A PROOF OF THE THEOREM ACCORDING TO WHICH EVERY
PRIME NUMBER POSSESSES PROPERTY B

CHRISTIAN REIHER

ABSTRACT. In the present thesis, we prove a conjecture belonging to a subbranch of additive
combinatorics that is called combinatorial zero—sum theory. Denoting by p an arbitrary prime
number, it has been known for about forty years that every sequence (Pp,Ps,..., Pap_1)
consisting of 2p — 1 points from the affine plane IFI% possesses a non—empty subsequence
the sum of whose elements equals zero. This fact has first been shown independently by
KrUyswiJK and OLSON and is nowadays known to be an easy consequence of ALON’S com-
binatorial Nullstellensatz. A less obvious question asks for a classification of all those se-
quences (Py, P, ..., Po,_2) of length 2p — 2 whose only zero—sum subsequence is the empty
one. This problem has been investigated by several researchers and in this respect a certain
conjecture implying in particular that any such sequence contains p — 2 equal points has
attracted a great deal of attention in recent years. A precise version of this conjecture will be
given below. By definition, the prime number p has property B if and only if it behaves in
accordance with the conjecture under discussion; by developing for the first time a powerful

method for tackling such inverse problems over Fg, we prove the result alluded to in the title.

1. INTRODUCTION.

The main objective of this paper is a thorough discussion of a certain problem belonging to
that subfield of additive combinatorics which is called combinatorial zero—sum theory. For
its motivation it seems useful to recollect three well known related results. Fix an arbitrary

prime number p.

Fact 1. Suppose that a sequence ay,as,...,a, from IF,, ie. the field of residue classes of
integers modulo p, is given. Then there exists a non—empty set I C {1,2,...,p} of indices
such that ) a; = 0.

i€l

The number p of terms required to appear in the given sequence cannot be replaced by p — 1
as the counterexample provided by the sequence all of whose terms are equal to 1 exemplifies.

It can be shown, however, that this is essentially the only such example, or to be more precise:
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Fact 2. For any sequence ay, as, . .., a,—1 of elements from F,, exactly one of the following two

alternatives occurs:

(a) There is a non-empty I C {1,2,...,p — 1} satisfying > a; = 0.
i€l

(b) For some non-zero k € F, we have a; = ay = ... = a,_1 = k.
As usual, one can make matters harder by attempting to generalize what one has just con-
sidered to a setting involving higher dimensions. Thus, you may pretend to be curious about
the corresponding situation in the affine plane Fi viewed as a vector space over [, and then
ask about the minimal number of terms a sequence of points needs to contain in order to
enforce for reasons of its mere length the existence of a non—empty zero—sum subsequence.
Here a theorem discovered independently by KRUYSWIIK and OLSON (see [2] and [12]) comes

in handily, which implies, among other things:

Fact 3. Given any sequence Py, P, ..., Py, 1 of points from ]F%, there exists a non—empty set
I C{1,2,...,2p — 1} of indices such that > P; = 0.
i€l

We defer the proof this statement to the end of this section, so the reader not familiar with
it is kindly asked to just believe it for a while. It is important to notice that again, we
cannot replace the number 2p — 1 occurring here by 2p — 2 as, e.g., the sequence whose first
p — 1 terms equal (0, 1) and whose last p — 1 terms equal (1,0) witnesses. So once more the
question concerning all such examples emerges but as we shall now explain it is going to be

substantially more difficult this time.

Let us for the sake of discussion agree to call a sequence of 2p — 2 points (Py, Py, ..., Py _2)
suspicious if except for I = () there is no I C {1,2,...,2p — 2} for which > P, = 0. To
el

clarify our understanding of the structure of all suspicious sequences, it is helpful to consider
operations applicable to sequences of points that preserve suspiciousness. Plainly, every
permutation of the involved terms has this property. Moreover for any automorphism ¢ of

2
the vector space F, the map

(P, Py, ..., Py o) —— (P, 0P, ..., 0P, _5)

constitutes another such operation. We now call two suspicious sequences isomorphic if they
are mutually obtainable from one another by a certain combination of the transformations just
described and hence, for easy commutativity reasons, also by a single permutation followed

by an automorphism.

For instance, what we have really alluded to when giving the above example is that any
sequence involving each of two linearly independent points exactly p — 1 times has to be

suspicious. In awareness of this, it is natural to wonder whether there are more such sequences
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and a moments reflection reveals that indeed there are some more subtle ones: First, taking
p — 1 times the point (1,0) and moreover p — 1 points of the form (a,1) in an arbitrary
fashion, it is easy to verify that we also obtain a suspicious sequence. We say that a sequence
isomorphic to any of the ones just described is of the first type. Second, taking the point
(1,0) only p—2 times and then p points of the form (a, 1) the sum of which is also = (1,0) we
get another class of suspicious sequences and any sequence isomorphic to one of these is said
to be of the second type. Of course, in extreme cases a suspicious sequence can be of both
types at the same time, but this circumstance is rather immaterial to what follows. More
relevantly, no other examples of suspicious sequences have hitherto been discovered and it
is widely believed that there are none. The prime number p is said to have property B if it
behaves in accordance with that conjecture and using this terminology the principal result

proved in the following pages reads
(M) Every prime number has property B.

The reader may amuse himself for a few minutes time by verifying directly that 2 and 3 do
indeed have property B, though as we shall see in Example 2.7 below a fairly modest amount

of theory suffices to almost trivialize these two small cases.

Another way of looking at the whole problem involves the notion of a cloudy sequence, by
which we mean any sequence (P, Ps, ..., Psy,_1) of length 2p — 1 such that apart from I = ()
there is no I G {1,2,...,2p — 1} such that ) P, = 0. Note that by Fact 3 this can only
occur if Py + P + ...+ P,_; = 0. Plainly, :;/Iery cloudy sequence can be made suspicious
by deleting any of its terms and conversely a suspicious sequence (Py, P, ..., Ps, o) can be
cloudified by inserting the point —(P,+ P+ ...+ Pa,_») at an arbitrary place. Thus, property
B can equivalently be viewed as a classification of cloudy sequences, and working the details
out one discovers that thereby the two types introduced above unify into a single concept.
More explicitly, we call a sequence of 2p — 1 points simple provided that it is, in the same
sense as above, isomorphic to one that contains p — 1 times the point (1,0) and p further
points each of which is of the form (a,1) and that sum up to (1,0). Then p has property
B if every cloudy sequence is simple. Another convenient reformulation of property B, that

likewise belongs to the folklore of the subject, will be given in Observation 2.6. —

Let us mention some recent partial results towards (), though none of them will be relied
upon in what follows. Arguably the morally most satisfying of these has been obtained by the
authors of [3], who have shown with the help of a computer that up to 23 every prime number
has property B, so the chances that () failed have been negligible ever since we started to
think about the problem. In the same paper, it has also been proved that if the positive

real number § is chosen sufficiently small, e.g. § = 4 x 1077, then every suspicious sequence
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contains one point with multiplicity at least dp, and plenty of other statements pertaining
to the three highest multiplicities with which points appear in hypothetical counterexamples
have been established there as well. There are also quite a lot of papers that at some point
just assume (H) to be true and derive interesting consequences (see e.g. [2], [4], [5], [6] and
[14]). In our final section, we have collected some of the more spectacular ones among these

applications.

As promised, we now give a quick

Proof of Fact 3. Let P, = (a;,b;) for all i € [2p — 1], take 2p — 1 variables 1,12, . .., M2p—1, set

A= Z a;n;, B = Z bin;

1<i<2p—1 1<i<2p—1
and finally
Q=[] G-m)-a-ahHa-B"".
1<i<2p—1
The total degree of @, viewed as a member of the ring F,[n1, 72, ..., n2p—1] of polynomials
is 2p — 1 and the coefficient accompanied by which the monomial 7,7, - ... - 19,—1 occurs is

(—1)%~! and thus in particular non vanishing. Invoking the Combinatorial Nullstellensatz
from [1], we find values n; € {0, 1} such that @ # 0 and setting I = {i € 2p — 1] |n; = 1} it
is straightforward to see that I # () and hence A = B = 0, wherefore [ is as desired. O

2. SOME INITIAL OBSERVATIONS.

Repeating the argument just given, we can deduce something about suspicious sequences as

well. But before doing so, it seems advisable to introduce the following

Definition 2.1. Let F denote any field of characteristic p and m, n two non negative integers.

Given any sequence Py, P, ..., Py, of m + n points from F? say B; = (a;,b;) for all i €

pon(Pr oy P = ) [T ][] b

MUN=[m+n] i€M  jEN
|M|=m,|N|=n

[m + n], we set

In the particular case where exactly 2p — 2 points are involved and m = n = p— 1, we simply

write p in place of p,—1.

Observation 2.2. If ¢ denotes an automorphism of F? and D its determinant, then for all
Py, Py, ..., Py o € F? we have

1(pP1, Py, ..., 0Pay ) = DP (P, P, ..., Pay_s).
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Proof. Fix the sequence (Py, P, ..., Py, ) and consider ¢ as varying. If the claim is already
known for two automorphisms ¢ and ¢’, then by multiplicativity of determinants it follows to
hold for their product ¢’ as well. Hence it suffices to verify the above identity in those cases,
where either ¢ is of the form (x,y) — (kz,y) for some k € F* or given by (z,y) — (y, z)
or by (z,y) — (z+y,y). The first two of these alternatives offer no difficulty, so we restrict
our attention to the third one. Let P, = (a;,b;) and @Q; = (a; +b;,b;) for all ¢ € [2p—2]. Then

M(QDQQ:"'?QQp—Q) - Z (2p_Q_i)ﬂi(PbPQ?"'aPQp—Q)

-1
0<i<p—1 p

and taking into account that except for the last one all binomial coefficients appearing here

are divisible by p, we get

N(QMQ% cee szfz) = M(Ph P, ... 7P2p72)

as claimed. O

The additional generality gained by admitting possibilities other than F' = [, will become

exploited at the end of our next section.

Lemma 2.3. If the sequence (P, Py, ..., Pay o) of points from IFIZ, is suspicious, then
M(PlaPQa"'7P2p—2) = 1.

Proof. Again let P, = (a;,b;) fori =1,2,...,2p—2, then take 2p—2 variables 1,72, . .., N2p_2

A= > am, B= ) bm

1<6<2p—2 1<6<2p—2

and set

as well as
Q=[] G-m)-a-aHa-B"".
1<i<2p—2
By hypothesis, we have Q(n1, 2, ..., 72p—2) = 0 whenever the values of the involved variables
are chosen from {0,1}. Thus the Combinatorial Nullstellensatz tells us that upon expanding
and simplifying @), the coefficient appearing in front of the monomial 7;7s - ... - 12,2 has to

vanish and as this coefficient is

:1—(p—1)!2,[L(P1,P2,...,P2p_2)

the desired conclusion follows from WILSON’S Theorem. O
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Remark 2.4. Given an arbitrary cloudy sequence, there are 2p — 1 possibilities to apply this
lemma and the equations arising thereby will be referred to as the conditional equations. The
argument just encountered can also be carried out in a one dimensional setting and there it
directly yields an alternative proof of Fact 2 from the introduction. Thus one might hope for
the two dimensional case that by combining and manipulating the conditional equations in a
sufficiently clever way one could similarly prove (). It can be shown, however, that there are
some sequences which are not cloudy but nevertheless satisfy the conditional equations. Still,
these counterexamples do by no means preclude the possibility of establishing property B
by extracting certain polynomial equations from the Combinatorial Nullstellensatz and then
proving that their solutions are only the desirable ones. They just indicate that to proceed
along these lines one has to work somewhat more strategically and in fact to some extent this

is what we shall do in the sequel.
Something the conditional equations do indeed imply is stated in

Corollary 2.5. Any two linearly dependent points appearing in the same cloudy sequence are

equal.

Proof. Suppose that the sequence (P, P, ..., Py,_1) is cloudy and that aP + 8P, = 0 for
some «, 3 € F, not vanishing simultaneously. The conditional equations associated with P,
and P, read

/L(PI,Pg,...,ng,l):l and [L(PQ,Pg,...,PQP,l):l.

Multiplying the first of them by «, the second one by (5 and adding up what results, we infer
a+ 6 =0 and from this P, = P, immediately follows. O

Somewhat unrelatedly, we have

Observation 2.6. Every cloudy sequence containing p—1 pairwisely linearly dependent points

18 simple.

Proof. By Fact 2 from the introduction or alternatively by Corollary 2.5 we know that the
dependent points have to be equal. Now consider any cloudy sequence containing p — 1 times

e.g. the point (1,0) and p further points (a;, b;) where i = 1,2,... p. Applying Fact 2 to the

sequence (b1, bs,...,b,_1) it follows that for some k € IF; we have by = by = ... =b,_1 =k
and in view of (p —1)-(1,0) + > (a;,b;) = (0,0) we finally obtain b, = k. O
1<i<p

Example 2.7. As cloudy sequences cannot contain the origin, it follows from the last obser-
vation that 2 has property B. Slightly less trivially, there are eight points in F3 differing from

the origin and these can be grouped together into four pairs of linearly dependent points.
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Now as for p = 3 the length of cloudy sequences is five, it follows from the box—principle
that any such sequence necessarily involves two linearly dependent points and thus we infer
that 3 has property B as well. Having thereby seen that the two smallest cases can easily
be dealt with separately, one should bear in mind that when we come to the more advanced
aspects of our theory there will never arise any loss of generality by assuming p > 5 whenever
this appears to be advantageous. Actually we shall reach a point later on (see Example 8.2)
where we can easily dispose of the case p = 5 as well, whence for our most general argument,

to be given in Proposition 10.1, it will be permissible to assume even p > 7.

Remark 2.8. Different proofs of Corollary 2.5 and Observation 2.6 may be found in [10], see
Corollary 5.6.9 and Theorem 5.8.7 there.

3. A POLYNOMIAL SYSTEM OF EQUATIONS.

In this section, we shall occupy ourselves with a peculiar system of equations a sequence of
points might satisfy and that does impose strong structural constraints. Throughout this pre-
liminary investigation, we suppose to be working in an arbitrary field F' whose characteristic

is p and by points we shall mean elements of F.

Lemma 3.1. Among any 2p—1 points Py, P, ... Py, different from the origin and satisfying
/,L(Pl,...,Pifl’Pfi+17...’P2p71) = 0
for alli € [2p — 1] there are p+ 1 pairwisely linearly dependent ones.

Proof. For brevity, we call a sequence of 2p — 1 points magical if it satisfies the hypothesis of

the lemma. Clearly, this property is invariant under permutations. Now we claim

(%) If (P1, Py, ..., Py1) is a magical sequence such that for at most p — 1 values of
i€{2,3,...,2p— 1} the points P, and P; are linearly dependent, then for any point Q) other

than the origin the sequence (Q, Pa, ..., Payy_1) is also magical.

To show this, we may assume that there is some r € [p] such that P, and P; are linearly
dependent if 7 < r and linearly independent otherwise. If m+k < 2p—1 and iy, 4o, ..., 1 are
distinct elements of [2p — 1], we write p, (i1, 42, ..., %) for the result of applying i, to the
sequence remaining from (P, P, ..., P,_1) after removing those of its terms whose indices
are 41,4y ...,0. Finally, let P, = (a;,b;) for i € [2p — 1] and Q = (z,y). Now whenever

r < i< 2p—1we have a1b; — a;b; # 0 by our choice of r, moreover

(a1bi — a;by)pyy_5(1,0) = b {arpuy_o(1,4) + by (1,4) } — by { @ity _5(1,3) + bipry_1(1,4) }
= bipt, 1 (i) = bipy,_1(1) =0,
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and similarly
(a1b; — aibi) i,y (1,4) = ar {aipiy_o(1,4) + bipy 1 (1,4) } — a; {arpy_o(1,4) + by (1,4) }
= a1y, 1 (1) — a1 (i) = 0.
Therefore iy o(1,i) = py_1(1,4) = 0, whence in particular
mQ, Poy s P, Py Pop1) = wpy, o(1,0) +ypy, o (1,4) = 0.

This finishes the proof of (x) in case r = 1, so we may suppose r > 1 from now on. Then
there are some other equations we need to know and these require an additional idea: As P,
is different from the origin, we may assume by symmetry that a; # 0. By linear dependency,
this entails ag, ..., a, # 0. Now if 2 < i < j <r, then a;b; — a;b; = 0 and thus
aifty, o(1, 1) = ajiy, o(1,5) = ai{ajpy, 5(1,0,5) + i, 5(1,4, )}
- aj{ai:u;f?»(la 7’7]) + bi/ﬁ;fQ(la Za])}
= (aibj - ajbi)lu“;—2<1a Za]) = 07
and similarly
aiu;;fl(l? 7’) - a’j/ﬁ;fl(L j) = ai{a’ju;72(17 i, j) + bj:uzfl(:[? ia ])}
- a’j{aiM;—Q(la Za]) + biﬂ';—l(lv 27])}
= (aibj — a;bi)p,_1(1,4,7) = 0.

In other words, we have

agply o(1,2) = ... = appy_o(1,7)
as well as
agpty, 1(1,2) = ... = appy 1 (1,7).
Using
asps_o(1,2) + ...+ agpoapiy 5(1,2p—1) = (p— D)y _1(1) =0
and

agply, 1(1,2) + ...+ agp1pr, 1(1,2p — 1) = p(1) = 0,
it follows from what we have shown by now that for any ¢ € {2,...,r} we have
(r = Daipy,o(1,7) = (r = Daip, (1,7) = 0,
whence by (r — 1)a; # 0 we arrive at
N;—2(1a i) = M;—I(Li) =0,

which in turn tells us

Q. Py, Py, Py, ..., Pop ) = 95#;_2(17@ + yu;—l(lvi) =0
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as before. Thereby, (*) is proved.

Now assume that there was a magical sequence violating our lemma. Applying (x) very often,
we inferred that then the sequence whose first p — 1 terms are = (0, 1) and whose remaining

p terms are = (1,0) was also magical, but clearly this is not the case. ([l

Remark 3.2. This easily implies ALON’S Permanent Conjecture for 2 x 2 matrices, cf.
Conjecture 8.4 of [1].

It is worth our while to point out that the hypothesis of our lemma can still be weakened

further.

Proposition 3.3. Suppose that a sequence P = (Py, P, ..., Py_1) of points different from
the origin, two further points QQ and R also different from the origin and two disjoint subsets
A and B of [2p — 1] the cardinality of whose union is less than p satisfy the following three

conditions:

(a) If i € A, then Q and P; are linearly dependent.
(b) If i € B, then R and P; are linearly dependent.
(C) Ifi e [2]9— 1] — (AUB), then ,U(Pla-'-7Pi—1aP7,’+17---7P2p—1) =0.

Then P contains p + 1 points that are pairwisely linearly dependent.

Proof. 1t suffices to consider the case, where ) and R are linearly independent, for otherwise
we may replace the quadruple (A, B, @, R) by (AUB, 0, Q, X) for some appropriately selected
point X. Applying some automorphism of F? to the whole situation if necessary, we may
further suppose in view of Observation 2.2 that @ = (1,0) and R = (0,1). Now as usual
let P, = (a;, b;) for all i € [2p — 1] and we also continue to use p* as in the previous proof.
Note that b; = 0 whenever ¢ € A and a; = 0 whenever i € B by conditions (a) and (b),
respectively. Hence for all i € A we have a; # 0 by P; # 0 and taking also (c¢) into account
we infer a;u*(i) = 0 for all i € [2p — 1] — A. Moreover, if i and i’ denote distinct members
of A, then a;u*(i) = a;ayp*(i,7') = ayp*(i') and this tells us that for some a € F' we have
a;p*(i) = o whenever i € A. Finally we find
|A] - = Zaiu*(@') = Z a;p (1) = ppp(Pr, Pay ..., Pop_q1) =0,
icA ic[2p—1]
whence p*(i) = 0 for all i € A. Similarly one verifies this equation for all i € B and taken

together with (c) these facts reveal that our sequence P satisfies the hypothesis of Lemma 3.1,

which in turn entails the desired conclusion. O

Corollary 3.4. Suppose that p is odd, let a, b and ¢ denote three elements of ' that are not

vanishing simultaneously and let P = (Py, Pa, ..., Py,_3) a sequence of points different from
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the origin such that for all i € [2p — 3] we have
app-3(Pry .o Pio1,Piyry ooy Popg) + 2bptpo(Pry ooy Pty Py ooy Popo3)
+cpp—1(Pr,y ..., Py, Py oo Py 3) = 0.

Then some p — 1 terms from P are pairwisely linearly dependent.

Proof. As the conclusion of this statement is not affected by passing from the field F' to an
arbitrary extension, it is permissible to suppose that b? — ac is a square in F' and thus that

there are points Pa, o = (r,s) and Py, 1 = (u,v) different from the origin for which
ax® + 2bxy + cy® = (rx + sy)(ur + vy)

holds as an equation between polynomials. Now note that the sequence (P, Py, ..., Py,_1)
just constructed satisfies the hypothesis of Proposition 3.3 with @ = P9, R = P4,
A={2p—2}and B={2p—1}. O

4. THE STRATEGIC EQUATIONS.

For any points A = (u,v) and B = (z,y) from F>, we write [AB] = uy — vz. The reader is

reminded of the equation
A[BC]+ B[CA] + C[AB] =0
valid for any three points A, B,C € F.

The following result, when applied in all possible ways to a given cloudy sequence, leads to
a plethora of equations shedding so much light onto the whole problem that we are going to

call them strategic.

Proposition 4.1. Let p > 2 and suppose that a suspicious sequence (A, B,C, Py, ..., Py, 5)

15 given. Then writing
(XY, Z)=uw(X, Y, Z,Pr,...,Pay_5)
for all X,Y, Z € F2, we have
[BC|u* (A, A, A) + [CA|u* (B, B,B) + [AB|u*(C, C, C)

+3{[BC] + [CA] + [AB]}i*(A, B,C) = 0.

Proof. If two among the three points A, B and C' are equal, then this formula is true even
irrespective of the definition of p*, so we may assume additionally that these points are
distinct and hence pairwise linearly independent. Exploiting Observation 2.2 we see that

the validity of the strategic equations is not affected by applying automorphisms of IF]% to the
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sequence under discussion and thus we may also suppose A = (1,0), B = (0,1) and C' = (z,y)

for some z,y € F,, where zy # 0. Our goal is then to prove

(2 — )ty +3a(z — 1)y — D5+ 3(x — Vyly — Dty + (0 =y =0,

where we have written p in place of i, (P, Pa, ..., Py_5) form € {p—4,p—3,p—2,p—1}.
Let P, = (u;,v;) for all i € [2p — 5], take 2p — 5 variables ey, €9, ..., €9,_5 and set
U= Z UiE; as well as V= Z Vi;.
1<i<2p—5 1<i<2p—5
We now divide into three cases that are not mutually exclusive but cover all possibilities.
First Case: =1 ory = 1.

By symmetry we may suppose = 1 and what remains to be shown is (y* —y) ,u;_l = 0. This
is clear if y € {—1,0, 1}, so from now on let this be not the case. Consider the polynomial
Q=[] W+m)- 11 (V 4 n)
meF,—{1} n€fp—{0,1,y,y+1}

and assume that for some choice of €1,¢9,...,69,-5 € {0,1} we had @ # 0. Then U = —1,
Ve {0,—-1,—y,—(y + 1)} and defining I = {i € [2p — 5] |&; = 1} as well as

J= |{A} |{A, B} | {C} ]| {B,C}
ifV=| 0 -1 | -y |—(y+1)

we find Y J+ > P =0, contrary to the suspiciousness of (A, B,C, Py, ..., Pay_5).
i€l
It has thereby been shown that our assumption regarding the non—zeroes of () must have

been wrong and looking at the coefficient of 165 - ... - £9,_5 one sees that this can only mean
:u;’)-—l =0.
Second Case: v = —1 ory = —1.

As before, it suffices to consider the case x = —1 and this time we have to prove

(y — D{6pt_s — 6ypy + (v* + v} = 0.

This is plain if y = 1, the case y = 0 has already been excluded at the beginning and y = —1
is also impossible for then we had A + B + C' = 0. Therefore we may suppose y ¢ {—1,0, 1}

and setting
H'(&,n) = (y* + )& — 2yén + 20° + (y + 1)(y€ — 2n)
we find that the polynomial
Q = [ w+m- 1T (V +n)-H(-U,-V)

meF,—{-1,0,1} nelf,—{0,1,y,y+1}
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has total degree at most 2p — 5 and its coefficient belonging to €169 - ... - €9,_5 is
= (p = DUp = DUY* + y)pyy — 20 = 2)M(p = 3)lypy o +2(p = 3)/(p — 2!y 5
= —(p—2)!(p = YU + y)ty—1 — 6yp,_s + 61,3}

Thus if our claim was wrong, then by the Combinatorial Nullstellensatz there existed values
1,82, ...,8255 € {0,1} for which @ # 0. Then U € {—1,0,1} and V € {0, -1, —y, —(y+1)}

but as
H'(,y)=H'(l,y+1)=H'(0,0)=H'(0,y+1)=H'(-1,0)= H'(-1,1) =0
there are on the whole only six possibilities left for the pair (U, V') and stipulating
I={ie2p—75]|e; =1}

as well as

J = {A} | {AB} | {B} [{4C}) {C} | {BC}
lf(U,V): (_170) (_17_1) (07_1) (Oa_y) (1a_y) (17_y_1>

we find Y J 4 > P, = 0, which contradicts the suspiciousness of (A, B,C, Py,..., Py, _5).
il
This finishes the discussion of the second case.

Third Case: x # +1 and y # +1.

Recalling that also  # 0 and y # 0 we can argue as before, using this time the polynomial

= Il w+m- I Ven)-H(-U-V),

meF,—{0,1,z,z+1} n€f,—{0,1,y,y+1}

where
H'(&n) = (y* =9 —2)(§ —z 1)
+ (z = 1)(y — 1)En(yé + an — 22y — 7 — y)
+ (@ = 2)n(n —y)(n—y - 1).
Noting that
H"(0,0) = H"(0,y) = H"(0,y + 1) = H"(1,y) = H"(1,y + 1) = H"(2,0)
—H'(z,1) = H'(z+1,0)= H'(z +1,1) = H'(x + 1,y + 1) = 0,

we can replace the above table by defining

J = {B} | {A} | {AB} | {C} {B,C} {4,C}
for (U?V): (0’_1) (_170) (_17_1) (-l’,-y) (—x,—y—l) (—x—l,—y)

and the rest carries over. O
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5. EXCLUDING THREE COLLINEAR POINTS.

Now we come to the first substantial partial results towards (H) and to motivate them,
suppose you are given some cloudy sequence and want to investigate it. As it certainly
cannot contain p equal points, the box principle entails that at least three distinct points
have to be present. Now if you already knew that the sequence under consideration was
simple, then this told you that such three points could not form an arbitrary configuration:
Rather, they either have to be collinear or together with the origin they have to be the
vertices of some trapezoid. Let us call triples of distinct points falling under either of these
two categories clean for the following lines. Now obviously it would be very useful if we
devised some argument establishing that any triple of distinct points occurring in a cloudy
sequence had to be clean, and in fact it could be shown that this statement then yielded
property B by an elementary argument not relying on anything developed in sections 3 or 4.
With some likelihood, however, the assertion we are speaking about is highly difficult to
justify. So what we shall do instead in the following two sections is that we start with a
cloudy sequence about which we already assume that it involves at least one clean triple and
then prove the corresponding reconstruction hypotheses stating that the remaining 2p — 4
points have to attach to the three preselected ones in the expected way. The first of these is

given by

Proposition 5.1. Fvery cloudy sequence including three distinct but collinear points is sim-

ple.

Proof. We may suppose p > 5. Take a cloudy sequence (A4, B,C, Py, ..., Py,_4) in which the
three distinct points A, B and C' are lying on a common line. By Corollary 2.5 this line
cannot pass through the origin, so there are points X, Y satisfying [XY] # 0 together with
three distinct numbers a,b,c € F,, such that A = X +aY, B =X +0Y and C = X 4+ ¢Y.
Setting

/J/I(U,‘/,W):/J(U,V,I/V,Pl,...,Pi_l,B+1,...,P2p_4)

for any U, V,W € IE'IQ, and i € [2p — 4], the strategic equations tell us that

[BCu; (A, A, A) + [CAlp; (B, B,B) + [AB]u; (C, C, C)
4 3{[BO] + [CA] + [AB]} (A, B,C) = 0

holds for all i € [2p — 4]. Taking the trilinearity of u} into account, this simplifies to

[(XY](a = b)(b = c)(c = a){3p; (X, Y, Y) + (a + b+ c)pi (Y, Y, Y)} = 0,
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and writing Z = 3X + (a+b+¢)Y we obtain pf(Y,Y, Z) = 0 for all i € [2p —4]. Noting that
Z = A+ B+ C # 0, we infer from Proposition 3.3 that some p + 1 among the points

Y7Y7Z7P17"‘7P2p—4

are pairwise linearly dependent. Therefore the sequence we started with certainly contains p—

1 pairwise linearly dependent points and thus has to be simple in view of Observation 2.6. [

6. EXCLUDING A TRAPEZOID.

In this section, we intend to prove a similar result for constellations of three points that
taken together with the origin form a trapezoid. This turns out to be somewhat easier if the

trapezoid under consideration is not a parallelogram, so we commence with this case.

Lemma 6.1. Cloudy sequences containing three distinct points forming together with the

origin a trapezoid that is not a parallelogram are simple.

Proof. Let p > 5 and take a cloudy sequence (A, B,C, P, ..., Psy,_4) as described in the
hypothesis of our lemma. We may suppose that [AB] # 0 and C = B + rA for some
r ¢ {—1,0,1}. Using u} for i = 1,2,...,2p —4 in the same meaning as in the previous proof,
the strategic equations this time tell us [AB](r® — r)u; (A, A, A)=0 for all i € [2p —4]. Hence
Proposition 3.3 is applicable to the sequence (A, A, A, Py, ..., Py,_4) and the argument may
be completed as before. O

More generally, we claim

Proposition 6.2. Every cloudy sequence involving three distinct points that taken together

with the origin form a trapezoid is simple.

Proof. In the light of the foregoing lemma, it suffices to treat cloudy sequences containing two
distinct points A and B together with their sum A + B. If the sequence under consideration
includes no point distinct from A, B and A + B, then it follows from the circumstance that
the sum of all involved points has to vanish that A or B occurs at least p — 1 times, whereby
the sequence is in particular simple. Thus we may restrict our attention to cloudy sequences
(A,B,A+ B,C,Py,..., P, 5) in which [AB] # 0 and C # A, B, A+ B. Choosing r,s € I,
such that C' =rA + sB and writing

/’L*(X7Y7Z) :/’L(X7Y727P17"'7P2p75)
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for all XY, 7 € IFIQJ, the conditional equations with A, B, A+ B and C' omitted tell us

ru* (A, A, B)+ (r+s)u* (A, B,B) + su*(B,B,B) =1,

rp (A, A A) + (r+s) p*(A A B) + su*(A, B, B) =1,
ru*(A, A, B) + su*(A, B, B) =1,

as well as p (A A B) + 1w (A, B, B) =1.

Further we know
(r3 — ) (A, A, A) 4+ 3r(r — 1)(s — 1)p* (4, A, B)
+3(r — 1)s(s — D)u*(A, B, B) + (s* — s)u*(B,B,B) =0

for strategical reasons. Multiplying the last five equations in this order by 1 — s, 1 — 72,

(r—s)>+3(r+s)—4, —(r+s), 1 and adding up what this yields, we deduce
—2(r—1)(s—1)=0.

Therefore we have r = 1 or s = 1. If » = 1, then the three distinct points A, A + B and C'
are collinear and we may invoke Proposition 5.1 to conclude that the sequence we consider is

indeed simple and if s = 1, then using the triple (B, A + B, C) we can argue similarly. 0

7. OBTAINING A FOURTH POINT.

In order to say something about a general cloudy sequences going beyond what we have proved
so far, it appears advantageous to hypothesize it to involve at least four distinct points. Thus
to prevent our whole investigation from inconclusiveness, it seems advisable to dispose at
some point of those cases, that cannot be analyzed in this way and to work this out is the

objective of the present section. This in turn is prepared by the following

Observation 7.1. Suppose that A, B and C' are three pairwise linearly independent points
from Ff, and that o, B and ~ denote three non—negative integers, the sum of which equals

2p — 2. Then calculating in F), we have

[BC)1*[CAPP[AB] (A, ..., A, B,...,B,C,...,C) = alply!.

Proof. By symmetry, we may suppose a > [3,7. Note that by Observation 2.2 and FERMAT’S
Theorem it suffices to consider the case A = (1,0), B = (0,1) and C = (z,y), where zy # 0.
If « > p, then both sides of the equation under discussion are easily seen to vanish and for
this reason we shall suppose «, 3,7 < p — 1 from now on. Thus we need to show

a 7 e p—1—
o (7 e = atsy
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and by FERMAT’S Theorem again, this is equivalent to
(-1 =alp— 1= a)l- Bllp — 1= B)!

Using WILSON’S Theorem, one finds a!(p — 1 — a)! = (=1)%(p — 1)! = (=1)*"!, similarly
Bl(p—1—pB) = (=1)*1 and the desired conclusion follows. O

Lemma 7.2. Fvery cloudy sequence involving at most three distinct points is simple.

Proof. Let p be odd and take a cloudy sequence P in which the three distinct points A, B
and C' occur with multiplicities «, 8 and 7 respectively, where o« + 3 + v = 2p — 1. Clearly
a,B,v7 < p— 1 and if we have, e.g., a < 2, then 5+~ > 2p — 3, hence p — 1 € {§,7} and
the simplicity of P follows from Observation 2.6. Thus we may suppose «, 3,7 = 3. Writing
w(a, b, c) in place of
w(A,...,AB,....,B,C,....C)
NEARE RN AR AN A A

a b c

whenever a, b and ¢ denote some non—negative integers the sum of which equals 2p — 2, the

strategic equation with (A, B, C) singled out and a further copy of C' omitted discloses
(BClu(a+2,0— 1,7 —2) + [CAJu(a — 1,6+ 2, — 2) + [ABlu(o — 1,6 — 1,7 + 1)
+ 3{[BC) + [CA] + [ABl}u(a, B,y — 1) = 0.
Multiplying this by [BC]**[C A]°+1[AB]" and dividing thereafter by (a — 1)!(8 — 1)!(y — 2)!
we infer in view of Corollary 2.5 and Observation 7.1, that
[CAP[ABPa(a +1)(a +2) + [BOP[ABFA(8 + 1)(8 + 2) + [BCP[CAP(y = Dy(y + 1)
+ 3[BC[CA][ABI{[BC]| + [CA] + [AB]}ap(y — 1) = 0.
Now recall «A+ BB +~vC = [BC|A+ [CA|B + [AB]C = 0, from which it easily follows that
for some k € F* we have [BC] = ka, [CA] = kB and [AB] = k7. Substituting this into the
previous equation and dividing what we get by k*a3y, we conclude
Byl +1)(a+2) +ay(B+1)(B+2) +af(y -y + 1) +3(a+ S+ )by —1) =0,
le.
20+ 1)(B+1)(y+ 1)+ (4dafy —3a8 —2)(a+ B+ +1) = 0.
But as in [, we have a+ 3+ v+ 1 = 0, this entails p— 1 € {«, 3,7} and by Observation 2.6
the simplicity of P follows. 0

Remark 7.3. The previous Lemma also follows from one of the main results of [11], see
Theorem 1 there. A slight generalization that demands considerably more work has recently
been obtained in [3], see Theorem 1(4). The proof given above is, however, genuinely different

from the more elementary approaches pursued in these two papers, and it has been included
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here in order to illustrate a certain point we wish to make, namely that the method we have
developed is fully appropriate to handle all cases one might find oneself confronted with when

thinking about property B.

8. EXCLUDING TWO FURTHER CONFIGURATIONS.

We now embark on a systematic study of cloudy sequences containing at least four distinct
points. Intuitively, the presence of four points A, B, C' and D is the more useful the more of
the sums that can be formed by adding some of them are distinct. Two important possibilities
for such sums to be equal are that either one of these points equals the sum of the three other
ones, e.g. D = A+ B+ C, or that they form the vertices of some parallelogram, e.g.
A+ C = B+ D. These two special cases, however, can be treated directly and to facilitate

our later arguments we shall do so in the present section.

Proposition 8.1. Cloudy sequences including four distinct points that either form the vertices
of some parallelogram or that are such that one of them coincides with the sum of the three

others are simple.

Proof. Let p be odd and take a cloudy sequence (A, B,C, D, Py, ..., P, 5) in which A, B,C
and D are distinct and D = A+ nB + C for some n € F, satisfying n* = 1. Following the

proof of Proposition 6.2, we set
(XY, Z) =X, Y. Z, P,..., Py 5)
forall X,Y, Z € IF}%. Write C' = xA + yB with z,y € F,. The conditional equations with A,

B, C' and D removed read

z(r+ Du" (A, A, B) + 22y + nz + y)u* (A, B, B) + y(y + n)u" (B, B, B) = 1
w(z+ Dp (A, A A) + (2zy + e+ y)p' (A, A, B) + y(y + (A, B,B) = 1
(I + l)ﬂ*(Av A, B) + (y + 77)#*("47 B, B) =1,
as well as zp* (A, A, B)+yu (A, B,B) =1

respectively. Multiplying them by y —n, x — 1, nz + v, (3+n)(1 —x) — 4y and adding up the

results, we deduce
(2% — o) (A, A, A) + 3z(z — 1) (y — 1)p* (A, A, B)
+3(e = Dyly — D' (A, B, B) + (y* = y)u'(B, B, B) = 2(1 —x — y).
Comparing this with the strategic equation, where the triple (A, B, C') is accentuated and D

is omitted, we obtain
21—z —y)=0.
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For this reason, the points A, B and C are collinear and an application of Proposition 5.1

concludes the argument. ([l

Example 8.2. Utilizing the theory developed so far, we can now give an extremely quick
proof that 5 possesses property B. To see this, suppose that (A, B, Py, ..., Pr) was a cloudy
sequence but not a simple one, where A = (1,0) and B = (0,1). We call a point distinct
from A and B excluded, if it does not appear among Py, ..., P; and present otherwise. Also,
two points are said to be incompatible, if not both of them are present. By 2.5, 5.1 and 6.2
all points except for (2,2), (3,4), (4,3), (4,4) are excluded. Also, (4,4) is excluded as added
together with A and B it sums up to zero. The three points that remain to be discussed are
mutually incompatible by 5.1 and 8.1, hence at most one of them can be present and we get

a contradiction by 7.2.

9. CONICS, QUARTICS AND INFERRING GENERAL POSITION.

In this section, we work over an arbitrary field K whose characteristic is different from 2 and
what we are interested in are the various possibilities that there are for quadruples of distinct
points from the affine plane K2. The classification we describe is neither particularly natural
nor hard to obtain; but it perfectly fits to the general argument yielding () that shall be

given later.—
By a conic section, we mean the set ' of solutions (z,y) € K? of an equation looking like
ar? +bry + ey +dr+ey+ f=0

for some a,b,c,d,e, f € K. Note that according to this definition also K? itself is regarded
as a conic section. If a = b = ¢ = 0 is not the case, then I' is called a proper conic section.

We say that I' passes through a point P € K? if it contains P.

Observation 9.1. If a proper conic section passes through seven distinct points of the form
0,X, Y2, Y+Z, 7+ X, X+Y,

then there is a line passing through the origin and at least two of the three points X, Y and Z.

Proof. Since the property of X, Y and Z we are talking about is evidently invariant under
invertible linear transformations from K? to itself, there is no loss of generality in assuming
X = (1,0) and Y = (0,1). Setting Z = (r,s) we have to show that either r = 0 or s = 0.
As the general equation of a conic section passing through 0, X, Y and X + Y is given by
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a(z? — x) + c(y* —y) = 0, there are A,C' € K not vanishing simultaneously such that
A(r* —r) + C(s> = 5) =0,
A(r? +7r)+C(s* —5) =0,
and A(r? —r)+ C(s* + 5) = 0.

These equations entail 2Ar = 2C's = 0. So if A # 0, we simply have r = 0 and if A = 0, then
C # 0 and hence s = 0. O

Lemma 9.2. If A, B, C and D denote four distinct points from K2, then at least one of the

following seven alternatives occurs:

(a) Some non—empty subsequence of (A, B,C, D) has sum zero.

(b) Two among them are linearly dependent.

(c) Some three of them are collinear.

(d) Some three of them form together with the origin the vertices of a trapezoid.

(e) One of them is equal to the sum of the three other ones.

(f) They are the vertices of some parallelogram.

(9) The fourteen sums that can be formed by taking one, two or three of them are distinct.

Moreover, if these fourteen sums are grouped together into the seven pairs

(A,B+C+D),(B,A+C+D),(C,A+B+D),(D,A+B+C),
(A+ B,C+D),(A+C,B+ D) and (A+ D, B + C),

then it is neither possible to choose four of these pairs such that the eight points they
contain are collinear nor is it possible to select six of these pairs for which the twelve

points they consist of lie on a proper conic section.

Proof. We suppose that (g) is not valid and show that this yields one of the other six cases.

There are three possibilities for (g) to fail and we will discuss them separately.

First, if the fourteen sums under consideration are not distinct, then either (a) is satisfied
or, changing the names of A, B, C' and D accordingly, one of the equations A + B = C,
A+B+C =D or A+ B = C+ D must hold, which in turn means that (d), (e) or (f) occurs.

Second, suppose that the fourteen relevant sums are distinct but that some line g passes
through eight of them coming from four of the pairs mentioned above. If g contains at least
three of the points A, B, C' and D, we are in case (c¢). If g involves exactly two of them,
say A and B, then it also has to pass through A 4+ C or B + C' and in either of these cases
(b) or (d) occurs. Finally, if g contains only one of our four points, then it necessarily passes
through A+ B, A+ C and A+ D and clearly this implies that B, C' and D are collinear, i.e.
that (c) holds.
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Third, suppose again that the fourteen sums under discussion are distinct but that certain
twelve of them coming from six of the relevant pairs are lying on a common proper conic
section I'. Then, upon relabeling A, B, C and D if required, we may suppose that ' passes
in particular through the points A, B, A+ C, B+ C, A+ D, B+ D and A+ C + D.
Translating everything by —A, we see that the points X = B— A, Y = C' and Z = D satisfy
the hypothesis of Observation 10.1. Therefore there is some line h passing through A and at
least two of the points B, A+ C and A+ D. If h contains A+ C and A+ D, then C' and D
satisfy (b) and if h contains, e.g., B and A + C| then either A and B are as in (b) or we get
(d). O

For the application we have in mind possibility (g) is, of course, the most challenging one and
the remainder of this section is directed towards reformulating it in a more perspicuous way,
which requires some further concepts. By a quartic curve ¥, we mean the set of solutions

(z,y) € K? of an equation
ax* + bx?’y + c:chy2 + d:):y3 + 6?/4 + P(z,y) =0,

where P denotes an arbitrary polynomial whose total degree is at most three. The vector
(a,b,c,d, e) is referred to as the leading quintuple of ¥. Evidently, for every M C K? the set

of leading quintuples of quartic curves passing through M forms a subvector space of K.

Definition 9.3. Four points A, B, C, D € K? are said to be in general position if the fourteen
sums that can be formed by adding one, two or three of them together are distinct and if
moreover the space of leading quintuples of quartic curves passing through these fourteen

sums is at most two dimensional.

It will be shown below that any four points as described in 9.2(g) are in general position and
the verification of this is prepared by two further observations. The first of these is only going

to be used for n =5 and n = 8, but nevertheless we state it in full generality.

Observation 9.4. Let n > 5 and suppose that Py, P, ..., P, are distinct points from K?.
Then either all but one of them are collinear or the subvector space of K* consisting of those

triples (a, b, c) for which there are d,e, f € K such that the conic section defined by
ar® +bry +cy’ +dr+ey+ f=0
passes through all of these points has at most dimension one.

Proof. Otherwise let n > 5 be any integer for which this is false and take a sequence
P, Py, ..., P, of points exemplifying this failure. Let m € {2,3,...,n — 2} be the largest
number of collinear points among them and upon renumbering the indices we may suppose

that Py, ..., P, are lying on a common line.
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First Case: m > 3.

As the assertion we seek to establish is invariant under translations and automorphisms of K2,
we may also suppose that writing P; = (r;, s;) for all i € [n] we have s = s9 = ... = s, = 0.
Consider an arbitrary equation az? + bxy + cy* + dx + ey + f = 0 defining a conic section T’
passing through P, P, ..., P,. Then there are at least three distinct values of x satisfying
ax’* +dr+ f=0, eg. x =1y, re 13, and thus we have a = d = f = 0. Hence the equation
of I" may be rewritten as (bz + cy + €)y = 0 and since S, 11, Sma2 # 0 by our choice of m, it
follows that b(741 — Tm+2) + ¢(Smi1 — Smae2) = 0. All this means that the second alternative

mentioned in our claim occurs.

Second Case: m = 2.

For simplicity let P, = (0,0), P, = (1,0) and P; = (0,1). The equations of conic sections
passing through these points look like a(x* — ) + bzy + c(y* — y) = 0 and as the space of
possible values of (a, b, ¢) that can occur here has at least dimension two it follows that there
are A, B € K not vanishing simultaneously such that P; and Ps solve A(2? — ) + Bxy = 0.
The latter equation may be rewritten as (Az + By — A)x = 0 and thus its set of solutions is
the union of two lines. Hence by the box principle some three among the points Py, ..., Ps

have to be collinear, which, however, contradicts the maximality of m. ([l

In the following, a quadratic surface Q is defined to be the set of solutions (z,y,z) € K? of

an equation such as
ax® + by? + c2* + dyz + ezx + fay +gr + hy +iz 4+ 7 =0.
The vector (a,b,c,d, e, f) will be known as the leading sextuple of .

Observation 9.5. Suppose that Py, P, ..., P; are seven distinct points from K? for which the
space of leading sextuples of quadratic surfaces containing them is at least four dimensional.

Then either four of these points are collinear or six are coplanar.

Proof. Assume that the points Py, Ps, ..., P; constituted a counterexample. For brevity, we
call a quadratic surface nice if it passes through these points. Again the problem we are
concerned with is invariant under translations and automorphisms of K32, whence it always
will be allowed to suppose that the four points O = (0,0,0), L' = (1,0,0), L” = (0,1,0)
and L” = (0,0,1) occur among Py, ..., P;. Then the general form of an equation of a nice

quadratic surface is given by
(®)  al@®—x)+b(y? —y) +c(2* —2) +dyz + ezx + fry = 0.
We commence by showing

(x)  No five among the points P, ..., P; are coplanar.
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Otherwise, we may suppose P, = O, P, = L", Py = L"', P; = L' and that the first coordinates
of Py and Ps vanish. Denoting the projection from K3 onto K? given by (x,y, z) — (y, 2) as
7, we know that no four among the five distinct points 7Py, ..., 7w P5 are collinear and hence
by Observation 9.4 the space of triples (b, ¢, d) coming from nice surfaces as presented in (®)
has at most dimension one. Thus also the surfaces defined by 22 —2 = 0, vy = 0 and 2z = 0
are nice and as the point P is different from L’ it follows from this that its first coordinate
vanishes as well. But this means that the six points P, ..., Ps are coplanar and thereby (%)

is proved.

Next, we claim
(%)  No three among the points Py, ..., P; are collinear.

For otherwise suppose that P, = O, P, = L', Py = u - L' for some u € K — {0,1}, P; = L"”
and P, = L. By the special form of Pj, all nice surfaces have a = 0. Thus the space of
possibilities for (b, d, f) for which the surface defined by (fx +b(y — 1) +dz) - y = 0 is nice
has at least dimension two. Since the second coordinates of P, and Ps cannot vanish by (%),
it follows from this that Py — L” and P; — L” are linearly dependent, i.e. that the line h
containing P, and Pj5 also passes through L”. Now, as the whole situation we consider is
symmetric with respect to the second and third coordinate, a similar argument reveals that

L" likewise lies on h. Thus we have four collinear points, which proves ().

(X) The quadruples (Py, Ps, P3, P;), (P1, Py, Py, Ps) and (Pi, Py, Py, P5) cannot be
coplanar at the same time.
To verify this, we may suppose P, = O, P, = L', P, = L", P, = L", Ps = (0,r,s),
Ps = (t,0,u) and P; = (v,w,0) for some appropriate r,s,t,u,v,w € K. By (*%), none
of these six numbers can vanish. Take a nice surface {2, whose equation is of the form
dyz+ezx+ fry = 0, where, e.g., d # 0. Exploiting that €2 passes through P, we infer rs = 0
and this contradiction establishes (X).

With these remarks in mind, we can now start deriving the eventual contradiction. For this
purpose, let P, = O, P, = L', Py = L" and P, = L. By (%), there is a unique plane h
containing P5, Ps as well as P; and by (%) it is not possible for & to pass through two or more
of the points L', L” and L. So we may assume, e.g., that h contains neither L’ nor L”. Take
a proper nice surface of the form (a(x — 1) + fy + ez) - x = 0. As the plane h does not pass
through L', it cannot be determined by the equation a(x — 1) + fy + ez = 0 and hence the
first coordinate of one among the points Ps, Ps and P, say that of Ps, vanishes. Similarly,
also the second coordinate of one of these points vanishes and since this cannot happen for
P5 again by (%), we may suppose that it occurs for Ps. Now the quadruples (Py, Ps, Py, Ps)
and (Py, P, Py, Pg) are coplanar, whence by (X) the third coordinate of P; has to be different
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from zero. Thus the above argument cannot be repeated once more, but it can only be
obstructed by h passing through L"”. Thereby the quadruples (Py, P, Ps, P3), (Py, P, Ps, P»)
and (P4, Ps, Ps, Pr) have been discovered to be coplanar, which upon an obvious renumbering
of indices contradicts (X). This finally proves 9.5. O

Now we put these exercises to use by showing
Lemma 9.6. Any four points as described in condition 9.2(g) are in general position.

Proof. Otherwise assume (A, B, C, D) to be some counterexample. Setting
M=1%1(A+B+C+D),

the seven pairs listed above may be written as M £ Py, ..., M £ P; for some P,, ..., P; € K2
Let P, = (z;,y;) and Q; = (22, z;y;,y?) for all i € [7]. Clearly, the seven points Q1, ..., Q7
from K3 are distinct. Applying a translation of —M to our assumption, there are three
linearly independent vectors from K° that are leading quintuples of quartic curves passing
through the fourteen points £P;, ..., £P;. Let some such vectors be (a;, b;,¢;,d;, e;), where
j =1,2,3. By symmetry with respect to the origin, there is for each j € [3] such a quartic

curve defined by an equation looking like
a;zt 4+ brty + e’y + dwy® + eyt + fi27 + gijwy + byt i = 0.
These give rise to four quadratic surfaces passing through )4, ..., 7, namely
a;z° + bjzy + cjy° + djyz + ;2 + fix + gy + hjz +i; =0
for j = 1,2,3 as well as y?—xz = 0. As the leading sextuples of these surfaces are independent
we arrive by Observation 9.5 at one of the following two possibilities.

First Case: Certain four among the points Q1, ..., Q7 are collinear.

If this occurs, e.g., for Q1, Q2, Q3 and @4, then the space of triples (a, b, ¢) for which some
conic section of the form az?+ bxy + cy? +d = 0 passes through +P;, +P,, £P3 and 4P, has
at least dimension two and thus by Observation 10.4 applied with n = 8 some seven of these
eight points have to belong to a common line h. Plainly, h has to pass through the origin and

hence contains all eight points under discussion, which contradicts the first additional clause
of 10.2(g).

Second Case: Some siz among the points QQ1, ..., Q7 are coplanar.

If this happens, e.g., for Qy,...,Qg, then the points M + P;,..., M + Fy lie on a common

conic section, which is again contradictory. ([l
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10. THE GENERAL CASE.

Now let us have some fun.
Proposition 10.1. Every cloudy sequence including four points in general position is simple.

Proof. Let p > 7 and assume that some cloudy but not simple sequence
P=(AB,C,D,P,...,Pys)

in which the first four points mentioned are in general position existed. Note that 2p—5 > p,
whence at least two distinct points have to be present in P’ = (P, ..., Py, 5) and to facilitate
a construction to be encountered below, we may suppose as usual that the points E = (1,0)
and F' = (0, 1) occur there. By Definition 9.3, we know that the space V' of leading quintuples
of quartic curves passing through the fourteen sums 77, ..., T4 that can be formed by adding
one, two or three terms from the sequence (A, B,C, D) is at most two dimensional. Let
Ty = (r¢,s¢) for all £ € [14]. Evidently the subspace W of Ff, consisting of all of all those
vectors (a,b,c,d, e) that satisfy au 4+ bv + cx + dy + ez = 0 for all (u,v,x,y,z) € V has at

least dimension three. We now claim

(%) If (ouo, 31, (o2, 03, 0s) € W, then there are yq,..., 714 € F, such that for all

non—negative integers m, n with m +n < 4 we have

m_n __
E YeTy Sg =

1<0<14 Omn if m +n =4

0 iftm+n <4,

To see this, just apply the well-known principle from linear algebra stating that if by, ..., b,z
are some vectors from a common vector space U such that for all linear forms ¢ from the
dual space of U with ¢(by) = ... = ¢(bg) = 0 we also have ¢(z) = 0, then z can be written

as a linear combination of by, ..., by to the case where U = F}°, k = 14,
_ 2 2 3.2 2 3.4 .3, .22 3 4
b@ - (17T£7Sfurfurfsfa8€7T£7r£5€7T€8£7S£7TEJT£8€7T€S€7T58878Z)
for / =1,...,14 and

Z= (Oa 07 07 07 Oa 07 07 07 Oa Oa (40, 31, (22, (V13, 0604).
Having thereby obtained (%), we utilize it to establish
(%) If (a0, 31, 22, 013, is) € W and j € [2p — 5], then
0540[/;757]‘ + 40-’31#;;473‘ + 6(122#;;37]' + 4a13,u;;27j + 0540111;—717]‘ =0,

where u;j serves as an abbreviation of u(Pi, ..., Pi_1, Pjy1,..., Py_5) for k € {p —5,p —
47p - 37]) - 27p - 1}
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Plainly, it suffices to verify this for j = 2p — 5. Take v,...,v14 € F,, as described in () and

form the polynomial

Qy)= Y w((re+a) =1) ((sr+9)"" = 1)

1<6<14

For non-negative integers m and n with m+n < 4 the coefficient accompanying zP~1="yP~1-"

E e Tp Ty
m n
1<e<14

and from this it follows that the total degree of () is at most 2p — 6 and that the sum of its

here is

terms having this degree is
-5, p—1 —4, p—2 -3, p—3 2, p—4 —1, p—5
= ot YT+ azd?TTYPTT 4 e YT + s Ty 4 gty

Now let P, = (g;,h;) for i =1,2,...,2p — 6, take 2p — 6 new variables ¢y, ..., €9, ¢, define

G = Z €iGi, H = Z 5ihi

1<i<2p—6 1<i<2p—6
and view Q(G, H) as a member of Fy[eq,...,e9,¢]. As we have just seen, its total degree is
at most 2p — 6 and the coefficient belonging to ejeg - ... - €9p_¢ is
= Z (p —-1- m)'(p —-1- n)!aan;—l—m,Qp—S’
m+4n=4

i.e. 24(p —5)!? times the expression we have claimed to vanish. Thus if (xx) failed, we could
invoke the Combinatorial Nullstellensatz to obtain values ey, ...,e9,-¢ € {0,1} for which
Q(G, H) # 0. This then entailed the existence of some ¢ € [14] such that

e ((re+ QP =1) ((se+ HP ™' = 1) #0

and hence 7y+G = s,+H = 0. So defining I = {i € [2p—6]|e; = 1} we had (r4, s,)+>_ P, =0,
i€l

but obviously this contradicted the cloudiness of P. Thereby (xx) is proved.

Exploiting that W is at least three dimensional, we find some (0,a,b,c,0) € W for which

a=0b=c=0is not the case and then (*x) yields
2a:up73(E7 Fa Pla ces 713jflapj+17 P2p75) + 3bﬂp—2(E> F? P17 v 7Pj717 PjJrla P2p75)
+ 2y 1 (B, F, Py, ..., Pj_1, Pjy1, Py 5) = 0
for all j € [2p — 5]. Recalling that E and F' have been arranged to appear in the sequence
P’, we see that the hypothesis of Corollary 3.4 is satisfied. But in view of Observation 2.6,
the only possibility for its conclusion to hold is that either E or F' occurs with multiplicity

p—2in P’. It suffices to consider the former case and repeating the argument just given with

some non-zero (0,0, a’,b', ') € W we discover that all of the remaining p — 3 points from P’



26 CHRISTIAN REIHER

are necessarily equal to . Thereby P’ has been entirely determined and the argument is not
difficult to complete. For instance, for each X € {A, B,C, D} the equation X +nE+¢F =0
is insoluble with n € {0,1,...,p—2} and £ € {0,1,...,p — 3}. Therefore, each of the points
A, B, C' and D has to belong to K U LU M U N, where

K=F,x{0}, L={0}xF;, M={(y2)ecF|y+01}
and N ={(z,y) € F2|(z —1)(y — 1) = 0 and xy # 0}.

But by 2.5, 2.6 and 6.2, K and N cannot contain any of these points and each of L and M

can contain at most one of them. Thereby we have reached a contradiction. 0

The following is easy by now.
Theorem 10.2. FEvery prime number has property B.

Proof. By our introductory remarks, it suffices to show that for all odd p every cloudy sequence
P is simple. If P involves at most three distinct points, we may invoke Lemma 7.2, so from
now on suppose that there are four distinct points A, B, C' and D present in P. Applying
Lemma 9.2 to these, we get seven possible cases, the first of which is, however, excluded by
the cloudiness of P and the second of which cannot occur by Corollary 2.5. Also, if (c), (d),
(e) or (f) occurs, the desired conclusion can be drawn from one of the Propositions 5.1, 6.2
or 8.1. Hence we may assume that (g) holds, but then A, B, C' and D are in general position
by Lemma 9.6 and Proposition 10.1 applies. 0

11. APPLICATIONS AND CONSEQUENCES.

Plenty of statements that have appeared in the literature roughly amount to saying that if the
prime divisors of everything relevant have property B, then something interesting happens.
Thus we are in the pleasing situation that it is fairly easy to deduce worth while corollar-
ies from our main result, for the main work has already been done by others and all that
remains to be done is cutting the redundant extra hypotheses from their existing theorems
off. For the readers convenience, we conclude this paper with some examples illustrating that

phenomenon.

1. Property C' for prime numbers.

Continuing to use p to denote an arbitrary prime number, one can easily show by means of an
argument that is similar to the one given for Fact 3 above that any sequence consisting of 3p—2
points from IFIQ) contains a subsequence the sum of whose terms vanishes and whose length is

either p or 2p. (For a slightly different proof of this see Corollary ITa of [13].) It follows by
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applying Fact 3 itself that every sequence of length 3p — 2 also possesses a non-empty zero—
sum subsequence whose length is at most p. Thus one might wonder what those sequences of
length 3p — 3 for which this conclusion is false look like and an old conjecture essentially due
to VAN EMDE BoAS ([2]) asserts that if this occurs then the sequence under consideration
necessarily consists of only three distinct points each of which appears with multiplicity p— 1.
The state of affairs that this is true for a particular value of p is usually expressed by saying
that p has property C. As explained in Theorem 10.7 of [6], property B entails property C'

and thus we now know unconditionally: Fvery prime number has property C.

2. Property B for composite numbers.

Though the method of proof we have developed relies heavily on the field structure of F,, the
result itself is a purely additive one and hence it makes sense to study similar questions with
IE‘IQJ replaced by C,, & C,,, the direct sum of two cyclic groups of size n, where n > 2 denotes
an arbitrary natural number. As the work of KRUYSWIJK and OLSON reveals, Fact 3 itself
carries over as follows: Every sequence consisting of 2n — 1 elements from C,, & C,, contains a
non—empty subsequence whose sum equals 0. Defining the notions of suspicious and cloudy
sequences in this context as expected, it has in analogy with () been conjectured that every
cloudy sequence needs to contain some element with multiplicity n—1. If this holds, then n is
said to have property B. Recently, W. GAO, A. GEROLDINGER and D. GRYNKIEWICZ have
obtained an extremely lengthy proof that n has property B provided that all its prime divisors
do ([7]), which means that the combination of our results yields: Every natural number has
property B.

It should be added that a complete classification of all cloudy sequences has, also quite

recently, been carried out by W. SCHMID in [14]. In fact, he is doing something more general

there, namely he solves the analogous problem for arbitrary groups of rank two.

3. Property C' for composite numbers.

A natural question that now presents itself asks to what extent the material mentioned in our
first application generalizes to composite numbers. Since the earliest days of combinatorial
zero—sum theory, it is known that every sequence of length 3n — 2 over C,, & C, has a
non—empty zero—sum subsequence which is short in the sense that its length is at most n.
Also, n is said to have property C' if every sequence of length 3n — 3 lacking short zero—sum
subsequences consists of three distinct elements each of which occurs with multiplicity n — 1.
It has been established in [5] (see Theorem 3.2(2)), that property C' is multiplicative, i.e. that
if two natural numbers have property C, then so does their product. Hence we may conclude:

FEvery natural number has property C'.
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4. VAN EMDE BOAS’ v—invariant.

With some applications to the determination of the Davenport constant of more complicated
groups in mind, VAN EMDE B0OAS defined v(C, & C,,) to be the least number v for which
the following is true: If a sequence P containing at least v elements from C,, & C), has no
non—empty subsequence whose sum is zero, then there is a coset of some proper subgroup of
C, & C, containing all those members of that group which are not expressible as the sum of
a possibly empty subsequence of P. It has been known that v(C,, & C,,) € {2n — 2,2n — 1}
and that the smaller of these two values is the correct one if n has property C, see Section 5

of [2].

Fourth Conclusion: For every n > 2 one has v(C, & C,) = 2n — 2.

5. More Davenport constants.

In general, the Davenport constant D(G) of a finite Abelian group G is defined to be the
least natural number d for which every sequence consisting of d elements from G contains a
non—empty subsequence the sum of whose elements vanishes. The argument usually used to
establish Fact 1 from the introduction can straightforwardly be modified to show that such
a number always exists and that D(G) < |G|. The widest classes of groups whose Davenport
constants are currently known are cyclic groups, groups of rank two and p-groups, whereas
for the general case there is at the moment not even a plausible conjecture. Quite frequently,
when one intends to determine the Davenport constant of some group G not covered by the
cases already mentioned, one finds oneself projecting the whole situation onto a quotient
group of G and typically the more additional properties of that group are known the better
the chances for success are. For instance, it has recently been shown by G. BHOWMIK,
I. HALupczoK and J.—C. SCHLAGE-PUCHTA [4] that if n is coprime to 6 and has property
B, then D(C3®C3,®Cs,) = 6n+1. So if the reader has ever asked himself what D(C3®C%y,5)
might be, he can now be assured that it indeed equals 2011. It seems conceivable that similar

applications will emerge in the near future.
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