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The starting point for this paper was the question how to describe the character which re-
sults from applying tensor induction to a sum of characters or to a character induced from
a subgroup; this is a problem very similar in spirit to working out a power of a sum but
it poses a notational problem. The description offered here uses the concept of inductible
maps and their induction. The precise definition of inductible maps and a description
how they can be induced are given in Section 2; it uses the language of G-sets (where
G is a group, mostly assumed finite) and G-maps. Consequently, these form the topic
of Section 1, which contains some basic lemmas and the definition of the tensor product
of two G-sets. Inducing an inductible map leads from (generalized) characters to (gen-
eralized) characters and is flexible enough to include addition, multiplication, ordinary
(Frobenius) induction and tensor induction of class functions; it also describes Mackey
decomposition at no extra cost. The answer to the question above is then given in Sec-
tion 3. As a corollary, one finds that tensor inducing a sum of monomial characters leads
again to a sum of monomial characters. In Section 4, transitivity of this new’ (it isn’t)
induction process is proved by giving an explicit description of the sets and maps involved.
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1 G-Sets

We need a few facts about G-sets. They are all very elementary and probably well known.
We state them to get the generalities out of the way. Notation is standard; in particular,
stabilizers in G are denoted by subscripts. Maps are mostly written on the right, as is
the G-action. In the following, X and Y are G-sets.

1.1 Lemma: Orbits

Let @ : X — Y be a G-map and let Y = UjG. For every j, let X; = {z € X | za = j}.

jeJ

Then X is a G-set (possibly empty). If X; = U iG;, then X = U iG, where I = U ;.

iel; i€l jeJ

Proof:  Easy.

1.2 Lemma: G-Maps

Let X and Y be G-sets and let X = U iG. Denote Y = Fixy (G}), the set of fixed points,
il

and let [X,Y]s be the set of G-maps X — Y. Then a — (ia);es is a bijection from

[X, Y] onto the direct product [ Y.

i€l

Proof:  The inverse sends (y;)ie; to the G-map « well-defined by iga = y;g.

In the following, as in the next sections, R is a commutative ring with 1.

1.3 Lemma: Distributivity

Keep the notation of the previous lemma and assume that X and Y are finite. Further
let T: Y — R be any map. Then the following holds:

HZT( Z HTza

icl yeyi a€[X,Y]q i€l

Let in addition 4 : Y — X be a G-map, and denote Y (i) = Y(i,u) = {y € Y* | yu = i}.

Then
II > rw= > []7Ga).
i€l yeY (3) afﬂ[Xl(}ifXG el

Proof:  The first statement is just distributivity in R combined with 1.2. The second
follows from this by observing that for o € [X,Y]q, one has ap = idy if and only if
ia €Y (i) Viel.



1.4 Definition: Tensor products of G-sets

Only part of the following construction is needed in this paper. Still, it may clarify the
concept to state it in more generality. Solet X and Y be G-sets. Then their tensor product
X ®¢Y = (X xY)/G is by definition simply the set of G-orbits on X x Y; one then
denotes by z®vy the orbit containing (z,y) . This will look more familiar if Y is considered
as a left G-set by defining gy = yg~! because then zg ® y = = ® gy.

1.5 Remark:

So far, X ®q Y is just a set, but it will be an H-set in the obvious way if Y is a G-H-biset,
i.e. a G x H-set. Similarly, the H-maps [Y, Z]g form a G-set, if Z is an H-set and Y a
G-H-biset.

The name ’tensor product’ is justified by the fact that the tensor functor is adjoint to the
Hom functor: if X is a G-set, Y is G-H-biset and Z is an H-set, then

(X @cY, Z]lp = [X,[Y, Z]u]c (naturally) .
This is easily seen by observing that the natural isomorphism of sets
(X <Y, Z] = [X,[Y, Z]]

is an G x H-map, and then taking fixed points. We concentrate here on two special
instances:

First, let G < H and Y = ¢Hpy. Then X ®¢ Hy is often written as X and called the
induced H-set (this will be used below). Since [H, Z]y = Z|¢ as G-sets, the isomorphism
above becomes [X#, Z]y = [X, Zi¢|¢. This is a form of Frobenius reciprocity.

Second, let H < G. With Y = ¢Gp then, X ®¢ Gy = Xy, so the above isomorphism
reads [ Xy, Z|g = [X, |G, Z]g]e. A certain amount of confusion is perhaps generated by
the fact that the functor Z — [G,Z]g is known as tensor induction (instead of "'Hom
induction’ or some such) and written as Z®“. Then the isomorphism can be rephrased
again as [X |y, Z]g = [X, Z%%). This may be called Dress reciprocity.

The reason for the name ’tensor induction” will become clear in 2.2 below. The reader
is referred to [2], §80 for more information. In particular, Theorems 80.26 and 80.37
in [2] (minus the finiteness assumptions made there) are precisely Frobenius and Dress
reciprocity.

1.6 Remarks:
Let H < {.

(i) If the H-set X contains just one element, then X% is sometimes also written as
|G : H] and is isomorphic to the G-set consisting of the (right) cosets of H in G. In
this case, [X, Z|y]x is naturally isomorphic to Fix,(H), so [[G : H], Z]¢ = Fix,(H).
With different notation, this is a special case of Lemma 1.2 (assume that X is
transitive).

(ii) Let N<G and G = G/N. If X is a G-set, we can form the G-set X = X/N
consisting of the N-orbits on X; clearly X is isomorphic to X ®¢ G-
A natural example of this kind is X = N with G acting by conjugation. Then X/N
consists of the conjugacy classes of N, permuted by G (or G).
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(i) A word of warning is in order: If M is an RH-module, then it is also an H-set.
One can therefore use it to construct the induced G-set M ®py G as just described.
However, it is not a good idea to denote the result by MY, because this notation
is routinely used for the Frobenius induced of M, i.e. for M ®ryg RG, which is a
G-module (and therefore also a G-set). If H # G, the induced set and the induced
module are not isomorphic as G-sets: the induced module contains a point (namely
0) fixed by GG, whereas all stabilizers of elements of the induced set are conjugate to
subgroups of H.

(iv) On the positive side, the notation suggests the correct result when inducing per-
mutation modules, i.e. R[X]% = R[X¢] for any H-set X (module induction on the
left, set induction on the right).

(v) To describe the induced module MY as G-set (for an H-module M), one can use

tensor induction of sets:
[Gv M]H = MG

if the index |G : H| is finite. If {ry,...,7,} is a set of right coset representatives for
H in G, then
(G, My 3a—) rita@r e MY

is an isomorphism of G-sets, in fact of G-modules (note that [G, M|y has a natural
G-module structure). Moreover, the map is natural and independent of the choice
of the r;’s.

For RH-modules, the notation M®“ (which was used bevor as synonymous with
|G, M]g) will be given another meaning in 2.1.

(vi) For any H-set, X > x + x ® 1 defines an injective H-map X — X%, so we view X
as a subset of X&. Inclusion then maps the H-orbits of X bijectively to the G-orbits
of X¢. In particular, X is transitive if and only if X is.

(vii) This is not true for tensor induction: The transitivity of X is a necessary, but not
sufficient condition for the transitivity of X®¢.
To see necessity, observe that for z,y € X and G = |J ¢;H, we can define a,b €

i€l

X®C = [G, Xy by (gih)a = zh and (g;h)b = yh. If a and b belong to the same
G-orbit, then x and y belong to the same H-orbit, as is easily seen.
For finite G, let n = |G : H| and let X be a regular H-set. Then X is transitive.
Since | X®¢| = | X|* = |H|" is usually much larger than |G| = |H|n, the G-set X®¢
cannot be transitive. In fact, for 1 < H < G, there is only one exception, namely

G:C4‘

1.7 Remark: Piecemeal G-sets

IfY = | jG is a G-set and for every j € J a Gj-set X is given, then one can construct
jed
a G-set X = |JXY = U X, ®¢, G and define a canonical G-map a : X — Y by
jed jeJ
(x® g)a = jg if x € X;. Again, we will use the notation X, = {z € X | za = y}. There
is a slight ambiguity here for the X;’s. However, X is canonically embedded into X, and



its image is just the inverse image of j under a.

This construction can be extended to maps: if for any j € J a Gj-map ¢; : X; — Z

is given, where Z is some G-set, then a G-map ¢ = |J c,p]G : X — Z is defined by
j€J

(z®g)p =wpjgif v € X;.

Similarly, if for any j € J a Gj-map ¢, : X; — Z; is given, where Z; is some Gj-set, then

a G-map ¢ = Ugof:X—>Z: UZJG: U Z; ®¢, G is defined by (z ® g)p = 9; ® g

jeJ jeJ jeJ

These constructions will be repeatedly used in the Section 4.

2 Inductible Maps

Everybody working in group representation theory is familiar with Frobenius induction,
which constructs to a class function ¢ of a subgroup H < G a class function ¢ of G by

o= D, ¥
Hze[|G:H]
Hxg=Hx

Of course, this may not make sense if |G : H| is infinite. So we assume from now on
for the rest of this paper that all groups G considered and all occurring G-sets are finite,
unless otherwise stated.

Somewhat less popular then Frobenius induction, but occasionally useful, is tensor in-
duction, introduced by Berger in [1] and also used by Dade and Isaacs. For the readers
convenience, we review the construction briefly.

2.1 Definition: Tensor induction

Let X be an R-module on which the group H acts; for every n € N then, H" acts in the
obvious way on the n-fold tensor product X ®p ... ®g X. We have also a natural action
of the symmetric group S, on X ® ... @ X by (£1 ® ... ®x,)0 = T15-1 @ ... ® Tpy—1 for
o € S,. Similarly, S,, acts on H" ; these actions are compatible. Therefore, X ®...® X is
a module for the semidirect product S,, H"; this group is also known as the wreath product
HQS,.

Now let G be a group containing H as a subgroup of index n, say, and let {ry,...,r,} be
a set of right coset representatives. Then for any ¢ € G, we have r;c = h;r;, for uniquely
defined elements h; = h;(c) € H, i = 1,...,n and a unique permutation o = o(c) € S,.
Therefore, cp = ohig-1...hye—1 € H!S,. Since ¢ : G — H S, turns out to be a
homomorphism, we can view X ®...® X as G-module via ¢. This module is then called
the tensor induced module and written as X®“. The notation is justified by the (easily
checked) fact that a different choice of representatives r; = a;7;; (with a; € H and a
permutation 7) will lead to a map ¢’ which differs from ¢ only by an inner automorphism
of H S, (more precisely, ¢ is ¢’ followed by conjugation with Ta,-1...a,,-1 € H1S,),
and will therefore define an isomorphic G-module.

If X has a finite R-basis, then so has X®“ and one can calculate the trace of ¢ € G on




X®Y Let C =<c>andlet G= |J Hg;C be the double coset decomposition (i.e. the
7j=1,...,8

decomposition of [G : H| into C-orbits). If n; := |Hg,;C : H| is the orbit length, then a

set of coset representatives for H in Hg;C is {g;c'|t = 0,...,n; — 1}. Using these and

writing k; = gjc”fgj’l(e H), the action of ¢ on X®% is given by

[(Z11 ®212®...@ T15) ®...0 (T ®T20...Q Tyy,)] ¢ =
(21 F1® 211 Q... @ T1p 1) ®...Q (Tenks DT1 @ ... ® Typ,—1) -
Now let {by,...,bq} be a basis of X. Then the elements
Bf Z:b1f®...®bnf7 f{l,,n}—>{1,,d}

form a basis of X®% as is well known. It is clear from the above that the contribution
of By to the trace of ¢ on X®¢ is 0 unless f is constant on the orbits of o. If this is the
case, say ¢f = jt for 7 in the j-th orbit of o, then the contribution of By is the product
for j =1,...,s of the contributions of bj; to the trace of k; on X . Summation over all
f’s which are constant on o-orbits gives

tryea(c) = H try(kj) .

If one replaces try on the right hand side of this formula by an arbitrary class function 7y
of H, then

7¥%(c) = Hv(k?j) :

defines a class function Y2¢ of G. The map 7 +— v®¢ is called tensor induction. The con-
nection with the module construction just described motivates the name and shows that

the tensor induced of a character is a character. (For more details on tensor induction,
see [2], § 13, and [1].)

2.2 Remarks:

(i) At this point, we have defined tensor induction to construct a G-module from an
H-module (H < G), but also to construct a G-set from an H-set (in 1.4). As for
Frobenius induction, one has to be careful in case M is an RH-module (compare
1.6), because then set tensor induction and module tensor induction can both be
applied to M, but will in general produce non-isomorphic G-sets. In this case, we
use the notation M®% only for module tensor induction.

(ii) Again, permutation modules are well-behaved: If X is an H-set, then the permuta-
tion G-module over the tensor induced set X ®¢ is isomorphic to the module obtained
by tensor inducing the permutation H-module R[X], i.e.

R[X®¢) =~ R[X]®¢

(see [2], Prop. 80.38). In fact, if G = U Hr; and a € X®% = [G, X]g, then

i=1,...,n
define ar = r7'a®--- ®r;a . It turns out that 7 is compatible with the action of
G and maps a basis of R[X®“] bijectively onto a basis of R[X]®.
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(iii) When calculating determinants of Frobenius induced modules, tensor induction (of
linear characters) introduces itself naturally:

det(MG) = (Sign[G:H])dim M. (det M)®G )
if M is a module (with finite basis) for the subgroup H (see [2], Prop. 13.15).
(iv) For an H-module M, there is a canonical map x : MY — M®Y: if again G =

U Hri, then O m; ®r;))k =my & --- @ my,. It turns out that x is a G-map,

i=1,...,n %

but if H < G and M # 0, then k is definitely not R-linear and not injective; it
is surjective if and only if dimgM = 1. It may well happen that the only G-map
M®¢ — MY is the 0-map.

(v) There are at least two good reasons for the general preference of Frobenius induction
over tensor induction: First, the degrees of characters remain more manageable
(with the exception of linear characters, but these tend to become trivial under
tensor induction). Second, there is no analog of Frobenius reciprocity (which is one
of the most useful tools in character theory), not even if one starts dreaming of
‘tensor restriction’.

We wish to study a more general procedure which generates a class function of a group
from class functions of subgroups and still call it "induction’. To justify the name, such a
procedure should certainly have some good properties (respecting characters and invari-
ance under field (or ring) automorphisms come to mind), but I am unable to state these;
in other words, I cannot define ’induction’. Instead, I will give an example.

2.3 Notation:

Let R be a commutative ring with 1. For any subgroup U of G, let U* be the set of all

maps from U to R, written on the left (against the convention above). Let G = |J U*.
v<a

Ifa € U and g € G, define (as usual) a? € (U?)" by a?(v) = a(vy") for v € UY . Clearly,
this defines a G-action on G'; this G-set of course is infinite if R is.

2.4 Definition: Inductible maps

Let M be a G-set. An inductible map (for G on M) is a G-map 6 : M — G with
mb € (G,,)* for all m € M.

2.5 Examples:
(i) Let H < G be a subgroup and ¢ a class function of H. Let M = [G : H] and define
0: M — G by (Hg)d = ¢? Then 6 is inductible.

(ii)) Let v be a complex valued class function of G and N <G a normal subgroup. Then
M =Trr (N) is a G-set. For any 7 € M, let e, € CN be the corresponding central
idempotent. Define 6 : M — G by (70)(g) = v(ge,) for g € G.. Then 0 is inductible.
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(i)

(iii)

(iv)

Let K < N both be normal subgroups of G and k a G-stable linear character of K.
Then M := N/K is a G-set under conjugation. If m =m € M and ¢ € G,,, then the
commutator [n,c] € K and (m#)(c) = k[n,c| defines a linear character mf of G,,.
As before, § : M — G is inductible. In fact, M can be viewed as a G = G/ K-set
and mf as character of G,,, = G,,,/ K, thereby defining an inductible map for G.

Remarks:

If 0 is inductible and g, h € G,, for some m € M, then (mf)(hgh™') = (m)"(g) =
(mh@)(g) = (mb)(g), so mb is not arbitrary G,, — R, but a class function. We
may therefore think of 6 as providing class functions of certain subgroups of G (the
Gm’s), and of doing so in a reasonably coherent way.

Let 6 : M — G be inductible and let N be a normal subgroup of G. We wish to
define an inductible map 6 : M — G, where G = G/N and M = M/N is the G-set
of N-orbits on M. To make the construction more suggestive, we assume that | V|
is a unit in R. For any m € M then, mf is a class function of Gy,, which can be
used to construct a class function mé of G,,/N,, by taking the mean

(m8)(gN,) =

| N

Y (mb)(x)

achNm

for g € Gyy; careful, the "bar’ has nothing to do with complex conjugation, even if
R=C. Ifg=gN € Gz = GmN/N_%’ Gm/Np, then gn € G,, for a suitable n € N.
We may now define (mf)(g) = (m#)(gnN,,). The reader can easily check that
0 : M — G is a well-defined inductible map for G. We can call (M,6)/N := (M, )
the factor inductible map (modulo N).

Ifn;: P; — H ;i C G are inductible maps for subgroups H; < G, then according to
1.7, one can construct

n:Un]G:P:UPjGﬁé,
J J

which is an inductible map.

It is tempting to call this process ’induction’ (of inductible maps), but we reserve
this name for another concept. Instead, just the notation will have to do. Since
it is also used for Frobenius induction of class functions of subgroups, this may be
dangerous. Still, it should always be clear from context if one is dealing with class
functions or with inductible maps.

Let H be a subgroup of G. An inductible map for G on M can be ’restricted’ to
an inductible map for H on M since restriction maps G}, to H,. More generaly:
if o : H — G is a group homomorphism and 6 : M — G an inductible map for G,
then M is an H-set via ¢ and (mn)(h) = (mf)(h¥) for h € H,, defines an inductible

map n for H on M.

An inductible map for G can be ’'induced’; i.e. used to construct from it a class
function of G. In fact, there are usually several ways to do so. The next definition
describes how.



2.7 Definition: Inducing an inductible map

Let 6 : M — G be an inductible map and let « : M — A be a G-map into a G-

set A. We will define a class function ¢ : G — R, called the a-induced of 6, or

0 induced with respect to a; this is done in two steps.

First, fix a € A and let M, = {m € M | ma = a}, so this is a G,-subset of M. For

¢ € G, denote C' =< ¢ > and let M, = |J iC. For every i € I, let n; =| iC | and ¢; = ™,
i€l

so C; =< ¢; >; in particular, ¢; € GG;. Then define

Oa(c) = [T (9)(c) ;

i€l

note that this does not depend on the choice of /. So far, we have a map 6% : G, — R.
Now the second step is simple: 0%(c) for any ¢ € G is defined by

0°(c) =Y 0(c) .
ae:ﬁ}l

As usual, an empty sum is 0, an empty product 1 (both in R) per definition.

2.8 Examples:

(i) The simplest and most important situation is A = M and « = id. Then M,, = {m}
and 04 = mf. Therefore

oic) = 3 (mb)(c)

(ii) Let 64,...,0,, be class functions of G and let M = {1,...,m} with trivial G-action.
Define 6 : M — G by i = 0;. If A = {a} has only one element, so i = a for all
i € M, then 0* = 0% =[] 6; is precisely the product.

(iii) Let M and 6 be as in (ii). Then 6 = 5" 6; is simply the sum.

(iv) Let M and 6 be as in 2.5, (i). Then 6@ = ¢ is just Frobenius induction.
(v) With M and 6 as in (iv), let A = {a}. Then 6% = 0% = p®% is tensor induction.
(vi) Let M and 6 be as in 2.5, (ii). Then § = ~. To see this, note that

y(e)=Ale- Y e) =) Aeer) =Y yleer) =Y (19)(c)

TeM TEM 7'661\4 ‘rcei\/[
because
Yeer) = y(cel) = y(erce;) = y(ceber) = Ylcesees) = 0 |
if 7¢ £ 7.

This example can be taken as a starting point for Clifford theory.



(vii) Assume that G acts faithfully on M as a Frobenius group with Frobenius kernel K

(iii)

(iv)

and complement G,, for some fixed m € M. Let a : M — A be a surjective G-map
and a := ma. Then G, = Gy, - H for H = G, N K, a G,,-stable subgroup of K.
Let ¢ be a class function of G,,,; as bevor, define 6 : M — G by (mg)0 = ¢9 and let
C :=< ¢ > for ¢ € G. We leave it to the reader to check

9o 18 ()p()HIICl if ce K
c) =
o(c)p(1)MHI=D/CH if c € GX .

Note that this describes 8%, as each ¢ belongs either to K or — up to conjugation —
to G. Note also that |C] divides |H| if ¢ € K and 1%(c) # 0, while |C| divides
|H| —1if c € G,p.

Of course, to use this formula may be difficult. It is greatly simplified in two cases:

() A= M, a=id, p(1) =0. Then H =1, so §* is an extension of ¢ to G which
is constantly 0 on K.

(B) A={a}, (1) =1. Then H = K, so again #* is an extension of ¢ to G, this
time constantly 1 on K.

Either of these cases can be used to prove the existence of the Frobenius kernel; if
X is a character of G,,, subtract a suitable multiple of the trivial character to get
¢. Together, this means that (¢ + 1¢,,)®% = ¢ + 1¢ if ¢(1) = 0. This is a special
instance of a general — and more complicated — formula, as we will see in the next
section.

Remarks:

The reader should check that 8% as defined in 2.7 is indeed a class function!

If a € A\ Im(«a), then 0 = 1¢,, since M, = (. Therefore the contribution of
A\ Im (a) to 0 is just a permutation character.

The first of the two induction steps in 2.7 is clearly multiplicative: if § and ~ are
two inductible maps on M, then so is 6 (or 0 + ,...) and (09)(72) = (67)¢ for
every a € A.

The reader will have guessed by now that A’ stands for ’addition” and "M’ for
‘multiplication’. The above examples show that these two operations as well as
Frobenius induction and tensor induction can be described by special inductible
maps and special a’s. The next result will show that inducing an inductible map
can always be expressed as a combination of these four operations. So inductible
maps introduce no new concepts. One should rather look at them as a notational
device which allows to describe uniformly such messy things as 'tensor induction of
sums of (Frobenius) induced characters’ by storing all the information in two G-sets
(M and A) and two G-maps (6 and «).

To think of addition or multiplication of class functions in terms of inductible maps
may seem strange, and indeed it is. For Frobenius induction, it takes perhaps some
getting used to the G-set [G : H| and the corresponding inductible map. The second
example in 2.5 as continued in 2.8, (vi) seems quite natural in view of Clifford theory.
The third example there will be taken up in a forthcoming paper. There are other
examples where the relevant G-sets and G-maps are naturally given.
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(vi) Why not interchange the order of addition and multiplication in 2.77 Couldn’t
one equally well define a class function the other way round? Yes, one could, but
not equally well. The reason is the asymmetry between addition and multiplication
introduced by distributivity: every product of sums can be expanded into a sum of
products, but rare is the sum of products which is a product of sums. More on the
expansion in the next section.

(vii) Letge G> H andlet 6 : M — H be an inductible map on the H-set M. Further
let o : M — A be an H-map into some H-set A. Then M9 and A9 are HY-sets,
09 . M9 — H9 is inductible and o9 : M9 — A9 is an HY9%-map. It is straightforward
to check that (69)%° = (6%)9.

2.10 Proposition:

Let an inductible map 6 and « as in 2.7 be given.

(1) Fixae Aandlet M, = |J jGa. Then 62 = ] (j§)2C
jeJ jed
(a product of tensor induced class functions).

(2) Let A= |J bG. Then 0« = Y ()¢
beB beB
(a sum of Frobenius induced class functions).

(3) If mé is a (generalized) character of G,, for every m, then 6 is a (generalized)
character of G.

(Of course, 'character of G’ means ’trace of G on some RG-module with finite R-basis’,
and a generalized character is a difference of two characters.)

Proof: The first statement follows directly from the definition of tensor induction, the
second from the definition of Frobenius induction. It is well known that Frobenius in-
duction takes (generalized) characters to (generalized) characters. The same holds for
tensor induction: for characters, we have written down the module in 2.1. For generalized
characters, the proof is more complicated. For the case R = C, i.e. ordinary generalized
characters, an argument was given in [5], Prop. 1.8., using Brauer’s characterization of
characters. A simpler proof for this fact (and also for generalized permutation charac-
ters) was given by Gluck and Isaacs in [3]; their proof argues with the Galois group and
algebraic integers. An elementary proof for general R will be given in 3.5 at the end of
the next section.

2.11 Remark:

The last result cries out for a shorthand notation for a set of representatives of the G-
orbits on some G-set M. We denote these simply by M/G and can then write 0% =

[T (j0)%% and 0> = 5 (62)¢ . Strictly speaking of course, M/G is the set of
JEM./Ga beA/G
G-orbits on M, but all the constructions are independent of the choice of representatives.

Using this notation, the simplest special case of the proposition is i = Y~ (m#)% .
meM/G
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2.12 Lemma: Mean and Induction

Let 0 : M — G be inductible and N < G; assume that |N| is a unit in R. Let (M,8) be
the factor inductible map as in 2.6, (ii). Then

—id

0" = gid

Proof: ~ We have to show that

N8 (gN) = S 6 (a)

xegN

for every g € G. For given m € M, there is an x € gN = g with max = m if and only if
mg = m. If so, then the elements y in g/ N with this property form precisely one coset
zN,, and

Y m)(y) = D (m)(y) = [Nl - (mO)(xN,) = |Nyn| - (mB)(9)
yegN YETNy,
my=m
by definition of §. Summing over the |N : N,,| elements in the N-orbit m of m gives
therefore precisely
> (m'0)(y) = |N|- (mb)(g) ,
yegN
mu'em

mu'y=m’

still under the assumption that mg = m. Hence

> 0y) = > (mh)(y)

yegN yegN
mueM
my=m

2.13 Remark:

To rephrase the last result in more familiar terms, consider the situation where a normal
subgroup N of G and a class function ¢ of a subgroup H are given; we wish to construct
a class function of G = G/N from these data. Two ways of doing so come to mind:
First, use Frobenius induction to obtain the class function ¢ of G, then take the mean
over cosets of N to get G, a class function of G.

Second, take the mean of ¢ over cosets of the normal subgroup H N N of H to obtain
the class function @ of H/(H N N). Since H/(H N N) 2 HN/N = H, we can view %
as a class function of H, using the canonical isomorphism. But H is a subgroup of G, so

12



Frobenius induction produces the class function % of G.

The content of the lemma is that these two methods lead to the same result. This is
no surprise; however, the corresponding statement with Frobenius induction replaced by
tensor induction is false in general.

3 Distributivity

We now reverse the order ofv tensor induction and Frobenius induction in 2.7. So let P
and S be G-sets, ¢ : P — G an inductible map, and 7 : P — S a G-map. For s € S,
consider the Gs-set P; = {p € P | pr = s}. Denote

To= > ()%,
pEPS/GS
so this is a class function of G, and
o= [] Ce)®.
seS/G

Note the analogy and the difference to 2.10. In a good sense, "¢ is a product of sums.
We wish to expand this product. The obvious approach works.

3.1 Proposition: Distributivity of induction
Let A={a:S — P |am =idg}. Thisis a G-set under conjugation. Also, M =S x A is
a G-set, and (s, a)a = a defines a G-map o : M — A. Further, let (s, a)d = (sap)q,,., -
Then ¢ : M — G is an inductible map and

T =0 (1)

Proof:  Clearly, a7 = (amw)? = idg for a € A and g € G, so a € A and A is a G-set.
The statements about M and « are then trivial. For s € S, we have (sa)g = sga?,

hence Gq) < Gse. Since sap € (Gy,)* by assumption on ¢, we can restrict it to get
(s,a)0 € (G(sq))*. Moreover,

(s,a)gy = (39a980)|G<3g,a9)

= (sagp)icy, .

= (sagp)glG?S ) since ¢ is a G-map

= [(sap)ia(...,)?
= [(s,a)9),
so ¥ is a G-map and therefore inductible. It remains to proof (1).

So let C'=< ¢ > for c € G and let S = |JiC (compare 2.7). Then

i€l

"e(e) = [Tre(e

13



For any 7, by definition,

SO

Tole) = Y (pe)(c)

o) =] D we)(e) -

iGI pEPZ-
pci=p

Now use 1.3 with G =C, X =S5, Y =P, up=mand T(p) = (pp)(c;) for p € P,. Note

that

Y(i) = {pe€ P|pfixed by C; and pr = i}
= {pebhilpu=p}.

Therefore

Tole) = 2 I (iap)(c)
a€[S,P]c 1€l
ar=idg

= a%% 1;[1 (¢, a)9(c:)

= > V(o)
aCE:Aa

= 9%c) .

(For the third equality, note that M, = S x {a} = | (,a)C if a® = a.)

3.2
(1)

iel

Remarks:

Explicitly, (1) can be rewritten as

LY @ =S [ I] Gave..)]° 2)

s€S/G pePs/Gs a€A/G s€S/Gq

This is the expansion mentioned above.

Note that on the right of this formula, tensor induction is only applied to restrictions
of class functions py, not to sums of these nor to class functions obtained from them
by Frobenius induction. As an immediate consequence, one gets the first corollary
below.

We look more closely at the case that G acts trivially on Py for all s € S. For a
later application, we give first a different description of this situation.

Assume that for all s € S, there is an index set [, depending only on the G-orbit
of s,1i.e. Iy = I, and class functions ¢,; of G such that gp‘;i = Qsgi for all g, s
and i € I,. Define the G-set P := {(s,i) | s € S, i € I} with G-action only on
the first component; also define ¢ : P — G by (s,1)¢ = @si. Then ¢ is inductible;
the projection m : P — S is clearly a G-map. With the notation introduced at the

beginning of this section, we have

;rgp = Z‘Ps,i .

IS
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The set A then also has a simple description, namely A = [] I,. (Strictly speaking,
sesS
we use the canonical isomorphism [[ I, 3 f +— af € A, where ay is defined by
sesS
say = (s,sf), to identify the two sets.) Using (2), we get

IT D ead™ = > o8, (3)

seS/G i€l a€A/G

where

Pa = H (st,sa)‘ggj.

s€S/Ga

This shows how to change the order of summation and tensor induction.

(iii) In case S is a transitive G-set, one may think of (3) as the character theoretical

t
analog of the multinomial formula (3 ;)" = > (©)2”, where the second sum runs
=1

(2 12
over all tupels v = (v1,...,14) € Nj with n = >"v; and where 2 is shorthand

for [T«;". Indeed, this formula follows with ¢ = |I;| by specializing to G = S,,

the symmetric group, acting naturally on S = {1,...,n} and then evaluating at 1.
Here, of course, z; = ¢;(1) ; the G,’s are then Young subgroups.

(iv) The statement and the proof of the last proposition come naturally if one looks at
induction in terms of G-sets and inductible maps. This may justify the definition.

3.3 Corollary: Tensor induction of monomaial characters

Tensor-inducing a sum of monomial characters gives again a sum of monomial characters.

Proof:  Restricting, conjugating or tensor-inducing a linear character gives a linear char-
acter. Also, products of linear characters are linear. Now use formula (2) with all pp
linear.

3.4 Remark:

It is clear from the argument that one may take other class functions instead of the linear
characters, provided they are closed under these four operations. For instance, one could
take all linear characters A with order(\) € T if T' C N is closed under divisors and least
common multiples, i.e. d|t € T = d € T and s,t € T = lem(s,t) € T (e.g. all divisors
of some fixed n € N, all powers of some fixed prime,...). The case T = {1} leads to the
permutation characters considered in 2.2. Also, the statement remains true if, in addition,
one allows taking products.

3.5 Corollary: Tensor induction of generalized characters

Let v be a generalized character of some subgroup H of G. Then v®¢ is a generalized
character of G. More precisely, let o and [ be class function of H and write S = [G : H]
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(so S is a G-set); then

(@=B)%= > &%,

{xcsy/a

where

ox = (D)X signe T (@9)&% - I 898

SE(S\X)/GX SEX/GX

and signy is the sign character of Gx acting on X. So if a and [ are characters, then
(o — 3)®Y is an alternating sum of characters.

Proof: Use (3) to expand (o — 3)®“ and identify the maps a : S +— {a,—3} with
the subsets X of S by x € X < xa = —. This gives

(@=p)F= 3 %

{Xcs}/a
with
S\®RG s\QG
ex= [ @@ - I e
s€(S\X)/Gx s€X/Gx

Since tensor induction is multiplicative, it is enough to show that

T[T (~1e.0)%% = ()X - signy
s€X/Gx

and this follows easily from observing that

H (_1GS,X)®GX(C) = (—1)°)

SEX/GX

where o(c) is the number of orbits of ¢ € Gx on X.

3.6 Remark:

The last two results can be combined: If 1 = >~ 2, A is a generalized monomial character

of a subgroup H < G, where the the linear cﬁaracters A; belong to a subset of all linear
characters as in the last remark, then ®¢ is of the same type; note that the sign character
is 15{; — 1g,, so is a generalized permutation character. In particular, tensor inducing a
generalized permutation character gives a generalized permutation character (for R = C,
this is the result of Gluck and Isaacs mentioned above; recall that all results in this section
hold for any commutative ring R.) Of course, taking all linear characters makes the result
trivial, since every generalized character is a generalized monomial character by Brauer’s
theorem on induced characters (again for R = C).

4 Transitivity

We observed in 2.10 that inducing an inductible map means essentially — apart from
products and sums — first tensor induction (Ti), then Frobenius induction (Fi). Repeating
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the process gives therefore Ti- Fi- Ti- Fi. As shown in the last section, the second and
third operation can be rewritten as Ti - Fi. Since both tensor induction and Frobenius
induction are transitive, it comes as no surprise that induction of inductible maps is also
transitive. For the sake of completeness, we give an explicit description in this section.
Unfortunately, the result is rather technical.
So let an inductible map ¥ : M — G be given and assume that the mv’s are defined by
inducing suitable inductible maps for the subgroups G,, with respect to some G,,-maps.
We wish to calculate ¥ (for some o : M — A) directly from these maps.
Before describing the result, we have to deal with the difficulty that the relevant sets for
the subgroups G,, may not be compatible, even though the induced class functions are
conjugate. This may happen even for Frobenius induction. For example, if U < H < G
and V < HY9 < G for some g € G and if further A and p are characters of U and V,
respectively, such that (AM)9 = p#?) then this does not imply that g = A9 nor even
V =U".
However, if we are only interested in the induced characters, we can replace V by UY
and pu by A (or vice versa), that is, we can assume that the underlying structures are
conjugate (but we do make a choice). This is what we will do in general for inductible
maps:
So let M = J jG be the orbit decompositions (here, we choose the representatives). For
jeJ
every j theri, J¥ is a class function of G; which by assumption is given by inducing an
inductible map, say jU = 77;-" , where n; : P; — éj is an inductible map on some G-set

P; and 7; : P; — S; is some Gj-map. Denote S = US]G and let o : S — M be the
J

canonical G-map defined by (s ® g)o = jg if s € §; (compare 1.7), so S = U S,
meM

where S, = {s € S | so = m}. In the same way, define 7 : P = UPJG — M and

J
the corresponding subsets P,. Define 7 : P — S by (p®g)r = pr; @ g if p € P;.
Finally, let n : P — G be the inductible map defined by (p®g)n = (pn;)? if p € P;
(compare 2.6, (iii)); note that P and n depend on the P;’s and the 7;’s (so on the choice
of J), but not on the o,’s or . Then we have a commutative diagram of G-maps:

M & A

Let 7, = 7p, the restriction, viewed as G,,-map into S,,, and 7,, = np,, viewed as
G-map into Gy,. If M 3 m = jg, then it is easy to check that 7, = n} and 7, = 7.
Therefore nim = (n?)TJg = (n;)9 = (j0)? = (jg)0 = mb (compare 2.9, (vii)).

So far, we have just argued that not only the class functions md and (mg)d are conjugate,
but that they can be obtained by inducing conjugate inductible maps ( i.e. P, = Png

and 1,,, = 19, ) with respect to conjugate maps ( i.e. also S,y = Spg and 7,y = 75,). We
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are now ready for transitivity:

4.1 Notation:
As before, let M, = {m € M | ma = a} for every a € A. Define

Fo={f:M,— S|mfo=mV¥Yme M,} .

Note that f9 € F,, if f € F;, and that I’ = U F, is a G-set with this action. It is easy to

check that
Q::{(p7f>|pepa ferﬂ'OH pT:pﬂ—f}

is a G-subset of P x F. Define ¢ : Q — G by (p, f)e = (p)ia,., > the restriction of the
class function pn of G, to the subgroup G, s. Then ¢ is an inductible map for G on Q.
We let 3 : Q@ — F be the projection, i.e. (p, f)3 = f; this is clearly a G-map.

4.2 Theorem: Transitivity
Keep the above notation. Then 9¢ = ¥,
Proof: Take ¢ € G. By definition,

9% (c) = Y _0S(c) .

aE_A
and
)= =Y > &,
fer a€A feF,
fe=f ac=a  fe=f

so it is clearly enough to show that

7i(e) = 3 #5 4)
]

for every a € A and ¢ € GG,. So fix such a and c.
Now, by definition,

Jate) = [ 0)(e) ()

iel

where M, = U iC. But i = 7", so

el

(@0)(e:) = Y niilen) - (6)
se 5y
Now use the definition of 7", :

e =TT Gnaes)

J€Js
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where
Pz',s:{pGPiWTi:S}:‘U]Ci- (7)
Write S
T(s) =[] Gm)(e)) = ni(e) (8)
JETs
for short (still s € S;). Then
(0)(c:) = > T(s) (9)

SES;
Sc;=$

dae) =11 > T(s) (10)

iel seS;
sc;=s

by (6) and therefore

from (5) and (9).
So much for the left hand side of (4). Now for the right: To calculate 4,0? (c) for f € F,
with f¢ = f, we need the decomposition of

Qr={¢eQlab=f}={pf)|peP, pra=a, pr =prf}

into orbits under C. Let Py ={p e P | (p,f) € Qs}. Then Py C P,:={pe€ P |pr €

M,}, so m: P — M, is a Gy-map, in particular a C-map. According to 1.1, we get

the orbit decomposition of Py (hence of Q)f) by first decomposing M, = | iC (see above
el

under (5)), and then further decomposing the inverse image of ¢ under 7 in Py into orbits

under C;. But

{pePlpr=it={pehilpn=if} =Py
(see (7) and recall that 7; is just the restriction of 7 to P;). Therefore the contribution to

gp?(c) for some fixed i € [ is just T'(if) (compare (8) and recall that (p, f)p is obtained
by restricting pn = pn;). It follows that

HOES | ACOR (11)
i€l
Therefore, using (10) and (11), to prove (4), we need

> 7s)=> I 76s).

i€l seS; feF, i€l
SC; =8 fe=f

This follows from the second part of 1.3 with G =C, X = M,, Y =5, := U Sy and
mGMa
i = 0|s,. Note that then

Y(i) = {yeY |yp=iandyG; =y}
= {se8;|sc=s}
and

{felX)Y]g| fu=idx} = {f:M,— S, | f¢=fand mfo=mVYme M,}
= {feklf=rt.
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