fundamental interpolant (5) corresponding to the 2π–periodic centered B–spline of order r ∈ N. Let q ≥ 1, α ≥ 0 and r −α > 1/q. Then, Λ_{N,r} satisfies the periodic Strang–Fix conditions of order r − α for the exponents q and α with the constants

b_0 = (2π)^{−α} 1 2^{r+1} for r odd, 1 2(2^r − 1) for r even,

b_ℓ = 1 2^απ^{r+α}(2|ℓ| − 1)^r

1 for r = 1,

(r − 1)! E_{(r−1)/2} for r > 1, odd, r! 2^r(2^r − 1)B_{r/2} for r even,

for ℓ ≠ 0 and

γ^q_1 ≤ (2π)^{−αq}

[ 1 4^q + 2^{(α+1)q} π^q ( 1 + 1 2(q − αq − 1) )] for r = 1, [ 1 2^{(r+1)q} + ( 2^{α+1}(r − 1)! π^rE_{(r−1)/2} )_q ( 1 + 1 2((r − α)q − 1) )] for r > 1, odd, [ 1 2^q(2^r − 1)^q + ( 2^{α−r+1}r! π^r(2^r − 1)B_{r/2} )_q ( 1 + 1 2((r − α)q − 1) )] for r even, for 1 ≤ q < ∞ and

γ_1 ≤ (2π)^{−α}

2^α π for r = 1, max { 1 2^{r+1} , 2^α(r − 1)! π^rE_{(r−1)/2} } for r > 1, odd, max { 1 2(2^r − 1) , 2^{α−r}r! π^r(2^r − 1)B_{r/2} } for r even,

for q = ∞, respectively. There, B_s and E_s (s ∈ N) denote the corresponding Bernoulli and Euler numbers.

We note that if we let the exponent α (the order of the norm in which we measure the interpolation error) grow then the order of the Strang–Fix conditions goes down.

In the special case q = 1 and α = 0, the Theorems 5 and 6 yield the estimate of the interpolation error for spline interpolation contained in [4].

Example: Trigonometric Polynomials

Another example is the trigonometric interpolation. The de la Vallée Poussin means V^K_N (N, K ∈ N, N > K) of the Dirichlet are given by

V^K_N (x) := 1 4KN N +K−1 ∑ ℓ=N −K (_ℓ ∑ k=−ℓ e^{ikx} ) . They are fundamental interpolants for the grid T_{2N} . So, we have a lot of different fundamental interpolants for the grids T_N (N even) belonging to different parameters K. We denote them by Λ_{N,K} := V^K_{N/2} for N/2, K ∈ N, N/2 > K. Since the de la Vallée Poussin means are trigonometric polynomials they of course satisfy Strang–Fix conditions of arbitrary order. The next theorem gives the corresponding constants. It can be proved by some simple calculations (cf. [16]).

Theorem 7 The de la Vallée Poussin mean Λ_{N,K} satisfies the periodic Strang–Fix conditions of arbitrary order m for the exponents q ≥ 1 and α ≥ 0 with the constants

b_ℓ = 1 2 π^m (1 − 2(K − 1)/N)^{−m} for ℓ = 0, 2^α (1 − 2(K − 1)/N)^{−m−α} for ℓ = −1, 1, 0 otherwise, and γ_1 = 1 2 π^m ( 1 − 2(K − 1) N )_{−m} ( 1 + 2^{3αq/2+1} (1 − 2(K − 1)/N)^{−αq} )_{1/q} for 1 ≤ q < ∞, 2^{3α/2} (1 − 2(K − 1)/N)^{−α} for q = ∞.

The constants of the Strang–Fix conditions depend on the quotient of the parameters K and N. For K = 1, we obtain the best constants since Λ_{N,1} is only a slight modification of the Dirichlet kernel whose Fourier coefficients are compared with the Fourier coefficients of the fundamental interpolant. For K = N/2 − 1, the corresponding de la Vallée Poussin mean is already very closed to the Fejér kernel and the constants are much bigger.

In addition to these univariate examples one can find examples of bivariate functions (3– and 4–direction box splines, see [11]) satisfying periodic Strang–Fix conditions of some order.

4 Chains of Interpolation Operators

In the next sections, we provide some preparation to construct interpolation operators on full and sparse grids and to give error estimates for them. In the following, we investigate chains of interpolation operators with certain common properties.

The ordering relation P ≤ Q for projectors holds if P Q = QP = P . A family of projectors {P_j }^∞_{j=0} forms a chain if P_j ≤ P_{j+1}, j ∈ N_0. For two interpolation projectors L_K and L_N , the ordering L_K ≤ L_N holds if and only if the images Im L_K ⊂ Im L_N as well as the grids T_K ⊂ T_N are ordered (cf. [1]).

Fix d ∈ N. By the choice N_j := d 2^j, we immediately insure T_{Nj} ⊂ T_{Nj+1} . Furthermore, we assume

Im L_{Nj} ⊂ Im L_{Nj+1} . (6)

This property has to be proved for every example by hand. Then, we have a chain L_{N0} ≤ L_{N1} ≤ · · · ≤ L_{Nj} ≤ L_{Nj+1} ≤ · · · (7) of interpolation operators. The members of such a chain should have similar approximation properties.

Definition 4 A family {Λ_{Nj} }^∞_{j=0} of 2π–periodic fundamental interpolants Λ_{Nj} ∈ A(T^n) satisfies the uniform periodic Strang–Fix conditions of order m > 0 for the exponents q ≥ 1 and α ≥ 0, if all the fundamental interpolants Λ_{Nj} , j ∈ N_0 satisfy the Strang–Fix conditions (3) of order m > 0 for the exponents q and α with the same constants b_ℓ, ℓ ∈ Z^n, and γ_1.

These conditions can be used to formulate error estimates for the interpolation L_{Nj} with constants independent of j.

Theorem 8 Let f ∈ A^μ_q (T^n) with q ≥ 1, μ ≥ α ≥ 0 and μ > n(1 − 1/q). The family {Λ_{Nj} }^∞_{j=0} of fundamental interpolants Λ_{Nj} ∈ A(T^n) satisfies the uniform periodic Strang– Fix conditions of order m > 0 for the exponents q and α. Let ϱ := min{μ, m + α}, γ_1 from the Strang–Fix conditions, γ_4 := sup_{j∈}N_0 γ_2(j), and γ_5 := sup_{j∈}N_0 γ_3(j) where γ_2(j), γ_3(j) denote the constants from Theorem 4 belonging to Λ_{Nj} . Then, for all j ∈ N_0, the estimate ‖f − L_{Nj} f | A^α_q (T^n)‖ ≤ C_ϱ ( 2π N_j )_{ϱ−α} ‖f | A^μ_q (T^n)‖ holds with

C_ϱ := { γ_1 + π^{α−μ} + γ_4 γ_5 for ϱ = m + α, π^{m+α−μ}(n + 1)^{(m+α−μ)/2}γ_1 + π^{α−μ} + γ_4 γ_5 for ϱ = μ.

Example: Periodized B–Splines

The fundamental interpolants Λ_{Nj,r} belonging to the 2π–periodic centered B–spline of even order r ∈ N satisfy (6) automatically since at the step from j to j + 1 only some new spline knots are added. Therefore, the corresponding interpolation operators form a chain (7). The constants for Strang–Fix conditions given in Theorem 6 do not depend on N_j. That means these spline interpolants satisfy uniform periodic Strang–Fix conditions of the order given in Theorem 6.

The fundamental interpolants Λ_{Nj,r} belonging to the 2π–periodic centered B–spline of odd order r ∈ N do not satisfy (6). For splines for the grid T_{Nj+1} only totally new knots are used compared to the j–th grid.

Example: Trigonometric Polynomials

The de la Vallée Poussin means Λ_{Nj,Kj} satisfy (6) only under certain restrictions on K_j and N_j. In [13], it was shown that for N_j as before and

K_j := { 2^{j−κ−1} for j > κ, 1 for j ≤ κ, κ ∈ N, 3 ≤ d 2^κ, (8)

condition (6) is fulfiled. The case κ = ∞ is allowed. With this choice of the parameters N_j and K_j , uniform Strang–Fix conditions are satisfied, too. The constants of the Strang–Fix conditions of order m for the exponents q ≥ 1 and α ≥ 0 can be computed as

b_ℓ = 1 2(2π)^m

3^m for ℓ = 0, 3^{αm} for ℓ = −1, 1, 0 otherwise, and γ_1 = 1 2 ( 3 2π )_m ( 1 + 2 ( 3 √ 2 )_{αq})_{1/q} for 1 ≤ q < ∞, ( 3 √ 2 )_α for q = ∞.

5 Tensor Products of Reflexive Banach Spaces

We want to use some general theory on operators in tensor product spaces for our error estimates. Because the function spaces considered here are reflexive, we restrict our following introduction to tensor products to this case. In [9], one can find a general introduction.

Given two reflexive Banach spaces X, Y , we form the linear space of formal linear combinations F (X, Y ) := {^r∑ k=1 α_k (x_k, y_k) ; α_k ∈ C , x_k ∈ X, y_k ∈ Y, k = 1, . . . , r, r ∈ N }

of pairs (x_k, y_k) ∈ X × Y . Furthermore, we denote by G the subspace of F (X, Y ) spanned by elements of the form r∑ k=1 s∑ ℓ=1 α_k β_ℓ (x_k, y_ℓ) − (^r∑ k=1 α_k x_k , s∑ ℓ=1 β_ℓ y_ℓ ) . Then, the algebraic tensor product of X and Y is the quotient space X ⊗ Y := F (X, Y )/G. The equivalence class generated by (x, y) is denoted by x ⊗ y. In general, the algebraic tensor product X ⊗ Y equipped with a suitable norm is not complete. The completion of X ⊗ Y with respect to the norm λ yields the tensor product X ⊗_λ Y of the spaces X and Y . Two Banach spaces will be identified if they are isomorphic to each other. A norm λ on X ⊗Y with λ(x⊗y) = ‖x | X‖·‖y | Y ‖ for all x⊗y ∈ X ⊗Y , is termed a crossnorm. A pair of crossnorms λ_1 on X_1 ⊗ Y_1 and λ_2 on X_2 ⊗ Y_2 is uniform, if for all operators P ∈ L(X_1, X_2) and Q ∈ L(Y_1, Y_2) and all x_k ∈ X_1, y_k ∈ Y_1, it holds that

λ_2 (^r∑ k=1 P x_k ⊗ Qy_k ) ≤ ‖P | L(X_1, X_2)‖ · ‖Q | L(Y_1, Y_2)‖ λ_1 (^r∑ k=1 x_k ⊗ y_k ) .

In the case of uniform crossnorms the tensor product P ⊗Q has a unique continuous extension P ^⊗Q with ‖P ^⊗Q | L(X_1 ⊗_{λ1} Y_1, X_2 ⊗_{λ2} Y_2)‖ = ‖P | L(X_1, X_2)‖ · ‖Q | L(Y_1, Y_2)‖.

Using this property of uniform crossnorms, one is able to obtain results for the tensor product spaces directly from the results for the underlying single spaces. An example for spaces with uniform crossnorms is a pair of tensor product spaces both equipped with the p–nuclear norm (see [9, 16]).

For 1 ≤ p ≤ ∞, 1/p + 1/q = 1, the p–nuclear norm of z ∈ X ⊗ Y is given by

λ̃_p(z) := inf {(^n∑ j=1 ‖x_j | X‖^p )_{1/p} θ_q(y_1, . . . , y_n) ; z = n∑ j=1 x_j ⊗ y_j } ,

where

θ_q(y_1, . . . , y_n) := sup {‖ ‖ n∑ j=1 η_j y_j | | Y ‖ ‖ ‖ ; ‖{ηj}j=1,... ,n | ℓp({1, . . . , n})‖ = 1 } .

The infimum is taken with respect to all representations of z.

6 Tensor Products of Function Spaces

We discuss the relationship between isotropic function spaces and the spaces of functions with dominating mixed smoothness. The spaces of functions with dominating mixed smoothness turn out to be tensor products of univariate function spaces. We check whether their norms are uniform crossnorms. This will be a powerful tool in order to obtain error estimates for the interpolation problems.

Theorem 9 Let

λ_{α,β}(h) := ‖{(1 + k^2)^{α/2}(1 + ℓ^2)^{β/2}c_{k,ℓ}(h)}_{(k,ℓ)∈}Z2 | ℓ_q(Z^2)‖ (9)

denote the norm in A^α_q (T) ⊗ A^β_q (T).

(i) λ_{α,β} is a crossnorm on A^α_q (T) ⊗ A^β_q (T).

(ii) Let λ̃_q be the q–nuclear norm on A^α_q (T) ⊗ A^β_q (T). Then λ_{α,β}(h) = λ̃_q(h) holds for all h ∈ A^α_q (T) ⊗ A^β_q (T).

(iii) The pair of norms λ_{α,β} and λ_{μ,ν} on the spaces A^α_q (T) ⊗ A^β_q (T) and A^μ_q (T) ⊗ A^ν_q (T) given by (9) is uniform.

(iv) It holds that S^{α,β}_{q,q} A(T^2) = A^α_q (T) ⊗_{λα,β} A^β_q (T).

Proof: (i) For dyads f ⊗ g ∈ A^α_q (T) ⊗ A^β_q (T), we have c_{k,ℓ}(f ⊗ g) = c_k(f) c_ℓ(g), (k, ℓ ∈ Z). This yields immediately that the norm λ_{α,β} is a crossnorm.

(ii) Let h = ∑_s r=1 f_r ⊗ g_r be a representation of h ∈ A^α_q (T) ⊗ A^β_q (T). For simplicity, let 1 < q < ∞, 1/p + 1/q = 1. In case of q = ∞ or p = ∞, the sums have to be substituted by the supremum. Then, we can write λ_{α,β}(h) = ( ∑ k,ℓ∈Z (1 + k^2)^{αq/2}(1 + ℓ^2)^{βq/2}|c_{k,ℓ}(h)|^q )_{1/q}

= (∑ k∈Z^{(1 + k} 2)^{αq/2} (∑ ℓ∈Z^{(1 + ℓ} 2)^{βq/2} | | | s∑ r=1 c_k(f_r)c_ℓ(g_r) | | |^q )_{q/q})_{1/q}

= ‖ ‖ ‖ ‖ ‖ ‖ s∑ r=1 c(f_r)c(g_r) | | Y ‖ ‖ ‖ | | X ‖ ‖ ‖ with the sequences c(f_r) = {c_k(f_r)}_{k∈}Zand c(g_r) = {c_ℓ(g_r)}_{ℓ∈}Zof Fourier coefficients and the weighted ℓ_q–spaces X and Y with the norms ‖{a_k}_{k∈}Z| X‖ = ‖{(1 + k^2)^{αq/2}a_k}_{k∈}Z| ℓ_q(Z)‖, ‖{a_ℓ}_{ℓ∈}Z| Y ‖ = ‖{(1 + ℓ^2)^{βq/2}a_ℓ}_{ℓ∈}Z| ℓ_q(Z)‖. We follow the idea of proof of Lemma 1.47 in [9]. In the sequel, the supremum on ψ is taken on all ψ ∈ Y^′ with ‖ψ | Y^′‖ = 1. With this, we have λ_{α,β}(h) = ‖ ‖sup_ψ | | s∑ r=1 c(f_r)ψ(c(g_r)) | | | | X ‖ ‖. Hölder’s inequality (the absolute value of the sequence is taken componentwise) yields λ_{α,β}(h) ≤ ‖ ‖ ‖sup_ψ (^s∑ r=1 |c(f_r)|^q )_{1/q}(^s∑ u=1 |ψ(c(g_u))|^p )_{1/p} | | X ‖ ‖ ‖ ≤ sup_ψ (^s∑ u=1 |ψ(c(g_u))|^p )_{1/p}(∑ k∈Z^{(1 + k} 2)^{αq/2} s∑ r=1 |c_k(f_r)|^q )_{1/q}

= sup_ψ (^s∑ u=1 |ψ(c(g_u))|^p )_{1/p}(^s∑ r=1 ‖c(f_r) | X‖^q )_{1/q} . Using an equivalent definition of θ_p(y_1, . . . , y_s) := sup_ψ ‖{ψ(y_u)}_{u=1,... ,s} | ℓ_p({1, . . . , s}‖ (cf. [9], Definition 1.43), leads to λ_{α,β}(h) ≤ (^s∑ r=1 ‖f_r | A^α_q (T)‖^q )_{1/q} θ_p(c(g_1), . . . , c(g_s))

= (^s∑ r=1 ‖f_r | A^α_q (T)‖^q )_{1/q} sup_η ‖ ‖^s∑ r=1 η_rc(g_r) | | Y ‖ ‖

= (^s∑ r=1 ‖f_r | A^α_q (T)‖^q )_{1/q} sup_η ‖ ‖ ‖ s∑ r=1 η_rg_r | | A^β_q (T) ‖ ‖ ‖ = (^s∑ r=1 ‖f_r | A^α_q (T)‖^q )_{1/q} θ_p(g_1, . . . , g_s). There the supremum on η is taken on all ‖{η_r}_{r=1,... ,s} | ℓ_q({1, . . . , s})‖ ≤ 1. Because this holds for all representations of h we proved λ_{α,β}(h) ≤ λ̃_q(h). Let h_N := N∑ ℓ=−N ( (1 + ℓ^2)^{β/2} ∑ k∈Z s∑ r=1 c_ℓ(g_r) c_k(f_r) e^{ik·} ) ⊗ (1 + ℓ^2)^{−β/2} e^{iℓ·} be the partial sum of the Fourier series of h. For all N, we can estimate

λ̃_q(h_N ) ≤ (_N ∑ ℓ=−N ‖ ‖(1 + ℓ_2)_{β/2} ∑ k∈Z s∑ r=1 c_ℓ(g_r) c_k(f_r) e^{ik·} | | A^α_q (T) ‖ ‖^q )_{1/q}

· θ_p ( (1 + (−N)^2)^{−β/2} e^{−iN ·}, . . . , (1 + N^2)^{−β/2} e^{iN ·} )

= (_N ∑ ℓ=−N ( (1 + ℓ^2)^{β/2} ‖ ‖ ‖ {∑ k∈Z s∑ r=1 c_ℓ(g_r) c_k(f_r) } k∈Z | | ℓ_q(Z) ‖ ‖ ‖ )_q )_{1/q} · 1 ≤ λ_{α,β}(h) which gives λ̃_q(h) ≤ λ_{α,β}(h).

(iii) The assertion follows from the uniformity of the q–nuclear norms and (ii). (iv) The definitions of the function spaces immediately yield A^α_q (T)⊗A^β_q(T) ⊂ S^{α,β}_{q,q} A(T^2).

The functions h_N of the form

h_N = N∑ k,ℓ=−N η_{k,ℓ} e^{ik·} ⊗ e^{iℓ·} (10)

with λ_{α,β}(h_N ) < ∞ belong to A^α_q (T) ⊗ A^β_q (T). Therefore, the algebraic tensor product A^α_q (T)⊗A^β_q (T) is a dense subset of the Banach space S^{α,β}_{q,q} A(T^2) (Lemma 1). The completion of a dense subset is unique up to isomorphy. This proves (iv).

The isotropic function spaces A^α_q (T^2) can be represented as the intersection of certain spaces of functions with dominating mixed smoothness. The norm inequalities given below will be used for the error estimates in such isotropic spaces.

Theorem 10 Let 1 ≤ q ≤ ∞ and α ≥ β ≥ 0.

(i) It holds that A^α_q (T^2) = S^{α,0}_{q,q} A(T^2) ∩ S^{0,α}_{q,q} A(T^2) with the equivalence of norms

C_1(α, q) ‖ · | A^α_q (T^2)‖ ≤ ( ‖ · | S^{α,0}_{q,q} A(T^2)‖^q + ‖ · | S^{0,α}_{q,q} A(T^2)‖^q )_{1/q} ≤ C_2(α, q) ‖ · | A^α_q (T^2)‖

where

C_1(α, q) :=

2^{1/q} for 1 ≤ q < ∞, α = 0, 1 for 1 ≤ q < ∞, 0 < α ≤ 2/q, 2^{1/q−α/2} for 1 ≤ q < ∞, α > 2/q, 1 for q = ∞, α = 0, 2^{−1} for q = ∞, α > 0,

C_2(α, q) := { 2^{1/q} for 1 ≤ q < ∞, α ≥ 0, 1 for q = ∞, α ≥ 0.

(ii) We have A^α_q (T^2) ⊂ S^{β,α−β}_{q,q} A(T^2) with ‖ · | S^{β,α−β}_{q,q} A(T^2)‖ ≤ ‖ · | A^α_q (T^2)‖.

(iii) It holds that S^{α,α}_{q,q} A(T^2) ⊂ A^α_q (T^2) with ‖ · | A^α_q (T^2)‖ ≤ ‖ · | S^{α,α}_{q,q} A(T^2)‖.

Proof: (i) For α = 0, the Definitions 1 and 2 immediately yield A^0_q(T^2) = S^{0,0}_{q,q} A(T^2) and the equality of norms. Let 1 ≤ q < ∞, α > 0. Using 1 + k^2 ≤ 1 + k^2 + ℓ^2 and 1 + ℓ^2 ≤ 1 + k^2 + ℓ^2, one finds (1 + k^2)^{αq/2} + (1 + ℓ^2)^{αq/2} ≤ 2 (1 + k^2 + ℓ^2)^{αq/2}. On the other hand, we can use Hölder’s inequality for α ≥ 2/q to obtain (1 + k^2 + ℓ^2)^{αq/2} ≤ 2^{αq/2β}((1 + k^2)^{αq/2} + (1 + ℓ^2)^{αq/2}) with 2/αq + 1/β = 1. In case of 0 < α ≤ 2/q, we can directly use (1 + k^2 + ℓ^2)^{αq/2} ≤ (1 + k^2)^{αq/2} + (1 + ℓ^2)^{αq/2}. For q = ∞, assertion (i) follows from^1_2 (1 + k^2 + ℓ^2) ≤ max{1 + k^2, 1 + ℓ^2} ≤ 1 + k^2 + ℓ^2.

(ii) The assertion follows from (1 + k^2)^β(1 + ℓ^2)^{α−β} ≤ (1 + k^2 + ℓ^2)^α. (iii) This assertion holds because of (1 + k^2 + ℓ^2) ≤ (1 + k^2)(1 + ℓ^2).

7 Parametric Extensions of Interpolation Operators

As a preparation to the next sections, we consider the parametric extensions of interpolation operators of univariate functions in y– and x–direction L^x_Kf(x, y) := ∑ ℓ∈J_K f (2πℓ K , y ) Λ_K ( x − 2πℓ K ) , L^y_N f(x, y) := ∑ ℓ∈J_N f ( x, 2πℓ N ) Λ_N ( y − 2πℓ N ) .

Obviously, for continuous functions f ∈ C(T^2) ∩ S^{μ,ν}_{q,q} A(T^2) from spaces of functions with dominating mixed smoothness properties, we can write these operators as L^x_K f = (L_K ^⊗I) f and L^y_N f = (I ^⊗L_N ) f with the identity operator I. In the sequel, we use the operators L^x_K and L^y_N in this sense for all functions from the tensor product spaces. The complementary operator of a projector P is denoted by P^c := I − P . Error estimates for the interpolation operators carry over to their parametric extensions in the following way.

Lemma 2 Let 1 ≤ q ≤ ∞, μ ≥ α ≥ 0 and ν ≥ β ≥ 0. We have

(i) if μ > 1 − 1/q then ‖(L^x_K)^c | L(S^{μ,ν}_{q,q} A(T^2), S^{α,ν}_{q,q} A(T^2))‖ = ‖L^c_K | L(A^μ_q (T), A^α_q (T))‖,

(ii) if ν > 1 − 1/q then ‖(L^y_N )^c | L(S^{μ,ν}_{q,q} A(T^2), S^{μ,β}_{q,q} A(T^2))‖ = ‖L^c_N | L(A^ν_q (T), A^β_q(T))‖,

(iii) if μ, ν > 1 − 1/q then ‖(L^x_K)^c(L^y_N )^c | L(S^{μ,ν}_{q,q} A(T^2), S^{α,β}_{q,q} A(T^2))‖ = = ‖L^c_K | L(A^μ_q (T), A^α_q (T))‖ · ‖L^c_N | L(A^ν_q (T), A^β_q(T))‖.

Proof: Because of (L^x_K)^c = I ^⊗I − L_K ^⊗I = (L^x_K)^c ^⊗I assertion (i) follows from the uniformity of the norms (Theorem 9 (iii)). Assertion (ii) holds by symmetry and yields together with (i) assertion (iii).

8 Interpolation on Full Grids

A full grid is the cartesian product T_K × T_N of two equidistant grids for n = 1. The step sizes 2π/K in x–direction and 2π/N in y–direction may differ.

The interpolation on such a grid can be realized by L^x_K L^y_N f(x, y) = ∑ r∈J_K ∑ s∈J_N f (2πr K , 2πs N ) Λ_K ( x − 2πr K ) Λ_N ( y − 2πs N ) .

The Boolean sum P ⊕ Q of two commuting projectors P and Q is the projector P ⊕ Q := (P^cQ^c)^c = P + Q − P Q (cf. [5]). With this, we can write the remainder of interpolation as

(L^x_KL^y_N )^c = (L^x_K)^c ⊕ (L^y_N )^c = (L^x_K )^c + (L^y_N )^c − (L^x_K)^c(L^y_N )^c. (11)

We estimate the error of interpolation for functions with dominating mixed smoothness properties first.

Theorem 11 Let f ∈ S^{μ,ν}_{q,q} A(T^2) with 1 ≤ q ≤ ∞, μ ≥ α ≥ 0, ν ≥ β ≥ 0, and μ, ν > 1 − 1/q. Let the 2π–periodic fundamental interpolants Λ_K, Λ_N ∈ A(T) satisfy the periodic Strang–Fix conditions (3) of order k for the exponents q and α and of order m for the exponents q and β, respectively. Let ϱ := min{μ, k + α}, σ := min{ν, m + β}. With the constants C_ϱ for Λ_K and C_σ for Λ_N from Theorem 5, it holds that ‖f − L^x_KL^y_N f | S^{α,β}_{q,q} A(T^2)‖ ≤ ( C_ϱ ( 2π K )_{ϱ−α} + C_σ ( 2π N )_{σ−β} + C_ϱ C_σ ( 2π K )_{ϱ−α} ( 2π N )_{σ−β} ) ‖f | S^{μ,ν}_{q,q} A(T^2)‖. Proof: The assumption μ, ν > 1 − 1/q insures f ∈ A(T^2). So the interpolant is well– defined. We use the representation (11) of the remainder and the estimates from Lemma 2 and Theorem 5. We obtain ‖f − L^x_KL^y_N f | S^{α,β}_{q,q} A(T^2)‖ ≤ ‖(L^x_K )^cf | S^{α,β}_{q,q} A(T^2)‖ + ‖(L^y_N )^cf | S^{α,β}_{q,q} A(T^2)‖ + ‖(L^x_K)^c(L^y_N )^cf | S^{α,β}_{q,q} A(T^2)‖ ≤ C_ϱ ( 2π K )_{ϱ−α} ‖f | S^{μ,β}_{q,q} A(T^2)‖ + C_σ ( 2π N )_{σ−β} ‖f | S^{α,ν}_{q,q} A(T^2)‖ + C_ϱ C_σ ( 2π K )_{ϱ−α} ( 2π N )_{σ−β} ‖f | S^{μ,ν}_{q,q} A(T^2)‖. With ‖ · | S^{η,κ}_{q,q} A(T^2)‖ ≤ ‖ · | S^{μ,ν}_{q,q} A(T^2)‖ for η ≤ μ and κ ≤ ν, this proves the theorem.

From the estimate in Theorem 11, we can see that it can make sense to use different step sizes of different kinds of fundamental interpolants for the different directions. This case occurs if the smoothness parameter μ and ν differ. For functions from isotropic function spaces, only equidistant interpolation makes sense (cf. [16]). Therefore, the next theorem gives error estimates for this case only.

Theorem 12 Let f ∈ A^μ_q (T^2) with 1 ≤ q ≤ ∞, μ ≥ 2α ≥ 0 and μ > 2 − 2/q. Let the 2π–periodic fundamental interpolant Λ_N ∈ A(T) satisfy the periodic Strang–Fix conditions (3) of order m for the exponents q and α. Let ϱ := min{μ, m + α}, η := min{μ/2, m + α}, κ := min{μ/2, m} and N > 2π. The constants C_ϱ, C_{ϱ−α}, C_η, C_κ, and C_1(α, q), C_2(μ, q) correspond to those given in Theorem 5 and in Theorem 10, respectively. With the constant C̃_ϱ := (C_1(α, q))^{−1} 3^{q−1} ((C_2(μ, q))^qC^q_ϱ + 2C^q_{ϱ−α} + 2C^q_ηC^q_κ)^{1/q} , it holds the estimate

‖f − L^x_N L^y_N f | A^α_q (T^2)‖ ≤ C̃_ϱ ( 2π N )_{ϱ−α} ‖f | A^μ_q (T^2)‖.

Proof: First, we apply Theorem 10 (i)

‖f − L^x_N L^y_N f | A^α_q (T^2)‖

≤ (C_1(α, q))^{−1} ( ‖(L^x_N L^y_N )^cf | S^{α,0}_{q,q} A(T^2)‖^q + ‖(L^x_N L^y_N )^cf | S^{0,α}_{q,q} A(T^2)‖^q )_{1/q} and estimate each term separately. The remainder representation (11) and the triangle inequality yield for the first term

‖(L^x_N L^y_N )^cf | S^{α,0}_{q,q} A(T^2)‖

≤ ‖(L^x_N )^cf | S^{α,0}_{q,q} A(T^2)‖ + ‖(L^y_N )^cf | S^{α,0}_{q,q} A(T^2)‖ + ‖(L^x_N )^c(L^y_N )^cf | S^{α,0}_{q,q} A(T^2)‖. From the Strang–Fix conditions, Lemma 2 and Theorem 5, we obtain

‖(L^x_N L^y_N )^cf | S^{α,0}_{q,q} A(T^2)‖ ≤ C_ϱ ( 2π N )_{ϱ−α} ‖f | S^{μ,0}_{q,q} A(T^2)‖ + C_{ϱ−α} ( 2π N )_{ϱ−α} ‖f | S^{α,μ−α}_{q,q} A(T^2)‖ + C_ηC_κ ( 2π N )_{η−α} ( 2π N )_κ ‖f | S^{μ/2,μ/2} q,q A(T^2)‖. An analogous estimate holds for ‖(L^x_N L^y_N )^cf | S^{0,α}_{q,q} A(T^2)‖. We add the q–th powers of both estimates and apply Hölder’s inequality. This leads to

‖f − L^x_N L^y_N f | A^α_q (T^2)‖ ≤ (C_1(α, q))^{−1} 3^{q(1−1/q)} (( 2π N )_{(ϱ−α)q} ( C^q_ϱ ( ‖f | S^{μ,0}_{q,q} A(T^2)‖^q + ‖f | S^{0,μ}_{q,q} A(T^2)‖^q ) + C^q_{ϱ−α} ( ‖f | S^{μ−α,α}_{q,q} A(T^2)‖^q + ‖f | S^{α,μ−α}_{q,q} A(T^2)‖^q ))

+ 2C^q_ηC^q_κ ( 2π N )_{(κ+η−α)q} ‖f | S^{μ/2,μ/2} q,q A(T^2)‖^q )_{1/q} . Now, the norm inequalities from Theorem 10 (i), (ii) prove the estimate.

9 Interpolation on Sparse Grids

We want to define the interpolation operators for interpolation on sparse grids and give error estimates. The following definition of the blending interpolation operator and its basic properties can be found e.g. in [1, 5].

Given a chain (7) of interpolation operators L_{Nj} , j ∈ N_0, for univariate functions. Their parametric extensions L^x_{Nj} and L^y_{Nj} also form chains. The j–th order Boolean sum (or j–th order blending interpolation operator) is defined as

B_j := j⨁ r=0 L^x_{Nr} L^y_{Nj}�_r . (12)

It can be written as a difference of ordinary sums

B_j = j∑ r=0 L^x_{Nr} L^y_{Nj}�_r − j−1∑ r=0 L^x_{Nr} L^y_{Nj}�_r�_1 . (13)

The j–th order Boolean sums {B_j}_{j∈}N_0 form a chain and interpolate on the sparse grids T^B_j := ⋃_j r=0 T_{Nr} × T_{Nj}�_r . The sparse grid T^B_j has d^2(j2^{j−1} + 2^j ) nodes which is essentially less than the d^2 2^{2j} nodes in the equidistant grid T_{Nj} × T_{Nj} .

The remainder has the representation

B^c_j = (L^x_{Nj} )^c + (L^y_{Nj} )^c − j∑ r=0 (L^x_{Nr} )^c (L^y_{Nj}�_r )^c + j−1∑ r=0 (L^x_{Nr} )^c (L^y_{Nj}�_r�_1 )^c. (14)

We now proceed to error estimates for the interpolation by j–th order Boolean sums. We start with the estimate for functions with dominating mixed smoothness properties.

Theorem 13 Let f ∈ S^{μ,ν}_{q,q} A(T^2) with 1 ≤ q ≤ ∞, μ ≥ α ≥ 0, ν ≥ β ≥ 0, and μ, ν > 1 − 1/q. Let the family {Λ_{Nj} }_{j∈}N_0 of 2π–periodic fundamental interpolants Λ_{Nj} ∈ A(T) satisfy the uniform periodic Strang–Fix conditions of order k for the exponents q and α and of order m for the exponents q and β. The corresponding interpolation operators form a chain (7). Let ϱ := min{μ, k + α}, σ := min{ν, m + β} and the constants C_ϱ and C_σ as in Theorem 8.

(i) Then, we can estimate ‖f − B_jf | S^{α,β}_{q,q} A(T^2)‖ ≤ ( C_ϱ ( 2π N_j )_{ϱ−α} + C_σ ( 2π N_j )_{σ−β} + C_ϱ C_σ j∑ r=0 ( 2π N_r )_{ϱ−α} ( 2π N_{j−r} )_{σ−β}

+ C_ϱ C_σ j−1∑ r=0 ( 2π N_r )_{ϱ−α} ( 2π N_{j−r} )_{σ−β}) ‖f | S^{μ,ν}_{q,q} A(T^2)‖.

(ii) Let τ := min{ϱ − α, σ − β}, C̃_τ := max_{0≤j≤3} { (2π/N_j )^{ϱ−α−τ} , (2π/N_j )^{σ−β−τ} } , and

C_τ = C_τ (j) := C̃_τ (C_ϱ + C_σ + (3j − 2) (2π/d)^τ C_ϱ C_σ) . Altogether, it holds that ‖f − B_j f | S^{α,β}_{q,q} A(T^2)‖ ≤ C_τ ( 2π N_j )_τ ‖f | S^{μ,ν}_{q,q} A(T^2)‖. Proof: We can argue in the same way as in the proof of Theorem 11. From the representation (14) of the remainder B^c_j , we obtain the estimate (i). The factor C_τ depends linearly on j. With that definition of C_τ , assertion (i) yields (ii), immediately.

We note that C_τ (j) depends on j. For ϱ − α = σ − β, we obtain C_τ (j) = O(j). That means that in this case, we lose only a logarithmic term in approximation order if we compare the interpolation by B_j on a sparse grid with O(jN_j) points and the interpolation by L^x_{Nj} L^y_{Nj} on an equidistant grid with N^2_j points. Similarly to Theorem 12, we can give an error estimate for the case of isotropic function spaces.

Theorem 14 Let f ∈ A^μ_q (T^2) with 1 ≤ q ≤ ∞, μ ≥ 2α ≥ 0, and μ > 2 − 2/q. Let the family {Λ_{Nj} }_{j∈}N_0 of 2π–periodic fundamental interpolants Λ_{Nj} ∈ A(T) satisfy the uniform periodic Strang–Fix conditions of order m for the exponents q and α. The corresponding interpolation operators form a chain (7). Let ϱ := min{μ, m + α}, η := min{μ/2, m + α}, κ := min{μ/2, m}, τ := min{η − α, κ} and N_j > 2π. The constants C_ϱ, C_{ϱ−α}, C_η, C_κ and C_1(α, q), C_2(μ, q) are chosen as in Theorem 8 and 10, respectively.

With C̃_τ = max_{0≤j≤3} { (2π/N_j )^{η−α−τ} , (2π/N_j)^{κ−τ} } , and

C_τ = C_τ (j) :=

3^{q−1}C̃_τ C_1(α, q) ( (C_2(μ, q))^qC^q_ϱ + 2C_{ϱ−α} + 2(3j − 2)^q ( 2π d )_{τq} C^q_ηC^q_κ )_{1/q} , we can estimate

‖f − B_j f | A^α_q (T^2)‖ ≤ C_τ ( 2π N_j )_τ ‖f | A^μ_q (T^2)‖.

Proof: We follow the proof of Theorem 12. We apply Theorem 10 (i) and obtain

‖f − B_jf | A^α_q (T^2)‖ ≤ (C_1(α, q))^{−1} ( ‖B^c_j f | S^{α,0}_{q,q} A(T^2)‖^q + ‖B^c_j f | S^{0,α}_{q,q} A(T^2)‖^q )_{1/q} .

The representation of the remainder (14) and the triangle inequality give ‖B^c_j f | S^{0,α}_{q,q} A(T^2)‖ ≤ C_{ϱ−α} ( 2π N_j )_{ϱ−α} ‖f | S^{μ−α,α}_{q,q} A(T^2)‖ + C_ϱ ( 2π N_j )_{ϱ−α} ‖f | S^{0,μ}_{q,q} A(T^2)‖ + C_ηC_κ (_j∑ r=0 ( 2π N_r )_{η−α} ( 2π N_{j−r} )_κ + j−1∑ r=0 ( 2π N_r )_{η−α} ( 2π N_{j−r−1} )_κ) ‖f | S^{μ/2,μ/2} q,q A(T^2)‖. Theorem 8 and Lemma 2 yield the estimate ‖B^c_j f | S^{0,α}_{q,q} A(T^2)‖ ≤ C̃_τ ( 2π N_j )_τ ( C_{ϱ−α}‖f | S^{μ−α,α}_{q,q} A(T^2)‖ + C_ϱ‖f | S^{0,μ}_{q,q} A(T^2)‖ + (3j − 2) ( 2π d )_τ C_ηC_κ‖f | S^{μ/2,μ/2}_{q,q} A(T^2)‖ ) . The remaining steps can be carried out analogously to the proof of Theorem 12.

This result shows us that we really need the mixed smoothness properties to benefit from the sparse grid approach. In comparision to the equidistant grid, we lose roughly half the approximation order (in terms of powers of N_j) using interpolation on sparse grids. If one compares in terms of the number N_G of grid points one obtains the following.

Smoothness of f (L_{Nj} ⊗L_{Nj} )f −f B_jf − f in the norm of A^α_q (T^2) f ∈ A^μ_q (T^2), before saturation O(N^{−(μ−α)/2}_G ) O(N^{−μ/2+α}_G (log_2 N_G)^{μ/2−α+1}) f ∈ A^μ_q (T^2), after saturation O(N^{−m/2}_G ) O(N^{−m}_G (log_2 N_G)^{m+1}) in the norm of S^{α,α}_{q,q} A(T^2) f ∈ S^{μ,μ}_{q,q} A(T^2), before saturation O(N^{−(μ−α)/2}_G ) O(N^{−μ+α}_G (log_2 N_G)^{μ−α+1}) f ∈ S^{μ,μ}_{q,q} A(T^2), after saturation O(N^{−m/2}_G ) O(N^{−m}_G (log_2 N_G)^{m+1}) As one can see from this table interpolation on full grids beats interpolation on sparse grids only for functions from isotropic spaces (compared in terms of grid points). In this case, it is better only by a logarithmic term. For functions with dominating mixed smoothness properties, interpolation on sparse grids is essentially better suited.

References

[1] G. Baszenski and F.–J. Delvos. A discrete Fourier transform scheme for Boolean sums of trigonometric operators. In Multivariate Approximation Theory IV, C. K. Chui, W. Schempp, and K. Zeller, eds., ISNM 90, 15–24. Birkhäuser, Basel, 1989.

[2] C. de Boor, K. Höllig, and S. Riemenschneider. Box Splines. Springer, New York, 1993.

[3] G. Brumme. Error estimates for periodic interpolation by translates. In Wavelets, Images, and Surface Fitting, P. J. Laurent, A. L. Méhauté, and L. L. Schumaker, eds., 75–82. AK Peters, Boston, 1994.

[4] F.–J. Delvos. Approximation properties of periodic interpolation by translates of one function. Math. Model. Numer. Anal. 28 (1994), 177–188.

[5] F.–J. Delvos and W. Schempp. Boolean Methods in Interpolation and Approximation.

Pitman Research Notes in Mathematics Series 230. Longman Scientific & Technical, Harlow, 1989.

[6] R. A. DeVore, S. V. Konyagin, and V. N. Temlyakov. Hyperbolic wavelet approximation. Constr. Approx. 14 (1998), 1–26.

[7] R. E. Edwards. Fourier Series. A Modern Introduction, Springer, New York, 1982.

[8] N. M. Korobov. The approximate computation of multiple integrals. Dokl. Akad. Nauk SSSR 124 (1959), 1207–1210 (russian).

[9] W. A. Light and E. W. Cheney. Approximation Theory in Tensor Product Spaces.

Lecture Notes in Mathematics 1169. Springer, Berlin, 1985.

[10] F. Locher. Interpolation on uniform meshes by translates of one function and related attenuation factors. Math. Comp. 37 (1981) 404–416.

[11] G. Pöplau. Multivariate Periodic Interpolation by Translates and Applications. PhD thesis, University of Rostock, 1995 (german).

[12] G. Pöplau and F. Sprengel. Some error estimates for periodic interpolation on full and sparse grids. In Curves and Surfaces with Applications in CAGD, A. L. Méhauté, C. Rabut, and L. L. Schumaker, eds., 355–362. Vanderbilt University Press, Nashville, 1997.

[13] J. Prestin and K. Selig. Interpolatory and orthonormal trigonometric wavelets. In Signal and Image Representation in Combined Spaces, J. Zeevi and R. Coifman, eds., 201–255, Academic Press, 1998.

[14] H.–J. Schmeißer and H. Triebel. Topics in Fourier Analysis and Function Spaces.

Akadem. Verlagsgesellschaft Geest & Portig, Leipzig, 1987.

[15] I. J. Schoenberg. Contributions to the problem of approximation of equidistant data by analytic functions. Part A: On the problem of smoothing or graduation. A first class of analytic formulae. Quart. Appl. Math. IV (1946), 45–99.

[16] F. Sprengel. Interpolation and Wavelet Decomposition of Multivariate Periodic Functions. PhD thesis, University of Rostock, 1997 (german).

[17] G. Strang and G. Fix. A Fourier analysis of the finite element variational method. In Constructive Aspects of Functional Analysis, G. Geymont, ed., 793–840, 1973.

[18] C. Zenger. Sparse grids. In Notes on Numerical Fluid Mechanics, W. Hackbusch, ed., vol. 31, 297–301, Vieweg, Braunschweig, 1991.