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Abstract

We study maximal families A of subsets of [n] = {1,2,...,n} such that
A contains only pairs and triples and A € B for all {A,B} C A, ie. A is
an antichain. For any n, all such families A of minimum size are determined.
This is equivalent to finding all graphs G = (V, E) with |V| = n and with the
property that every edge is contained in some triangle and such that |E| — |T|
is maximum, where T" denotes the set of triangles in G. The largest possible
value of | E|—|T| turns out to be equal to [ (n+1)2/8]. Furthermore, if all pairs
and triples have weights wy and ws, respectively, the problem of minimizing
the total weight w(A) of A is considered. We show that minw(A) = (2ws +
w3)n?/8 + o(n?) for 0 < wz/wy =: A = A(n) < 2. For A\ > 2 our problem is
equivalent to the (6,3)-problem of Ruzsa and Szemerédi, and by a result of
theirs it follows that minw(A) = wan?/2 + o(n?).

Keywords: Antichain, Sperner family, Flat Antichain Theorem, LYM inequality,
Extremal Graph Theory
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1 Introduction

Let n > 2 be an integer and [n] := {1,2,...,n}. By 2" we denote the family of all
subsets of [n] and by ([Z]) the family of all k-subsets of [n]. A family A C 2" is an
antichain if A € B for all {A, B} C A, and the antichain A is called flat if

] [n]
e (:5)0 (5)
for some 1 < k < n. The volume of F C 2" is defined by v(F) := Y pc s | F.

Our interest in flat antichains is motivated mainly by the Flat Antichain Theorem
which says that for every antichain A C 2[" there is a flat antichain A’ with |A/| =
|A| and v(A’) = v(A). This remarkable fact follows from results of Lieby [4] (see
also [5]) and Kisvolesey [3] that perfectly complement one another. We define an
equivalence relation on the set of all antichains in 2/ saying that two antichains A
and A’ are equivalent if and only if |A| = |A'| and v(A) = v(A).

Given a weight function w : {0} U [n] — R*, the weight of a family F C 2l
is w(F) := > perw(|F]). If the sequence (w(i))i_, is convex (concave), then the
flat antichains have minimum (maximum) weight within their equivalence classes
[2]. In particular, within their equivalence classes they have minimum LYM-values
wiym(F) = D per (|Z|)_1-

In this paper, we study the following question: Given 1 < k < n and wy_1,wy €
R*, what is the minimum weight w(A) = wy_1|Ag_1| + wi|Ax| of a mazimal an-
tichain A = A;,_; U A;, with A; C ([’Z]), i =k—1,k? In [2], the same problem has
been solved under the additional constraint that A is squashed, i.e. Ay is an initial
segment of ([Z]) with respect to the colexicographic order. If k£ < 2, then any A can
be transformed into a squashed A’ by an appropriate permutation of [n]. Trivially,
for £ = 1, the smallest possible w(.A) is wy if wy/w; < n and nw; otherwise. For
k = 2, it is an easy exercise to show that it is best possible to choose |A;| = n if
wy/wy < 1/2, |A] € {n —2,n} if wi/we =1/2, Al =n—2if 1/2 < wy/wy < 1,
and |A;| equal to one of the non-negative integers closest to n — 1/2 — wy /wy if
wl/wg > 1.

For the rest of the paper, we concentrate on the case k = 3. Without loss of
generality, we put w, = 1 and wg = A. Let 4 = Ay, U A3 C 2 be a maximal
antichain with A; C ([?]) for i = 2,3. With A we associate a graph G(A) on [n]
defined by

BGA) = () \ 4

By the maximality of A, every edge from F is a subset of some set from 43 and A3
is the set of all triangles in G(.A). Hence, for A € R* the optimization problem

w(A) = |Az| + A|A3] — min
is equivalent to the problem

|E| — A\|T| — max,



where the optimization is over all graphs G = (V| E') with |V| = n and the property
that every edge from FE' is contained in at least one triangle from 7', the set of all
triangles in GG. In the sequel, graphs with this property will be called T-graphs.
Fori € V,let N(i):={j €V : ij € E} and N(i) := N(i) U {i}. Furthermore,
for x € VU E let D(z) denote the number of triangles in 7" containing z.
Throughout, the sets of vertices, edges and triangles of a graph G will be denoted
by V, E and T, respectively, and d(7) is the degree of vertex i.

2 The bound

Theorem 1. Let G be a T-graph on n vertices. Then

(n+ \)?
51— Ay <SP 0

holds for all positive real numbers \.

Proof. Fix some xyz € T, and for ¢ = 0,1,2,3 let a; be the number of vertices
veV\{x,y,z} with |[N(v) N {z,y, 2z} =i. Then

ao+a1+a2+a3:n—3,
a; + 2as + 3a3 = d(z) + d(y) + d(z) — 6,
as + 3az = D(xy) + D(yz) + D(zz) — 3,

and consequently,
d(z) +d(y) +d(z) — D(zy) — D(yz) — D(zz) =3 =a; + a; < n — 3.
Hence, there are nonnegative integers ay,, (zyz € T) such that
d(z) +d(y) +d(z) = n+3+ (D(xy) — 1) + (D(yz) — 1) + (D(z2) — 1) — aay= (2)

for all zyz € T. Summing up (2) over T yields

> D(@)d(z) = (n+3)|T|+ Y D(xy)(D(zy) — 1) —a, (3)
where
o= ZT%W

yxyel yxyel

holds. Substituting into (3) yields

LS a@p + S ) - 1 () ) LS (D) - 1)
2 2

zeV Tyelr ryelr

= (n+3)|T|+ Y D(ay)(D(wy) —1) —a. (4)

zyel



Clearly,
D@WZUW@WN@NSmﬁﬂwﬂ@ﬂ_1gﬁﬁgﬂ2

for all zy € E. Define

8,, == (D(xy) — 1) (w - D(:vy))

for all zy € E. Note that [3,, > 0 as D(zy) > 1 for all zy € E. By (4) we have

%Zd(m)Q +3|T| = [E| = (n+3)|[T| —a -0,

xeV
where
ﬁ = Z ﬁmy
zyel
For x € V| put
n+ A
= —d(x).
Then )
o (nEA\T  ntA :

and with Y\ 7, = n2 — 2|E|,

2 2
s (nEA\T n+ A n+ A
E d(z) —n( ) ) 2n< o ) +4 o |E| + 7,

Y=Y 7

where

eV
Substituting (8) into (6) yields
n n(n+A\’ ~y
jE =5 ("55) —e-s-3
Hence,
A/n+A\° A ~
o) 23

and (1) follows by «, 3,7 > 0.

Corollary 2. If AC ([Z]) U ([’;]) is a mazimal antichain, then

()

(6)

(10)

(11)

Obviously, the quality of the bound (1) depends on A. The bound (1) is best
possible for A = 1, as will be shown in the next section, whereas for A < 1/4 it is
worse than the trivial upper bound (}). |E| < 3|T| implies that for A > 3 it is best
to choose G to be the empty graph. For A < 1/(n — 2) it is clear that |E| — A\|T| is
maximized when G' = K,,. Some improvement of (1) for 1/(n —2) < A <3, A # 1

is given in Sections 4 and 5.



3 Maximal flat antichains of minimum size

In this section we show that the bound (11) is tight for A = 1 and construct all
antichains for which it is attained.
For positive integers n, s, 0 < 2s < n, let K

2sn_2s denote the graph on [n] with
edge set

BE(Ky,, 9) = ([2s] x ([n]\ [2s])) U {{i,i+ s} :i=1,2,... s},

see Figure 1 for an illustration. Furthermore, let Gy denote the graph on Z3 x Zs
with edge set

E(Gy) = {{(z,9), (w,v)} : x # u, y # v},
see Figure 2, and let G5, and Gs, be the graphs diaplayed in Figures 3 and 4,
respectively.

5 6 7 8 9

N «'»/4‘ 1
S

»Q‘ %

N

Figure 1: The graph K}, Figure 2: The graph Gy

Theorem 3. Let A C ([g}) U ([g}) be a maximal antichain. Then

()5

and equality holds if and only if

(i) n=0 (mod4) and G(A) n/2n/2 0T
.. _ ~ t+
(i) n=1 (mod4) and G(A) = K(f,l)/z’(nﬂ)/z
or G(A) = K(n+3)/2,(n—3)/2
or G(A) = Gs,
or G(A) = Gy
or G(A) =Gy, or
(ili)) n=2 (mod4) and G(A) = K;;L+2)/27(n_2)/2; or
(iv) n=3 (mod4) and G(A)= K(J;L+1)/2,(n71)/2'

5



Figure 3: The graph G5,
Figure 4: The graph G,

Proof. The inequality (12) follows immediately from Corollary 2, and it is obvious
that equality holds if and only if

Bl ir1 = | £ (13

8

for G = G(A). If G = G(A) is like in (i)-(iv), then equality holds in (13).

Let G be some T-graph on n vertices such that (13) is satisfied. It remains to
show that G is isomorphic to one of the graphs listed in the theorem.

According to (10) in the proof of Theorem 1, (13) is equivalent to

1/4 ifn=0 (mod 2),
20+ pB)+vy=en with e:=¢ 1 ifn=1 (mod4), (14)
0 ifn=3 (mod4).

o = Z Qgyz, ﬁ: Z 6xy7 7227;37

xyzeT zyelE zeV

Recall that

where agy., By, 7. are defined in (2), (5) and (7), respectively, and the numbers
Olzyz, Bzy are non-negative. Note that ay,. is equal to the number of vertices in V/
that are adjacent to none or to all of the vertices z,y, z. Further note that

By =0 <= D(zy)=1or N(z) = N(y).

The proof is by induction on n. Using (14), it is easy to show that G is isomorphic
to one of the graphs listed in the theorem if n < 9. In the sequel, we assume n > 10
and that the assertion is true for all T-graphs G’ on n’ < n vertices.

Case 1: n =0 (mod 2).
By (7), we have |y,| > 1/2 for all . Hence, v > n/4, and (14) yields ~y

VeeV: dz)e{n/2,n/2+ 1}, (15)
Veye E: [y =0, (16)
VeyzeT: gy =0. (17)

By(2), (15) and (17), we have

Vayz €T :

NS

< D(xy) + D(x2) + D(yz) < g +3, (18)



and by (5), (15) and (16),
Veye E: D(xy)=1 or D(zy) € {n/2—1,n/2}. (19)

(18) and (19) imply that for every triangle zyz € T there is a permutation 7 of its
edges such that

D(n(zy)) = D(n(zz)) =1, D(r(yz)) € {n/2 - 1,n/2}.

Hence, for every yz € E with D(yz) > 1, T contains D(yz) € {n/2 — 1,n/2}
triangles x;yz with D(z;y) = D(z;2) =1,i=1,2,..., D(yz).

Case 1.1: n =0 (mod 4).

Assume that D(yz) = n/2 — 1 for some yz € E. Let G’ be the T-graph obtained
when deleting all triangles containing yz as an edge and the vertices y, z from G.
Then G’ is a graph on n—2 vertices with |E'|—|T’| = [(n—1)?/8], and, by induction,
G = K:L_/Q,(n—4)/2' Therefore, there are n/2 vertices of degree n/2 — 1 in G'. All
these vertices must have been adjacent to y and z in G because of (15). Hence,
D(yz) > n/2, contradicting our assumption.

Consequently, D(zy) € {1,n/2} holds for all zy € E and thereby

VayzeT: D(xy)+ D(xz)+ D(yz) = g + 2. (20)
By (15), (17), (20), two vertices of any triangle from 7" have degree n/2+ 1 while its
third vertex has degree n/2. Clearly, D(yz) = n/2 implies d(y) = d(z) = n/2 + 1.
Let G’ be obtained from G deleting a vertex x with d(z) = n/2 and all edges incident
with . Then G’ is a T-graph on n — 1 vertices with |E'| — |T"| = n?/8, and, by
induction, G’ = Kn+/2,(n—2) /2 Hence, there are exactly n/4 edges which are contained
in more than one triangle in G’, and these edges form a matching in G’. The end-
vertices of these edges must form the neighborhood of z in G, i.e. G = K

n/2n/2"

Case 1.2: n=2 (mod 4).
Assume that D(yz) = n/2 — 1 for some yz € E. Let G’ be the T-graph obtained
when deleting all triangles containing yz as an edge and the vertices y, z from G.
Then G is a graph on n—2 vertices with |E'|—|T’| = [(n—1)?/8], and, by induction,
G = K(J;_2)/2’(n_2)/2. Therefore, there are n/2 — 1 vertices of degree n/2 — 1 in G'.
All these vertices must have been adjacent to y and z in G because of (15). Hence,
G = Koo -2

Consequently, w.l.o.g. we can assume that D(xy) € {1,n/2} for all zy € E.
As in Case 1.1, every triangle contains a vertex of degree n/2. Let x € V with
d(x) = n/2. Then D(zy) = 1 must hold for all zy € E. Hence, the degree of z is
even, a contradiction.

Case 2: n=1 (mod 4).
Let o o
M:={zye E: N(x)=N(y)}.

Note that by (5), 8., = 0 for all xy € M.



CLAIM 1: M #0.

PrOOF: Assume that M = (). Then

26> > (D(zy) — 1) =3|T| — |E], (21)

zyeE

where the inequality follows from (5). Furthermore,

=y (M aw) = (M )

eV zeV
implies
1
v > —”(”; ) _9p) (22)
By (14), (21), (22), (12),
1 2-2n+9
n>20+v> @ﬁ%m —3|E| = %
which yields n <9. 0
For zy € FE put Vi(zy) :={2 €V : zyz € T}.
Cramm 2: W.lo.g. we can assume that

n—+1

Vaye M:  d(z) - |E(Vi(zy))| 2 —

PRrROOF: Let xy € M, and let G’ be obtained from G removing z, y, and all
edges uv € E(Vi(xy)) with D(uv) = 2. Then G’ is a T-graph on n — 2 vertices
with

Bl = T )
I € B(Vi(ay) : D) = 2} + 21 B(Vi(a))
> RS () - BV ).

This, together with Theorem 1, implies that

() ~ |BWia))| 2 " (23)

Assume that equality holds in (23). Then, by induction, G’ = (n 1)/2,(n-3)/2
Moreover, D(uv) = 2 must hold for all wv € E(Vi(xy)). Hence, Vi (zy) is the
unique independent set of size (n — 3)/2 in G’. But then, for every uv € E
with u,v € Vi(xy) we have D(uv) = (n + 3)/2 > 2. So Vi(zy) must be
independent also in G. Consequently, d(z) = (n —1)/2 which eventually leads

+
to G = K, 39 (n-3)2° O



CrLAM 3: Vi(zy) is an independent set for all xy € M.
PROOF: Assume that xy € M and uv € E(Vi(zy)). Then
D(zu), D(zv), D(yu), D(yv) > 2,
and by (5),
B = Bout Bov+ Byu + Byo

> (w—l—D(xu))+---+(M—1—D(yv)).

We claim that each of the four summands is at least (n — 3)/4, hence 23 >
2(n — 3) > n, in contradiction to (14).
By d(u) > D(zu) + 1, we have
d(z) +d(u) |~ D(ru) > d(z) — D(xu) — 1.
2 2
On the other hand, D(zu) < |E(Vi(zy))| + 1, so with Claim 2,

n—1

2

D(zu) < d(z) —

holds. Thus,
d(x)—;—d(u) - D) > n—3‘

Analogously, each of the other summands is at least (n — 3)/4. O

By Claims 2 and 3, the edges M form a matching in G and 2|M| < (n+1)/2.
Since (n+1)/2 is odd, we conclude |M| < (n—1)/4. Assume that |M| = (n—1)/4.
By Claims 2 and 3, G\ V(M) does not contain a triangle. If there was an edge
in G\ V(M), then the two endpoints would have a common neighbor in V(M), a
contradiction to Claim 3. Hence, V' \ V(M) is an independent set. Now it is easy
to see that |E| — [T becomes maximum only if G = K[ )5 11y

In the sequel, we assume that |M| < (n —1)/4.

Let
Vii= J Vilay),
xzyeM
V= [ Vilzy),
zyeM

Vo=V (LU V(M)),
Ei={zye E:xeV,ye W}
Ey:={zy € E:z,y € Vs,
di(z) ={yeVi:aye E} forzeV,
do(z) :={yeVorayec B} forxeV.



Cram 4:  |V/| > [Vi] — 224

ProoF:  For z € Vi \ V/, there are zy,z'y’ € M with z € Vi(zy) and
z & Vi(2'y'). Hence, by Claims 2 and 3,

n—1 n—3
d <n-— — 2=
(2) <n—=—5 2

Thus, by (7) and (9), v > 4[Vi \ V{|, and |V} \ V{| < 22 follows by (14). O

Cram 5: 1 < |V] < 25
PrOOF: The first inequality follows from V; D Vi(zy) and |Vi(zy)| > 252
for every zy € M. Assume [V;| > 3. Then, by Claim 4, [V]| > 2+T and, by
Claim 3, for every z € V| we have
n—3
2 Y

d(z) <n—|W| <

hence
n+7

Y2

-4 >n,
a contradiction to (14). O

Cramv 6: |E(Vy)| <1and |E(V;)| =0if V) = Vi(zy) for some zy € M.

ProOF: If there is some xy € M with Vi = Vi(zy), this is Claim 3. So

assume [Vi| = % and [Vi(zy)| = 25+ for all 2y € M, i.e. for each ay € M
there is a unique z € Vi such that Vi(zy) = Vi \ {z}. Now let wz € E(1}).

There are zy, =’y € M, such that

{w} =Vi\Vi(zy), {z} = Vi\ Va(z'y).

Then every edge in E(V]) \ {wz} would have both vertices in V;(zy) or in
Vi(z'y'), contradicting Claim 3. O

Cramv 7: If V] is an independent set, then dy(z) > 1 for every x € V5 and dy(x) +
dy(y) > 3 for every xy € Es.
PrROOF: Let x € V, with do(z) = 0. Then also di(z) = 0 because an edge
zy with y € V; would not be contained in any triangle. So d(x) = 0 and
deleting = we would obtain a T-graph on n — 1 vertices violating the bound
from Theorem 1. Now assume xy € E with dy(x) = da(y) = 1. Then for
z € V; we have

rz €l <= yzekl,

hence xy € M, a contradiction. 0
Case 2.1: |Vj| =22
In this case we have zy € E for every (z,y) € V3 x V(M), and V; is an independent

set. Let 6 = 24| V5| — |Ey|, i.e. the number of non-edges between Vi and V,. We
use the following simple observations:

a > | M6,

10



Now from 2a+ v < n and |M| > 1 we obtain
n

5 < —. 24

<! (24)

With ”T_l > 7 this implies that there is a vertex 2o € Vi with zy € E for every
y € V. We claim that D(zy) > 1 for all zy € Ey. Assume D(zy) = 1 for some
xy € Fy. Then zy is the only vertex in V; that is adjacent with both, z and y. So

n—3

5> Vil —1="5=,

and together with (24), n <9 and the claim is proved.
Now let G’ = (V’, E’) be the graph obtained from G by deleting zy and all edges
incident with zy, and let 7" be the set of triangles in G'. G’ is a T-graph on n — 1

vertices, and by induction
n?—1

|E'| = |T'| <
With (13) and
n+1

|E'| = |E| - and |T'] = |T| — [M] — | |

we obtain 43
Bl + M| < — =,

and finally with [M] =1 (2 — |14])
V2] +1
o

By Claim 7, |Es| > 2|V3|/3, and therefore |V5| < 3. In case of equality, G’ =
K(n 1)/2,(n—1)2 by induction. But this is impossible, because for x € V(M) its

|Es| <

degree in G’ is (n—1)/2 while in G ¥ K(n—1)/2 (n_1y/2> for every edge xy with
D(xzy) > 1 we have d(z) = d(y) = (n + 1)/2. So we obtain a contradiction as |V5
must be odd and |V3| = 1 contradicts Claim 7.

Case 2.2: |Vj| ="
For z € V} we put

Q, = § Qyyyz,

zyeEM:xyzeT

b= ¥ e - (M 1 D))

yeVayzeE

Then it is easy to see that

20+ 8)+7> ) 2as+B:) + 7.

zeVy

11



By (14), there must exist a zy € V; with
2y + ) + 74 < 1.

By Claim 6, |[E(V4)| < 1. If di(20) = 1, then d(z) < 5% because there are
x,y € V(M) that are not adjacent to zy by Claim 3. Hence, v,, > 2, a contradiction.
This implies d;(29) = 0 and thereby, d(z9) < (n —1)/2. By 7., < 1, it follows that
d(z)) = (n—1)/2 and 7, = 1. Consequently, a., = 3,, = 0. Further, it follows that
2o is adjacent to all z € Vo UV (M). By 3., = 0 and the fact that there is no edge
between V(M) and Vi, D(zpz) = 1 holds for all z € V5. This implies dy(x) = 1 for
all z € V5, and by Claim 7 it follows that V; is not an independent set. So assume
wv € E with u,v € V. Since d;(zp) = 0, we have zy & {u,v}. Now let zy € M with
xyzy € T. We have either zyu ¢ T or xyv ¢ T, implying oy, > 1, contradicting
o, = 0.

Case 3: n =3 (mod 4).
By (14), the equations (16) and (17) hold also in this case and

n+1

VeeV: dz)= 5

(25)

By (2),(17) and (25),
n+3
2 )

and by (5), (16) and (25), D(zy) € {1,(n —1)/2} for all zy € E. Hence, for every
triangle xyz € T there is a permutation 7 of its edges such that

VeyzeT: D(zy)+ D(xz)+ D(yz) =

n—1
2

D(n(ry)) = D(n(z2)) =1, D(r(yz)) =

Let yz € F with D(yz) = (n — 1)/2, and let G’ be the T-graph obtained when
deleting all triangles containing yz as an edge and the vertices y, z from G. Then G’
is a graph on n —2 vertices with |E'| —|T"| = |(n— 1) /8J and with exactly (n—1)/2
vertices of degree (n — 3)/2. By induction, G' = (n 3)/2,(n—1)/2 Which eventually

implies G = Kn+1)/2 (n—1)/2" ]

4 The case \ < 2

For A # 1 we can prove only asymptotic results. A very interesting case of the
original antichain problem ist the LYM-value, which corresponds to A = 3/(n — 2)
in the T-graph formulation. This is a motivation to consider not only constant
weights but also weights depending on n, i.e. the weight is a function A : N +— R,
and our aim is to find for each n € N a T-graph G,, = (V,,, E,,) on n vertices, such
that |E,| — A(n)|T,| is maximal among all T-graphs on n vertices, where T, is the
set of triangles in G,,. For notational convenience we put

oa(n) = max{|E| — A(n)|T| : G is a T-graph on n vertices}.

12



and assume throughout that G,, = (V,,, E,) is an optimal sequence, i.e. a sequence

of T-graphs with |E,| — A(n)|T,,| = ¢a(n). In this section we consider the case

0 < A(n) < 2 for all n. For our standard construction K3, _,, (s = [n/4]) we have
A(n)

2 —
Bl = An)IT| = —5—

and the main result of this section is that this gives the correct quadratic term for the
asymptotics. For our proof we need an estimation for the maximal number of edges
in a graph G on n vertices with the property that every edge of GG is contained in
exactly one triangle, i.e. D(zy) =1 for all xy € E. We observe that asymptotically
this is equivalent to the (6,3)—problem of Ruzsa and Szemerédi [7], asking for the
maximal cardinality of a triple system on n points such that there are no six points
which span three triples. We consider T as a triple system on V. In [7] it is shown
that, for large n, in order to solve the (6, 3)—problem we may assume that every pair
xy is contained in at most one triple. Under this assumption, it is easy to see, that
D(zy) = 1 for every zy € FE is equivalent to the condition of the (6,3)—problem.
Ruzsa and Szemerédi use the Regularity Lemma to prove |T| = o(n?). We use this
in the proof of the following theorem.

n* + o(n?),

Theorem 4. For every A : N— (0,2) we have

ox(n) = 2_T/\<n)n2 + o(n?).

Proof. p,(n) > %(”)nQ + o(n?) follows from the objective values for the K|

2s,n—2s"
Assume the statement of the theorem is false. Then there exists € > 0 and an infinite

subset M C N such that
2— A\
VneM: |E,| —AXn)|T,| > (% + 8) n?. (26)

CrAamm 1: 0 is not a limit point of {A(n) : n € M}.

PROOF: Assume there is an infinite My C M such that Vn € My : A(n)/8 <
¢ :=¢/2. Then for n € M,

|En| = AMn)|T,| > (1/4 + £')n”. (27)

By [6], the number of triangles in a graph with v vertices and e edges is at
least e(4e — v?)/(3v). With |E,| > (1/4 + ¢')n? this implies
! 1 4 Ny 3
Vn c MO . ’Tnl 2 W7

‘A ‘A
Ve My: An)|Th| > S 3(”>n3 > & 3(”%2.
Now (27) yields |E,| > (1/4 + /(1 + A(n)/3))n?, and repeating the argument

t times we obtain
A t
| En| > <1/4+€’ (1 + %) ) n’

for any positive integer ¢, which is impossible. 0

13



Cramm 2: For n € M, we have |E,| < n?/4 + o(n?).
PROOF: By Claim 1, A := 3 liminf A(n) > 0. Assume there are ¢ > 0

n—oo,n€M

and an infinite subset My C M, such that for all n € My, |E,| > (1/4 + &')n?.
As in the proof of Claim 1 we obtain, for all sufficiently large n € M,,

/

A

An)[T] > 2o,

and for sufficiently large n this is bigger than n? a contradiction to |E,| —
A(n)|T,| > 0. O

CraM 3: For n € N, we have |T,,| > |E,|/2 + o(n?).

PROOF:  For each n, let T° C T,, be a subset which is maximal with the
property that two distinct elements of T do not have an edge in common, and
let E? be the set of edges of the triangles in TC. Then |E°| = 3|T°| = o(n?)
by [7]. By maximality of T?, each of the triangles in T)! := T,, \ T? has at
least on edge in EY. With E}! := E, \ E?, this implies |T}}| > |E}|/2, and with
|T,,| = |T}| + o(n?) and |E}| = |E,| + o(n?®) we obtain the claim. O

From Claims 2 and 3 it follows that, for n € M,

| En| = An)|Th] < (1 — @) |E,| +o(n?) <

2—A(n)

3 n* + o(n?),

contradicting our assumption (26). |

Corollary 5. Let LYM(n) be the minimum LYM-value of a mazimal antichain in
(5) U (). Then 1
lim LYM(n) = 3

n—oo

Proof. This follows immediately with

1
LYM(n) = 1 — —py(n),
(n) (3)30()

where A(n) = 3/(n — 2). |

Corollary 6. Let vol(n) be the minimum volume of a maximal antichain in ([72‘]) U
([g]). Then
vol(n) = Tn*/8 + o(n?).

Proof. This follows immediately with

wolt) =2 ( () = el

where A\(n) = 3/2. [ |
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5 The case \ > 2

For A > 2, every T—graph with the maximal value of |E| — A|T| has the property
that every edge is contained in exactly one triangle. This is true because otherwise
we could increase the value of |E| — A|T| by deleting edges. For A = 2 there is
an optimal T—graph with D(xy) = 1 for every xy € E, since by deleting edges
any T—graph can be transformed into one with this property without changing the
value of the objective function. So for this section we suppose that D(xy) = 1 for
every xy € E. Then we have |T| = 3|E|, and the problem is to maximize |E| or
|T|. As observed in the last section this is equivalent to the (6,3)—problem and we
obtain |T| = o(n?). On the other hand, Ruzsa and Szemerédi [7] give an explicit
construction which yields, for sufficiently large n,

1
T| > ﬁrsm)n,

where 73(n) is the maximal cardinality of a set of positive integers less than n
containing no three numbers in an arithmetic progression. According to a result of
F.Behrend [1], for every positive constant ¢ we have r3(n) > n' ®en for large enough
n, hence

IT| > 1%)0712_10;"'

Below we describe some optimal constructions for small n. For this we need another
upper bound on |T'| which is worse than o(n?) but more convenient for showing the
optimality of our constructions.

Theorem 7. Suppose D(xy) =1 for every xy € E. Then
n(n+3) . .
LI—SJ if n is odd
Tl <

LTL(TZ—‘,—Q)
18

J if n is even.

Proof. From D(zy) =1 for all zy € E it follows that, for all z € V|

In particular, d(z) is even for every z € V. Fix some z € V. Since D(zy) = 1 for
every y € N(z), the subgraph induced by N(x) is a matching of cardinality d(z)/2.
For every edge yz € E with xyz € T and for every vertex w € V \ N(z), from
D(yz) =1 it follows that

ywekFlE = z2wg¢gFE and zweFE = yz& FE.
Recalling that d(y) is even for any y € V, this implies, for any yz € E with xyz € T,
d(y) +d(z) <n—d(z)+3 ifnisodd, and (28)

dy) +d(z) <n—d(zx)+2 if nis even.

15



Now let n be odd. The even n case is treated analogously. Summing up (28) over
the edges yz with zyz € T" we obtain

> ) < M - aw) +3). (29)

yEN (z)

Summing up (29) over x € V yields

> d(y)* < (n+3)|E| —%Zd(xf

yeVv zeV

or

—Zd < (n+3)|E|

eV

Now the quadratic—arithmetic mean inequality implies

S il 4\5’\2

zeV

and so

n(n + 3) n(n + 3) ‘

Bl <
18

and |T] <

Lemma 8. For odd n, equality in Theorem 7 is possible only if n < 38.

Proof. In order to prove the lemma we derive an upper bound which is slightly
better for large n. Fix some x € V. Let M be the matching induced by N(z), and
let My be the set of edges in this matching that satisfy (28) with equality, i.e.

My={yze M : dly)+d(z) =n+3—d(x)}.

This means that for every yz € My and every vertex w € V \ N(z) either yw € E
or zw € E. Denote the cardinality of My by m and label the vertices of V(M) by
pairs (i,7) € {1,...,m} x {0,1} such that

Mo = {((i,0),(i,1)) : i=1,...,m}.

We associate with every vertex w € V' \ N(z) a binary string w; ... w,, by w; = j
if (w,(i,7)) € E (i € [m], j € {0,1}). Now two vertices w and w’ can form an edge
only if the Hamming distance of wy ... w,, and w] ... w/, is at least m — 1 (otherwise
D(ww') > 1). Since the edges (w, (i, w;)) have to be contained in a triangle, for
every w and every index ¢ € [m] there must exist a vertex w’ with ww’ € E such
that w} = w; and w], # wy for ' # i. W.lo.g. we may assume that there is a
vertex w with w; = 0 for all ¢ € [m]. This implies that all bitstrings with exactly
one O-entry appear among the strings associated with the vertices. This in turn
implies that all the strings with exactly two 1-entries appear. Continuing this way
we obtain that all the strings with exactly k& O-entries appear for odd £ < % and
all the strings with exactly & 1-entries appear for even & < 2. If m is even the

16



argument even yields that every binary string of length m does appear. So, in any

case,
[m/2] m
n—dz)—1> (k)—Zm_l,
k=0
and
n—d(z)—1>2" if m is even.
Thus
m < 1+logy(n—d(z) —1) <1+ logy(n),
and

m < logy(n —d(z) — 1) if m is even.

(30)

Taking into account that equality in (28) holds for at most 1 + log,(n) edges the

summation of (28) over all edges yz with xyz € T yields

> dlw) < M (0 () +2) + 1+ logy(m).

and summing this over x € V' we obtain

> d(y)? n+2yEy—-Zd 2+ n(1+logy(n)),
yev zeV

or (with the quadratic-arithmetic mean inequality)

6| £

< (n+2)|E] + n(1 + logy(n)).

g < Mt \/(M)Z + %2(1 + log, (n)).

Hence

12 12

An easy computation shows that for n > 39 this is strictly less than |n(n + 3)/6

Theorem 9. There are T-graphs G with D(xy) = 1 for every xy € E and |E|

ntS) i n € {3,9,15,27}.

J
]

Proof. SUFFICIENCY: For n = 3 we take a C3, and for n = 9 we take the graph Gy.
For n = 15 we construct a graph G5 (see Figure 5) as follows. We put V' = Z3 X Zj

and describe F by giving a complete list of the triangles:

(00, 10,20), (00,01,02), (00,03,04), (10,11,13), (10,12,14), (20,21,24),
(20,22,23), (01,11,21),(02,12,22), (03,13,23), (04,14, 24), (01, 14, 23),
(02,13,24), (03,12,21), (04,11,22).

For n = 27 we put

V = {0} U (Zs x Zo) U{w € Z5 iwi:O},

17
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Figure 5: The graph G5

and £ = Fy U Ey U E3 U By, where

Ey ={{0,2} : © € Z5x Ly}

Ey = {{(i,0),(:,1)} : i€ Zs}

By = {{(i,)), w} : (i,7) € Zs X Lz, wi1 = j}

Ey={{w,w'} : dy(w,w’) =4}.
Here dy denotes the Hamming distance. The construction is illustrated in Figure 6
where we left out FEjs.

00 0110 1120 2130 3140 41

00000 10111
01111 11000
00011 11011
01100 10100
01001 11101
00110 10010
01010 11110
00101 10001

Figure 6: Go7; without the edges from FEs

NECESSITY: Since n(n+ 3) is divisible by 6 we must have n =3 (mod 6). So by
Lemma 8 we only have to exclude the values 21 and 33. In both cases we derive a
contradiction from the assumption that a graph with the required properties exists.
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The proof of Theorem 7 shows that in order to have |E| = ”("6+3), G must be

”T“—regular. This implies that m in the proof of Lemma 8 equals @ = "T*?’. In
both cases m is even, so we can apply (30), and we obtain 4 = m < log,(12) and
6 = m < log,(20), so our assumption must be wrong. [

6 Open problems

1. Is it true that
_ 2—X(n)

3 n*+ O(n)

pa(n)
holds for A : N — (0,2)?

If so, does our standard construction K, , with r = n/2 + o(n) give the
correct linear term?

2. Generalize Theorems 12 and Corollaries 5, 6 to maximal antichains A C ( k[ﬁ}l) U
([Z]), k>3, ortoAC ([Z]) U ([Z])7 k> 3.
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