PAIRWISE BALANCED DESIGNS PBD(v,K) WITH 3 2 K

Martin Grüttmüller Department of Mathematics University of Rostock and R.S. Rees Department of Mathematics and Statistics Memorial University of Newfoundland

Abstract

In this paper, we consider sufficient conditions for the existence of pairwise balanced designs PBD(v, K) with 3 2 K. Such conditions have been extensively studied by Wilson [W], Gronau, Mullin and Pietsch [GMP], and Grüttmüller [G1,G2]. Here, we show that the necessary conditions for the existence of a PBD(v, K) with 3 2 K are sufficient when v ˘ v_0(K) where v_0(K) is reasonable small.

1 Introduction

Let K be a set of positive integers. Then a pairwise balanced design PBD(v, K) of order v with block sizes from K is a pair (V, B), where V is a finite set (the point set) of cardinality v and B is a family of subsets (called blocks) of V which satisfy the following properties:

(i) if B ∈ B, then |B| ∈ K;

(ii) every pair of distinct elements of V occurs in exactly one block of B.

The basic necessary condition for the existence of a PBD(v, K) are due to Wilson [W]. Let α(K) = gcd{k − 1 | k ∈ K} and β(K) = gcd{k(k − 1) | k ∈ K}. If there is a PBD(v, K), then

v − 1 ≡ 0 mod α(K) and v(v − 1) ≡ 0 mod β(K) . (1)

Wilson also proved that these conditions are asymptotically sufficient, that is, there exists a constant v_0 = v_0(K) such that if v ≥ v_0 and (1) is satisfied, then there exists a PBD(v, K). Unfortunately, the constant v_0 is not known in general. Although Wilson’s proof is somehow constructive, the estimate of the constant is very large. Therefore, one attempts to determine v_0 and B(K) = {v : ∃ a PBD(v, K)} for given K as accurately as possible. For example, Kirkman [K] has shown that there exists a PBD(v, {3}) for all v ≡ 1 or 3 mod 6. Hence, v_0({3}) = 1. In [GMP] the exact closure B(K) for all subsets K of {3, 4, . . . , 10} which contain 3 are determined. This was extended by Grüttmüller [G1], who has determined the precise closure for all subsets of {3, 4, . . . , 22} containing the element 3. An investigation on indexλ-closures of the subsets of {3, 4, . . . , 10} which contain 3 has been done by Leck [L]. In [MLAB] the authors have considered the closure of all subsets of {4, 5, . . . , 9} which contain 4.

It has been observed that in general the exact value v_0(K) depends on relatively few elements of K. That means that the closure of a set K is essentially determined by the closure of its subsets K0 of cardinality two and three. All other block sizes are only used to eliminate numbers that are in the list of exceptions for B(K0).

It is the purpose of the paper presented to determine reasonable small upper bounds for v_0(K) for an arbitrary set K, where 3 in K.

2 Preliminaries

In this section, we give some definition and notations as well as some preliminary results which will be used in the sequel. We refer the reader to [BJL] and [CD] for undefined terms as well as a general overview of design theory.

First, the notion of a group divisible design is required. Let K be a set of positive integers. A group divisible design K-GDD of order v is a triple (V, G, B), where V is a finite set of cardinality v, G is a partition of V into parts (groups) and B is a family of subsets (blocks) of V which satisfy the properties:

(i) if B ∈ B, then |B| ∈ K;

(ii) every pair of distinct elements of V occurs in exactly one block or one group, but not both.

We say that a K-GDD is of type g^{a1}_1 g^{a2}_2 . . . g^{as}_s if v = a_1g_1 + a_2g_2 + . . . + a_sg_s and there are a_i groups of size g_i, i = 1, 2, . . . , s. We will denote a {k}-GDD as a k-GDD. Note that GDDs may be viewed as PBDs by considering groups to be blocks.

The following family of GDDs will be extremely useful.

Theorem 2.1 (Colbourn, Hoffman, Rees [CHR]) Let g > 0, t ≥ 3 and u ≥ 0. There exists a 3-GDD of type g^tu^1 if and only if the following conditions are all satisfied:

(i) u ≤ g(t − 1);

(ii) g(t − 1) + u ≡ 0 mod 2;

(iii) gt ≡ 0 mod 2 or u = 0;

(iv)^1_2 g^2t(t − 1) + gtu ≡ 0 mod 3.

We use a particular type of design called a modified group divisible design as an essential tool in our constructions. A modified group divisible design MGD(k, m, v) is a quadruple (V, G, H, B), where V is a finite set of cardinality v, G and H are two partitions of V into parts (groups and holes) and B is a family of subsets (blocks) of V which satisfy the properties:

(i) if G ∈ G, then |G| = m;

(ii) if B ∈ B, then |B| = k;

(iii) if G ∈ G and H ∈ H, then |G ∩ H| = 1;

(iv) every pair of distinct elements of V occurs either in exactly one block, or exactly one group or one hole, but not both.

MGD(3, m, v)s were studied by Assaf in [A], in which their existence was completely determined as recorded in Theorem 2.2.

Theorem 2.2 Let m and v be positive integers. The necessary and sufficient conditions for the existence of a modified group divisible design MGD(3, m, v) are that v ≡ 0 mod m, v ≥ 3m, m ≥ 3, v + 1 − m − n ≡ 0 mod 2 and v(v + 1 − m − n) ≡ 0 mod 6, where n = v/m.

A mandatory representation design MRD(v, K) is a pairwise balanced design on v points with block sizes from K in which for each k ∈ K there is a block in the design of size k.

MRDs with K = {3, k} have been studied by Mendelsohn and Rees [MR], Rees [R], and Grüttmüller [G2, G3]. We cite the following existence results.

Theorem 2.3 [MR] There exists an MRD(v, {3, k}) with k odd if and only if either

(i) k ≡ 1 or 3 mod 6, v ≡ 1 or 3 mod 6 and v ≥ 2k + 1; or

(ii) k ≡ 5 mod 6, v ≡ 5 mod 6 and v ≥ 2k + 1; or

(iii) k ≡ 5 mod 6, v ≡ 1 or 3 mod 6 and v ≥ 3k − 2.

Theorem 2.4 [R] There exists an MRD(v, {3, k}) with k even and v odd if

(i) k ≡ 0 or 4 mod 6, v ≡ 1 or 3 mod 6 and v ≥^1_2 k^2 + 6k; or

(ii) k ≡ 2 mod 6 and v ≥^1_2 k^2 + 6k.

We close this section by giving the following notation. Two integer sets N_1 and N_2 are called coterminal when there is an integer s such that {t ∈ N_1 | t ≥ s} = {t ∈ N_2 | t ≥ s}. We use N to denote the set of positive integers, and Z_n to denote the cyclic group of order n. Let N_{b(m)} denote the set of positive integers a which are congruent to b modulo m, N_{b(m)} = {a ∈

N | a ≡ b mod m}, and let Nb_1,...,b_s(m) = S^s_{i=1} Nb_i(m).

3 Upper bounds for v_0(K)

If 3 is an element of K and K is a subset of N_{1,3(6)}, then obviously v_0(K) = 1, since B({3}) ⊆ B(K). Now, by Wilson’s theory there are three cases for the closure of a set K when K includes 3 and K is not a subset of N_{1,3(6)}.

(i) If K contains only odd integers and is not a subset of N_{1,3(6)}, then B(K) is coterminal with N_{1(2)}.

(ii) If K contains a positive even integer and all members of K lie in N_{0,1(3)}, then B(K) is coterminal with N_{0,1(3)}.

(iii) If K contains a positive even integer and is not a subset of N_{0,1(3)}, then B(K) is coterminal with N.

We now record our main theorem as

Theorem 3.1 Let K be a set of positive integers with 3 ∈ K. Let g, k and h be the smallest elements in K with g ≡ 2 mod 6, k ≡ 0 or 4 mod 6 and h ≡ 5 mod 6 (if they exist). There exists a PBD(v, K)

(i) if K ⊆ N_{1(2)}, K ∩N_{5(6)} ≠ ∅, v ≡ 1 mod 2 and v ≥ v_0 = max({1}∪{i+2 : i ∈ N5(6), i < 2h + 1, i ∉ K}); or (ii) if K ⊆ N_{0,1(3)}, K ∩ N_{0(2)} ≠ ∅, v ≡ 0 or 1 mod 3 and v ≥ 2k^2 − 3k + 4; or

(iii) if K ∩ N_{0(2)} ≠ ∅, K ∩ N_{2(3)} ≠ ∅ and v ≥ min{6g^2 − 11g + 8 , 12hk + 9k^2 − 29k − 8h + 20}.

Proof.

Since there is a PBD(v, {3}) for all v ≡ 1 or 3 mod 6 by Kirkmans result we only need to consider those parameters v with v ∉ N_{1,3(6)}. Therefore, in case (i) we need PBD(v, K)s for v ≡ 5 mod 6 with at least one block of size congruent to 5 modulo 6. But such designs exist by Theorem 2.3 for all v ≥ 2h + 1 or, trivially, when v ∈ K ∩ N_{5(6)}. In case (ii) we need PBD(v, K)s for v ≡ 0 or 4 mod 6 with at least one block of size congruent 0 or 4 modulo 6. In Section 4 (Lemma 4.1) we will show the existence of MRD(v, {3, k})s for all v ≡ 0 or 4 mod 6 with v ≥ 2k^2 − 3k + 4. Finally, in case (iii) we consider v ≡ 0, 2, 4 or 5 mod 6. The existence of PBD(v, K)s with v ≡ 5 mod 6, v ≥ min{2h + 1 ,^1_2 g^2 + 6g} can be established by using MRDs either from Theorem 2.3 or Theorem 2.4. MRDs from Lemma 4.1 prove the existence of PBD(v, K)s with v ≡ 0 or 4 mod 6 and v ≥ min{2k^2 −3k +4 , 6g^2 −11g +8}. It remains to present suitable MRDs for PBD(v, K)s with v ≡ 2 mod 6. These designs are constructed in Lemma 4.1 or Lemma 4.2 for all parameters v with v ≥ min{6g^2 − 11g + 8 , 12hk + 9k^2 − 29k − 8h + 20}.

Note that in case (i) Theorem 3.1 provides the exact value for v_0(K). We remark that all designs involved in the above proof have at most three different block sizes. In case (iii) we need to have PBDs which contain blocks of three different sizes if there is no block size congruent to 2 modulo 6 contained in K.

4 Constructions

In this section, we develop the constructions for MRD(v, {3, k})s and MRD(v, {3, k, h})s for even v required in the proof of Theorem 3.1. In order to facilitate this, we observe that there are additional necessary conditions to be satisfied.

Assume that there exists an MRD(v, {3, k}) where both v and k are even. Let x be an arbitrary point and let γ_k denote the number of blocks of size k which contain x. Then we must have v − 1 − (k − 1)γ_k ≡ 0 mod 2 which reduces to γ_k ≡ 1 mod 2. Hence, we want to construct MRDs where the blocks of size k cover all points.

Lemma 4.1 Let k be an even integer. There exists an MRD(v, {3, k})

(i) if k ≡ 0 mod 6, v ≡ 0 or 4 mod 6 and v ≥ 2k^2 − 7k + 8;

(ii) if k ≡ 4 mod 6, v ≡ 0 or 4 mod 6 and v ≥ 2k^2 − 3k + 4; and

(iii) if k ≡ 2 mod 6, v is even and v ≥ 6k^2 − 11k + 8.

Proof.

All group divisible designs used in this proof are obtained from Theorem 2.1.

If k ≡ 0 mod 6, then there exists a 3-GDD of type k^sw^1 for all even w with 0 ≤ w ≤ k(s − 1). Hence, if there exists an MRD(w, {3, k}), then by breaking up the group of size w there exists an MRD(v, {3, k}) for all v ≡ w mod k with v ≥ 2w + k. If k ≡ 0 mod 6, then v ≡ 0 or 4 mod 6. Let w_t ≡ −2t mod k. One has to find a representative MRD(w_t, {3, k}) for each 0 ≤ t <^k_2 with t ≡ 0 or 1 mod 3 to establish the result. There is a 3-GDD of type (k −1)^s for all s ≥ 1, s ≡ 1 or 3 mod 6. Adding a common point to each group yields an MRD(s(k − 1) + 1, {3, k}). Then s = 1, 3, 7, . . . , k − 3 gives the desired representatives modulo k since s(k − 1) + 1 ≡ −s + 1 mod k and −s + 1 ≡ −2t mod k with 0 ≤ t <^k_2 , t ≡ 0, 1 mod 3. Clearly, all “ingredient” designs have order at most (k−3)(k−1)+1. Thus, a mandatory representation design can be constructed for all

v ≥ 2(k^2 − 4k + 4) + k = 2k^2 − 7k + 8, v ≡ 0 or 4 mod 6.

If k ≡ 4 mod 6, then there is a 3-GDD of type k^{3s}w^1 for all even w with 0 ≤ w ≤ k(3s − 1), a 3-GDD of type k^{3s+1}w^1 for all w ≡ 0 mod 6 with 0 ≤ w ≤ 3ks, and a 3-GDD of type k^{3s+2}w^1 for all w ≡ 4 mod 6 with 0 < w ≤ k(3s + 1). Since v ≡ 0 or 4 mod 6, we have that if there exists an MRD(w, {3, k}), then there exists an MRD(v, {3, k}) for all v ≡ w mod k with v ≥ 2w+k. Therefore, one needs a representative MRD(w_t, {3, k}) with w_t ≡ −2t mod k for each 0 ≤ t <^1_2 k to establish the result. Again, we use a 3-GDD of type (k − 1)^s which exists for all s ≥ 1, s ≡ 1 mod 2 to obtain an MRD(s(k − 1) + 1, {3, k}). Choose s = 1, 3, 5, . . . , k − 1 to get the required “ingredient” designs, since s(k − 1) + 1 ≡ −s + 1 mod k. Therefore, there exists an MRD(v, {3, k}) for all

v ≥ 2((k − 1)(k − 1) + 1) + k = 2k^2 − 3k + 4, v ≡ 0 or 4 mod 6.

Similarly, if k ≡ 2 mod 6, then there exists a 3-GDD of type k^{3s}w^1 for all even w with 0 ≤ w ≤ k(3s−1), a 3-GDD of type k^{3s+1}w^1 for all w ≡ 0 mod 6 with 0 ≤ w ≤ 3ks, and a 3-GDD of type k^{3s+2}w^1 for all w ≡ 2 mod 6 with 0 < w ≤ k(3s + 1). Thus, if there exists an MRD(w, {3, k}) with w ≡ 2 mod 6, then there exists an MRD(v, {3, k}) for all v ≡ w mod 3k with v ≥ 2w+k and for all v ≡ w + 2k mod 3k with v ≥ 2w+k. Moreover, if there is an MRD(w, {3, k}) with w ≡ 4 mod 6, then there is an MRD(v, {3, k}) for all v ≡ w mod 3k with v ≥ 2w + k. Therefore, we only need a representative MRD(w_t, {3, k}) with w_t ≡ −2t mod 3k for each 0 ≤ t <^3_2 k with t ≡

1 or 2 mod 3. An MRD(s(k − 1) + 1, {3, k}) can be constructed from a 3- GDD of type (k − 1)^s for all s ≡ 1 or 3 mod 6. Take s = 1, 3, 7, . . . , 3k − 3 to obtain a representative design in each required fibre −2t mod 3k. Thus, we get an MRD(v, {3, k}) for all even v with

v ≥ 2((3k − 3)(k − 1) + 1) + k = 6k^2 − 11k + 8.

When constructing MRD(v, {3, k, h})s we have a further necessary condition in addition to γ_k ≡ 1 mod 2. If there are β_k blocks of size k and β_h blocks of size h in an MRD(v, {3, k, h}), then we must have v(v − 1) − β_kk(k − 1) − β_hh(h − 1) ≡ 0 mod 6 which, when v ≡ 2 mod 6, k ≡ 0 or 4 mod 6 and h ≡ 5 mod 6, reduces to β_h ≡ 1 mod 3. Thus, we will construct MRDs having exactly one block of size h in which all points are covered by blocks of size k.

Lemma 4.2 Let k ≡ 0 or 4 mod 6 and h ≡ 5 mod 6 be positive integers. There exists an MRD(v, {3, k, h})

(i) if k ≡ 0 mod 6,v ≡ 2 mod 6 and v ≥ 12hk + 3k^2 − 25k − 8h + 20;

(ii) if k ≡ 4 mod 6, v ≡ 2 mod 6 and v ≥ 12hk + 9k^2 − 29k − 8h + 20.

Proof.

We start with two classes of GDDs from Theorem 2.1. If k ≡ 0 mod 6 and w ≡ 2 mod 6, then there exists a 3-GDD of type k^sw^1 for all integers s with s ≥ max{3, w/k + 1}. Furthermore, if k ≡ 4 mod 6, w ≡ 2 mod 6 and s ≡ 0 mod 3, then there exists a 3-GDD of type k^sw^1 for all integers s with s ≥ max{3, w/k + 1}. Hence, if there exists an MRD(w, {3, k, h}) with w ≡ 2 mod 6 we obtain, by breaking up the group of order w, an MRD(v, {3, k, h}) for all v ≥ 2w + k with v ≡ w mod k if k ≡ 0 mod 6 or v ≡ w mod 3k if k ≡ 4 mod 6. Thus, we need a representative MRD(w, {3, k, h}) in each residue class modulo k or 3k, respectively. Since we want w ≡ 2 mod 6, we need an MRD(w_t, {3, k, h}) with w_t ≡ −2t mod k (w_t ≡ −2t mod 3k) for all 0 ≤ t < k/2 (0 ≤ t < 3k/2) with t ≡ 2 mod 3.

We construct the required MRDs in the following way. Let 2h − 2 ≤ t with t ≡ 2 mod 3. Put p = t, q = t if t ≡ 5 mod 6 or p = t + 1, q = t + 3 if t ≡ 2 mod 6. We take an MGD(3, k −1, (k −1)3p) and add q new points from H_0 = {x_j : j ∈ Z_q} to the groups such that there are exactly t new points each of which is contained in precisely 3 groups (see Figure 1 for the case t ≡ 2 mod 6; for t ≡ 5 mod 6 just remove G_{0,t}, G_{1,t} and G_{2,t} from the figure). We denote the groups by G_{i,j} , (i, j) ∈ Z_3 × Z_p and assume w.l.o.g. that G_{i,j} ∩ G_{i+1,j} = x_j for j = 0, . . . , t − 1 and that, when t ≡ 2 mod 6, x_{t+i} ∈ G_{i,t}

Figure 1: MGD(3, k − 1, (k − 1)(3t + 3)) with t + 3 new points, t ≡ 2 mod 6

for i = 0, 1, 2. Let H_1, . . . , H_k�_1 denote the holes in the MGD and let a point x (x ∉ H_0) be labeled by (a, b, c) if x ∈ G_{a,b} ∩ H_c. The design obtained has w_t = (k−1)3t+t = 3tk−2t or w_t = (k−1)(3t+3)+t+3 = 3tk+3k−2t points. Thus in each case w_t ≡ −2t mod k and also w_t ≡ −2t mod 3k. Moreover, since k is even, we have w_t ≡ −2t mod 6 and, therefore, w_t ≡ 2 mod 6 as required.

It remains to fill the holes with blocks of size 3 and h, that is, to cover pairs of points from the same hole and pairs of points with at least one point from H_0 which are not a subset of one of the groups.

First, we cover those pairs containing a point from H_c (1 ≤ c ≤ k − 1). Let c be fixed, and define G0_a = {(a, b, c) : b ∈ Z_p} for a ∈ Z_3. If t ≡ 5 mod 6 use the blocks of a 3-GDD of type p^3 where the groups are formed by G0, G0_1, and G0_2. Furthermore, construct on each of the groups G0_a a factorization into p near-1-factors. Add to all pairs of the near-1-factor with the isolated point (a, b, c) the point x_b to obtain the required triples. If t ≡ 2 mod 6 and, therefore, p = t + 1 we use the blocks of an MGD(3, p, 3p) where the groups are formed by G0, G0_1, and G0_2. Moreover, construct on each of the groups G0_a a factorization into p near-1-factors. Add to all pairs of the near-1-factor with the isolated point (a, b, c) (b < t) the point x_b and adjoin the point x_{t+a} to all pairs of the near-1-factor with the isolated point (a, t, c). Now form triples {(a, b, c), (a + 1, b, c), x_{t+a+2}} with (a, b) ∈ Z_3 × Z_p to cover the remaining pairs with a point from H_c.

Finally, we cover all pairs having both points from H_0 by the blocks of an MRD(q, {3, h}) which always exists by Theorem 2.3 since q ≡ 5 mod 6 and q ≥ 2h + 1.

We have thus constructed an MRD of order w_t for all 2h − 2 ≤ t ≤ t_{max} = 2h − 5 +^a_2 k where

w_t =

æ_{3(t + 1)k − 2t if t ≡ 2 mod 6,}

3tk − 2t if t ≡ 5 mod 6, and a =

æ_{1 if k ≡ 0 mod 6,}

3 if k ≡ 4 mod 6.

It is easily checked that all ingredient designs have order at most w_{tmax} where

w_{tmax} =

æ_{3(2h − 5 + 12 k + 1)k − 2(2h − 5 + 12 k) if k ≡ 0 mod 6,}

3(2h − 5 +^3_2 k + 1)k − 2(2h − 5 +^3_2 k) if k ≡ 4 mod 6.

Using the class of 3-GDDs previously mentioned, we will obtain an MRD(v, {3, k, h}) for all v ≥ 2w_{tmax} + k.

5 Conclusions

We conclude this study by noting that the bounds obtained in Theorem 3.1, cases (ii) and (iii), can be improved by obtaining smaller bounds on the MRDs of the types constructed in Lemmas 4.1 and 4.2. In Table 1 we exhibit the gap between the upper bounds described in this paper (known bounds) and the bounds obtained from the necessary conditions for MRDs (see [MR,R,G3]) (expected bounds). We remark that computer constructions in [G2] have shown that the expected bound from the necessary conditions was never exceeded.

In the last case of Table 1 there are no reasonable necessary conditions known; therefore, we provide the exact value of v_0({3, k, h}) where k, h ≤ 22 in Table 2.

6 Acknowledgements

The first author wishes to thank Prof. H.-D.O.F. Gronau, who supervised the preparation of the first authors Ph.D. dissertation, on which parts of this paper are based.

Case Necessary Bounds for v_0(K) conditions known expected

K ⊆ N1,3(6) v ≡ 1 or 3 mod 6 1 1 K ⊆ N1(2), K ∩ N5(6) ≠ ∅ v ≡ 1 or 3 mod 6 1 1

h = min K ∩ N_{5(6)} v ≡ 5 mod 6 2h+1 2h+1

K ⊆ N0,1(3), K ∩ N0(2) ≠ ∅ v ≡ 1 or 3 mod 6 1 1

k = min K ∩ N_{0(2)} v ≡ 0 or 4 mod 6 2k^2 − 3k + 4 ∼ √ 3k^32

K ∩ N2(6) ≠ ∅ v ≡ 1 or 3 mod 6 1 1

g = min K ∩ N_{2(6)} v ≡ 5 mod 6^1_2 g^2 + 6g^1_2 g^2 + g + 1 v ≡ 0 mod 2 6g^2 − 11g + 8 ∼ 3g^32

K ∩ N0,4(6) ≠ ∅ v ≡ 1 or 3 mod 6 1 1 K ∩ N5(6) ≠ ∅ v ≡ 5 mod 6 2h + 1 2h + 1

h = min K ∩ N_{5(6)} v ≡ 0 or 4 mod 6 2k^2 − 3k + 4 ∼ √ 3k^{32} k = min K ∩ N_{0,4(6)} v ≡ 2 mod 6 12kh + 9k^2 ?

Table 1: Known and expected bounds for v_0(K).

K v_0(K) K v_0(K) K v_0(K)

{3, 4, 5} 9 {3, 4, 11} 21 {3, 4, 17} 33 {3, 6, 5} 23 {3, 6, 11} 33 {3, 6, 17} 45 {3, 10, 5} 45 {3, 10, 11} 69 {3, 10, 17} 75 {3, 12, 5} 63 {3, 12, 11} 93 {3, 12, 17} 105 {3, 16, 5} 87 {3, 16, 11} 141 {3, 16, 17} 177 {3, 18, 5} 111 {3, 18, 11} 159 {3, 18, 17} 213 {3, 22, 5} 159 {3, 22, 11} 207 {3, 22, 17} 285

Table 2: Exact values for v_0({3, k, h}) where k, h ≤ 22.

References

[A] A.M. Assaf. Modified group divisible designs. Ars Combinatoria, 29 (1990), 13–20.

[BJL] T. Beth, D. Jungnickel, and H. Lenz. Design theory. Bibliographisches Institut, Zürich, 1985 [D. Jungnickel, Design Theory: An Update, Ars. Comb., 28 (1989), 129-199].

[CD] C.J. Colbourn and J.H. Dinitz (Eds.). CRC Handbook of Combinatorial Designs, CRC Press, Boca Raton, FL, 1996.

[CHR] C.J. Colbourn , D.G. Hoffman, and R. Rees. A new class of group divisible designs with block size three. J. Combin. Theory Ser. A, 59 (1992), 73–89.

[G1] H.-D.O.F. Gronau, R.C. Mullin, and Ch. Pietsch. The closure of all subsets of {3, 4, . . . , 10} which include 3. Ars Combinatoria, 41 (1995), 129-161.

[G1] M. Grüttmüller. On the PBD-closure of sets containing 3. Discr.

Appl. Math., 95 (1999), 251-272.

[G2] M. Grüttmüller. On the existence of pairwise balanced designs, Ph.D.

Thesis, University of Rostock, 1999.

[G3] M. Grüttmüller. On the existence of mandatory representation designs with block sizes 3 and k. J. Comb. Designs, 8 (2000), 122-131.

[K] Rev. T.P. Kirkman. On a problem in combinations. Cambr. and Dublin Math. J., 2 (1847), 191–204.

[L] V. Leck. The index-λ-closures of the subsets of {3, . . . , 10} including 3.

JCMCC, to appear.

[MR] E. Mendelsohn and R. Rees. Mandatory representation designs. J.

Combin. Theory Ser. A, 49 (1988), 349-362.

[R] R.S. Rees. Mandatory representation designs MR (3, k; v) with k even and v odd. J. Stat. Plan. Infer., to appear.

[W] R.M. Wilson. An existence theory for pairwise balanced designs II: The structure of PBD-closed sets and the existence conjectures. J. Combin. Theory Ser. A, 13 (1972), 246–273.