Rostock. Math. Kolloq. 49, 105{114 (1995) Subject Classification (AMS)

42A10, 42A15

Jürgen Prestin; Kathi Selig

On the Gram Matrix of Translates of De la Vallée Poussin Kernels

Dedicated to the professors of mathematics L. Berg, W. Engel, G. Pazderski, and H.- W. Stolle.

ABSTRACT. Extending a result of A. A. Privalov [2] we prove the diagonal dominance of the Gram matrix of bases of translates of de la Vallée poussin kernels. This can be used to show the uniform boundedness of a corresponding orthogonal projection operator.

KEY WORDS. De la Vallée Poussin Kernels, Gram Matrix, Orthogonal Projection

1 Introduction

In this note we investigate arithmetic means of Dirichlet kernels, namely the de la Vallée Poussin kernels for N, M ∈ N and 1 ≤ M ≤ N, defined by

φ^M_N (x) := 1 √ 2N + √ 2 N N −M∑

ℓ=1 cos ℓx + N +M −1 ∑ ℓ=N −M +1 N + M − ℓ M √ 2N cos ℓx

= sin Nx sin Mx 2M √ 2N sin^{2 x}_2 , for x /∈ 2πZ, √ 2N , for x ∈ 2πZ. For s = 0, . . . , 2N − 1, the translates φ^M_{N,s}(x) := φ^M_N ( x − sπ N )

satisfy the interpolatory condition φ^M_{N,s} (_{kπ} N ) = √ 2N δ_{k,s} , for k = 0, . . . , 2N − 1. Hence, the space of translates

V^M_N := span { φ^M_{N,s} : s = 0, . . . , 2N − 1 } has the dimension dim V^M_N = 2N which is independent of M . For a further discussion of these functions and spaces and for corresponding multiresolution analyses and wavelet spaces see e.g. A. A. Privalov [2] and the authors [1].

2 The Gram matrix

Since the basis of translates {φ^M_{N,s}}^{2N −1}_{s=0} is not an orthogonal one, we are interested in its Gram matrix

G^M_N := (⟨ φ^M_{N,r} , φ^M_{N,s} ⟩)_{2N −1} r,s=0 , with the inner product

⟨f , g⟩ := 1 2π 2π∫ 0 f(x) g(x) dx .

As discussed in [1] the circulant matrix G^M_N can be diagonalized by means of the 2N-th Fourier matrix; i.e., G^M_N = F_{2N} D^M_N F_{2N} , where

F_{2N} := 1 √ 2N ( e^{− 2πirs2N} )_{2N −1} r,s=0 , F_{2N} = (F_{2N} )^{−1} . (1)

The diagonal matrix D^M_N = diag ( d^M_{N,r} )_{2N −1} r=0 contains the eigenvalues

d^M_{N,r} = 1 2 + ( N − r 2M^2

)_2 , if |N − r| < M , 1 , otherwise.

From this representation one rewrites immediately ⟨φ^M_{N,r} , φ^M_{N,s}⟩ = δ_{s,r} − (−1)^{s−r} 4NM^2 M −1∑

k=−M +1 (M^2 − k^2) cos k(s − r)π N .

A. A. Privalov [2] computed the entries of G^M_N in a closed form, namely ⟨ φ^M_{N,r} , φ^M_{N,r} ⟩ = 1 − M 3N + 1 12NM (2) and, for r ≠ s , ⟨ φ^M_{N,r} , φ^M_{N,s} ⟩ = (−1)^{r−s} 2M cos^{M (r−s)π}_N sin^{(r−s)π}_{2N} − sin^{M (r−s)π}_N cos^{(r−s)π}_{2N} 8NM^2 sin^{3 (r−s)π}_{2N}

. (3)

In order to investigate the quantity of the main diagonal dominance, we will estimate the difference ρ(N, M) := ⟨ φ^M_{N,r} , φ^M_{N,r} ⟩ − 2N −1∑

s=0 s≠r | |⟨φ^M_{N,r} , φ^M_{N,s}⟩ | | ,

which is independent of r due to the circulant structure of the Gram matrix. Our main objective of this paper is to prove the following inequality.

Theorem 1 For N, M ∈ N , with 4M|N, we have ρ(N, M) > 0.28 . For special choices of the indices N, M the value of ρ can be exactly determined. Remark: In case of the modified Dirichlet kernel (M = 1), we have ⟨φ^1_{N,r} , φ^1_{N,s}⟩ = δ_{s,r} − (−1)^{s−r} 4N , which gives ρ(N, 1) =^1_2 , for every N. For the Fejer kernel (N = M), from ⟨φ^N_{,r} , φ^N_{,r}⟩ = 2 3 + 1 12N^2 , ⟨φ^N_{,r} , φ^N_{,s}⟩ = 1 4N^2 sin^{2 (r−s)π}_{2N} for r ≠ s ,

and from (15) one obtains ρ(N, N) = 1 3 + 1 6N^2 . Note that from numerical computations one can suggest that 1 3 < ρ(N, M) ≤ 1 2 for all N, M ∈ N, and that for fixed N the function ρ(N, M) is monotone decreasing with respect to M, for 1 ≤ M ≤ N. In [2] A. A. Privalov proved ρ(3M, M) > 1 3 . Theorem 1 is an extension of his result to the case 4M|N .

The main diagonal dominance of the Gram matrix shows the almost orthogonality of the basis {φ^M_{N,s}}^{2N −1}_{s=0} . We need Theorem 1 in order to estimate the boundedness of the orthogonal projection operator P^M_N : C_{2π} → V^M_N . This is in particular interesting for N = 2^j and M = 2^{j−λ} for large j ∈ N and fixed λ ∈ N .

Corollary 2 The orthogonal projection P^M_N onto V^M_N , with N/M = 2^λ ≥ 4 , satisfies

‖P^M_N ‖_{C2π →C2π} < (3λ + 10)^2 .

Proof of the Corollary: Writing

P^M_N f = 2N −1∑

k=0 ϵ_k φ^M_{N,k} , (4) we obtain by Hölder’s inequality and by a well-known inequality for trigonometric polynomials (see A. F. Timan [3], Chap. 4.9)

‖P^M_N f‖_∞ ≤ 2N(1 + 5π 4 ) ‖φ^M_{N,0}‖_1 max_{0≤k<2N} |ϵ_k| =: 2N(1 + 5π 4 ) ‖φ^M_{N,0}‖_1 |ϵ_ℓ| . Taking the inner product with φ^M_{N,ℓ} in (4), we estimate |⟨P^M_N f , φ^M_{N,ℓ}⟩| = | | | | | 2N −1∑

k=0 ϵ_k⟨φ^M_{N,k} , φ^M_{N,ℓ}⟩ | | | | | ≥ |ϵ_ℓ| ( ⟨φ^M_{N,ℓ} , φ^M_{N,ℓ}⟩ − 2N −1∑

k=0 k≠ℓ |⟨φ^M_{N,k} , φ^M_{N,ℓ}⟩| ) .

Applying Theorem 1 yields |ϵ_ℓ| < 3.6 |⟨P^M_N f , φ^M_{N,ℓ}⟩| = 3.6 |⟨f , φ^M_{N,ℓ}⟩| ≤ 3.6 ‖f‖_∞ ‖φ^M_{N,ℓ}‖_1 . Hence,

‖P^M_N f‖_∞ < 7.2 N(1 + 5π 4 ) ‖φ^M_{N,0}‖^2_1 ‖f‖_∞ .

Using known results on the Lebesgue constants with respect to the de la Vallée Poussin kernel (see e.g. [1]) the Corollary is proved.

3 Proof of the Theorem

The proof is based on three Lemmata concerning the function

f_m(x) :=

2m cos 2mx sin x − sin 2mx cos x sin^3 x (5) for any m ∈ N, m ≥ 2. Since cos k(π − x) = (−1)^k cos kx and sin k(π − x) = (−1)^{k−1} sin kx for all k ∈ N, we have

f_m(π − x) = f_m(x) , (6) i.e., f_m is symmetric in [0, π] with respect to^π_2 . Using the rule of l’Hôpital, we compute

f_m(0) =

2m(1 − 4m^2) 3 . (7)

The first Lemma describes the behaviour of f_m in the interval [ 0,^π_{2m} ] . Lemma 3 For all m ∈ N, m ≥ 2, the function fm is negative and monotone increasing in [ 0,^π_{2m} ] . Proof: In order to prove the monotonicity of f_m we show that for all 0 < x <^π_{2m}

f^′_m(x) > 0 .

We have

f^′_m(x) = g_m(x) sin^4 x , with

g_m(x) = 3 sin 2mx cos^2 x − 6m cos 2mx cos x sin x − (4m^2 − 1) sin 2mx sin^2 x ,

which has the Taylor expansion

g_m(x) =

8m(4m^4 − 5m^2 + 1) 15 x^5 + g^{(7)}m (θ) 5040 x^7

for a certain θ ∈ ( 0,^π_{2m} ) . We have to verify that g_m(x) > 0 in ( 0,^π_{2m} ) . If g^{(7)}m (θ) ≥ 0, then it is evident. If g^{(7)}m (θ) < 0, then with

g^{(7)}_m (θ) = (2m^2 − 2) { (11(2m)^6 + 100(2m)^4 − 48(2m)^2 − 64) sin 2mθ sin 2θ +(−48(2m)^5 − 80(2m)^3 + 128(2m)) cos 2mθ cos 2θ + 2(2m)^7 cos 2mθ sin^2 θ } , we estimate

−g^{(7)}_m (θ) < { (2m^2 − 2)(2m)^5(48 + 5) , for 0 < θ ≤^π_{4m} , (2m^2 − 2)(2m)^52π^2 , for^π_{4m} < θ <^π_{2m} .

Hence, g_m(x) > 8m(4m^4 − 5m^2 + 1) 15 x^5 −

53(2m)^5(2m^2 − 2) 5040 x^7 = m(m^2 − 1)x^5

1260 ( 672(4m^2 − 1) − 53(2m)^4x^2 )

≥ m(m^2 − 1)x^5

1260 ( 672(4m^2 − 1) − 53π^2(2m)^2 ) > 0, which proves that f_m is monotone increasing in the interval [ 0,^π_{2m} ] . Since f_m(0) < 0 (see (7)) and f_m ( π 2m ) = − 2m sin^{2 π}_{2m} < 0 , the monotonicity of f_m assures further that f_m is strictly negative in the interval [ 0,^π_{2m} ] . In the second Lemma, we analyze the sign behaviour of f_m in the interval [_π 2m, π −^π_{2m} ] . Lemma 4 Let m ∈ N, with m ≥ 2. Then for ℓ = 1, . . . , m − 1, we have | |f_m (^{ℓπ}_{2m} + x) | | = (−1)^ℓ f_m (^{ℓπ}_{2m} + x) for 0 ≤ x ≤^π_{8m} , (8) | |f_m (^{ℓπ}_{2m} + x) | | ≤ (−1)^ℓ f_m (^{ℓπ}_{2m} + x) +^{4m}_{π sin2} (^{ℓπ}_{2m} +x) for^{π8m} < x ≤^{π4m} , (9) | |f_m (^{ℓπ}_{2m} + x) | | = (−1)ℓ+1 f_m (^{ℓπ}_{2m} + x) for^π_{4m} ≤ x ≤^π_{2m} , (10)

and for ℓ = m, . . . , 2m − 2, we have | |f_m (^{ℓπ}_{2m} + x) | | = (−1)^ℓ f_m (^{ℓπ}_{2m} + x) for 0 ≤ x ≤^π_{4m} , (11) | |f_m (^{ℓπ}_{2m} + x) | | ≤ (−1)^{ℓ+1} f_m (^{ℓπ}_{2m} + x) +^{4m}_{π sin2} (^{ℓπ}_{2m} +x) for^{π4m} < x <^{3π8m} , (12) | |f_m (^{ℓπ}_{2m} + x) | | = (−1)ℓ+1 f_m (^{ℓπ}_{2m} + x) for^{3π}_{8m} ≤ x ≤^π_{2m} . (13)

Proof: By (5) we can write f_m ( ℓπ 2m + x ) = (−1)^ℓ (a − b) sin^3 (_{ℓπ} 2m + x ) , with

a = 2m cos 2mx sin (_{ℓπ} 2m + x ) , b = sin 2mx cos (_{ℓπ} 2m + x ) . For all ℓ = 1, . . . , m − 1 and 0 ≤ x ≤^π_{2m} , we have π 2m ≤ ℓπ 2m + x ≤ π 2 . We use that sin x ≥^{2x}_π , and consider three intervals for x. (i) For 0 ≤ x ≤^π_{8m} , we estimate

a − b = 2m cos 2mx sin ( ℓπ 2m + x ) − sin 2mx cos ( ℓπ 2m + x )

≥ 2m sin 2mx sin π 2m − sin 2mx cos ( ℓπ 2m + x )

≥ sin 2mx ( 2 − cos ( ℓπ 2m + x )) > 0 , which gives (8).

(ii) For^π_{8m} < x ≤^π_{4m} , we have that a, b > 0 and so we get | | | |f^m ( ℓπ 2m + x )| | | = |a − b| sin^3 (_{ℓπ} 2m + x ) ≤ a − b + 2b sin^3 (_{ℓπ} 2m + x )

≤ (−1)^ℓ f_m ( ℓπ 2m + x ) + 2 cos (_{ℓπ} 2m + x ) sin^3 (_{ℓπ} 2m + x ) . Further we estimate cot ( ℓπ 2m + x ) < 1 ℓπ 2m + x ≤ 2m π , from which (9) follows.

(iii) For^π_{4m} ≤ x ≤^π_{2m} , we have a ≤ 0 and b ≥ 0 , i.e., a − b ≤ 0 , which yields (10).

In order to obtain (11)–(13), by means of the symmetry (6) we rewrite f_m ( ℓπ 2m + x ) = f_m ( π − ( ℓπ 2m + x ))

= f_m ( (2m − (ℓ + 1))π 2m + ( π 2m − x )) . Thereby, (11), (12) and (13) follow from (10), (9) and (8), respectively.

The third Lemma contains special sums of values of f_m .

Lemma 5 For all m ∈ N, m ≥ 2, and for 0 ≤ x ≤^π_{2m} , we have 2m−2∑

ℓ=1 (−1)^ℓ f_m ( ℓπ 2m + x ) = |f_m(x)| − | | |fm ( π 2m − x )| | , and 2m−1∑

ℓ=1 | | | |f^m ( ℓπ 2m )| | | = |f^m(0)| . Proof: We use the well-known equality 2m−1∑

ℓ=0 1 sin^2(^x_2 +^{ℓπ}_{2m} ) = 4m^2 sin^2 mx

, (14)

from which, by differentiation, 2m−1∑

ℓ=0 cos(^x_2 +^{ℓπ}_{2m} ) sin^3(^x_2 +^{ℓπ}_{2m} ) = 8m^3 cos mx sin^3 mx follows. Then, 2m−1∑

ℓ=0 (−1)^ℓ f_m ( ℓπ 2m + x )

= 2m−1∑

ℓ=0 (−1)^ℓ

2m cos(ℓπ + 2mx) sin (_{ℓπ} 2m + x ) − sin(ℓπ + 2mx) cos (_{ℓπ} 2m + x ) sin^3 (_{ℓπ} 2m + x )

= 2m cos 2mx 2m−1∑

ℓ=0 1 sin^2 (_{ℓπ} 2m + x ) − sin 2mx 2m−1∑

ℓ=0 cos (_{ℓπ} 2m + x ) sin^3 (_{ℓπ} 2m + x )

= 2m cos 2mx 4m^2 sin^2 2mx − sin 2mx 8m^3 cos 2mx sin^3 2mx

= 0 .

From Lemma 3 and from the symmetry (6) we further deduce 2m−2∑

ℓ=1 (−1)^ℓ f_m ( ℓπ 2m + x ) = f_m ( (2m − 1)π 2m + x ) − f_m(x) = |f_m(x)| − | | |fm ( π 2m − x )| | . Using Lemma 3 and (8), (11) and (13) from Lemma 4, we conclude 2m−1∑

ℓ=1 | | |f_m ( ℓπ 2m )| | = 2m−1∑

ℓ=1 (−1)^ℓ f_m ( ℓπ 2m ) = −f_m(0) = |f_m(0)| .

Proof of Theorem 1 From (3) and definition (5) of f_m, for all s = 1, . . . , 2N − 1 , we have |⟨φ^M_{N,0}, φ^M_{N,s}⟩| = | | | | 2M cos^{Msπ}_N sin^{sπ}_{2N} − sin^{Msπ}_N cos^{sπ}_{2N} 8NM^2 sin^{3 sπ}_{2N} | | | | = 1 8NM^2 | |f_M ( sπ 2N )| | .

In view of the Remark on page 107 we can assume M ≥ 2, and we set K := N/M . Replacing s = Kℓ + k , where k, ℓ ∈ N_0, 0 ≤ k ≤ K − 1 and 0 ≤ ℓ ≤ 2M − 1, we can split ρ(N, M) = ⟨ φ^M_{N,0} , φ^M_{N,0} ⟩ − 2N −1∑

s=1 | |⟨φ^M_{N,0} , φ^M_{N,s}⟩ | |

= ⟨ φ^M_{N,0} , φ^M_{N,0} ⟩ − 2M −1∑

ℓ=1 |⟨φ^M_{N,0}, φ^M_{N,Kℓ}⟩| − K−1∑ k=1

2M −1∑

ℓ=0 |⟨φ^M_{N,0}, φ^M_{N,Kℓ+k}⟩| . By Lemma 5 we have 2M −1∑

ℓ=1 |⟨φ^M_{N,0}, φ^M_{N,Kℓ}⟩| = 1 8NM^2 2M −1∑

ℓ=1 | | |f^M ( ℓπ 2M )| | | = 1 8NM^2 |f_M (0)| .

From Lemmata 4 and 5 and by symmetry (6) we obtain

8NM^2 K−1∑ k=1

2M −1∑

ℓ=0 |⟨φ^M_{N,0}, φ^M_{N,Kℓ+k}⟩| = K−1∑ k=1

2M −1∑

ℓ=0 | | | |f^M ( ℓπ 2M + kπ 2N )| | | = K−1∑ k=1 (| | |f^M ( kπ 2N )| | | + | | |f^M ( (2M − 1)π 2M + kπ 2N )| | | ) + K−1∑ k=1

2M −2∑

ℓ=1 | | |f^M ( ℓπ 2M + kπ 2N )| | | ≤ K−1∑ k=1 (| | |f^M ( kπ 2N )| | | + | | | |f^M ( π 2M − kπ 2N )| | | )

+ K 2∑ k=1

2M −2∑

ℓ=1 (−1)^ℓ f_M ( ℓπ 2M + kπ 2N ) − K−1∑ k=^K_2 +1

2M −2∑

ℓ=1 (−1)^ℓ f_M ( ℓπ 2M + kπ 2N ) + S

= K−1∑ k=1 (| | |f^M ( kπ 2N )| | | + | | | |f^M ( π 2M − kπ 2N )| | | ) + K 2∑ k=1 (| | |f^M ( kπ 2N )| | | − | | | |f^M ( π 2M − kπ 2N )| | | )

− K−1∑ k=^K_2 +1 (| | |f^M ( kπ 2N )| | | − | | | |f^M ( π 2M − kπ 2N )| | | ) + S

= 4 K 2 −1∑

k=1 | | |f^M ( kπ 2N )| | | + 2 | |fM ( π 4M )| | + S ≤ 2(K − 1) |fM (0)| + S , where

S = 4M π M −1∑

ℓ=1

K 2∑ k=^K_4 +1 1 sin^2 (_{ℓπ} 2M +^{kπ}_{2N} ) + 2M −2∑

ℓ=M

3K 4 −1∑

k=^K_2 +1 1 sin^2 (_{ℓπ} 2M +^{kπ}_{2N} ) .

From (14) we deduce 2M −1∑

ℓ=1 1 sin^{2 ℓπ}_{2M} = 4M^2 − 1 3 = 1 + 2 M −1∑

ℓ=1 1 sin^{2 ℓπ}_{2M}

, (15)

which gives M −1∑

ℓ=1 1 sin^{2 ℓπ}_{2M} = 2 3 (M^2 − 1) .

Hence, S ≤ ( K 2 − 1 ) 8M(M^2 − 1) 3π .

In view of the monotonicity of f_M in [ 0,^π_{2M} ] (see Lemma 3), together with (2), (7) and

K ≥ 4, we finally estimate ρ(N, M) ≥ 1 − M 3N + 1 12NM − 1 8NM^2

((2K − 1)|f_M (0)| + S) ≥ 1 − M 3N + 1 12NM − (2K − 1)(4M^2 − 1) 12NM − (K − 2)(M^2 − 1) 6πNM = 1 3 − 1 6π + 1 6M^2 + M 3πN + K − 2 6πNM > 0.28 .

References

[1] Prestin, J. and Selig, K. : Interpolatory and orthonormal trigonometric wavelets.

In: Zeevi, J. and Coifman, R. (Eds.): Signal and Image Representation in Combined Spaces. (to appear)

[2] Privalov, A.A. : Ob odnom ortogonalnom trigonometričeskom basisje. Mat. Sb. 182, 3, 384-394 (1991)

[3] Timan, A. F. : Theory of Approximation of Functions of a Real Variable. Oxford 1963

received: September 15, 1995

Authors:

Dr. J. Prestin; Dipl.-Math. K. Selig Fachbereich Mathematik Universität Rostock Universitätsplatz 1 18051 Rostock Germany e-mail: prestin@mathematik.uni-rostock.d400.de