Rostock. Math. Kolloq. 53, 51–59 (1999) Subject Classification (AMS) 34A37

Albena A. Kosseva; Stepan I. Kostadinov; Petr P. Zabreiko

Stability of Linear Impulse Differential Equations with Unbounded Operator

ABSTRACT. This paper marks the beginning of the consideration of linear impulse differential equations with unbounded operators. Sufficient conditions for existence of some stabilities are founded.

KEY WORDS. Impulse differential equations with unbounded operators - theory and stability.

1 Introduction

The papers [1], [8], [9], [2] and [6] mark the beginning of the qualitative theory of impulse differential equations in an arbitrary Banach space. The present paper initiates the study of linear impulse differential equations with unbounded operators.

2 Problem statement

Let X be a complex Banach space with norm | · | and identity operator I. We denote by

L(X) the space of all linear bounded operators acting on X.

Let T = {t_n} be a sequence of points satisfying the condition t_n < t_{n+1}. We shall consider the linear impulse differential equation:

x^′ = Ax for t ≠ t_n (1)

x(t^+_n ) = Q_n x(t_n) for t = t_n . (2)

We shall assume that one of following two conditions holds:

H1 A : D(A) → X is a generating operator of the strongly continuous semi-group U(t) (U(·) :

[0, ∞) → L(X)), Q_n (n = 1, 2, ...) are linear operators and lim_{n→∞} t_n = ∞;

H2 A : D(A) → X is a generating operator of the group U(t)

(U(·) : (−∞, ∞) → L(X)), Q_n (n = ±1, ±2, ...) are linear operators, lim n→±∞ t_n = ±∞.

We assume, that all considered functions are continuous from the left.

Remark 1 We shall note, that U(t) is a group if for example X is a complex Hilbert space and the operator A is equal to iB, where B is a selfadjoint operator (see for example [7], 464). For other examples see [5], 829.

Definition 1 The function x(t) is said to be a solution of the impulse differential

equation (1), (2) if the following conditions are satisfied:

1. x(t) ∈ D(A); 2. For all t ≠ t_n there exists the strong derivative x^′(t); 3. x(t) satisfies (1) for t ≠ t_n and (2) for t = t_n.

We consider the Cauchy problem (1), (2) with initial condition

x(τ ) = x_τ (3)

at the point t = τ .

Definition 2 The Cauchy problem (1)-(3) is correct on [0, ∞) if:

1. For all x_0 ∈ D(A) there exists a unique solution of the impulse differential equation (1), (2);

2. This solution depends continuously on the initial conditions, i.e.

x_k(0) → 0 (k → ∞) (x_k(0) ∈ D(A)) implies x_k(t) → 0 (k → ∞) for all t ∈ [0, ∞).

In the present paper we find a formula for the solution of problem (1)-(3) and sufficient conditions for some types of stability. We shall extend some results, when A is a sectorial operator (see [4], 376).

3 Main results

We introduce the conditions:

H3 For any n we have either Q_nU(t) : D(A) → D(A) or U(t)Q_n : D(A) → D(A); H4 For any n we have either Q_nU(t) ∈ L(X) or U(t)Q_n ∈ L(X).

Theorem 1 Let conditions H3 and H4 be satisfied for n = 1, 2, ....

Then the solution of problem (1)-(3) on [0, ∞ ) is given by the formula x(t) = V (t, τ )x_τ (τ < t), where

V (t, τ ) = U(t − t_n) p+1∏ j=n Q_jU(t_j − t_{j−1})Q_pU(t_p − τ ) (4)

for t_{p−1} < τ ≤ t_p < t_n < t ≤ t_{n+1}.

Proof: From conditions H3 and H4 it follows, that the operator V (t, τ ) is in L(X). It is immediately verified that V (t, τ ) satisfies the operator equations V^′(t, τ ) = AV (t, τ ) for t ≠ t_n , τ < t ; V (t^+_n , τ ) = Q_nV (t_n, τ ) for t = t_n ; V (τ, τ ) = I . � Example 1 Let the powers of A - A^{αn} exist (0 < α_n < 1) and let Q_n = A^{αn} (n = 1, 2, ...). Then conditions H3 and H4 hold (see [7], 464).

Remark 2 If the operator A is sectorial (see for example [3], 895), then the semi-group U(t) is analytic and condition H4 implies H3. The following theorem is proved analogously to Theorem 1.

Theorem 2 Let conditions H3 and H4 hold.

Then for t > τ the solution of problem (1)-(3) on (−∞, ∞) is given by the formula (4). If there exist operators Q^{−1}_n (n = ±1, ±2, ...) and the following conditions

H3^′ For any n = ±1, ±2, ... we have either Q^{−1}_n U(t) : D(A) → D(A) or U(t)Q^{−1}_n : D(A) → D(A);

H4^′ For any n = ±1, ±2, ... we have either Q^{−1}_n U(t) ∈ L(X) or U(t)Q^{−1}_n ∈ L(X) hold, then for τ > t the solution of problem (1)-(3) is given by the formula V (t, τ ) = U(t − t_p) n−1∏ j=p Q^{−1}_j U(t_{j−1} − t_j)Q^{−1}_n U(t_n − τ ) (5)

for t_{p−1} < t ≤ t_p < t_n < τ ≤ t_{n+1}.

Definition 3 The function x(t) = V (t, τ )xτ (xτ ∈ X) is called a generalized solution

of (1)-(3).

Remark 3 If in Theorem 1 only condition H4 holds, then x(t) = V (t, τ )x_τ is a generalized solution of (1)-(3).

Further we will consider only the case t ∈ [0, ∞) , i.e. the case if U(t)(t ≥ 0) is a semi-group.

Theorem 3 If condition H4 holds, then the generalized solution x(t) of the Cauchy prob-

lem (1)-(3) on the interval (t_n, t_{n+1}] is an uniform limit of the solutions of (1)-(3). Proof: The function x(t) on (t_n, t_{n+1}] is equal to the solution of (1) with initial condition x(t^+_n ) = Q_nx(t_n) for all n for which Q_nx(t_n) ∈ D(A). If Q_nx(t_n) /∈ D(A), then there exists a sequence of elements {x^{(k)}(t_n)} ⊂ D(A) such that x^{(k)}(t_n) → x(t_n) (k → ∞). From condition H4 it follows that x^{(k)}(t) = U(t − t_n)Q_nx^{(k)}(t_n) → U(t − t_n)Q_nx(t_n) = x(t) (k → ∞) for t ∈ (t_n, t_{n+1}], i.e. if Q_nx(t_n) /∈ D(A), then x(t) is the limit of the sequence of solutions of (1) on (t_n, t_{n+1}]. �

Definition 4 The impulse equation (1), (2) is stable (asymptotically stable; uniformly

asymptotically stable; exponentially stable) if: sup 0<t<∞ ‖V (t, 0)‖ < ∞ ( lim_{t→∞} |V (t, 0)x_0| = 0 (x_0 ∈ X) ; sup 0<τ<t<∞ ‖V (t, τ )‖ < ∞; there exist numbers M, θ > 0 such that ‖V (t, τ )‖ ≤ Me^{−θ(t−τ )} (τ < t) ) .

(6)

Let n(t) = n for t_n < t ≤ t_{n+1}. We shall give sufficient conditions for stability of (1), (2).

Theorem 4 Let the following conditions hold:

1. The Cauchy problem (1)-(3) is correct;

2. There exists a constant γ ∈ R such that ‖U(t)‖ ≤ e^{γt}, for t > 0;

3. The operators Q_n ∈ L(X) (n = 1, 2, ...);

4. There exist constants L > 0 and δ ∈ R such that q_1q_2...q_{n(t)} ≤ Le^{δt} , where q_j = ‖Q_j‖. Then the generalized solution x(t) (t > 0) is bounded (asymptotically stable) if γ + δ = 0 (γ + δ < 0).

Proof: We shall estimate the generalized solution x(t) of Cauchy problem (1)-(3): |x(t)| = |U(t − t_n)Q_nU(t_n − t_{n−1})Q_{n−1}...Q_1U(t_1)x_0| ≤ e^{γ(t−tn)}q_n|U(t_n − t_{n−1})Q_{n−1}U(t_{n−1} − t_{n−2})Q_{n−2}...Q_1U(t_1)x_0| ≤ e^{γ(t−tn−1)}q_nq_{n−1}|U(t_{n−1} − t_{n−2})Q_{n−2}...Q_1U(t_1)x_0| ≤ ... ≤ e^{γt}q_nq_{n−1}...q_1|x_0| .

(7)

The statement of Theorem 4 is immediatly implied by (7). �

Corollary 1 Let conditions 1, 3 and 4 of Theorem 4 hold and let constants C, a > 0

exist, such that ‖U(t)‖ ≤ Ce^{−at} , t > 0 . (8) Then for ln C lim_{t→∞} n(t) t = a − δ ( ln C lim_{t→∞} n(t) t < a − δ ) the generalized solution is bounded (asymptotically stable). Proof: Analogously to the proof of Theorem 4 we obtain the estimate |x(t)| ≤ CLe^{ln Cn} e^{(δ−a)t}|x_0| = CLe^{nt ln C+(δ−a)t}|x_0| . � Remark 4 Condition (8) is valid if the operator −A is sectorial and Re σ(−A) > a > 0, where σ(−A) is the spectrum of −A. Let Q_n ∈ L(X) . We set ω = lim_{t→∞}^{ln ‖V (t,0)‖}_t , ω̃ = lim_{τ,t−τ →∞}^{ln ‖V (t,τ )‖}_{t−τ} , ω_c = lim_{t→∞}^{ln ‖U (t)‖}_t , ω̃_c = lim_{τ,t−τ →∞}^{ln ‖U (t−τ )‖}_{t−τ} , ω_q = lim_{t→∞} P_{0≤tn<t ln ‖Qn‖} t and ω̃_q = lim_{τ,t−τ →∞} P_{τ≤tn<t ln ‖Qn‖} t−τ ,

Lemma 1 Let the Cauchy problem (1)-(3) is correct and the following conditions are

satisfied:

1. There exists N ∈ N such that Q_jU(t) = U(t)Q_j for j ≥ N, t > 0; 2. Q_n ∈ L(X) and there exist constants M > 0 and β ∈ R such that ‖^N ∏ j=n(t) Q_j‖ ≤ Me^{βt} .

Then ω ≤ ω_c + β.

Proof: The operator V (t, 0) in this case can be writen in the form

V (t, 0) = U(t − t_N ) N∏ j=n(t) Q_jU(t_N − t_{N −1})Q_{N −1}...Q_1U(t_1) . (9)

From (9) we obtain the estimate ln ‖V (t, 0)‖ t ≤

≤ ln ‖U(t − t_N )‖ t + ln ‖^N ∏ j=n(t) Q_j‖ t + ln ‖U(t_N − t_{N −1})Q_{N −1}...Q_1U(t_1)‖ t . Moreover lim_{t→∞} ln ‖U(t − t_N )‖ t = lim_{τ →∞} ln ‖U(τ )‖ τ + t_N = lim_{τ →∞} ln ‖U(τ )‖ τ (1 +^{tN}_τ ) =

= lim_{τ →∞} ln ‖U(τ )‖ τ = ω_c . � Theorem 5 Let the following conditions hold:

1. There exists N ∈ N such that Q_jU(t) = U(t)Q_j for j ≥ N, t > 0; 2. Q_n ∈ L(X), n = 1, 2, ...; 3. ω_c + ω_q = 0 (ω_c + ω_q < 0; ω̃_c + ω̃_q = 0; ω̃_c + ω̃_q < 0) .

Then the impulse equation (1), (2) is stable (asymptotically stable; uniformly asymptotically stable; exponentially stable).

Proof: The operators V (t, 0) and V (t, τ ) can be written in the form (9) and V (t, τ ) = U(t − t_N ) N∏ j=n(t) Q_jU(t_N − t_{N −1})Q_{N −1}...Q_pU(t_p − τ ) (10)

for t_{p−1} < τ ≤ t_p < t_n < t ≤ t_{n+1}. From (9) and (10) we obtain the estimates ω ≤ ω_c + ω_q , (11)

ω̃ ≤ ω̃_c + ω̃_q . (12) Then (11) and (12) imply the assertion of Theorem 5. �

At the end we shall consider the stability of the periodical impulse differential equations. Let there exist numbers p and s such that t_{n+s} = t_n + p, Q_{n+s} = Q_n . (13) Impulse equations of this type will be called (p, s) - periodic. Set W = Q_sU(t_s − t_{s−1})Q_{s−1}...Q_1U(t_1) . (14) The operator W is an analogue of the monodromy operator.

Theorem 6 If the impulse equation (1), (2) is (p, s) - periodic, U(t) is a semi-group and

condition H4 holds, then the impulse equation (1), (2) is:

a) stable if and only if the sequence of iterations of the operator W is bounded; b) asymptotically stable if and only if the sequence of iterations of the operator W strongly tends to zero for each element x_0 ∈ X;

c) uniformly asymptotically stable if and only if the spectral radius ρ(W ) of the operator W is smaller than one, i. e. ρ(W ) < 1;

d) exponentially stable if and only if the sequence of iterations of the operator W is exponentially bounded, i.e. there exist numbers C, θ > 0 such that ‖W^n‖ ≤ Ce^{−θn} .

Proof: From (13) and (14) it follows that the operators V (t, 0) and V (t, τ ) can be written in the form:

V (t, 0) = F (t)W^{ν(t)} , (15) where ν(t) = [^t_p ] (t > 0) and V (t, τ ) = F (t)W^{μ(t,τ )}P (τ ) , (16) where μ(t, τ ) = [^{t−τ}_p ] (0 < τ < t), F (t) and P (t) ∈ L(X).

The proof is implied immediatly by (15) and (16). �

Corollary 2 If the impulse equation (1), (2) is (p, 1) - periodic, then the impulse equa-

tion (1), (2) is:

a) stable if and only if the sequence of iterations of the operator QU(p) (Q_1 = Q) is bounded;

b) asymptotically stable if and only if the sequence of iterations of the operator QU(p) strongly tends to zero for each element x_0 ∈ X;

c) uniformly asymptotically stable if and only if the spectral radius ρ(W ) of the operator QU(p) is smaller than one;

d) exponentially stable if and only if the sequence of iterations of the operator QU(p) is exponentially bounded.

Remark 5 We note that assertions analogous to Theorem 5 and Theorem 6 can be proved also when U(t) (t ∈ (−∞, +∞)) is a group.

References

[1] Bainov, D., and Kostadinov, S. : Asymptotic behaviour of the solutions of equations with impulse effect in a Banach space. Collect. Math. 38, 193–198 (1987) [2] Bainov, D., Kostadinov, S., and Zabreiko, P. : L_p-equivalence of a linear and nonlinear impulsive differential equation in a Banach space. J. Math. Anal. Appl. 159, N2, 389–405 (1991)

[3] Dunford, N., and Schwartz, J. : Linear operators vol.I: General theory. Moskva 1962 (in Russian)

[4] Henry, D. : Geometric theory of semilinear parabolic equations. Moskva 1985 (in Russian)

[5] Hille, E., and Phillips, R. : Functional analysis and semi-groups. Moskva 1962 (in Russian)

[6] Kostadinov, S., and Schott, D. : Integral equivalence between linear and nonlinear operator impulsive differential equations in a Banach space. J. Anal. Appl., ZAA, 12, 2, 361–378 (1993)

[7] Krein, S. : Linear differential equation in Banach space. Moskva 1967 (in Russian)

[8] Zabreiko, P., Bainov, D., and Kostadinov, S. : Stability of linear equations with impulse effect. Tamkang J. Math. 18, N4, 57–63 (1987)

[9] Zabreiko, P., Bainov, D., and Kostadinov, S. : Characteristic exponent of impulsive differential equations in a Banach space. Internat. J. Theoret. Phys. 27, N6, 731–743 (1988)

received: March 3, 1997 revised: August 10, 1998

Authors:

A. A. Kosseva Department of Mathematics Technical University 61, Sankt Petersburg blvd 4000 Plovdiv Bulgaria

P. P. Zabreiko Institute for Control theory Department of Mathematics Belorussian State University Belorus, GUS

S. I. Kostadinov Department of Mathematics and Informatics University of Plovdiv ”P. Hilendarski” 24, Tzar Assen str. 4000 Plovdiv Bulgaria Tel.+Fax 359(32)430360