THE ERDŐS-KO-RADO BOUND OF THE FUNCTION LATTICE

CHRISTIAN BEY UNIVERSITÄT ROSTOCK FACHBEREICH MATHEMATIK 18051 ROSTOCK, GERMANY

Abstract. We answer the following question: When does a k-uniform family generated by some rank t element in the function lattice have maximum size among all k-uniform t-intersecting families?

Date: September, 1998.

1. Introduction

Let F^n_α be the partially ordered set of all n-tuples over the alphabet {0, 1, ..., α}, α a positive integer, with order relation given by (x_1, ..., x_n) ≤ (y_1, ..., y_n) iff x_i = 0 or x_i = y_i for all i = 1, ..., n. Thus F^n_α is the product of n factors QQ QQQAAA ȷȷ ȷȷȷ_s

s s s pp p 2 1 α

0 We obtain the Boolean lattice B_n in the special case α = 1, and the dual of the cubical lattice in the case α = 2. In general, after adding a maximal element, F^n_α is called the function lattice.

The rank r(X) of an element X = (x_1, ..., x_n) of F^n_α is given by the number of nonzero elements in X. A subset F (also called family) of F^n_α is called k-uniform t-intersecting if all elements of F have rank k and the infimum of every two elements of F has rank at least t.

Let us define

I_α(n, k, t) := {F ⊆ F^n_α : F is k-uniform t-intersecting} M_α(n, k, t) := max_{F∈Iα(n,k,t)} |F|. The following families F_0, F_1, ..., F_⌊ n�t2_⌋ are candidates for achieving M_α(n, k, t): F_r := {X = (x_1, ..., x_n) ∈ F^n_α : r(X) = k and |B(X) ∩ [1, t + 2r]| ≥ t + r}, where B(X) := {i : x_i = α}.

Ahlswede, Khachatrian proved in [1] the longstanding conjecture of Frankl [7] that in the Boolean lattice one of these families is always optimal:

Theorem 1.1. M_1(n, k, t) = |F_r| for some r ∈ {0} ∪ N.

This generalizes the previously known Erdős–Ko–Rado bound (see [6]) first established by Frankl [7] (for t ≥ 15) and Wilson [12] (for all t):

Theorem 1.2. M_1(n, k, t) = |F_0| if and only if n ≥ (k − t + 1)(t + 1).

In a further paper [2] Ahlswede and Khachatrian extended their Theorem 1.1 to arbitrary α restricted to the n-th level of the function lattice:

Theorem 1.3. M_α(n, n, t) = |F_r| for some r ∈ {0} ∪ N.

(The case α = 2 is due to Kleitman [10] who showed that M_2(n, n, t) = |F_⌊ n�t2_⌋|.) In particular it follows from [2] that

M_α(n, n, t) = |F_0| if and only if α ≥ t + 1.

It is known (due to Frankl [3]) that also for the function lattice the family F_0 has maximum size among all k-uniform t-intersecting families provided n is sufficiently large:

Theorem 1.4. M_α(n, k, t) = |F_0| provided n ≥ n_α(k, t) for suitable n_α(k, t).

This paper demonstrates that the methods introduced by Ahlswede, Khachatrian in [1, 2] enables us to determine the least n_α(k, t) for which Theorem 1.4 remains true. We will prove the following generalization of Theorem 1.2.

Theorem 1.5. Let n > k. Then M_α(n, k, t) = |F_0| if and only if n ≥ ⌊ (k − t + α)(t + 1) α ⌋ . The case t = 1 was treated by Meyer [11], Frankl [3], and Engel [4]. A complete intersection theorem for the function lattice remains open.

2. The candidate families The aim of this section is to prove a monotonicity property of the sequence (|F_r| : r = 0, ..., ⌊_{n−t} 2 ⌋ ). This is done in Lemma 2.7. Furthermore we determine the least natural number n_α(k, t) such that for all lattices F^n_α with n ≥ n_α(k, t) the family F_0 has maximum cardinality among all candidate families F_0, ..., F⌊ n�t2 ⌋. Throughout the paper let α ≥ 2.

Lemma 2.1. Let n ≥ t + 2(r + 1). Then |F_r \ F_{r+1}| = ( t + 2r r )_{r+2}∑ i=0 ( r + 2 i ) (α − 1)^i ( n − t − 2r − 2 k − t − r − i ) α^{k−t−r−i} and |F_{r+1} \ F_r| = ( t + 2r r + 1

)_{r+1}∑ i=0 ( r + 1 i ) (α − 1)^i ( n − t − 2r − 2 k − t − r − i − 1 ) α^{k−t−r−i−1} . Proof.

F_r \ F_{r+1} = { X ∈ F^n_α : r(X) = k, B(X) ∩ [1, t + 2r] = t + r and {t + 2r + 1, t + 2r + 2} ∩ B(X) = ∅ } and F_{r+1} \ F_r = { X ∈ F^n_α : r(X) = k, B(X) ∩ [1, t + 2r] = t + r − 1 and {t + 2r + 1, t + 2r + 2} ⊆ B(X) } .

Lemma 2.2. Let n ≥ t + 2(r + 1). Then |F_r \ F_{r+1}| (_{t+2r} r ) α^{k−t−2r−2} = r+2∑ i=0 ( r + 2 i ) (α − 1)^{r+2−i} ( n − t − r − i k − t − r ) , |F_{r+1} \ F_r| (_{t+2r} r+1 ) α^{k−t−2r−2} = r+1∑ i=0 ( r + 1 i ) (α − 1)^{r+1−i} ( n − t − r − i − 1 k − t − r − 1 ) . Proof. Starting with Lemma 2.1 it follows that |F_r \ F_{r+1}| (_{t+2r} r ) α^{k−t−2r−2} = r+2∑ i=0 ( r + 2 i ) (α − 1)^i ( n − t − 2r − 2 k − t − r − i ) (α − 1 + 1)^{r+2−i}

= r+2∑ i=0 r+2−i∑

j=0 ( r + 2 i )( r + 2 − i j ) (α − 1)^i(α − 1)^j ( n − t − 2r − 2 k − t − r − i )

= r+2∑ s=0 s∑ i=0 ( r + 2 i )( r + 2 − i s − i ) (α − 1)^s ( n − t − 2r − 2 k − t − r − i )

= r+2∑ s=0 s∑ i=0 ( r + 2 s )( s i ) (α − 1)^s ( n − t − 2r − 2 k − t − r − i )

= r+2∑ s=0 ( r + 2 s ) (α − 1)^s ( n − t − 2r − 2 + s k − t − r )

= r+2∑ i=0 ( r + 2 i ) (α − 1)^{r+2−i} ( n − t − r − i k − t − r ) , and similar manipulations show the second statement. Lemma 2.3. Let n ≥ t + 2(r + 1). Then |F_r| ≥ |F_{r+1}| if and only if α r+1∑ i=0 ( r + 1 i ) (α − 1)^{r+1−i} ( n − t − r − i k − t − r ) ≥ ( 2 + t − 1 r + 1

)_{r+1}∑ i=0 ( r + 1 i ) (α − 1)^{r+1−i} ( n − t − r − i − 1 k − t − r − 1 ) . Proof. By Lemma 2.2 |F_r| ≥ |F_{r+1}| holds if and only if r+2∑ i=0 ( r + 2 i ) (α − 1)^{r+2−i} ( n − t − r − i k − t − r ) ≥ t + r r + 1 r+1∑ i=0 ( r + 1 i ) (α − 1)^{r+1−i} ( n − t − r − i − 1 k − t − r − 1 ) . Addition of r+1∑ i=0 ( r + 1 i ) (α − 1)^{r+1−i} ( n − t − r − i − 1 k − t − r − 1 ) and elementary manipulations prove the lemma.

Corollary 2.4. If α ≥ 2 +^{t−1}_{r+1} , then |F_r| ≥ |F_{r+1}| ≥ |F_{r+2}| ≥ ... . Corollary 2.5. Let n ≥ t + 2(r + 1).

a) If n ≤ (2 +^{t−1}_{r+1} )^{k−t−r}_α + t + r, then |F_r| ≤ |F_{r+1}|. b) If n ≥ (2 +^{t−1}_{r+1} )^{k−t−r}_α + t + r +^{r+1}_2 , then |F_r| ≥ |F_{r+1}|.

Lemma 2.6. Let n > k ≥ t + 1. Then |F_0| ≥ |F_1| if and only if n ≥ ⌊ (k − t + α)(t + 1) α ⌋ . Proof. By Lemma 2.3 we have |F_0| ≥ |F_1| if and only if α { (α − 1) ( n − t k − t ) + ( n − t − 1 k − t )} ≥ (t + 1) { (α − 1) ( n − t − 1 k − t − 1 ) + ( n − t − 2 k − t − 1 )} . With p := n − t and q := k − t this inequality is equivalent to αp { (α − 1)(p − 1) + p − 1 p (p − q) } ≥ (t + 1)q { (α − 1)(p − 1) + (p − q) } If αp ≤ (t + 1)q then |F_0| < |F_1| follows immediately. If αp ≥ (t + 1)q + 1 then |F_0| ≥ |F_1| follows from (α − 1)(p − 1) + (p − q) ≥ α(p − q). Lemma 2.7. |F_0| ≥ |F_1| implies |F_1| ≥ |F_2| ≥ |F_3| ≥ ... . Proof. We show |F_r| ≥ |F_{r+1}| for r ≥ 1.

If k < t + r + 1 then F_{r+1} = ∅ and the claim is trivial. Let k ≥ t + r + 1. Furthermore, let α < 2+^{t−1}_{r+1} (in particular t ≥ 2), because otherwise Corollary 2.4 yields the claim.

In view of Corollary 2.5 and Lemma 2.6 it is sufficient to show that (t + 1)(k − t) + 1 α + t ≥ ( 2 + t − 1 r + 1 ) ( k − t − r α ) + t + r + r + 1 2 , (1) or equivalently (k − t) r r + 1 (t − 1) ≥ ( α − 2 − t − 1 r + 1 ) r + α r + 1 2 − 1. Because of k ≥ t + r + 1 and α < 2 +^{t−1}_{r+1} r(t − 1) ≥ ( 2 + t − 1 r + 1 ) ( r + 1 2 ) − 1, or equivalently (2r − 1)(t − 1) ≥ 2r, is sufficient for (1). The last inequality holds if t > 2. If t = 2 and α = 2 then (1) obviously holds, using 2 +^1_{r+1} < 3.

We summarize our results in the following Lemma. Lemma 2.8. Let n > k. Equivalent are

a) |F_0| = max_r |F_r| b) |F_0| ≥ |F_1| ≥ |F_2| ≥ ... c) n ≥ ⌊_{(k−t+α)(t+1)} α ⌋ . We will show in section 4 that F_0 has indeed maximum cardinality among all k-uniform t-intersecting families if the conditions of Lemma 2.8 hold.

3. Pushing up, shifting and generating sets This section supplies the necessary tools from extremal set theory which are needed in the next section. While pushing up and shifting are known techniques for a long time (see e.g. [9], [8], or [5]), the method of generating sets introduced by Ahlswede, Khachatrian ([1, 2]) is new. Most of this section is up to minor changes taken from their paper [2]. We omit attributions (see [2]) and the easy proofs.

Definition 3.1 (Pushing up and canonical families). For A ⊆ F^n_α , A = (a_1, a_2, ..., a_n) ∈ A and 1 ≤ i ≤ n, 0 < j ≤ α we define

P_{ij} (A) =

(a_1, ..., a_{i−1}, α, a_{i+1}, ..., a_n), if this is not an element of A and a_i = j A otherwise and P_{ij} (A) = {P_{ij} (A) : A ∈ A}. Furthermore, we call a family A ⊆ F^n_α canonical if P_{ij} (A) = A for all 1 ≤ i ≤ n, 0 < j ≤ α. CI_α(n, k, t) denotes the set of all canonical families in I_α(n, k, t). Lemma 3.2. Repeated application of P_{ij} to A ∈ I_α(n, k, t) yields, after finitely many steps, a family A 0 ∈ CI_α(n, k, t) with |A| = |A 0 |. Corollary 3.3. M_α(n, k, t) = max A∈CI_α (n,k,t) |A| Definition 3.4 (α-support). For A = (a_1, ..., a_n) ∈ F^n_α , A ⊆ F^n_α we define B(A) := {i : a_i = α}, and B(A) := {B(A) : A ∈ A}. B(A) is called α-support of A.

Lemma 3.5. If A ∈ CI_α(n, k, t) then B(A) ∈ I(n, t), where I(n, t) denotes the set of all t-intersecting families in the Boolean lattice B_n.

It follows that A ∈ CI_α(n, k, t) with |A| = M_α(n, k, t) is uniquely determined by its α-support. Families with this property are called α-upsets: Definition 3.6 (α-upsets and generating sets). For G ∈ B_n and G ⊆ B_n we define α∇(G) := {A ∈ F^n_α : r(A) = k and B(A) ⊇ G} and α∇(G) := ⋃ G∈G α∇(G). A ⊆ F^n_α is called α-upset if there is some G ⊆ B_n with A =_α∇(G), G is then called generating family for A.

For a family A ⊆ F^n_α we denote by M(A) the set of all minimal elements of B(A). Then obviously G ⊆ B_n is a generating family for the α-upset A if and only if M(A) ⊆ G ⊆ B(A).

Definition 3.7 (Shifting). For G ∈ B_n, G ⊆ B_n and 1 ≤ i < j ≤ n we define

S_{ij} (G) = { G \ {j} ∪ {i}, if this is not an element of G and G ∩ {i, j} = {j} G otherwise and S_{ij} (G) = {S_{ij} (G) : G ∈ G}. G ⊆ B_n is called left-shifted if S_{ij} (G) = G for all 1 ≤ i < j ≤ n.

LI(n, t) denotes the set of all left-shifted families in I(n, t). LCI_α(n, k, t) denotes the set of all families A ∈ CI_α(n, k, t) with B(A) ∈ LI(n, t). Lemma 3.8. Repeated application of S_{ij} to G ∈ I(n, t) yields, after finitely many steps, a family G 0 ∈ LI(n, t) with |G| = |G 0 | and |G ∩ (_{[n]} i ) | = |G 0 ∩ (_{[n]} i ) |. Corollary 3.9. M_α(n, k, t) = max A∈LCI_α (n,k,t) |A| Definition 3.10. For G ∈ B_n and G ⊆ B_n let s^+(G) := max_{i∈G} i and s^+(G) := max_{G∈G} s^+(G).

Definition 3.11. For G ∈ B_n, G ⊆ B_n and 1 ≤ ℓ ≤ n let

α∇_ℓ(G) := {A = (a_1, ..., a_n) ∈ F^n_α : r(A) = k and B(A) ∩ [1, ℓ] = G},

α∇_ℓ(G) := ⋃ G∈G α∇_ℓ(G). Furthermore, we define for 1 ≤ i, ℓ ≤ n ∇(ℓ, i) := |_α∇_ℓ([1, i])|. Lemma 3.12. Let n ≥ t + 2(r + 1). Then |F_r \ F_{r+1}| = ( t + 2r r ) ∇(t + 2r + 2, t + r) and |F_{r+1} \ F_r| = ( t + 2r r + 1 ) ∇(t + 2r + 2, t + r + 1).

Lemma 3.13. Let 1 < i ≤ ℓ ≤ n. Then a) ∇(ℓ − 1, i − 1) = ∇(ℓ, i − 1) + ∇(ℓ, i) b) ∇(ℓ, i − 1) > ∇(ℓ, i) provided (α, k) ≠ (2, n) Lemma 3.14. Let A ∈ LCI_α(n, k, t) be an α-upset, M := M(A) the set of all minimal elements of B(A), and ℓ := s^+(M). Let furthermore M_0 := {G ∈ M : s^+(G) = ℓ}, G ⊆ M_0 and G 0 := {G \ {ℓ} : G ∈ G}. Then α∇(G) \_α∇(M \ G) =_α∇_ℓ(G), α∇(G 0 ) \_α∇(M) =_α∇_ℓ(G 0 ), α∇(G 0 ) \_α∇(M \ M_0) =_α∇_{ℓ−1}(G 0 ). Lemma 3.15. Let A ∈ LCI_α(n, k, t) be an α-upset and let G_1, G_2 ∈ M(A) have the properties i /∈ G_1 ∪ G_2, j ∈ G_1 ∩ G_2 for some i, j ∈ [n] with i < j. Then |G_1 ∩ G_2| ≥ t + 1.

4. Left-generated maximum I_α(n, k, t)-families In order to prove that the family F_0 is optimal we will show that among all k-uniform t-intersecting families of maximum size there is one generated by [1, t]. This will follow from the next lemma, whose proof is a close analogue of the arguments given in [1, 2].

Lemma 4.1. Let (α, k) ≠ (2, n). Assume that |F_r| ≥ |F_{r+1}| ≥ |F_{r+2}| ≥ ... for some r ∈ {0} ∪ N. Then there exists a family A ∈ LCI_α(n, k, t) with |A| = M_α(n, k, t) and s^+(M(A)) = t + 2r̄ ≤ t + 2r for some r̄ ∈ {0} ∪ N.

Proof. First we deal with an arbitrary A ∈ LCI_α(n, k, t) with |A| = M_α(n, k, t).

Let ℓ := s^+(M(A)) and consider the partitions

M(A) = M_0(A)^·∪ M_1(A), where M_0(A) = {G ∈ M(A) : s^+(G) = ℓ} and M_1(A) = M(A) \ M_0(A), and M_0(A) = ⋃ t≤i≤ℓ R_i , where R_i = M_0(A) ∩ ( [n] i ) . Let furthermore R 0_i = {G \ {ℓ} : G ∈ R_i}. If R_t ≠ ∅ then M(A) = {[1, t]}. If R_ℓ ≠ ∅ then M(A) = {[1, ℓ]} and necessarily ℓ = t. In both cases the Lemma holds.

Suppose there is an i with t < i < ℓ, i ≠^{ℓ+t}_2 and R_i ≠ ∅. Consider G_1 := ( M(A) \ (R_i ∪ R_{ℓ+t−i}) ) ∪ R 0_i and G_2 := ( M(A) \ (R_i ∪ R_{ℓ+t−i}) ) ∪ R 0_{ℓ+t−i} . By Lemma 3.15 we have for G0 ∈ R0_i, G ∈ R_j with i + j ≠ ℓ + t |G 0 ∩ G| ≥ t. This shows that G_1, G_2 ∈ I(n, t) and therefore A_i :=_α∇(G_i) ∈ I_α(n, k, t) for i = 1, 2.

Notice that R_{ℓ+t−i} ≠ ∅ (otherwise |A_1| > |A|).

A \ A_1 contains exactly those elements of A that are generated only by R_{ℓ+t−i} . On the other hand, A_1 \ A contains exactly those elements that are generated by R

0_i but not by any element of M(A). Hence, Lemma 3.14 gives us |A \ A_1| = |_α∇_ℓ(R_{ℓ+t−i} )| = |R_{ℓ+t−i}| ∇(ℓ, ℓ + t − i), |A_1 \ A| = |_α∇_ℓ(R 0_i )| = |R_i| ∇(ℓ, i − 1). Analogously, we have |A \ A_2| = |_α∇_ℓ(R_i)| = |R_i| ∇(ℓ, i), |A_2 \ A| = |_α∇_ℓ(R 0_{ℓ+t−i} )| = |R_{ℓ+t−i}| ∇(ℓ, ℓ + t − i − 1). Combining these equalities with Lemma 3.13 gives |A_1 \ A| · |A_2 \ A| > |A \ A_1| · |A \ A_2| in contradiction to |A_i| ≤ |A| for i = 1, 2. We have shown that R_i = ∅ for all i ≠^{ℓ+t}_2 . In particular, 2|(ℓ − t).

Now choose a family A ∈ LCI_α(n, k, t) with |A| = M_α(n, k, t) for which ℓ = s^+(M(A)) is minimal.

Assume that ℓ > t + 2r, hence ℓ = t + 2(r̄ + 1) for some r̄ ≥ r. (2) Let us use the notation T_j := {G ∈ R 0_ℓ +t2 : j /∈ G} for all j ∈ [1, ℓ − 1].

Double counting yields a family T_j satisfying |T_j | ≥ ℓ − t 2(ℓ − 1) | | |R ℓ+t2 | | | . (3) By Lemma 3.15 we have

G_j := ( M(A) \ R ℓ+t2 ) ∪ T_j ∈ I(n, t) and therefore α∇(G_j) ∈ I_α(n, k, t). Claim: We have |_α∇(G_j )| ≥ |A|. Let us write A = A_1^·∪ A_2, where

A_1 =_α∇ ( M(A) \ R ℓ+t2 ) , A_2 =_α∇ ( R ℓ+t2 ) \_α∇ ( M(A) \ R ℓ+t2 ) , α∇(G_j ) = A_1^·∪ A_3, where

A_3 =_α∇ ( T_j ) \_α∇ ( M(A) \ R ℓ+t2 ) . We will show that |A_3| ≥ |A_2|. By Lemma 3.14 we have

|A_2| = | | α∇ℓ(R ℓ+t2 ) | | = | |R ℓ+t2 | | ∇ ( ℓ, ℓ + t 2 ) , |A_3| = |_α∇_{ℓ−1} (T_j )| = |T_j | ∇ ( ℓ − 1, ℓ + t 2 − 1 ) . Thus, in view of (3) and | | |R ℓ+t2 | | | ≠ 0 ℓ − t 2(ℓ − 1) ∇ ( ℓ − 1, ℓ + t 2 − 1 ) ≥ ∇ ( ℓ, ℓ + t 2 )

will prove the claim. Together with our assumption (2) this reads as

∇(t + 2r̄ + 1, t + r̄) ≥ ( 1 + t + r̄ r̄ + 1 ) ∇(t + 2r̄ + 2, t + r̄ + 1).

In view of Lemma 3.12 and Lemma 3.13 the last inequality is equivalent to |F_{r̄+1} \ F_{r̄}| (_{t+2r̄} r̄+1 ) + |F_{r̄} \ F_{r̄+1}| (_{t+2r̄} r̄ ) ≥ ( 1 + t + r̄ r̄ + 1 ) |F_{r̄+1} \ F_{r̄}| (_{t+2r̄} r̄+1 ) resp. to |F_{r̄}| ≥ |F_{r̄+1}|. This proves the claim.

Note that a strict inequality in (3) gives us the contradiction |_α∇(G_j )| > |A|. Hence, we have equality in (3) for all families T_j , j ∈ [1, ℓ − 1]. But it is easily seen that α∇(G_{ℓ−1}) ∈ LCI_α(n, k, t), in contradiction to our choice of A.

Theorem 1.5 now follows from Lemma 2.8 and Lemma 4.1.

Remark. Lemma 4.1 also holds in the case (α, k) = (2, n). This can be seen if one starts the proof with an optimal family A ∈ LCI_α(n, k, t) satisfying first s^+(M(A)) minimal and second |M_0(A)| minimal. We have included the condition (α, k) ≠ (2, n) in order to show the somewhat stronger statement in the case i ≠^{ℓ+t}_2 .

References

[1] R. Ahlswede and L.H. Khachatrian. The complete intersection theorem for systems of finite sets. European J. Combin., 18:125–136, (1997).

[2] R. Ahlswede and L.H. Khachatrian. The diametric theorem in Hamming space - optimal anticodes. Adv. in Appl. Math., 20(4):429–449, (1998).

[3] M. Deza and P. Frankl. Erdős–Ko–Rado theorem — 22 years later. SIAM J. Alg. Disc.

Meth., 4:419–431, (1983).

[4] K. Engel. An Erdős-Ko-Rado theorem for the subcubes of a cube. Combinatorica,

4:133–140, (1984).

[5] K. Engel. Sperner Theory. Cambridge University Press, Cambridge, (1997). [6] P. Erdős, C. Ko, and R. Rado. Intersection theorems for systems of finite sets. Quart.

J. Math. Oxford Ser., 12:313–320, (1961).

[7] P. Frankl. The Erdős–Ko–Rado theorem is true for n = ckt. In A. Hajnal and V.T. Sós, editors, Combinatorics (Proc. Fifth Hungarian Colloq. on Combinatorics, Keszthely, 1976), volume 18 of Colloq. Math. Soc. János Bolyai, pages 365–375, Amsterdam, (1978). North-Holland.

[8] P. Frankl. The shifting technique in extremal set theory. In C. Whitehead, editor, Surveys in Combinatorics, volume 123 of Lond. Math. Soc. Lect. Note Ser., pages 81–110, Cambridge, (1987). Cambridge University Press.

[9] C. Greene and D.J. Kleitman. Proof techniques in the theory of finite sets. In G.-C.

Rota, editor, Studies in Combinatorics, volume 17 of MAA Studies in Math., pages 22–79, Washington, D.C., (1978). Math. Assoc. America.

[10] D.J. Kleitman. On a combinatorial conjecture of Erdős. J. Combin. Theory, 1:209–214, (1966).

[11] J.-C. Meyer. Quelques problèmes concernant les cliques des hypergraphes k-complets et q-parti h-complets. In C. Berge and D. Ray-Chaudhuri, editors, Hypergraph Seminar (Columbus, 1972), volume 411 of Lecture Notes Math., pages 127–139, Berlin, (1974). Springer-Verlag.

[12] R.M. Wilson. The exact bound in the Erdős–Ko–Rado theorem. Combinatorica, 4:247– 257, (1984).