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1. INTRODUCTION

In cancer treatment high energetic radiation is used to destroy the tumor. To
achieve this goal the irradiation process must be planned in such a way that
the tumor (target volume) receives a sufficiently high dose while the organs
close to it (organs at risk) are not damaged. In clinical practice the radiation
is delivered by a linear accelerator and the beam head is part of a gantry that
can be rotated about the treatment couch (see Figure 1.1). In order to design

Fig. 1.1: A treatment couch with gantry and beam head.

a treatment plan a set of gantry angles and corresponding beam intensities
have to be determined. See [13,21,22] for reviews of different approaches to
this problem. Because of technological developments recently intensity mod-
ulated radiotherapy (IMRT) became an important method to improve the
quality of the treatment. Here instead of one rectangular homogeneous field
a number of differently shaped fields are superimposed, and so an intensity
modulated field is produced. The shapes of the fields are determined by a
multileaf collimator (MLC). A multileaf collimator consists of two opposing
banks of metal leaves (see Figure 1.2). The leaves can be moved independent
of each other and each leaf configuration corresponds to a radiation field of a
particular shape that is realized by inserting the MLC between the radiation
source and the patient. Now the realization of an intensity modulated field
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Fig. 1.2: The leaf pairs of a multileaf collimator.

using an MLC can be modeled as follows. The beam head is discretized into
bixels and the modulated field is described by giving the desired intensity
for each bixel. So the intensity map can be considered as an m x n—matrix,
where each row corresponds to a leaf pair. There are two essentially different
ways to generate intensity modulated fields with multileaf collimators: in the
static mode (step—and-shoot) [6-8, 10, 11,16, 20, 23, 28] the beam is switched
off when the leaves are moving while in the dynamic mode [7,9, 17,19, 24-27]
the beam is switched on during the whole treatment and the modulation is
achieved by varying the speed of the leaf motion. Two important criteria
for the quality of a treatment plan are the total irradiation time and the
total treatment time. The total irradiation time should be small since there
is always a small amount of radiation transmitted through the leaves, and
if the used model ignores this leaf transmission the error increases with the
total irradiation time. A small total treatment time is desirable for efficiency
reasons. In the dynamic mode the two criteria coincide. So here the problem
is to determine a velocity function for each leaf such that the given intensity
is realized in the shortest possible time. In the static mode the whole treat-
ment consists of the irradiation and the intervals in between when the leaves
are moved. Thus we have two parameters which influence the total treat-
ment time: the irradiation time and the number of homogeneous fields that
are needed. How these parameters have to be weighted depends on the used
technology: the longer the time intervals between the different fields are, the
more the reduction of the number of fields becomes important. The lengths
of these time intervals are influenced by the leaf velocity and by the so called
verification and record overhead, which is the time necessary to check the
correct positions of the leaves. In a more realistic model one should also take
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the shapes of the fields into account, because clearly the necessary leaf travel
time between two fields depends on the shapes of these fields [4,23]. The
dynamic mode has the advantage of a smaller total treatment time, but the
static mode involves no leaf movement with radiation on and so the verifi-
cation of the correct realization of the treatment plan is easier which makes
the method less sensitive to malfunctions of the technology.

There are additional machine-dependent restrictions which have to be
considered when determining the leaf positions:

Interleaf collision constraint (ICC): In some widely used MLCs it is forbid-
den that opposite leaves of adjacent rows overlap, because otherwise
these leaves collide. So leaf positions as illustrated in Figure 1.3 (where
the shading indicates the area that is covered by the leaves) are not
allowed.

Fig. 1.3: Leaf position that is excluded by the ICC.

Tongue and groove constraint: In order to reduce leakage radiation between
adjacent leaves the commercially available MLCs use a tongue—and-—
groove (or similar) design with the effect that there is a small overlap
of the regions that are covered by adjacent leaves. This is illustrated
in Figure 1.4 which shows a cut through the leaf bank perpendicular
to the direction of leaf motion.

Radiation

Fig. 1.4: The principle of the tongue—and—groove design.
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Consider two bixels x and y that are adjacent along a column and
two homogeneous fields, where in the first field x is irradiated and y is
covered and in the second field y is irradiated and x is covered. Then
in the composition of these fields along the border of x and y there is a
narrow strip (the overlap of the regions that are covered by the leaves
in the rows of x and y, respectively) that receives no radiation at all.
Figure 1.5 illustrates this for the intensity map (23).

3 MU Se 2 MU —==
1 MU 1 MU E
1 MU 1 MU

a) The overlap of bixels (1,1) and b) The overlaps of bixels that are ad-
(2, 1) receives no radiation because  jacent along a column receive the
of the tongue and groove effect. smaller one of the relevant doses.

Fig. 1.5: Two different realizations of the same intensity map.

To avoid this effect one may require that two bixels that are adjacent
along a column are irradiated simultaneously for the time the lower of
the two doses is delivered. Then the border region receives this lower
dose. If this is the case for all the relevant pairs of adjacent bixels the
treatment plan is said to satisfy the tongue and groove constraint.

In this work we consider the problem of constructing segmentations, tak-
ing into account the interleaf collision constraint, while we neglect the tongue
and groove constraint. Describing the possible leaf positions of the MLC
by certain (0, 1)-matrices, called segments, this amounts to the search for
a realization of the given intensity matrix A with a small total number of
monitor units (TNMU) and a small number of segments (NS). In general
it is not possible to minimize both parameters simultaneously [15]. For the
case of an MLC without ICC there are several segmentation algorithms [6—
8,11, 20, 23, 28], some of them providing the optimal TNMU but a large NS,
others reducing the NS heuristically at the price of an increased TNMU.
The exact minimization of the NS is NP-hard already for intensity matrices
consisting of just one row [2,15]. In principle both, TNMU and NS, can be
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optimized by integer programming and this method can be adapted to addi-
tional restrictions like ICC [18]. But clearly this is applicable only for small
problem sizes. Another approach is the reformulation of the segmentation
problem in a network flow setting. In [4] this is done for MLC-segmentation
with ICC, yielding a network flow algorithm for the TNMU-optimal seg-
mentation. In [2] this approach is developed further and a heuristic for the
reduction of the NS is added. The method of [23] yielding TNMU-optimal
segmentations without ICC is modified in [16] such that it takes into account
the ICC (and an even more general condition). In [10] there is presented an
efficient segmentation algorithm yielding the optimal TNMU and a very small
NS for the segmentation problem without ICC. See [15] for a survey and a
comparison of the different segmentation algorithms. Engel’s algorithm [10]
for the segmentation without ICC is derived from an explicit formula for the
smallest possible TNMU. Evaluating this formula is equivalent to solving a
longest path problem in a properly constructed layered digraph. Theorem 1,
one of the main results of this thesis, is a generalization of that construction
such that the longest path problem in the new digraph corresponds to the
evaluation of the minimal TNMU for a segmentation with ICC. Chapter 2 is
devoted to the proof of this theorem which consists of two parts: using a du-
ality argument we establish that the maximal weight of a path in the digraph
to be described below is a lower bound for the number of monitor units in
a segmentation, and then we describe a method to achieve this bound. In
Chapter 3 we develop a heuristic method to construct a segmentation with
minimal number of monitor units and a small number of segments. In Chap-
ters 4 and 5 we discuss some results for MLC segmentation without ICC.
In Chapter 4 we show that a segmentation with in first instance minimal
TNMU and in second instance minimal NS can be determined in polynomial
time if the entries of the intensity matrix are bounded by a constant. Finally,
in Chapter 5 we suggest two more flexible ways of using the MLC, thus in-
creasing the number of possible shapes for the homogeneous fields. In 5.1 we
study the situation when it is allowed to rotate the MLC about 90° between
the delivery of two segments and in 5.2 we consider a pair of two MLCs with
orthogonal directions of leaf motion.
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1. Introduction




2. AN ALGORITHM FOR TNMU-OPTIMAL FIELD
SEGMENTATION WITH INTERLEAF COLLISION
CONSTRAINT

2.1 A Linear Programming formulation

Throughout m and n are positive integers and for positive integers k we use
the notation [k] := {1,2,...,k}. Let A = (a;;)1<i<m be an m x n-matrix with
1<j

<jsn
nonnegative integer entries. In addition we put a;9 = a;,11 = 0 (i € [m]). A
segment is a matrix that corresponds to a position of an MLC with interleaf
collision constraint. This is made precise in the following definition.

Definition 1. A segment is an m X n-matrix S = (s, ;), such that there exist
integers l;, r; (i € [m]) with the following properties:

<7+l (i € [m), (2.1)
s Gelm) jel), (22
ICC: ll S Tia1 + 1, Tr; Z li+1 —1 (Z € [TTL — 1]) (23)

The interpretation is that [; —1 and r; 4+ 1 are the positions of the i—th left
and right leaf, respectively. A segmentation of A is a representation of A as
a sum of segments, that is A = Ele u;S; with segments S; (i =1,2,...,k)
and positive integers u; (i = 1,2,..., k). The TNMU of this segmentation is
Ele u; and our goal is to find a segmentation of A with minimal TNMU.

Example 1. A segmentation with 10 MU for a benchmark matrix from [18]
is
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By F we denote the family of subsets of V' := [m] x [n] that correspond
to segments, precisely

F ={T CV : There exists a segment S with (i,j) € T <= s;; = 1}.

With a segmentation A = Zle u;S; we can associate a function f : F — IN:
for 1 <i <k we put f(T) = u; for the T C V corresponding to the segment
S;, and for the remaining 7" we put f(7') = 0. Now the LP-relaxation of the
segmentation problem is:

;

minimize Y f(7T) subject to
TeF

(P) F(T) >0 VT € F,

>, f(T) =ai V(i,7) € V.

L TeF:(i,j)eT

The dual variables (one variable for each (i,j) € V) can be considered as a
function g : V' — IR and in this formulation the dual program is

maximize Y, a;;9(i,j) subject to
(i,3)evV
(D)
S g(i,j) <1 VT € F.
(4,9)€T

To solve the segmentation problem we proceed in two steps: first we construct
a feasible solution for the program (D) which yields a lower bound for the
TNMU, and in the second step we construct a sequence of segments that
realizes this lower bound. We define a directed acyclic graph G = (VU
{0,1}, E). For E we take all possible arcs of the forms (0, (z,1)) and ((i,n), 1),
as well as all the arcs between the j—th and the (j 4+ 1)—th column (5 =
1,2,...,n—1), precisely E = E; U Ey U Ej3, where

The next step is the definition of a weight function § (depending on A) on
E. ¢ reflects the structure of certain dual feasible solutions ¢ (to be defined
in the next section), in such a way that the objective value of the program
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D) for a solution g equals the weight of a certain (0, 1)—path in 6 We put
( g g
di,j = Qi — G551 (Z € [m], j € [n + 1]) and

0(0,(;,1)) = @iy (i € [m]),
o((i,n),1) = 0 (i € [ml]),
0((,4), (1,7 +1)) = max{0,d;;1} (i € [m],j €n—1]),

i'—1

5((%])? (ilvj + 1)) = maX{07 di'JJrl} - l; Ak,
(1,7 € [m],i <i',5 € [n—1]),

5,3, (5 + 1) = max{O.dugoa} = 3 g
i+
(1,7 € [ml],i > 7', j € [n —1]).

Since the considered matrix will be clear from the context we omit it in the
notation for the weight function. For a path P = (vg,v1,...,v) in G its
weight is 6(P) = 22:1 d(vi—1,v;). Now we are prepared to formulate the
main result of this chapter.

Theorem 1. The minimal TNMU of a segmentatgn of a nonnegative matrix
A equals the mazimal weight of a (0,1)—path in G.

Note that the minimal TNMU in a segmentation without ICC can be
interpreted analogously. In this case the minimal TNMU equals (see [10])

n

max Z max{0,d; ;},

1<i<m 4
Jj=1

that is the maximal weight of a (0,1)—path in the graph that is obtained

from G by deleting all the arcs ((7,7), (¢, 7 + 1)) with ¢ # i’. For notational
convenience we put

c¢(A) =max{d(P) : P isa (0,1) — path in 5)},

so that in order to prove the theorem we have to show that c¢(A) is a lower
bound for the TNMU of a segmentation of A and that this bound is sharp.

2.2 The lower bound

H
In this section we show how the (0,1)—paths in G correspond to certain
feasible solutions for the program (D) and from this we derive the lower
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bound part of Theorem 1. A (0,1)—path P is uniquely determined by the
indices of the columns in which P changes the row and the indices of the
rows in which P runs between the row changes. So let x1, x5, ..., x5_1 with
0< 2y <29 < +-+ < 21 < n denote the indices of the columns where P
changes the row, i.e.

(i,2,), (/3 +1) € P with i#d (te[k—1]),

and let 7§ be the row index with (i},z;) € P (t =1,2,...,k — 1) and i} the
index with (i},n) € P. Finally, we put o = 0, and xx = n+ 1. Thus

P =(0,(%,1), (5,2), ..., (5 20), (i 21 + 1), oo, (i 22)s ey (i5,m), 1),

and P is uniquely determined by its parameters (i}, z1), ..., (i}, ). Now we

define g : V — {1, —1,0} by

(1 if ;4 <j<l‘t—1,i:i;k, diJZO, di7]’+1<0,
1 ifxt,1<j:xt—1,i:i;‘, dmZO,

g(Z j): -1 ifﬂ?t,1 <j<27t—1, ’l:’lr, di,j<07 di,j+1 20,
! 1 ifj =y, i <i<if, orif, <i< il

-1 ifj=m, i =15, dij1 >0,

0  otherwise.

(2.5)

\

For i € [m] we put J(i) :={j € [n] : ¢g(i,7) # 0}. Fix some i € [m] and
denote the elements of J(i) by ji, ja, .. ., j, such that

J1<Jg2 < - < Jp.
Then the following observations follow immediately from (2.5).
1. If i = 4} and k > 1 then z; € J(i) and the sequence
9, 1), 900, j2), - - -, g (i, 21)
is an alternating (1, —1)—sequence ending with —1.
2. Ifi=i;, k>1and J(i) N {zg_1, 241 + 1,...,n} # 0 then for
g=min{7 : j, >z},

9(4,7¢): 9(2, Gg+1), - - -, g(i, jp) is an alternating (1, —1)—sequence start-
ing with —1 and ending with 1.

3. If i = i} and k = 1 then the sequence ¢(7,j1),g(i,j2),- .., g(i,jp) is
empty or an alternating (1, —1)—sequence starting and ending with 1.
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1 =10 0 00
o =10 0 00
@)=10 10 0 00
0 -1 1 —1 0 1

Fig. 2.1: A path P and the corresponding g.

4. Ifi =1} for 2 <t <k —1 then z; € J(i) and for
g=min{T : j, >z 1},

9(1,794),9(1, Gg+1), - - -, g(i, 1) is an alternating (1, —1)—sequence start-
ing and ending with —1.

5. If j € J(i) and (i,j) does not correspond to a term in one of the
sequences described in the first 4 cases then j = x; for some t € [k — 1]
with i # iy and @ # iy, and g(4,j) = —1.

Example 2. Fig. 2.1 shows a path P of weight 7 with respect to the matrix

24
33
11
11

and the corresponding function g. The dotted lines are some more arcs
labeled with their weight, where the unlabeled arcs have weight 0.

In order to prove that for every (0,1)—path P the corresponding function ¢
is a feasible solution for the program (D), we have to show that, for every

TelF,
> glig) <1

(4,9)€T

Lemma 1. Let P be a (0,1)—path with parameters (if,x1), ..., (i}, xx), and
let g be defined according to (2.5). In addition let 1 <1 <r+1<n+ 1.
Then, for every i € [m],

> glig) <1,
=1

and equality implies x¢—1 <1 <r < x; for somet € [k] with i} = i.
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Proof. We choose an arbitrary 7 € [m]. As above we denote the elements of
J(i)={j€n] : g(i,j) # 0} by j1,...,Jp such that
1 <J2<- < Jp
As a consequence of the observations before Example 2 we obtain, for 1 <
q S p— 17
g(ZL](I) =1 = g(ivqurl) =—-1
Now the first part of the lemma follows from

r q
> gli,j) = g(i,j;) for some q,q' € [p].
J=l T=q

Suppose

T

q/
> gl i) => gli,j) =1.
Jj=l T=q

By construction the sequence g(%, j,), g(¢, jg+1), - - - 9(i, jo) has to be an al-

ternating (1, —1)—sequence starting and ending with 1. This implies
Ty < l<xz and zp_ <1 <ayp
for some ¢, ¢ € [k] with i =i} = 4},. Assume ¢t # ¢’ and put
t"=min{o >t : i =i} and ¢ =min{r : j; > zp_1}.
Then
Jo <@ < Jor < oo glis i) = g(i, jgr) = —1,

and ¢(i,7) < 0 for all j with z; < j < jgr. S0 g(i,74) 9(0y Gg+1),- -5 9(iy dg)
contains two consecutive (—1)—terms, which is a contradiction. Hence ¢ = ¢/
and the second part of the lemma follows. [ |

The next lemma gives a condition that must hold if the sum of the g(i, 5)
over a row of a segment vanishes. (By a row of a segment we mean the part
of the row that is left open by the MLC in the corresponding leaf position.)

Lemma 2. Let P be a (0,1)—path with parameters (i}, z1), ..., (if, xx), and
let g be defined according to (2.5). Assumei € m], 1 <l <r+1<n+1

and .
> gli,j) =0.
j=l

Suppose in addition that for some t € [k — 1] one of the following conditions
holds
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l; Ti ¢ Li=xi—1 Ty Tt
U T i
i \ =i
\ . .
— b1 : (8]
a)i; <i<if,andl <ay b)t>2 i =i <iy, and | < zy.

Fig. 2.2: Illustration of Lemma 2.

1oy <i<if, and I < x4

2. 62> 2,4y =i <ij and [ < xpy

3.dp >4 >4, and | < @y

4. t>2 4 =1>47, and l < xypy
Then r < x;.

Proof. We consider only the first two cases that are illustrated in Fig. 2.2.
The other two are treated analogously. Assume r > z;. In order to derive
a contradiction we use the following observation several times. If P leaves
row ¢ in (7, j) then g(i,j) = —1, and if P enters row ¢’ in (¢, j'), j/ > 1, then
either ¢g(i', 7 — 1) = —1 or the first nonvanishing ¢(i’, j”) we meet on the
subpath starting with (¢, j') equals —1. We put

J={j : 1<j<r g(ij)# 0},

and denote the elements of J by ji,j2,...,0p (1 < jo < -+ < jp). In
particular j, = x; for some ¢ € [p].

Case 1: g(i,j1) = —1.
By assumption ¢(i, j1),...,9(4, j,) is an alternating (1, —1)—sequence
starting with —1 and ending with 1. From g¢(i,x;) = —1 follows ¢ < p
and by construction of g the contradiction

g(zan) = g(i,qu) = -1

Case 2: g(i,71) = 1.
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This implies | < zy for some t' < t with i}, = ¢, and consequently
Jg = xp for some ¢’ € [p—1], ¢ < g. Thus

g(ihjq/) = g(’i,jq/+1) = _17

and ¢(4, j1), g(, j2), - .., g(4, j,) contains two consecutive (—1)—terms.
By assumption this implies g(i, j,) = 1, hence p > ¢, and by construc-
tion of g,

g(Z7.7(I> = g(iaqurl) = -1

But now g¢(4, j1), g(4, j2), - - ., g(4, j,) contains two pairs of consecutive
(—1)—terms (if ¢ +1 < ¢) or three consecutive (—1)—terms (if ¢’ +1 =
q). Again this yields a contradiction. |

The following lemma is the crucial step in the proof of the feasibility of
g. We show that the ICC implies that in any segment, between two rows in
which the values of g add up to 1 there is a row in which this sum is at most
—1.

Lemma 3. Let P be a (0,1)—path with parameters (if,x1), ..., (i}, xx), and
let g be defined according to (2.5). Suppose S is a segment described by
li,loy o l,r1, 72, . ooy Ty and there are Tow indices ig,i1 (1 < ig < i3 < 'm)
such that

Tig Tiq
> gl i) =1 and Y g(i,j)=1.
j:lio j:lzl
Then there exists a row index i with iy < i < iy and Zz g(i,7) < —1.
J=l;

Proof. W.l.o.g. we may assume that there is no row ¢ with iy < ¢ < ¢; and
> glig) =1.
Jj=l

Suppose that for all 7 with iy < 7 < iy, i: g(i,7) = 0. By Lemma 1 there
Jj=l
are t,t' € [k] such that
Tpg < ljy <1y <, iy =149 and

Tp_1 < li1 < Ty < Ty, ’L; = 1.

W.lo.g. we may assume ¢t < t'. Now let ip = 20 < 2 < -+ < 2, = i
be an increasing sequence of row indices such that there is a corresponding
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TiO xto xtl xtz xtg Ty —1 lil
— 20 =1
\ 0 0
\7%_ 21
/.i*,.
T -
NN N | s =0

Fig. 2.3: Situation in the proof of Lemma 3 with p = 3.

sequence t =ty < t; < --- <t, <t with i =2 (0 < ¢ < p) and in addition
for 0 < g < p—1 there is no 7 with ¢, < 7 < t4; and z, < ¥ < z4q;.
These sequences always exist, are uniquely determined, and can be obtained
recursively as follows. We put
to =t and 20 = io,

and for ¢ > 1, if 2,1 < 1y,

tg=min{7 : 2,01 <iy <di} and oz, =1y
So for some ¢ we obtain z, = i1, and then we put p = ¢ (see Fig. 2.3).

Claim 1: For 0 < ¢ <p—1,

Toy < Ty, = 13 <y, forall e with 2, <4 < 2444.

Claim 2: For 0 < g < p— 1 we have T2y < Tty
Proof of Claim 1. We proceed by induction on ¢. By assumption
Toy < Tiy < Typyq—1-
So let z, < < 2441 and assume r;_; < 74, 1. The ICC implies
li<ria+1<my,, 1,

and by Lemma 2 we obtain 7; < ;1. O
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Proof of Claim 2. Here we use induction on g. Clearly,
Toy = Tip < Tp = Tty
So let ¢ > 0 and assume by induction r,,_, < x;,_,. Then by Claim 1,
TZq_l < :L‘tq—l-
Thus by the ICC
qu S 7”zq—l +1 S xtq_17

and hence, again by Lemma 2, r, < xy,. O

Combining Claims 1 and 2 we obtain

Ti—1 < Tgy—1 < Ty < iy,

thus r;,_; < {;, — 1 in contradiction to the ICC. |

Lemma 4. Let P be a (0,1)—path with parameters (i}, z1), ..., (i}, xx), and
let g be defined according to (2.5). Then g is feasible for (D).

Proof. Let T' € F be arbitrary and let S be the corresponding segment with
parameters l;,7; (i € [m]). Then

S i) =303 i)

(i) €T i=1 j=l;

By Lemma 1, for all i € [m], i g(i,7) <1, and by Lemma 3 between two
J=l
rows ¢ and " with ¢ < ¢” and

'f‘i//

Y alii) = 3 o) =1

J=ln

T
there is always a row i’ with i <’ < ¢’ and ) ¢(i,j) < —1. Consequently,
Jj=ly

> 9lg) <,

(4,7)eT

that is the feasibility of g. |
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Lemma 5. Let P be a (0,1)—path with parameters (i}, z1), ..., (if, xx), and
let g be defined according to (2.5). Then

x—1 ir+171 Z:
E (4, j)ai; = § , E max{0, dif gt E § , Az, + § , Wiy
(i,5)eV t=1 j=z4_1+1 1= i=ify,+1

For brevity of notation, here and for the rest of this work we use the
convention that an empty sum is zero, i.e. Zf:r zz=0if s <r.

Proof. Immediately from (2.5) it follows that

xt—1 xe—1
> oglisfai;= > max{0,di;} (t=1,2,... k).
Jj=wi—1 j=z¢—1+1

The remaining nonzero ¢(i,j) correspond to the row changes of P, and we
have to add fort =1,2,...,k—1,

Z‘f+1*1 Zt+1
, B o
g (i, 24)Q; 5, = — g @z, if iy <4, and

.k )
1= 1= 1

3
2

1t
E (i, )@, = — E iz, if iy > iy,4. [ |

i=if,  +1 i=if,+1

For the weight of P to be equal to the value of the program (D) for
the corresponding g we need an additional restriction on P. We call the
(0,1)—path P with parameters (i}, x1),..., ({5, z)) feasible (with respect to
A)if dirp, < Ofort =1,2,...k—1, Wthh in particular implies that the
last arcs of the horizontal parts of P have weight 0.

Lemma 6. Let P be a feasible (0,1)—path and let g be defined according to
(2.5). Then

> gli.j)ai; =6(P).

(i,5)eV

Proof. Let P be given by parameters (i}, z1),..., (if,zg). For t € [k] we
denote by P; the subpath from (i}, 2,1 + 1) to (zt , ). Thus

k k—1

S(P) =) 6(P)+06(0, (55, 1)) + > 6((i5, x0), (i 1y, 2+ 1)).

t=1 t=1
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From the feasibility of P follows that the last arc of P, has weight 0 for all
t € [k], and we obtain

re—1

0(P) =) max{0,d;;}.

J=xt—1+2

In addition, 6(0, (i},1)) = a;:,1 = max{0,ds,}, and for ¢t € [k — 1],

i1 if
. .
5((215 ) xt>7 (ZtJrlv T+ 1)) = max{O, di;‘+1,mt+1} - § : Wiy — E @iy -
i=i i=it, +1
Thus
re—1 =
E E maX{O dz ]} % E az , Tt + E al s Lt Y
t=1 j=x¢_1+1 1=1] i= Zt+1+1
and the claim follows by Lemma 5. |

Lemma 7. There exists a feasible (0,1)—path P with §(P) = c(A).

Proof. For any (0,1)—path P with parameters (i}, x;), ..., (if, zx) denote by
R(P) C [k — 1] the subset of indices that destroy the feasibility of P, i.e.

R(P)={tek—1: dp >0}

Then
AP) =

: - i:+1‘

teR(P)
measures how far P is from being feasible. In particular, A(P) = 0 is a neces-
sary and sufficient condition for the feasibility of P. Let Py be a (0, 1)—path
with parameters (i}, x1),. .., (i}, xx) and weight §(Fp) = ¢(A). If A(Fy) =0
then P, is feasible and there is nothing to do. So we assume that for r > 1
we have a (0,1)—path P,_; with parameters

(Z.;xl)u sty (Z;;,x'k),

d(Pr—1) = c¢(A) and A(P._1) > 0. From this we construct a (0,1)—path P,
with §(P,) = ¢(A) and A(P,) < A(P,_1) — 1. This will prove the lemma,
since after finitely many steps we obtain a path P with §(P) = ¢(A) and
A(P) = 0. Let t be the smallest element of R(P,_y).
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Case 1: di;J >0 for oz < j <y
We define P, as follows.

1.

If iy <iy,,—1and i # i +1 the parameters of P, are (see Fig.
2.4 and 2.6)

(Z>{7 1’1), SRR (irflv xt*1)7 (Z;k + 17 .fCt), (i;rh .Tt+1), ) (2;27 .Tk)

If iy >4y, +1 and 77, # 7; — 1 the parameters of P, are (see Fig.
2.9 and 2.11)

([{7 xl)) ceey (i:—la xt—l)v (Z;fk - ]-7 xt)a (i:+17 xt-i—l)a ceey (227 $k)

Ifoy | —1=14f <ty —1lori_,+1=1i; >, +1 the parameters
of P, are (see Fig. 2.7 and 2.12)

(flkv xl)v R (ir—% xt—Q)v (irflv xt)v (Z;Jrla l‘t+1), RS (thv xk)

If if + 1 =1df  #14;_, or iy — 1 =4} | #i;_; the parameters of P,
are (see Fig. 2.5 and 2.10)

(Z; x1)7 R (i:—b .thl), (i:-‘rlv xt+1)7 ) (Z;;u xk)

If iy +1 =17, =14;_, ori; —1=1;, =1i;_, the parameters of P,
are (see Fig. 2.8 and 2.13)

([{7 xl)) ceey (i:—Qa xt—Q)a (Z.;fk-i—la "L‘t-i-l)) ceey (227 :L‘k)

Case 2: d ; < 0 for some j with z; 1 < j < 4.
We put

T = max{j < : di;J < 0, di;‘,j-}—l > 0}7

and define P, as follows.

1.

2.

If 7 < 47, — 1 the parameters of P, are (see Fig. 2.14)
(Z>{7 1’1), ) (2117 xt*1)7 (Z;k7'r)7 (Z: + 17 xt)a (i:+17xt+1)7 ) (Illt:v SL’k)
If 77 > 47, + 1 the parameters of P, are (see Fig. 2.16)

([(1(7 xl)a ceey (Z.;fk—la xt—l)a (Z;fka "L‘)7 (Z: - 17 'It)7 (i:+17 xt+1)7 ey (tha l’k)
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3. Ifif =4f,, — 1 orif =i/, + 1 the parameters of P, are (see Fig.
2.15 and 2.17)

(Z.Taxl)a ceey (i:—lal‘t—l)a (Z:7$)7 (i:-l,-l)xt—i—l)a ceey (2271%)

We have to show that §(P,) = c¢(A) and A(P,) < A(P,_1) — 1. The last
assertion follows from the fact that either

R(P.) = R(P.—1) or R(F) = R(F1)\ {t},
and consequently,
MP)=MP_1) =1 or AP)=APoq) = |iy — iy

Now we check that in any case 0(P,) > d(P,—1) and hence 6(P,) = ¢(A). In
the following let the vertices of G be denoted as in the corresponding figures.
In addition for two vertices X and Y on a path P we denote by Dp(X,Y)
the weight of the (X,Y)—subpath of P. Then in any case,

5(P7") = 5(P7’—1) - DPrﬂ(Uv A) - DPT71(A7 B) - DPrﬂ(Bv V)
+ Dp, (U, A"+ Dp. (A, B") + Dp,.(B", V). (2.6)

Cases 1.1(a), 1.4(a): (Fig. 2.4, 2.5)

Ty Ty Tt—1 Ty

PT’—l Pr

Fig. 2.4: Transition from P,_; to P, in Case 1.1.a) i} _; < i}.

Using d;x ; > 0 for z,_; < j < x; we obtain

DPr_l(A; B) = Qi xy — Qi 2141,
Dp (B, V)= Dp_,(B,V)+ At 2y
DPT(Ua A/) = DPr—l(U7 A) - (az‘;,mt_lﬂ - ai;‘,xt_l)
— iz oy +Max{0, di 410, 41}
= Dp,_ (U, A) — aiz o, 11 + max{0,dis 414, 11}
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Ti—1 :L_‘t Ti—1 :L_‘t
—\U — U
\._>._>E _______________________________ i
A B \ ¢
N * 3k
—— ] : -1
1% t+1 A B \% t+1
Pr—l Pr

Fig. 2.5: Transition from P,_; to P, in Case 1.4.a) i} | < i}.

Substituting into (2.6) yields

0(Fy) = 0(Pr1) = Dp,_y (U, A) = (ai; 2, = @iz e, r41) — Dp,_y(B, V)
+ (Dp_y (U A) = aiz a1+ max{0, diz 11.0,_,11})
+ Dp, (A", B) + (Dp,_,(B,V) + ai3.2,)
that is

6(Fy) = 0(Pr—1) + max{0, diy11,4 11} + Dp, (A, B')

5
o

IV
~

-1).

Cases 1.1(b), 1.3(a), 1.5(a): (Fig. 2.6, 2.7, 2.8)

Ti—1 :L_‘t Ti—1 Tt
A ‘B X : f
e S Zt
A’ B’
/ / e i Zz‘ + 1
i/_>.._> Zt+1 —— ZtJrl
Pr—l Pr

Fig. 2.6: Transition from P,_; to P in Case 1.1.b) i;_; > iy.

Again,

DPT*l(A7 B) = a’i?,l‘t - air,l‘t71+17
DPT<B/7 V) = DPr—1<B7 V) + ai;«,xt.
But in these cases

Dp, (U, A") = Dp,_, (U, A) = (@it 5r_141 — Wit y_,)

+ a1, + max{0, diz 10,41}
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Tg—1 Ty Ti—1

Pr—l Pr

Fig. 2.7: Transition from P,_; to P, in Case 1.3.a) i;_; > i}.

T T T Ty
CA ‘B : :
e S Zt E
S/ N AL E i
— U —_—— t+1 - i "y
Pr—l PT

Fig. 2.8: Transition from P,_; to P, in Case 1.5.a) ij_; > i}.
And substituting into (2.6) yields

5(P7’> = 5(P7’*1) - DPT—I (U7 A) - (a’iz‘,xt - aiz‘7$t—1+1) - DPT—I (Ba V)
+ [DPr—1<U7 A) - (ai;‘,mt_lJrl - ai,’{,xt—l) + a’izurl,:vt—l_'_
maX{O? diZ”rl,mt—lJrlH + DP'r (A/7 B/> + (DPr—1<B7 V) + al’f{,mt) )

that is

Ty Ty A (I Ti—1 ry Vs s
é 5 LA B
el sz _— 1
LA B *

5/-%.% ................................ Zt
i U —Y
Prfl PT

Fig. 2.9: Transition from P,_; to P, in Case 1.2.a) i} | > i}.

The computation is the same as in Case 1.1(a) but in the formula for
Dp, (U, A') we have to replace diri10, 41 bY diz—1.2, 41



2.2. The lower bound

31

Ti_q Ty Tt—1 Lt
OV Vv i
g / t+1 N B T4
S i
/A B ¢
G U —{y
Prfl PT

14
Tt Tt —— ZZ(Jrl Vv
v Tr el
\ S 7/ if
e 7 ! B’
A B t P
T
Pr—l
Fig. 2.12: Transition from P,_; to P, in Case 1.3.b) i}_; < i}.
Ti T
v v T
—>\ /—>-—>. i1 U : Vv L
A i A B/ t+1
A B t P
T
Prfl

Fig. 2.13: Transition from P,_; to P, in Case 1.5.b) i}_; < i}.
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Cases 1.2(b), 1.3(b), 1.5(b): (Fig. 2.11, 2.12, 2.13)
The computation is the same as in Case 1.1(b) but in the formula for
Dp, (U, A') we have to replace dii10, 41 bY diz—1.2, 41

Cases 2.1, 2.3(a): (Fig. 2.14, 2.15)

s st ST ly _> ................. ....................... Z:
U\A/ B’ sk
>y iy g
Prfl PT

Fig. 2.15: Transition from P,_; to P, in Case 2.3.a) i}_; < i}.

Using d;x ; > 0 for x < j < x4, we obtain

max{() d; +1,$+1} — Qi o
= max{0, dyy1 041} + Dp,_, (U, A) = @iz 241,

and so with (2.6)
8(P,) = 6(Pr—1) — Dp,_ (U, A) = (aiz o, — @iz 01) — Dp,_, (B, V)
+ (maX{07 di;+1,x+1} + Dp, (U, A) — az‘;‘,xﬂ)
+ Dp (A, B) + (Dp, (B, V) + air z,) »
that is
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1% - 1% “x
€T "L_‘t ey SL’ i:t e Zt+1
i R o
YL w1
I S S it R it
/ U A B / U
e ..

T Lt x Ty
* it
é /_> t+1 /}v gt
G it A it
/ U A B / B

Pr—l Pr

Fig. 2.17: Transition from P,_; to P, in Case 2.3.b) i} | > iy.

Cases 2.2, 2.3(b): (Fig. 2.16, 2.17) The computation is the same as in Case
2.1 but in the formula for Dp (U, A’) we have to replace di 1,41 by
diz—1,2+1- u

From Lemmas 4, 6 and 7 we deduce by duality that ¢(A) is a lower bound
for the sum of the coefficients of a segmentation of A and thus we have already
proved the first half of the theorem.

2.3 The algorithm

In this section we assume ¢(A) > 0 and construct a segment S such that A—S
is still nonnegative and ¢(A — 5) < ¢(A) — 1. Iterating this construction we
obtain a sequence of c¢(A) segments whose sum is A. For (i,7) € V we
denote by a4 (7, j) the maximal weight of a (0, (¢, j))—path, by as(i,7) the
maximal weight of an ((4,7), 1)—path and by «(7, j) the maximal weight of
a (0,1)—path through (i, 7), that is

a1(i, j) = max{6(P) : P (0,(i,j)) — path in G},
(i, j) = max{6(P) : P ((i,5),1) — pathin G},
OZ(Z,]) - al(ivj) + aQ(ivj)'

Now we define two subsets Vi,Vo C V. In V; we collect the pairs (i, )
that determine local maxima or right ends of plateaus in the sequences



34 2. TNMU-optimal field segmentation

@in, @ig, -5y (1=1,2,...,m), precisely
Vi={(i,j) €V : di; >0, dij41 <0}

The second subset V5 is defined to be the set of pairs (i,j) € Vi with the
following properties

1. There exists a (0,1)—path P of weight ¢(A) through (i, j).
2. The sequence a;1,...,a;; is nondecreasing, i.e. a;; < --- < a; ;.

3. The horizontal (0, (i, 7))—path is a (0, (¢, 7)) —path of maximal weight.

In other words,
‘/2:{(27]) E‘/l : Oé(’l,j):C(A) and al(iaj):ai,j}-
Observe that for (¢,7) € Vi, §((¢,7), (4,7 + 1)) = 0 and thus, for j” > j,

5((0,(3,1),(4,2), ..., (i,j")) = Z max{0, d; ;}

j j//
> dig+ Y diy = ai+ (i — aigi)
=1 J'=j+2

> Qg jr,

and hence o4(i,j"”) > a;j». In particular, for any fixed row i there is at
most one column index j with (¢,5) € V5. In order to see that ¢(A) > 0
implies V5 # ) consider a feasible (0,1)—path P with 6(P) = ¢(A). If P
is a horizontal path without any row change then 6(P) > 0 implies that P
contains an element of Vj. Otherwise let ((4,7), (', + 1)) be the first row
change of P. Then by the feasibility of P, d;; < 0 and thus the subpath
0,(i,1),...,(4,7) contains an element of V;. In both cases the first vertex on
P which is in V] is in V5 as well. Note that the aq(7,j) ((4,7) € [m] x [n])
can be determined as follows.

fori=1tomdo ay(i,1) :=a;,
for j =2 ton do
fori=1tomdo ay(i,7):= max ay(¢,7— 1)+ (7,5 —1),(4,7))

1<i/<m

The ay(i,j) can be determined analogously by running through the matrix
from right to left. Obviously, this gives a method to determine ¢(A) and the
set V; in time O(m?n). We denote the elements of V5 by

<i17j1)7 (i27.j2)7 CI) (ihjt)?
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such that iy < iy < -+ < 4. A segment S (given by the parameters
li,lay .o ly, 71,72, ..., T) 18 constructed according to the following strat-
egy. In row i; (k € [t]) we choose the open part maximal under the condition
that the right boundary is j, i.e. we put
ri, =Jr and [, =max{j <jp : a;; =0}+1.

In the remaining rows we choose the open part minimal (in a sense to be
made precise below) under the condition that the final result is a segment.
The rows ¢ < 4; and 7 > ¢; remain closed. If l; > r;_, + 1 we choose the
open part in row 7, + 1 maximal with r;, 41 = [;, — 1. If necessary we repeat
this step in the following rows, until finally /; < r; , + 1 for some ¢ with
e < 1 < Tgy1- Ifl%+1j> r;, + 1 we proceed analogously, starting in row
ix+1 — 1. For the details of the construction see Algorithm 1.

Example 3. Let

000000059
000011242
002233321
A= |112211111
134222447
222212233
0227222711
Then ¢(A) =9, Vo = {(1,9),(5,3),(7,4)} and the algorithm yields the seg-
ment
000000011
000011100
001100000
S=1000000000 |,
111000000
000000000
011100000

where the bold 1’s correspond to the elements of V5. For the resulting matrix

000000048
001999357
A—S=1]1112211111
023222447
222212233
011622211

we have ¢(A — S) = 8.

Note that in Algorithm 1 each row ¢ is considered exactly once and that
[; and r; are defined either depending on some already defined values or by
searching for a zero entry running through the row from right to left. So the
total time complexity of Algorithm 1 is at most O(mn). This is dominated
by the construction of V5, hence the complexity of the construction of S is
O(m?n). To prove the correctness of the algorithm we need an alternative

H
description of paths in G that yields some insight into the riation between
the constructed segment S and the path weights. For this let H be a directed



36 2. TNMU-optimal field segmentation

Algorithm 1 Segment

Input: A = (a;;)1<i<m and Vo = {(i1,51), ..., (i, Je)}

1<j<n
Output: [;, 7 (i=1,...,m)
for (i,7) € V, do
ll' = max{j’ S] : ai,j/ == 0}+1
T :j
end for
5 fori=1toi; —1do
lz‘ = l“, Ty ‘= lz -1
end for
fori=14,+1tomdo
ll' = lzt; ri = lz -1
10: end for
for k=1tot—1do
if ji > jry1 then
1= Zk
while ¢ <y and [; > 7, +1do
15: 1:=1+1
Ty = li—l -1
li=max{j <r; : a;; =0} +1

end while

for i/ =i+ 1toix, —1do
20: Ty =Ty by = e+ 1

end for

else

L=l

while ¢ > 4;, and [; > r;, +1 do
25: 1:=1—1

ri =l — 1
li:=max{j <r; : a;; =0} +1

end while
for7/ =4, +1toi—1do
30: ri =1 =1y + 1
end for
end if
end for

return l;, r; (i=1,...,m)
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graph with vertex set V' U {0,1}. As the arc set of H we take Ey = E((]l) U
Eé2) U E((]3) U Eé4), where

ESY =(0,(3,1) ¢ ie[m]}u{((i,n),1) : ie[m]},
E® = {((Gi,),(i,j+1) : i€m], j€[n—1])},

EY ={((i,4), i+ 1,5)) : i€[m—1], j€[n—1]},
EY ={((,5),(i—1,7) : 2<i<m, je[n—1]}

0 1 3 1

)0 N
VR
el

Fig. 2.18: The digraph corresponding to the matrix A in Example 4.

It is easy to see that there is a bijection between the paths in G and the
paths in H with the additional restriction that the last arc is in Eél) U Eéz).
In addition this bijection preserves the weight, that is for a path P in G and
the corresponding path @) in H we have
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In particular, there is a weight—preserving bijection between the (0, 1)—paths

in & and H. The advantage of () compared to P is that possibly existing
"long, skew” arcs in P are replaced by a sequence of vertical arcs and one
horizontal arc, and the weights of these arcs are easier to control. Analogous
to a, ag and g we define for (i,j) € V,

Bi(i,5) = max{5(Q) : Q (0, (i, ) — path in H},
Bo(i, ) = max{0o(Q) : Q ((i,4),1) — path in H},

H
We need some information about the connection between the weights in G

and H. Obviously fa(i, ) = aa(i, ) for all (i, j) € V. The next lemma is an
analogous result about «y and [ for the vertices on (0, 1)—paths of maximal
weight.

Lemma 8. For all (i,5) € V with a(i, j) = c(A), we have B1(i,j) = a1(i, ).

Proof. (1(i,7) > a1(i, j) is trivial, since for every (0, (¢, 7)) —path in G there
H
is the corresponding (0, (¢, 7))—path in H of the same weight. Let (); and
= —
Q2 be a (0, (i,j))—path in H and an ((4,7), 1)—path in H, respectively, with

00(Q1) = Ai(1,7) and  do(Q2) = Ba(i, j) = (i, j).
By concatenating @) and ()3 we obtain a (0,1)—path @ in H with
00(Q) = B1(i, J) + aa(i, j).

Since the last arc of () is in Eél), this implies the existence of a (0, 1)—path
H

Bui, g) + (i, j) < c(A) = an (i, J) + (i, j),
and thus £ (4, j) < ay(i, j). |
Lemma 9. Let (i,j), (k) €V, i>k and put p=1i — k.
1. If j <1 and there are column indices ji, jy, - - -, Jj, such that
JE<p<p << <l and
gy =0  forg=1,2,...p,
then there exists a ((i,7), (k,1))—path P in G with
0(P) > ap; — a; ;.
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ji = Ja Ji it
A 5 T ()
* * * Qg1 PR
* * * * *
* 0 * * *
* 0 * * * * I —
;.4 * * * * * T(i,j)

Fig. 2.19: A part of a matrix A and the corresponding path Q.

2. If j > 1 and there are column indices ji, jy, - . ., j, such that
I<ji<jy<--<j,<j and
Uktg,j, =0 forq=1,2,...,p,
then there ezists a ((k,1), (i, 7))—path P in G with

5(P) Z Qi 5 — Qg -

Proof. We consider only the first case that is illustrated in Fig. 2.19. The
second one is treated analogously. First we construct a ((4,j), (k,1))—path

Q in H. We take ((4,7),(i — 1,7)) with weight —a;; as the first arc and
complete this arc to a ((4, ), (k,l))—path @ in such a way, that row changes
occur only along the arcs

((i—q,dg),(i—q—1,7,) (1<qg<p—1).

This is possible by our assumption on the ji. Thus the vertical arcs of @,
except for the first one, have weight 0 and since the horizontal arcs have
nonnegative weight in any case we conclude that the ((7, j), (k, j,))—subpath
of @ has weight at least —a; ;. Finally the weight of the path

(kygp)s (B gy + 1),y (K, D)
is at least aj; and from [ > j follows that the last arc of @ is in ESQ) and

thus there exists a ((i,7), (k,1))—path P in G with

5(P) = 5(Q) Z akJ — CLZ‘J.
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Lemma 10. Algorithm 1 yields a segment S.

Proof. Suppose the algorithm does not yield a segment. This is possible only
if for some k € [t — 1] the condition of the while-loop in line 14 (resp. line
24) holds for all i € {ig,ix + 1,... k41 — 1} (vesp. for all i € {iy + 1,d; +
2, ey ik+1}). If ]k = jk-f—l then

liy, <7y, and I <7,

Tht1

So we may assume jr # jrr1- Let jr > jrr1. (The case jp < jrr1 can be
treated analogously.) We put p = ix;1 — i and

j;:ll-kﬂ,q—l (¢g=1,2,...,p).

The assumption that the while-condition is fulfilled for all x4 — ¢ (¢ =
1,2,...,p) implies

T T1SJ1 S <o <J, <k and

aik+1*q7]‘é =0 (q:17277p)

H
Thus by Lemma 9 there is a ((ixy1, k11 + 1), (ix, jr))—path Py in G of
weight at least a;, j, — @i,y jpi+1- USING (igy1, Jrs1) € Vo, L aiy gy >
Qiy o1 jrsr+1, this yields
5O(PO) > Qi g

= Qigy et

Now we concatenate the path 0, (ixy1,1), (ix41,2), .., (iks1, Jer1 + 1) with
Py to obtain a (0, (i, ji))—path of weight at least

Qigi1gisr T 5(P0) = @iy g
in contradiction to (i, ji) € Va. |

Let S = (s;;) be the result of Algorithm 1. By construction, s;; = 1
implies a; ; > 1 and so the entries of A — S are nonnegative. We put

;= ij — Sij (i € [m],j € [n]),
Uig = Qipr1 =0 (i € [m]),
dij=da;; —aj (i € [m],j € [n])
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By ¢’ and §;, we denote the weight functions on G and ﬁ, respectively, which

correspond to A" = (a; ;). For (,7) € V we put
(i,§) = max{&'(P) : P (0,(i,j)) — path in G},
(i,§) = max{&'(P) : P ((i,),1) — path in G},

o' (i, §) = o4 (4, §) + a4(4, ),
(4,5)
(4,5)
(i,7)

B,(i, 5) = max{5'(Q) : Q (0,(,j)) — path in H},
By(i, ) = max{8'(Q) : Q ((i,),1) — path in H},

By T we denote the subset of V' which corresponds to the segment S, that is
T = {(Z,]) eV Sij = ]_}

The next lemma asserts that for (4, j) € T the sequence a;,...,a;; is non-

decreasing and the horizontal path from 0 to (4, j) has maximal weight with
— —

respect to A in both of G and H.

Lemma 11. For (i,j) € T we have
ﬁl(%]) = al(ivj) = ai,j and Oé(’l,j) = C(A)

Proof. Let (i,5) € T. Clearly, (1(i,5) > oa(i,j) > a;;. Assume Fp is a
ﬁ

(0, (4,7))—path in G with 6(Fp) > a; ;. Recall that Vo = {(i1,j1), ..., (%, j) }

with i3 < 49 < -+ < 4. We claim that for some k € [t] there is an

((2,7), (ix, jx))—path P; in G of weight at least a;, ;, — a;j. To see this
we distinguish three types of vertices in T

1. i =1 and j < jj, for some k € [t]:
The path (ix, j), (ix,j +1),. .., (ik, jr) has weight a;, j, — a;, ;.
2. g <1 < iy for some k € [t — 1] with jx > jpi1:

By construction of S there are column indices ji, jy, . . ., j,, where p =
1 — 1, such that

< <iy<-<j,<jr and

Ai—gj;, = 0 (¢g=1,2,...,p).

Thus the claim follows by Lemma 9.
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3. ik_1 <1 < iy for some k € {2,3,...,t} with jr_1 < jg:
By construction of S there are column indices ji, js, . . ., j,, where p =
ix — 1, such that

./

J<h<jp<--<j,<jx and

Qitqgr =0 (¢g=1,2,...,p).
Thus the claim follows by Lemma 9.

But now we can concatenate Py and P to obtain a (0, (ig, jx))—path P in G
with

6(P) = 0(Fy) +0(P1) > aij + (@i, — Gig) = iy
in contradiction to (i, jx) € V2. This proves ay(i,j) = a;;. In addition,
concatenating the paths (0, (¢, 1), (¢,2),...,(¢,7)), Py and a ((ix, jx), 1)—path
of maximal weight yields a(i,j) = ¢(A) and thus also (;(4,7) = a;1(i,7) by
Lemma 8. |

Now we want to prove that for (i, j) € T the horizontal (0, (7, j))—path is
still maximal with respect to A’. We need the following necessary condition

for (4, 7) > ai;.

Lemma 12. Suppose (31(i,7) > a;; and Q is a (0, (i,j))—path in H with
300(Q) = B1(i, 7). Then there exists a vertex (i',5') € Vi such that either

o /' =1 and ((<,1),(i,2)) is an arc of Q or

o l<j <nand ((7,j—1),0,5), (7 ,5), (@, 5+ 1) are arcs of Q.
If in addition B(i,j) = c(A) then we can choose (i',7') even in V.

Proof. Let @ be a (0, (4,j))—path with 60(Q) = (1(i,7) and assume there
is no such vertex in V;. We show §y(Q)) = a;; which gives the desired
contradiction. Clearly, 6o(Q)) > a; ;. The first arc of @) is of the form (0, (¢, 1))
and has weight a; ;. So we may assume that () has more than one arc and
proceed by induction on the number of arcs of an initial subpath of Q).

Case 1: The last arc of @) is in Eég) U E((]4).

W.lo.g. the last arc is (( — 1, 7), (4, j)) with weight —a;_; ;. Since by
induction 0o(Q \ {(¢,7)}) = a;_1,j, we obtain §y(Q) =0 < a; ;.

Case 2: The last arc of () is in EéQ), and the second last arc is in Eég) U E((]4).
W.lo.g. the last two arcs of Q are ((i —1,7—1),(é,j — 1)) and ((¢,7 —
1), (4,7)). By induction the weight of the (0, (i — 1, j — 1))—subpath of
@ is a;—1j—1. Thus the weight of the (0, (¢, j — 1))—subpath is 0 and
by maximality of () follows a; ;1 = 0, hence 0y(Q) = a; ;.
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Case 3: The last two arcs of () are in Eél) U E((]Q).

By induction the (0, (i, — 1))—subpath of @) has weight a;;_;. By
maximality of ) this implies d; > 0 for all j/, 1 < 37" < j—1. Now
d;; > 0, since otherwise (¢,7 — 1) is a vertex in Vj that fulfills the
conditions of the lemma. Thus §y(Q) = a; ;.

Now suppose (3(i,j) = ¢(A). Then we can complete @ to a (0,1)—path Q" of
weight ¢(A). Let P be the corresponding (0, 1)—path in (_}’>, and let (i, ') €
V1 be the first vertex on () that has the claimed properties. Then (¢/,5’) € P
and the (0, (7', j'))—subpath of P has weight a; j/, that is (7, j') € Va. [ |

Lemma 13. For (i,j) € T we have 31(i, j) = o/ (i, j) = aj;.

Proof. Again trivially,

B, 5) = (i, §) = aj ;.
Let (4,7) € T and assume (3 (i, j) > a; ;. In particular, j > 1 S_iI)lCG obviously
Bi(i,1) = a;, for all i € [m]. There is a (0, (4,7))—path Q in H with

6(Q) = B1(i,4) > ai ;.

W.lo.g. we may assume that (i, 7) is the first counterexample to the lemma
on @, i.e.

B3 (io, jo) = as, 4, for all (io, jo) € (Q\{(i,j)}) NT.

Case 1: (@Q\{(@ )N NT =0.
Let e be the last arc of Q). Then dy(e;) = d(e;1) for all arcs e; # e of
Q.

Case 1.1: e € E((]2).

Then dp(e) = dy(e) + 1, hence dp(Q) = 05(Q)+1, and consequently
(using Lemma 11),

Bi(i,5) = 00(Q) — 1 < Bu(i,j) — 1 = dl ;.

Case 1.2: e € E((]?’) U Eé4).
Wlo.g e = ((i —1,7),(4,7)) and do(e) = &,(e) = —a;_1, and
thus
00(Q) = 60(Q) = (i, 7).
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Assume 60(Q) = p1(4,5) = a; . Then 60(Q) > 0, and thus

So(Q\A{(i,7)}) > i1

By Lemma 11, §(i,7) = «(i,j) = c(A) and consequently by
Lemma 12, @ \ {(¢,7)} contains a vertex (i, jo) € Vo C T. This
is a contradiction and we conclude

ﬁi(lvj) = 50(@) < ﬁl(lvj) = Qij,

and thus 31(i,j) = 5. -

Case 2: (Q\{(i,/))})NT #0.

Let (io,jo) be the last vertex on @ \ {(¢,7)} that is in 7" and denote
by Q1 and Qs the (0, (49, jo))—subpath and the ((io,jo), (7,7))—subpath
of @, respectively. By assumption 6y(Q1) = a;, 4, so w.l.o.g. we may
assume Q1 = (0, (4o, 1), (49, 2), . . ., (40, jo)), and then

50(@1) = ﬁ1(i0,j0) = Gig,jo = 56(Q1) + L. (2'7)

We denote the arcs of ()2 by ej,es,...,¢,. For p=1 we obtain

56(Q) = 64(Q1) — df ;, =0 if e; € By UESY and
56(Q) = 0y(Q1) + max{0,d.;}  ife € EY.
Since e, € B implies (i,7), (i,j — 1) € T and thus dj; = d;; > 0
(Lemma 11), we obtain dy(Q) < a;; and consequently Bl( j) = aj;
So let p > 1. Then
dylei) = dole;) (2<i<p-—1), (2.8)

(e1) if e eE“uEg‘*),
(e1) if e; € E ) and d;, Jo+1 > 0, (2.9)
do(er) if e; € E ) and digjo+1 <0 and
(ep)
(ep)

if e, € B UEY,

2.10
do(ep) — 1 ifePEEéQ), (2.10)

and in particular,

50(Q2) < d0(Q2) + 1
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{ig.do) L
i (i0-jo)
S e S
(é1,41) lep J/ep
Y(4,5) 1(3,9)
a) e € Eé?’) U E((]4) b) e; € E((]Z) and d;; jo+1 > 0

Fig. 2.20: Paths @ as in Case 2.2. of Lemma 13.

Case 2.1: 0((Q2) < do(Q2).
99(Q) = dp(Q1) + 6p(Q2) < a5y j, + d0(Q2) < do(Q) implies

B, 3) < Bu(i, J) = aiy,
and thus 3 (7, j) = a; ;.

Case 2.2: §((Q2) = 0p(Q2) + 1.
In this case (2.7) and (2.8)—(2.10) imply

5(Q) =6(Q) and e, € EYUE,

wlog e, = (¢ —1,7),(¢,7)) with weight —a;_;;. Assume
do(Q) = (1(7,j). Then (@) > 0 and thus

Bi(i—1,75) > ai—1.

By Lemma 11, (i, 7) = (i, j) = ¢(A), and by Lemma 12 there is
a vertex (i1, j1) € Va such that @) contains the arc ((iy, j1), (i1, 1 +
1)). From (2.8)-(2.10) it follows that 0y(Q2) = do(Q2) + 1 is
possible only if

e; € Eé3) U Eé4) or (e € Eéz) and d;; jo+1 > 0).

Hence, using d;, ; > 0 for 1 < j' < jo, (i1,71) € @1 and we obtain
the contradiction

(i1, 51) € (@ \ {(i,5), (0, Jo) }) N Va.
Thus §,(Q) = 00(Q) < Bi(i, J) = a4, and so B1(4,]) = a; ;. [ |
Now we are prepared for the final step.

Lemma 14. ¢(A") < ¢(A) — 1.
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Proof. Let @ be a (0,1)—path in H with 50(Q) = c(A’) and let (i, jo) be
the last vertex on Q) that is in 7. We denote the (0, (ig, jo))—subpath and
the ((4g, jo), 1)—subpath of @ by @ and @Qs, respectively. By Lemmas 11
and 13,

B1(io, Jo) = @i jo = @y j, + 1 = B1(i0, jo) + 1,

and w.l.o.g. we may assume ()7 = (0, (io, ) (10,2), ..., (0, jo)). For the first
arc ey of Q2 we have dg(eg) = d((eo) or do(eg) = & ( ) — 1, and for all arcs
e # €o of @2, do(e) = dy(e).

Case 1: dp(eg) = 9} (eo).

50(Q) = Bo(@) + 8o(@2) = 54(Q1) + 1+ 35()
=6(Q)+1=c(A)+1,
and thus ¢(A) > ¢(A") + 1.

Case 2: 6p(eg) = d(eg) — 1.

By the same argument as in the first case we only get
d0(Q) = c(A").
Assume 0¢(Q2) = as(io, jo). From
a(io, jo) = c(A) and a1 (io, jo) = @iy jo
we deduce 6y(Q) = ¢(A). Now consider two cases:
1. If @ has a vertex (7, j) with £1(7,5) > a; j, then by Lemma 12, Q)
contains an arc ((i1, j1), (i1, j1 + 1)) with (i1, 1) € Va.

2. If B1(7,7) = a;; for every (i,j) € @, let (i1, 71) be the second last
vertex of @, i.e. j;1 = n and ((i1,j1), 1) is the last arc of (). Note
that 31 (i1, j1) = a;, 5, implies (i1, j1) € Va.

From dy(ep) = dj(eg) — 1 follows that either
e € Eég) U E((]4) or (ey€ E ) and d;, Jot1 > 0).

Hence, using d;, ;; > 0 for 1 < 5" < jo, (i1,71) € @1 and we obtain the
contradiction

(@2 \ {(i0, jo)}) N Va # 0.
Consequently, dp(Q2) < (i, jo) and there exists an ((7o, jo), 1)—path
Q5 with d0(Q3) > 09(Q2). By concatenating @1 and Q% we obtain a
(0,1)—path Q* with §o(Q*) > ¢(A’), and thus

c(A) > c(A") + 1.
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Now we collect the lemmas to prove Theorem 1.

Proof of Theorem 1. That the maximal weight of a path is a lower bound for
the TNMU is an immediate consequence of Lemmas 4, 6 and 7 and duality.
The existence of a segmentation with Ele u; = c¢(A) is proved by induction
on ¢(A). If ¢(A) = 0 then A = 0 and there is nothing to do. For ¢(A) > 0 we
apply Algorithm 1 to construct a segment S with ¢(A — 5) < ¢(A) — 1. By
induction there are segments Sy, Ss, . . ., Sk and positive integers us, us, . . . , Uy
such that

k k
A—S:Zui&- and Zui:c(A—S)SC(A)—l,
=2 i=2
and thus with S; =9 and u; =1,

k k
A= ZuiSi and Zu, =c(A—-S5)+1<c(A).

i=1 i=1
[ |

As observed after Example 3 each segment can be determined in time
O(m?n), so the time needed for the whole segmentation is bounded by
c(A)O(m?n). On any 0 — 1—path in H the number of arcs with positive
weight is bounded by n, because only the horizontal arcs can have positive
weight. And for each of these arcs the weight is bounded by

L=max{a;; : i=1,....m; j=1,...,n}.

So ¢(A) < nL and the complexity of the whole segmentation algorithm is
O(m*n?L).

2.4 'Test results

Table 2.1 shows some test results of our algorithm in comparison with other
algorithms. Each row shows the average TNMU for a 15 x 15-matrix with
randomly chosen entries from {0, ..., L}. The columns labeled 'Xia—Verhey’,
"'Bortfeld” and ’Galvin’ contain the results for the algorithms of Xia and
Verhey [28], Bortfeld et al [6] and Galvin et al [11], respectively. The numbers
in these columns are taken from Xia and Verhey [28]. The last column shows
the average TNMU obtained by Engel’s algorithm [10], which is TNMU-
optimal for the segmentation problem without ICC. To obtain the results
of the column labeled 'new’ we implemented Algorithm 1 in C++. For a
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L || new Xia— Bortfeld Galvin Engel (with-
Verhey out ICC)
3 || 154 19.5 17.7 19.7 14.0
4 | 19.5 29.6 22.8 40.5 17.9
5 | 23.6 30.9 27.9 40.1 21.7
6 | 27.6 46.8 32.8 44.2 25.6
7 | 317 45.6 37.9 67.1 29.4
8 | 35.7 63.4 42.8 72.3 33.2
9 | 39.8 67.1 47.8 72.3 37.0
10 || 43.8 68.6 52.6 76.5 40.9
11 || 47.7 68.6 57.6 81.4 44.7
12 || 51.8 101.1 62.4 106.8 48.5
13 || 55.7 100.6 67.3 101.1 52.3
14 || 59.8 100.0 72.2 112.7 56.2
15 || 63.8 98.0 77.1 116.0 59.8
16 || 67.7 124.9 82.0 154.5 63.3

Tab. 2.1: Average TNMU for random 15 x 15—matrices with maximal entry L.

matrix A the segment S was determined and subtracted from A, and this
was iterated until the zero matrix was reached. For each L this was done
for 10000 random matrices A and the average TNMU was determined. On
a 1.3 GHz PC the computation for the whole column (i.e. the segmentation
of 140000 matrices) took 206 seconds.



3. A HEURISTIC FOR THE REDUCTION OF THE
NUMBER OF SEGMENTS

In this chapter we present a greedy—heuristic that can be used to find a
segmentation with minimal TNMU and a small NS. For brevity of notation
we slightly modify the digraph H from Chapter 2. We add vertices (0,1)
and (n + 1,7) ( for ¢ € [m]) and replace every arc (0, (i,1)) by the two arcs
(0, (4,0)), ((,0), (¢,1)) and every arc ((i,n), 1) by the two arcs ((i,n), (i,n +
1)), ((i,n +1),1). The weights of the new arcs are determined by

90(0, (4,0)) = 0o ((¢,n), (i,n + 1)) = 6o((¢,n +1),1) =0,
(50((’i, O), (’l, 1)) = Q;

for all ¢ € [m]. The resulting digraph is called H again. Figure 3.1 illustrates
the modification for m = n = 4. By the results of Chapter 2, we may assume

: 00 0 0 “:_IZ>_Z>_Z>_>_Z> 00
R ey
N o

ig. 3.1: The old and the new digraph.
that we have already determined the minimal TNMU which equals
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¢(A) = max{dy(P) : Pisa (0,1) — path in ﬁ},
and for every (i, j) € [m] x [n] the values

B1(i,7) = max{dy(P) : Pisa (0,(i,Jj)) — path in ﬁ}, (3.1)
B, j) = max{do(P) : Pisa ((i,j),1) — path in H}. (3.2)
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3.1 The algorithm

Adopting the terminology of [10] we call the pair (u, S) of a positive integer
u and a segment S an admissible segmentation pair if

A" = A — uS is nonnegative and

c(A") = c(A) —u.

The essential step of our algorithm is to determine the maximal coefficient
u with the property that there exists a segment S, such that (u,S) is an
admissible segmentation pair. Iterating this step with A’ = A—uS we clearly
obtain a segmentation of A with ¢(A) monitor units. In order to derive an
upper bound for the coefficient v in an admissible segmentation pair (u, S),
we identify, according to [4], the set of segments with the set of paths from
D to D’ in the layered digraph I' = (W, F'), constructed as follows. The
vertices in the i—th layer correspond to the possible leaf positions in row
(1 <i<m) and two additional vertices D and D’ are added:

W=A{@lr):i=1,....om, I=1,....n+1, r=1—1,...,n} U{D,D'}.

Between two vertices (7,1, 7) and (i+1,",7’) there is an arc if the correspond-
ing leaf positions are consistent with the ICC, i.e. if ' <r+4+1andr >1—1.
In addition, the arc set F' contains all arcs from D to the first layer and from
the last layer m to D', so

F=F,(D)UF_(D)U | Fi(i), where

FL (D) ={(D,(L,L,r)) : (L,1,r) e W},
F_(D)={((m,l,r),D") : (m,l,r) € W},
F @) ={G0Lr),e+1,0"):I'<r+1, 7 >1-1}.

There is a bijection between the possible leaf positions and the paths from
D to D" in I'. This is illustrated in Fig. 3.2 which shows the paths in I' for
m =4, n = 2, corresponding to the segments

(

Assume, for every triple (i,1,r), 1 <i<m,1 <1l <r+1<n+1, we
have already determined some upper bound uo( ,1) for the coefficient u in

O
OO

) (straight lines) and ( ) (dotted lines).

OO
— O =
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Fig. 3.2: The vertices of " for m =4, n = 2 and two (D, D’)-paths.

an admissible segmentation pair (u,.S), where S is a segment with {; = [ and
r; = r. In other words, u < wg(,l;,r;) for all @ if (u,S) is an admissible
segmentation pair and l;, r; (i = 1,...,m) are the parameters of S. We put

@ = max{u : There is a path D, (1,11,71),..., (m,lpn,7m), D’

in I with uo(i,l;,r;) >ufori=1,...,m}.

Clearly, 4 is an upper bound for the coefficient u in an admissible segmen-
tation pair (u,S). Now we describe an algorithm which constructs an ad-
missible segmentation pair (u,.S) with maximal u. Fix u and assume we
have already determined the first ¢ — 1 rows of a segment. If it is possi-
ble to complete these ¢ — 1 rows to obtain a segment S such that (u,S) is
an admissible segmentation pair, then procedure Complete Segment(i) (Al-
gorithm 2) determines I;,...,l, and r;, ..., r, realizing such a completion.

Here MaxWeight(i) denotes the maximal weight of a path in H that has all
its vertices in the first ¢ rows, where the arc weights are determined accord-
ing to A — uS for any segment S with parameters ly,...,[; and rq,...,7; in
the first ¢ rows. Clearly MaxWeight(i) depends only on the values that are
already determined and the condition in line 4 is necessary for the possibility
to continue with the candidates [;, r; and obtain an admissible segmentation
pair. Now the pair (u,.S) is constructed by procedure Construct Segment
(Algorithm 3). Clearly, the efficiency of the backtracking depends very much
on the quality of the bounds ug(i,1,7). We give some bounds that turned
out to be quite good in numerical experiments. Trivially, in an admissible
segmentation pair (u, S) we have, for all 1,

w<v(2,l;,r;) =minfa;; : [; <j <}
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Algorithm 2 Complete Segment ()

for (li,ri) with 1 S lz S i1+ 1,
max{l;,l;_1} — 1 <r; <nand
uo(2, L, ;) > u do

if MaxWeight(i) < ¢(A) — u then
if i < m then
Complete Segment(i + 1)
else
finished:=true
end if
end if
end for

Algorithm 3 Construct Segment

u:=1u
finished:=false
lo:=1,rg:=n+1
while not finished do
Complete Segment(1)
if not finished then
u:=u—1
end if
end while
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Fix an admissible segmentation pair (u,.S), denote by d; the weight function

on H corresponding to A’ = A — uS and let

B,(i,7) = max{d)(P) : Pisa(0,(i,j) —pathin H},  (3.3)
B33, 7) = max{d)(P) : Pisa ((i,5),1) — path in H}. (3.4)

The upper bounds below are based on the following simple observations.

1. The only arcs e with dj(e) < do(e) are of the form e = ((¢,1; — 1), (i,;))
(1 <i < m), and for these arcs d,(e) > do(e) — u.

2. For arcs of the form e = ((4,4), (i = 1,7)) with [; < 7 < r; we have
dp(e) = dole) + u.

3. If j <l for some k € [m] then, on every (0, (k, j))—path P, the number
of arcs of the form ((,1; — 1), (¢,1;)) is equal to or less than the number
of arcs of the form ((4,7), (i £ 1,7)) with {; < j <r;.

4. If j > I, for some k € [m] then, on every ((k, j), 1)—path P, the number
of arcs of the form ((,1; — 1), (¢,1;)) is equal to or less than the number
of arcs of the form ((7,7), (i £ 1,7)) with [; < j <r;.

The third observation is valid since for a fixed (0, (k, j))—path P there is an
injective mapping from the set of arcs of the form ((i,l; — 1), (7,{;)) on P
to the set of arcs of the form ((7,j), (¢ = 1,7)) with [; < j < r; on P: an
arc ((i,l; — 1), (4,1;)) is mapped to the arc ((¢' + 1,7, (¢, j")) where (¢, j")
is the first vertex on the ((i,[;), (k, j))—subpath of P which is covered by
some left leaf. Here the ICC assures that [;41 < j' < ryqq. Similarly, in
the fourth observation the arcs of the form ((¢,l; — 1), (4,1;)) can be mapped
injectively to the arcs of the form ((7,7),(i £ 1,7)) with {; < j < r; by
mapping ((¢,4; — 1), (i,1;)) to ((' £1,7"), (7, 5")) where (i £ 1, 7) is the last
vertex on the ((k,7), (i,;))—subpath of P which is not covered by some left
leaf. This is illustrated in Figure 3.3. It follows, for 1 <i < m,

ﬁ{<27j>261(27j> fOI'j<ll',
B(i,3) = Ba(i, 7) for j > I;.

Lemma 15. Let (u,S) be an admissible segmentation pair with l; =1 and
ri =r. Then u < vo(i,l, 1) where

UQ(’i, l,l — 1) = C(A) — ﬁl(l,l — 1) — max{O, d@l} — 52(i, l),
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Fig. 3.3: Tllustration of observations 3 and 4.

and if r > 1 then vy(i,1,7) = min{~y, 2,73, Y4}, where

N = C(A) - ﬁl(ial - 1) - ﬁQ(iv l)v

T

o = c(A) = Pi(i, 1 — 1) = Y max{0,d;;} — Bali,r + 1),

J=l+1
Y3 = C(A) — ﬁl(l,l — 1) — du — Z maX{O, di,j} — di,r+1 — ﬁQ(i, r -+ 1),
j=l+1
1 , - .
Y4 = 5 (C(A) — ﬁl(l,l — 1) — Z maX{O, di,j} — di,r+1 — BQ(Z, r—+ 1)) .
j=l+1

Proof. Let P be the the concatenation of the paths P;, P, and P3, where
P is a (0, (i,] — 1))—path with 6o(P) = B1(i, — 1), P, is the path ((i,] —
1), (i,0),...,(¢,7+1)), and Ps is an ((¢,7+1), 1)—path with d¢(FP2) = Ba(7,r+
1).

Case 1: r =1 — 1. Using the above observations, we obtain
c(A) —u=c(A") > 6,(P) > (1(i,1 — 1) + max{0,d; ; } + B2(3, 1),
and thus v < ¢(A) — (4,1 — 1) —max{0,d;;} — 52(i,1).
Case 2: r > 1. Now

8,(P) = 6,(Py) + max{0, d;; — u} + Z max{0, d; ;}
j=l+1
+ max{0, d; ;41 +u} + 56(P2)7
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and thus

T

(i1 — 1) + max{0,d;; —u} + Y max{0,d;;}
j=l+1

+ max{0,d; ;41 + u} + Go(i, 7+ 1) < c(A) — u,

or
u + max{0,d;; — u} + max{0,d; ,+1 + u} < c(A) — G1(3,l — 1)

— Z max{0,d;;} — Ba(i, 7+ 1),

j=i+1

which implies v < 7; (i = 2,3,4). To see u < 74, consider the path
() that is the concatenation of P, the arc ((i,l — 1),(i,1)) and an
((Z, l), 1)—path P4 with 50(P4) = 52(’i, l) Then

0(Q) > Bi(i, 1 — 1) + Ba(i, 1),
and thus u < ~;. [ |

Lemma 16. Suppose (u,S) is an admissible segmentation pair, fix some i,
2<1<m-—1, and put

A= max {f1(i — 1,1) — ai—1p — ai + Boi + 1,1) },

1;<t<r;
Ag = l,‘?;%%(i +1,t) = a1y — ay + Bo(i — 1,1)}.
Then
u < v3(i,l;, 1) = c(A) — min{ Ay, A2 }.

Proof. By symmetry, w.lo.g. A1 < Ay. Assume u > ¢(A) — A\, and let ¢
be an index where the maximum in the definition of A\; is attained. Let
P be the concatenation of the three paths P, P, and P;, where P; is an
(0, (i — 1,t))—path with 6o(Py) = 01(i — 1,t), Py = ((i — 1,¢), (4,¢), (i + 1,1))
and Pj is an ((¢ + 1,¢), 1)-path with 6o(Ps) = fB2(i + 1,¢). Then

5o(P) < c(A) =c(A) —u < A\ = 6(P).

By the above observations, we have 6((Py) > 6o(P1) — u, 64(Ps) > 0o(P3) —u

and
So(Po) +2u if L1 <t <y,

50(P2) = { 50(]32) +u  otherwise.
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So §4(P) < 6o(P) implies

And from this follows
lifl S t and li+1 > 1.

Now denote by t' the index where the maximum in the definition of Ay is
attained. Since u > ¢ — Ay > ¢ — Ay, by the same argument as above we
obtain

li—l—l < t" and li—l >t

But this is a contradiction to [;;; > tif t’ <t and to l;_ < tif t' > t. [ ]

Thus we may put
uo(i, l,r) = min{wvg (3,0, 7) : k=1,2,3}, (3.5)
and obtain the following result.

Theorem 2. If the ug(i,l,r) are determined according to (3.5) the algorithm
Construct Segment yields an admissible segmentation pair (u,S) such that
u' < w for any admissible segmentation pair (u',S’).

Example 5. For the benchmark matrix from [18] our algorithm yields the
segmentation (2.4) from Example 1.

3.2 'Test results

To test our algorithm we computed segmentations for 15 x 15-matrices with
random entries from {0,1,...,L} for 3 < L < 16. Table 3.1 shows the
results. The numbers in the columns TNMU (new) and NS (new) are the
average total number of monitor units and the average number of segments,
where we have averaged over 10000 matrices with randomly chosen entries
from {0,..., L} (uniformly distributed). The remaining columns show the
corresponding results from [28]: the columns labeled X-V, B, G contain the
results for the algorithms of Xia and Verhey [28], Bortfeld et al [6] and Galvin
et al [11], respectively. On an 1.3 GHz—PC the computation of the two new
entries in a row of the table, i.e. the segmentation of 10000 matrices, took
approximately 1 hour. But it should be mentioned that the algorithm is
fast for the vast majority of the matrices, while there are some very rare
exceptions. We also tested the algorithm on 13 clinical sample matrices
(10 x 10-matrices with entries between 0 and 10). The results are shown in
Table 3.2.
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L | TNMU | TNMU | TNMU | TNMU | NS NS NS | NS
(new) | (X=V) | (B) (G) (new) | (X=V) | (B) | (G)
3 15.4 19.5 17.7 19.7 12.6 13.3 1771134
4 19.5 29.6 22.8 40.5 14.5 18.6 22.8 | 20.4
5 23.6 30.9 27.9 40.1 16.0 19.0 2791204
6 27.6 46.8 32.8 44.2 17.2 20.3 32.8 | 21.5
7 31.7 45.6 37.9 67.1 18.2 20.0 379 | 27.1
8 35.7 63.4 42.8 72.3 19.1 24.3 42.8 | 28.2
9 39.8 67.1 47.8 72.3 19.9 24.3 47.8 | 28.3
10 || 43.8 68.6 52.6 76.5 20.7 25.7 52.6 | 28.9
11| 47.7 68.6 57.6 81.4 21.3 25.7 57.6 | 30.9
12 || 51.8 101.1 62.4 106.8 21.9 27.0 62.4 | 34.8
13 || 55.7 100.6 67.3 101.1 22.5 26.9 67.3 | 35.5
14 || 59.8 100.0 72.2 112.7 23.0 26.9 72.2 | 35.6
15 || 63.8 98.0 77.1 116.0 23.5 26.7 77.1135.9
16 || 67.7 124.9 82.0 154.5 24.0 30.0 82.0 | 41.7

Tab. 3.1: Average TNMU and NS for random 15 x 15—matrices with maximal

entry L.

no. || MU | NS | CPU-time
1 18 10 | 0.05 s
2 16 |8 0.06 s
3 16 |8 0.05 s
4 20 10 |1 0.10 s
5 19 11 ] 0.05s
6 18 |9 0.05s
7 17 19 0.11 s
8 23 12 10.22 s
9 24 11 10.17 s
10 | 22 10 10.22 s
11 | 30 15 1 0.17 s
12 | 23 13 10.22 s
13 | 22 11 10.22 s

Tab. 3.2: Test results for clinical matrices.
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4. EXACT MINIMIZATION OF THE NUMBER OF
SEGMENTS FOR COLLIMATORS WITHOUT INTERLEAF
COLLISION CONSTRAINT

The problem of minimizing the number of segments is NP—complete in the
strong sense even for single row matrices. The NP-hardness was shown in [2]
by reduction of 2—-PARTITION [12]. Woeginger gave an unpublished proof of
the NP-hardness in the strong sense by a reduction of 3-PARTITION [12]. In
[15] the NS-minimization for one row has been reduced to the bipartite case
of MiNniMuM EDGE-CosT Frow [12]. For special instances of MINIMUM
EDGE-CoST FLOW there is a reduction in the reverse direction and this
yields a new point of view on Woegingers argument which is presented below.
The following special case of MINIMUM EDGE-COST FLOW has been shown
to be strongly NP—complete in [3] by a reduction of 3—PARTITION.

Instance: A complete bipartite graph G = (U UV, E) with |U| = 3|V| and a
function w : U — IN \ {0}.

Question: Is there a flow function f : E — IN such that

VoeU > flay)=w(x), (4.1)
VyeV Z f(zy) = 3w, where w = ﬁ Zw(w), (4.2)
{zy e E ¢ flzy) > 0} <|UJ. (4.3)

This problem can be reduced to the NS—minimization problem as follows. We
put ¢ = |V|, n = 4q, denote the elements of U by uy, ..., us,, the elements

of V by vy, ..., v, and define the row vector @ = (a1 - an ) as follows.
a; = Zw(uj) for 1 <14 < 3q,
j=1

a; =3(n—i)w for 3¢+1<i<n.
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Theorem 3 (Woeginger). There is a segmentation of a with 3q segments
iff there is a function f: E — IN satisfying (4.1)-(4.3).

Proof. “=": Suppose there is a segmentation
3q
a= Z c;8Y) (4.4)
j=1

where the segments are described by

; 1 ifL<i<r;, . .
=L " G bl i€ )

By Lemma 1 from [15] we may assume that [; < 3¢ < r; for all j € [3¢].
Moreover, a; > a;_; for all i € [3¢] (where ag = 0) implies that for each
i € [3q] there is some j € [3¢] with [; = ¢, hence we may assume [; =i
for i € [3¢]. Let

f(uivy, 3q11) =ci (i € [3q])

and f(zy) = 0 for all the remaining edges xy. Observe that a,, = 0, so
r; <nforalliand 1 <r;—3¢g+1<gq. Clearly, (4.3) is satisfied. Now
fix i € [3¢]. From (4.4) and the fact that j = i is the only index with
l; = 1 we obtain that

w(v) = a; — a1 = ¢; = fluwr,) = fluy),

yev

so (4.1) is satisfied. Now fix 7, 3¢ + 1 < i <n. From (4.4) we obtain

3w = Ai—1 — A; = E Cj

3q
= Z f(ujvi—sq) = Z f(“jvi—?)q)a
j=1

J€[3q)irj=i—1
thus (4.2) is satisfied.

“=”: Suppose there is a function f satisfying (4.1)—(4.3). By (4.1) and (4.3),
for each j € [3¢] there is exactly one k(j) € [¢] with f(u;vk)) > 0. For

J € [3q], put

c; = flujunyy), =13, r;=3q¢+k()—1,
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and define segments s¥) by

} 1 ifl, <i<r; . .
s = { 0 otherwise. U €34, i€[n]).

This yields a segmentation of a: for i < 3¢ we have sgj )= 1iff l; <4,
and so

3q 7

> st = Z =33 flugv) = > w(uy) = a,

j=1 j=1 veV j=1

and for ¢ > 3q we have s =1 iff T > %, SO

i

3q n—1 n—1
0 _ _
2= > =) X g
Jj=1 t=i je[3qlir;=t t=1 j€[3q]:k(j)=t—3q+1
n—1 3q

- Z Z fujvi_sg1) = (0 — )W = a;.

t=i j=1
[ |

This shows that the NS—minimization is NP-hard. But the reduction
essentially depends on the fact that the entries can become arbitrary large.
In this chapter we show that the NS-minimization problem can be solved in
time polynomial in the matrix dimensions m and n if the maximal entry L of
the intensity matrix is bounded. This seems to be a reasonable assumption in
practice: for instance Xia and Verhey [28] report that they obtained matrices
with 7 nonzero intensity levels when they applied a preliminary version of
the CORVUS inverse treatment planning system (NOMOS corporation) to
a very complex head and neck tumor case. The algorithm proposed here is
an application of the dynamic programming principle (see [5]).

4.1 Single row intensity maps

First we give an exact formulation of the problem L-ONE Row-MIN MU-
MIN NS:

Instance: A vector @ = (a1 a2 ... an ) of integers with 0 < a; < L (i =1,...,n).

Problem: Find a segmentation with in first instance minimal TNMU and in
second instance minimal NS!
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As before, we put ag = a,.1 = 0. Let
P={i€n| : a;>a;_1 and a; > a;41},

Q={ien] : a <ai_1 and a; < a;41}.

Clearly, |P| = |Q|+ 1 if a, # 0 and |P| = |Q| if a,, = 0. If a,, # 0 denote the
elements of P and Q) by p1,...,p; and ¢, ..., q_1 such that

P1<qr <p2<@qy<---< -1 <Dpy

and put ¢ = 0 and ¢ = n+ 1. If a,, = 0 denote the elements of P and () by
P1,--.,pe and qq, ..., q such that

P1<q1<p2<@q<--<G-1<pPt<Gq-
From the results of [10] it follows that in a TNMU-optimal segmentation

k

a = Z CjS(j)

J=1

every segment is of the form

RO 1 forl; <i<rwy,
¢ 0 otherwise,

with ¢,y < l; < p; and p < r; < g for some 7,7" € [t]. Since the
order of the segments is not relevant, we may order them in such a way that
ry < -+« <1 For 7 €[t — 1], let ko(7) be the unique index with r; < ¢, for
J < ko(r) and r; > g, for j > ko(7), and put

ko(T)
a” =a - Z ;8.

Jj=1

Also put ko(0) = 0, ko(t) = k, a'® = a and a = 0. For j > ko(7), from
r; > ¢; it follows that for ¢ < ¢,,

SZ(-j) =1 < lj < 1.
In particular, fort =1,...,¢. — 1l and j = ko(7) + 1,..., k,

sz(j) =1 = 51(‘1)1 = 1. (4.5)
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For 0 <7 <t —1, we have

k

o= 3 s,

j=ko(T)+1

hence (4.5) implies that

and the multisets

Ur={a” —a”) : 1<i<q, o #£a7}, (4.6)
V. = {alm — az@l Dy <1< Prga, alm + az@l , (4.7)
W, = {az(T) - az(‘-?l D Prg1 <0< @y, az(T) # az(‘-?l (4.8)

are partitions of a4, ap, ., —aq
aET) = a; for i > ¢,, hence V, and W, depend only on a, while U, depends

also on the pairs

and a,_,, — ag, ., respectively. Observe that

-

(S(l), Cl), cey (S(kO(T)), Ck:()(T))'

Considering the sequence (U,,V,,W.) (1 = 0,...,t), where we add U; =
V, = W; = 0, we will derive a method to construct the desired segmentation.

Definition 2. For integers u, v and w with 0 <u <v < L and 0 < w < v,
a (u,v,w)—peak is a triple (U, V, W) of unordered partitions of u, v — u and
v —w, i.e. a triple of multisets of positive integers with

E T = u, g r=v—u, g T=v—w.

zelU zeV zeW
In addition, the triple (0,0, 0) is called (0,0, 0)—peak.

Thus for 7 = 0,...,¢, (U, V;,W;) is an (aq,,ap, ., aq,,,)—peak (where
Ap,., = g, = 0), and for 7 <t — 1, the choice of the pairs

(5to(+D) glko(r+1))

7Ck0(7)+1)7 ey ( 7Ck0(T+1))

can be considered as the choice of a way to go from the peak (U, V., W,) to
the peak (U,y1, Vis1, Wriq). We claim that the number of segments needed
for this step does not depend on the particular a(™”, but only on the multisets
U.- UV, W, and U,y;. To prove this we associate with a (u,v,w)-peak
(U, V,W) a vector b = (b1 ..55) as follows. Put « = |U| + |V|, 8 = a +
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|IW|, denote the elements of U UV by d,...,d, and the elements of W by
dot1, - .., dg, such that

di>dy > >dy and  daps > dogs > - > dg.

So, for U =U,, V=V, and W = W, the d; (i =1,...,3) are the absolute
values of the nonzero differences of consecutive entries of the initial part
(a{” ..al”,, ) of a™. Now b is defined by

> d; for 1 <i<a,

bi=q 7,

v — dj fora+1<i<p.
Jj=a+1

In addition, let by = 0.

Example 6. The associated vector for any peak with U UV = {4,2,1,1}
and W ={2,2,1} isb=(4678643).

Lemma 17. Fiz some 7, 0 <7 <t —1, and let b= (b1 .. b3 ) be the vector
associated with the (aq, ,ap, ., aq. ., )-peak (U, V:, W), defined according to
(4.6)-(4.8), where o = U, UV,| and = a+ |W.|. Also let U' be a partition

of ag, .., and let c1, ..., c, be positive integers with
P
Z C.] = a/p7'+1 - a’q7'+1' (49>
j=1

Then the following statements are equivalent.

1. There exist integers l;, r; with1 < 1; <pri1 <1r; < gry1 (=1,...,p),
P )

such that for a’ = a™ — 3" ¢;8V) | where
j=1

GJ=1,...,pi=1,...,n)

7

S(j): 1 ZfZJSZST‘]
0 otherwise

we have

(a) 0<d|<a,<---<d

— 4r+1

(b) {a—a,_; : 1<i< g1, a;F#a,_} =U" (where aj =0).
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. . / / . / / .
2. There exist integers I, i with 1 < [} <7l < G —1 forj=1,...

such that for b =b— 3" ¢; f9, where

; 1 afl<i<rl . .
fi(]):{ fj—‘— J G=1,....,p;i=1,...,0)

0 otherwise

we have

(a) by <by < - < by =bg
(b) {b,—b,_; : 1<i<p, b#b_,}=U" (where b, =0).

Proof. Let
—{i : 1<i<poy, d” #a(ﬂ
Ry={i : pr1 <i<gry1, @ i az+1
Clearly,
UTUV:{a(T (7) : 1€ Ry} and

0’y
= {a)” —a?)
But by construction of b we also have
U, UV, ={b;j—b1 : 1<i<a} and
Wy ={bi—biy1 : a<i<pg—-1}

Together this implies that there are bijections
p1: Ry —{1,...,a}, ¢o: Ry —A{a,...,0—1},

such that
o™ (r)

— aifl = bm(i) b

(
a7 = ath = bpi) — bm(@')ﬂ for ¢ € Ry.

o1 (i)—1 for e € Ry and

7p7

It is an easy consequence of the results of [10], that from the assumption
(4.9) it follows that for [;, r; (j = 1,...,p) as in the first statement, we
have I; € Ry and r; € Ry for all j and for I}, v (j = 1,...,p) as in the
second statement we have l; < « and r;- > o for all j. Suppose that [;, r;
(j =1,...,p) satisfy the conditions of the first statement. The difference of
the entries number ¢ and ¢ — 1 changes only when [; = ¢ or r; = ¢ — 1 for

some j. Thus, if i € Ry and ¢ — 1 € Ry we have

/ / ()
Q; —a; 1 = a _az 1—0
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Hence, fori=1,...,¢,11,

a,—a, 1 #0 = i€ Ryori—1€ Ry.

)

Put
Cii)=1{jelp] : I, =i} forie R,
Coi)={j€lp] : rj=1} forie Ry
Then
a; — a/;,1 = CLZ(T) z(T)l Z Cj for ¢ € R1
J€C1(3)
aé_a;H:aE)_azH Z c; forie Ry.
J€C2(3)

By condition (a) of the first statement we have a; — a;,;, < 0 for i =
0,...,¢-41 — 1. For i € Ry this yields

> g za” —al,
j€Ca(t)
and together with

P
Cj = Cj = Apryy — Qgryy = a; = = Giy1
DD > (ol ~al))

i€ Ry ]ECQ(Z 7=1 i€ Ry

Z G = a - az(—?l

JEC2(3)

we obtain for i € R,

and thus a] —aj,, = 0 for i € Ry. So the only nonzero differences a; — a;_,
come from indices i € R;. Now put I, = ¢1(l;) and 75 = () (j = 1,. ,p)
and let b’ be defined as in the second statement. Then I’ = ¢, (i) iff j € C’1 (i)
and 1} = (i) iff j € Cy(i), hence for i € Ry we have

901(i)_b¢1(i)—1_ oG

j l/-: 1(2)

= gy (i) = b (i) - Z €

JEC1(4)

= Qi — Qj—1 — E Cj

jeC1(3)

b' =b

901(Z

o /
=a; — a;_q,
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and for 7 € R,,

/

w2(i) bfpz(i)Jrl = by(i) = Dps(iy+1 — Z Cj

J oz ri=pa(i)
= bpali) = bpaiyir — D ¢
j€Ca (1)
= G — Qi1 — Z Cj
JEC(i)

— 4/ ! —

So the second statement holds, and since all the arguments are reversible,
we have proved that [;, r; (j = 1,...,p) satisfy the conditions of the first
statement iff I = @1(1;), 7} = pa(r;) (j = 1,..., p) satisfy the conditions of
the second statement, and this proves the lemma. |

In fact the proof shows even more than just the equivalence of the two
statements: knowing [% and 7% (j = 1,...,p) and R; and Ry, we can deter-
mine the [;, 7; (j=1,...,p)and R = {i : 1 <i < gr41, al™™ £ {7ty
in a number of steps that is bounded by a constant.

Example 7. Suppose a'” = (22377985512) with U, = {2,1}, V, =
{4,2}, W, ={3,1}, Ry ={1,3,4,6} and Ry, = {6,7}. The associated vector

is b= (468965) and bijections as in the proof of Lemma 17 are given by

o1 12, 34, 41, 61— 3,
P2 6 +— 5, 7— 4.
Now from

(444555)=(468965)—(022200)—(001110)—(001100),

where we have

we obtain
11:17T1:77 l2:6,T2:6, 13267T3:77
corresponding to

(00155555512) = (22377985512) — (2222222000)

—(0000010000)—(0000011000).
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Lemma 17 motivates the following definitions.

Definition 3. Let b = (b1 - b5 ) be the vector associated with some (u, v, w)—
peak (U, V, W) where o = [UUV| and § = o+ |W|, and let U’ be a partition
of w. Let T be the set of positive integers p such that there are integers
Li,..., 1, r1,..., 1, and coeflicients ¢y, ...,c, € IN \ {0} such that

2.1<<r;<pB—-1forj=12,...,p.

P .
and for ' =b— ) cjf(]), where
j=1

) _ 1 ifljgigrj, - Lo
i _{O otherwise, U=L.pi=L....0)

we have
3. b’lgbgg---gbg:bﬁzw and
4. {b,—b,_y : 1<i<p, b #b_,} =U" (with b, =0).

Then we define "
N J minT if T #0,
'O(b’U)_{oo it T = 0.

Definition 4. Let (U,V,W) and (U, V',W’) be a (u,v,w)-peak and a

(u/,v", w')—peak, respectively, where u' = w. Then we put
5((U7 % W)v (U/v Vlv W/)) = p(b, U/)a
where b is the vector associated with (U, V, W).

In order to model the segmentation process we define a digraph G =
(V,E). The vertex set is

V=A{(r,UV,W;) : 0<7 <t Uis a partition of a,, },
where

Ve=Aa; —a;—1 © ¢ <i<pr1, @ # a1},
We={ai —aiy1 + prp1 <0< @ry1, @ F Gy}
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Fig. 4.1: The digraph for the vector a.

for 0 < 7 < t. Observe that there is only one vertex with first component 0,
namely (0,0, Vi, W) corresponding to a® = a and there is only one vertex
with first component ¢, namely (¢, 0,0, () corresponding to the zero vector.
In general, the vertices with first component 7 represent the possibilities for
(U, V;,W.), and by the observation before Definition 2 for each 7 there is
only one choice for V; and W, depending only on a. In the arc set £ we
include all arcs of the form

((T7 U7 VT7 WT>7 (T + 17 Ulu V;-Jrla WT+1>)

for 7 = 0,...,t — 1. Figure 4.1 shows G for @ = (132434), where the
vertices are labeled as follows.

(07@ {1 2} {1}) b= (17{2}’{2}7{1})7 c= (17{171}’{2}7{1})7
2, {35 {1}, {4}), e=(2A2,1}. {1}, {4}), =2 {1, 1,1}, {1},{4})
(3,0,0,0).

We define the arc weights in GG to be the distances of the corresponding
peaks, i.e.

a
d
g

5((7-7 Ua ‘/7'7 WT)7 (T + 17 U/7 VT+17 WT+1)) = 5((U7 VT7 WT>7 (Ulu V;'Jrlu WTJrl))

for 0 < 7 < t—1 and all partitions U and U’ of a,, and a,,,, respec-
tively. Observe that in this definition we used the fact that (U, V,, W;) and
(U, Vip1,Wriq) are an (agq,,ap, ., aq ., )-Peak and an (aq ,,,ap, ., 0q o)
peak, respectively. This assures that the condition v’ = w in the definition
of ¢ is satisfied. For instance, the segment (11000 0) corresponds to the arc
(a,b), since

a—(110000)=(022434),
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while (010000) corresponds to the arc (a, c), since
a—(010000)=(122434).

In general, an arc of weight p corresponds to a linear combination of p seg-
ments. Now with a segmentation we can associate a path

(0,0, Vo, W), (1, U, Vi, Wh), ..., (£,0,0,0) (4.10)
in G.
Example 8. The segmentation
a=(110000)+(011100)+(011111)+2(000111)+(000001)

corresponds to the path (a, b, e, g) in Figure 4.1 as follows.

a = (132434)
(a,b = —(110000)
b = =(022434)

(b, e) = —(o11100)
e = =(011334)
(e, g = —(or11111)
—(000222)

—(000001)

g = =(000000)

With these definitions the minimal number of segments needed to realize
a segmentation corresponding to (4.10) equals the weight of this path.

Lemma 18. In time O(1) we can determine the values p(b,U") for all vectors
b that are associated with some (u,v,w)—peak and for all partitions U’ of w.
In addition we obtain values c;, I3, 1% (j = 1,...,p(b,U")) satisfying the
conditions of Definition 3.

Proof. The total number of vectors b associated with some (u, v, w)—peaks
when u, v and w run through all the possible values is

L v-1

YD PP

v=1 w=0

where P; is the number of partitions of ¢ € IN. Fix one of these vectors b.
We consider all the sets S = {(I},7%,¢;) @ j=1,...,p} (p € IN), such
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that the vectors f(l), ce f(p ). defined as in Definition 3 and the coefficients
ci,...,c, satisfy the conditions in Definition 3. We claim that there are at

most
vaw < LL

possibilities for S. Writing > /7, F9 for ¢ F9) we can express ¢ £
as a sum of )37, ¢; = v —w (0,1)—vectors. In order to satisfy Conditions
1 and 3 of Definition 3, for ¢+ = «,...,3 — 1, in exactly b; — b1 of these
(0, 1)—vectors there must be 0 at position ¢ + 1 and a 1 at position i. So we
may assume that the v —w right leaf positions are fixed. Since for each right
leaf position there are at most v left leaf positions the claim follows. For each
S the resulting partition U’ of w can be computed in O(1) steps, since p is
bounded by v —w < L, and 3 is bounded by 2L. Thus the number of peaks
is bounded by a constant, the number of sets .S to be checked for each peak
is bounded by a constant, for each of these sets the number of steps for the
checking is bounded by a constant, and this completes the proof. |

Lemma 19. In time O(n) we can determine the arc weights 6(e) for all
e € £ and for each arc e a sequence

(sW.¢y), ..., (8P Cs(e))
realizing its weight.

Proof. By Lemma 18 we may assume that we know all the p(b, U’). First we
determine in time O(n) the sets

P = {p17 s 7pt}7

Q:{QO7"'7qt}7
Rl,fr:{i D <1< Py ai#ai—l} (T:Ow"?t_l)’
RQ,T:{i D Pr41 §i<QT+17 aiiazﬁrl} (T:()?"'?t_l)u

and the partitions V, and W, (7 = 0,...,¢). By induction, we assume that
we have already determined the weights of the arcs up to layer 7 for some
7,0 <7 <t—1. The number of vertices in layers 7 and 7 4+ 1 are bounded
by Pa,, and P, ., respectively. So the number of arcs is bounded by P2.
Fix some (7,U,, V;, W) and (7 +1,U41, Vo1, Wo41). Also by induction, we
assume that we know the set

Ri={i :1<i<pry, o’ #a)

for some possible @™ corresponding to (7, U,, V,, W,). Now by Lemma 17
(and its proof) we obtain

5((7—7 UT, ‘/;'7 WT), (T + 1; UT+17 VT+17 WT+1))
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and a sequence realizing this value in constant time from the corresponding
data for b and U’ where b is the vector associated with (U, V,, W.) and
U =U,. If 7 <t — 2 this also yields

Ry={i :1<i<prs a™™ #a7)
for some possible @™ corresponding to (7 + 1, Ury1, Voy1, Wri1). So the
weights for all arcs between adjacent layers can be determined in time O(1).
And since the number of layers t+1 is bounded by n, the lemma is proved. W

Now the search for a segmentation with minimal NS amounts to the search
for a path of minimal weight in a layered digraph with at most n layers where
the number of vertices per layer is bounded by the constant Py. This can be
done in time O(n) ([14]). Thus we have proved

Theorem 4. L-ONE Row-MIN MU-MIN NS can be solved in time O(n).

4.2 Multiple row intensity maps

In this subsection we generalize the basic idea of the preceding subsection to
prove that for bounded L and an MLC without ICC the NS—minimization is
polynomially solvable also for multiple row matrices. The problem L-MIN
MU-MIiIN NS is:

Instance: An integer matrix A = (a;;)1<i<m with 0 < a;; < L (i € [m],j €

n)).

Problem: Find a segmentation of A with in first instance minimal TNMU
and in second instance minimal NS!

Assume we have already determined the minimal TNMU c. From a seg-
mentation of A we obtain a partition ¢ = ¢; 4+ ¢ + - - - + ¢, where ¢; is the
coefficient of the i—th segment (i = 1,... k). First we consider the problem
to check for a given partition if there is a segmentation of A with coefficients
c1,...,cx. This problem can be solved by checking the rows of A indepen-
dently. For the moment we omit the row index and denote by a = (a1 - an )
a fixed row of A and we put ay = a, 11 = 0. Compared to the single row case
an additional difficulty in the multiple row case arises from the fact that the
minimal TNMU that would be sufficient for a segmentation of @ might be
smaller than c¢. As a consequence we can not use Lemma 17, where condition
(4.9) is essential. Here the order of the elements of the considered partition
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must be taken into consideration. For instance, for b = (250) there is a
segmentation with coefficients 4, 1 and 1, namely

b=4(o10)+(110)+(100),

while there is no segmentation with these coefficients for &' = (350). So
instead of peaks we have to consider ordered peaks to be defined below.
Also, in order to describe the segmentation, we attach to a peak a multiset
X of coefficients, and call the result an extended ordered peak. This is made
precise in the following definition.

Definition 5. For integers v and w with 0 < w < v < L an extended ordered
(v,w)—peak is a pair (b, X) of an integer vector b = (b1 b2 ... b5 ), such that
there is an integer a with 1 < o < 3 and

0<b <by<---<by=w,
V=">0q >boy1 > >bg=w,
and a multiset X of positive integers. In addition, a pair (b, X ), where b = ()

is the empty tuple and X is a multiset of positive integers is called extended
ordered (0, 0)-peak.

Example 9. ((25743),{1,2,2,3,3}) is an extended ordered (7,3)—peak
(with a = 3, 8 = 5).

Let p1,...,p; and qo, .. ., q; be defined as in the preceding section. Then
for a segmentation

k
a= Z c;8Y)
j=1
we can define ko(7) and a™ (7 = 0,...,t) as before. Now for 7 =0,...,¢,

we associate with a(”) an extended ordered (a,,,,,a,,,,) peak (b, X,) as
follows. For 7 < t, let

[T = {Z o1 S [ S Pr+1, a’z(T) % az(z)l}7
Jo=1{i : pry1 <i < grya, a’z(T) # az@l )

denote the elements of I by ¢, ...,%, and the elements of J. by i4+1,...,1
such that 7; <1y < --- <ig, and put

bOIO, bl:ail (lzl,,ﬁ)
Let Xo ={c1,...,cx} and

XT+1 = XT \ {Cko(’r)-‘rlv Ck0(7)+2, NP 7Cl€0(7'+1)} (7' = 0, oo ,t — 1)
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Now for 7 < t, (b, X,) describes the initial part of a(™ (up to column
¢-+1) together with the coefficients available for the remaining segments.
In the final state (7 = t) we have the zero row a'¥ = 0 and a multiset
X, of coefficients, that are not needed for the considered row. With the
zero row we associate the empty tuple b = (), and thus we obtain from
any segmentation a sequence (b, Xy), (bW, X1),..., (Y, X;) of extended
ordered peaks.

Example 10. Suppose @ = (243163061) is a row in an intensity matrix
with minimal TNMU ¢ = 18, and we are checking the partition ¢ =5+ 3 +
242+24+141+1+1. Then from the segmentation

243163061)

222000000

010000000

011111000

000000050

(

( )
( )
(000030000)
(000022000)
( )
( )
( )

++ + + +

010000011

we obtain

7| a™ b X,

0| (243163061) | (2431) |{53,2221,1,1,1}
(o11163061) | (1630) |{5,3,2,2,1,1,1}

2| (oo00000061) | (610) |[{52,1,1}
(0o00000000) | () {2,1}

That the vectors b provide enough information to construct the seg-
mentation, follows from the simple observation, that w.l.o.g. a sequence of
consecutive entries of equal value

iy = Qjy41 = "0 = iy

can be considered as one single entry. This is intuitively clear and proved
formally in the next lemma.

Lemma 20. Let a = Zle cjs(j) be a segmentation with

S(j):{ 1 oifl; <i<ry

(2

0 otherwise G=1,...,k).

There are integers l; and (i =1,...,k) with the following properties.
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k .
1. We have a = 3. ¢;8’9) where
j=1

GG 1 Zfléﬁlﬁ?“; .
% _{ 0 otherwise G=1...

G =a_ = s =59 (i=2...nj=1,... k. (411
Proof. In order to satisfy the last condition, we have to replace the segments
with sgj ) =+ 52@1 but a; = a;_; for some i. Our strategy is to modify the given
segments as follows. For each sequence of consecutive entries of a of equal
value we choose one representative, for instance the rightmost one, and adapt
the entries for each segment to the chosen column. This corresponds to the
following shifting of the leaves: if the left leaf covers a part of the plateau it
is shifted to the right until the whole plateau is open, and if the right leaf
covers a part of the plateau it is shifted to the left until the whole plateau is
covered.

First observe that sﬁj) can differ from ng)l onlyifi¢=1{;or¢—1=r;. So
for (4.11) it is sufficient that, for all j, we have

ar, =+ ay,—1 and Qe =+ Ayt 41 (4.12)
Suppose a;;, = a;;—; for some j. Then i; < [; < iy for some 4y, i with
Ay = Qjy41 =+ =0, =a and a;_1, 0,41 7 Q. (4.13)

Since we want to adapt the entries of the segment to the rightmost column
iz we have to shift the left leaf to the left and put I} = i;. Similarly, if
ar; = ap;41, then 73 < r; < iy for some iy, iy with (4.13), and in order to
adapt the entries of the segment to column 25, we have to shift the right leaf
to the left and put r = i; — 1. In summary, for j € [k] we put

: /
o L if ay; # aj,_,
J max{i < l; : a; #a;,}+1 ifa, = a;jfl
: /
o if a; # ap, 4
y . . . _ ,
J max{t <r; : @ #a} ifa, =a 4

Then (4.12) is valid for all j, hence (4.11) is satisfied. In order to check the
first condition of the lemma, fix some i € [n]. If 8;(] g sgj ) for all 7, then

k k
} : 13) _ } : ) _
C;S; = Ci8;7 " = Q.
j=1 j=1
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So assume 5;@ ) =+ sgj ) for some j. By construction this can be the case only
if a; = a;_1 or a; = a;41. Now let ¢; and 75 be the indices with i; <7 <y,

Uiy =Qjyp1 =" =0a; ="+ =a;, and a;_1,0p+1 # Q.

We claim that s;(j) = sg) (j=1,...,k). If sg) =0, l; > iy or r; < iy By
construction, in the first case l; > i and in the second case 7} < iy, so in
U — 0. I sg) =1, I; <y and r; > 4y. By construction, I} <
©))

/
both cases s,

and r} > iy, hence 8; = 1 and the claim is proved. From this follows

k k

1G) _ ) _ _
chsi = chsig = Qiy = A4,

J=1 Jj=1

and since this argument works for any ¢ € [n] the first condition of the lemma
is satisfied. [

By Lemma 20 applied to @', w.l.o.g. we may assume that al(:) + al(jll

and ag) # agll for all j > ko(7). With this assumption the next lemma,
whose proof is obvious, justifies that we use the b instead of the a'™.

Lemma 21. For fizred 7,0 < 7 <t—1, let b and X, be defined as described
above and let {c1,...,c,} C X, be fived. If ag, ., # 0 let g = (91 9v) be

some vector with
0<g1 <+ <gy=ag.,,.

Then the following statements are equivalent.
1. There emist integers lj, r; with 1 < l; < r; < ¢rq1, al(;) #* al(jll and

P .
a,(;) + agll (j=1,...,p) such that for a’ = a'”) — Zlcjs(f), where
]:

; (GJ=1,...,pi=1,...,n)

S(j): 1 ZfZJSZST‘]
0 otherwise

we have

(a) Ogallga’ég...ga,qT_’,l:aQT-ﬁ»l

(b) If aq, ., # 0 there are exactly v indices 1 < iy < -+ < iy < ¢rpq
with a; # a; _, (where aj = 0) and we have

(ail (07 PR aiy) =g.
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2. There exist integers I, v’ with 1 < I <0 < B —1 forj=1,...,p,
such that for b =b— 3" ¢; f9, where
G 1 Zfléﬁlﬁ?“; . S
/i _{O otherwise G=Lopi=1....5)
we have
(a) by < by < - < by =bs = ag,,,

(b) If a,. ., # 0 there are exactly v indices 1 < iy < --- <i, < 3 with
b;, #b; _, (where by = 0) and we have

(bil big Ce blﬂ/) =4dg.
Now for 7 =0,1,...,t — 1 the choice of the pairs
(SkO(TH_l) Cko(’r)-‘rl) Yty (SkO(T+1)7 Cko(’r-i—l))

can be viewed as a way to go from the extended ordered (a,,,,,a,, . ,)-peak
(b7, X,) to the extended ordered (ay,.,,a,,.,) peak ("™ X, ;) (with
apt+1 = a’Qt+1 = O)

Definition 6. Let 0 < w < v and let (b, X') be an extended ordered (v, w)—
peak, and let v, w’ be integers with w < ¢’ < L and 0 < w' < v or
v = w' = 0. In addition let X’ be a submultiset of X and denote the
elements of X' by xy,...,2x/. We call an extended ordered (v',w’)-peak
(b', X\ X') accessible from (b, X) if there are integers I, ..., [y, 71, .-, T{x,
such that

L1 <r;<pB-—1forj=1,...,|X'| (where b= (b1 bs)).

X A
and for b =b— Y z;f9, where
=1

J

; 1af il <i <, . .
fi(]):{ 0 Oth]erwise =L X i=1,,0)

we have b” = 0 if v/ = w’ = 0 and otherwise
2. b'{gbgg---gbg:bgzw and
3. If iy < iy < --- < iy are the indices with b} # b/ _; (where by = 0),

then
vy < by <--- <V, =w,

and we have

(b§'1 b;/2 b;;/ )I(b/l b/Q bly/).
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The definition can be interpreted as follows. Assume a,, = v, a, = w,
ap, = V', a4, = W', let b be associated with a(® as above, and let b’ =
(% ) be a vector with

0<by < - <by=0,0=0,> - >by =w.

Then (b, X \ X') is accessible from (b'”, X) iff we can assign segments s¥)
to the elements of X', described by I;, r; (7 = 1,...,|X’|) with r; < ¢ for
all 7, such that for

|X7]
oV = g — Y ;50
j=1
we have a§1) < aé” < - < al(,IQ) and the extended ordered (v',w’)-peak

associated with a) is (b', X \ X’).

Example 11. Let @ = (025574335682), X = {5,3,2,2,2,1,1,1} and
X" = {3,1}. The associated extended ordered (7,3)—peak is (b, X) where
b= (25743). Now we want to determine the extended ordered (8, 0)—peaks
(b’, X \ X’) that are accessible from (b, X), where

b= (b, ... V,=3 5 6 8 2).
We obtain that (b’, X'\ X’) and (b”, X'\ X') are accessible from (b, X), where
b’=(235682)and b” = (135682):
(22333)=b—(03300)—(00110),
(11333)=b—(03300)—(11110).
This corresponds to the following possible beginnings of a segmentation.
(025574335682)
003330000000

—( )
—(000011000000)
=( )

022233335682

and

025574335682

003330000000

011133335682

)
)
)
)

(
—(
—(0o11111000000
= (
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On the other hand one can check that ((35682),X \ X’) is not accessible
from (b, X') and this corresponds to the fact that it is not possible to find
(l1,7m) and (I3, 79) with 7,79 < 7 such that after subtracting the correspond-
ing segments with coefficients 3 and 1 from a we obtain a row vector a’ with
af =--=a,=0,a, =---=a, =23 for some i, 1 <4 < 6. Similar
statements can be made for b’ = (123568 2).

Lemma 22. Let (b, X) be an extended ordered (v, w)—peak. Then the set
of all (b, X \ X') that are accessible from (b, X) can be determined in time
O(1).

Proof. Observe that the accessibility does not depend on the whole vec-
tor b’ but only on the initial part (? - ¥,=w). So in order to determine
the accessible extended ordered peaks it is sufficient to determine the pairs
((b1r ¥, ), X \ X') of initial parts and multisets of coefficients. Let b =
(b1 .- b5 ) and let o be the unique index with b, = v. We have b; < --+ < b,
and by, > -+ > bg. So for 1 < k < v — 1 there are at most two indices ¢
and i with 1 < 4,7 < §—1 and b; = k, by = k (namely the first one with
1 <i < a—1 and the second one with a + 1 < < §—1). The only index
1 with b; = v is ¢ = «a, and so we have

B—1 v—1
Zbl- §v+22k§L2.
=1 k=1

Hence it is sufficient to consider at most P2 candidates for X', where each
of these has at most L? elements. Fix one of these X’. Labeling the elements

of X’ as in Definition 6, for each z; € X' there are at most (2L271) choices for

F£9. So the total number of choices for the pairs (f(j), x;) that have to be
considered is bounded by

=1

For each of these choices the time needed to determine the resulting b” is
bounded by a constant. Precisely, in order to subtract one of the z; f(j) we
have to do at most 2L subtractions. So after at most L? - 2L subtractions
we have determined b”. Finally, in order to determine the corresponding
(b1 ¥, ) according to condition 3 of Definition 6, we have to run through
the at most 2L entries of b’. This proves the lemma, since the number of
steps to determine the required data is bounded by
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P2 KQL . 1)] - (L? 4+ 1)2L.

2
|
In order to model the segmentation we construct sets Vy,...,V; of ex-
tended ordered peaks. Put Vo = {(b'”, X{)} and suppose we have already

constructed Vy, ..., V, for some 7 with 0 < 7 < ¢. Now we put

Vipr ={(b/, X") + (b, X') is an (ay,,,,aq.,,) — peak that

is accessible from some (b, X) € V. }.

Here for brevity of notation we put a,,,, = 1 and ay,,, = 0. The elements of
V), represent the possibilities for (b(T), X.). There is a segmentation of the
row with coefficients ¢y, ..., c; iff V; # (). Note that a natural interpretation
of this construction is a breadth first search (BFS) in the tree with vertex set
VoU...UV, starting at (b, X;), where two vertices (b, X) and (b’, X) are
connected by an edge iff (b, X) € V., (b', X’) € V, 41 for some 7 and (b’, X')
is accessible from (b, X).

Lemma 23. For given V,, the set V.. can be determined in time O(nt*1).

Proof. According to [10], the sum of the elements of X, which is the minimal
TNMU equals

c= 1122};Zmax{0, a;; — aij—1} < nlL.
Sism
Now in any partition ¢ = ¢1+- - - +¢ where the ¢; (i € [k]) are the coefficients
of a segmentation of A, we have ¢; < L for i € [k]. Hence such a partition can
be described by an L-tuple (Aq,...,Ar) of integers, where A, is the number
of summands equal to r for r € [L]. Then

vt el

and so there are O(n”) choices for Xy. Now the multiset X in
(b, X) eV,

is a partition of some ¢ with 0 < ¢ < ¢ < nL with all summands less than
or equal to L. So there are nL possibilities for ¢/, and for each of these there
are O(n”) possible partitions. Thus the number of choices for X is bounded



4.2. Multiple row intensity maps 81

by O(nf*1). The vectors b in the elements of V. differ only in the initial
part (b1 .. by ), where b, = a,, . But these initial parts are in bijection to the
ordered partitions of a,., and of these there are (see for instance [1])

(1) =1()

Since L is bounded by a constant we obtain that |V,| is bounded by O(n**1).
By Lemma 22, for each (b, X) € V, the set of accessible (b’, X \ X’) can be
determined in time bounded by a constant, and this yields the claim. ]

Lemma 24. For a fized partition ¢ = ¢y + - - -+ ¢k, it can be checked in time
O(n2) if there is a segmentation of a with coefficients ci, ..., cy.

Proof. We only have to check if V; # (). Since t < n the claim is an immediate
consequence of Lemma 23. |

Now we can prove

Theorem 5. The problem L-MIN MU-MIN NS can be solved in time
O (mn2+2).

Proof. Obviously,

n

C = Imax Z maX{O, Q45 — ai,j,l}

1<i<m

Sism
can be determined in time O(mn). As in the proof of Lemma 23 the number
of partitions of ¢ = ¢; + - - - + ¢, that have to be considered is bounded by
O(n%). By Lemma 24, for a fixed partition ¢ = ¢; +- - -+ ¢}, it can be checked
in time O(mn®*?2) if there is a segmentation of A with coefficients cy, ..., c,
and this concludes the proof. [ |

We finish this section with a remark concerning practical aspects of this
result. Though the time complexity of the NS—minimization is polynomial in
m and n the exponent grows linearly with L and also the L—dependent con-
stants that were used to estimate the time—complexities of the different steps
of the algorithm, grow rapidly with L. So we expect an efficient algorithm
only for very small L. In the proof of the polynomiality we constructed the
whole sets V, (1 = 1,...,t), i.e. we performed a BFS as described before
Lemma 23. But in order to decide if there is a segmentation with the con-
sidered coefficients we need to know only if V, is nonempty, and in order to
reconstruct a segmentation basically one path from the unique element of V,
to some element of V; is sufficient. So for practical purposes it is natural to
use depth first search (DFS) instead of BFS.
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4.3 Test results

We implemented the algorithm described in the preceding section and Tables
4.1 and 4.2 show test results for random 10 x 10— and 15 x 15—matrices,
respectively. The computations where done on a 2 GHz workstation and
we determined the minimal NS for 1000 randomly generated matrices with
maximal entry L. The entry in column 'max. time’ is the maximal time
needed for one single matrix, and the entry in column 'total time’ is the time
needed for all the 1000 matrices. For comparison the tables also contain
heuristic results that were obtained with a slightly improved version of the
algorithm described in [10]. In order to evaluate the performance of the

exact heuristic
L || NS | max. time | total time || NS | total time
3 169 |1s 9s 6.9 [09s
4 ||76 |1s 13 s 78 |1.0s
5 || 81 |1s 29 s 84 |1.1s
6 |85 |21s 99 s 89 |12s
7 88 [ 50s 5.6 min 93 |12s
8 9.1 |66s 6.2 min 97 | 13s
9 9.3 | 3.4 min 16.1 min 10.0 | 1.3 s
10 | 9.5 | 5.6 min 41.3 min 10.3 |14 s
111 9.8 | 11.0 min 1.3 h 106 | 1.4 s
12 | 9.9 | 24.0 min 2.0h 109 | 1.5 s
13110.0|1.4h 7.0h 11.1 ] 1.5 s

Tab. 4.1: Average number of segments for random 10 x 10-matrices with maximal
entry L. Each entry is averaged over 1000 matrices.

heuristic we determined the differences between the heuristic values and the
exact minimums. Tables 4.3 and 4.4 show the frequencies of the values of
the differences when 1000 matrices where treated for each value of L. We
conclude that for the considered range of parameters the exact algorithm
yields only small improvements in terms of the number of segments, while
the computational effort is extremely high already for small values of L. So
for practical purposes the heuristic seems to be a good compromise between
computation time and accuracy of the optimization. Finally, we also tested
our algorithm with the 13 clinical matrices, and the results are shown in
Table 4.5.
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exact heuristic
L || NS | max. time | total time | NS | total time
3 1197 |1s 16 s 9.8 |48s
4 1107 |1s 31s 109 | 5.4 s
5 11312 175 s 11.7 | 5.8 s
6 || 11.8|54s 18.6 min 124 1 6.5 s
7 || 12.3 | 3.1 min 0.8 h 13.0 | 6.8 s
8 12.6 | 4.5 h 14.7 h 135 7.1s
9 129 24.1h 379 h 14.0 | 74 s
10 || 13.2 | 10.0 h 44.7 h 145 7.6s

Tab. 4.2: Average number of segments for random 15 x 15—matrices with maximal
entry L. Each entry is averaged over 1000 matrices.

L |0 1 2 3

3 969 | 31 |0 0

4 876 | 123 | 1 0

) 780 | 218 | 2 0 L |0 1 2 3 |4
6 663 | 331 | 2 0 3 940 | 60 | O 0 |0
7 | 525|456 |19 |0 4 809 | 189 | 2 0 |0
8 437 | 516 |47 | O ) 609 | 379 112 |0 |0
9 3351603 |62 |0 6 453 | 509 |37 |1 |0
10 || 306 | 584 | 104 | 6 7 132715858 |2 |0
11 || 262 | 615 | 121 | 2 8 250 1594 | 151 |5 |0
12 ]/ 168 | 654 | 173 | 5 9 150 | 609 | 230 | 11 | O
13 || 141 | 641 | 213 | 5 10 8 | 551 1335|281

Tab. 4.3: Frequencies of the differences Tab. 4.4: Frequencies of the differences

between the heuristic num-
ber of segments and the exact
minimum for 15x 15-matrices.

between the heuristic num-
ber of segments and the exact
minimum for 10 x 10-matrices.
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4. Exact minimization of the number of segments

exact heuristic
no. || MU | NS | CPU~time | NS | CPU-time
1 16 |7 0.04 s 8 0.01 s
2 16 |7 0.19 s 7 0.00 s
3 20 |8 0.39 s 8 0.01s
4 19 |7 0.04 s 8 0.00 s
5 15 7 0.01s 7 0.00 s
6 17 |8 0.70 s 9 0.00 s
7 18 |7 0.03 s 7 0.00 s
8 22 19 1.30 s 9 0.01s
9 26 |9 25.77 s 10 | 0.00 s
10 || 22 |8 0.62 s 9 0.00 s
11 || 22 10 | 7.88 s 10 | 0.00 s
12 1123 |9 1.96 s 10 | 0.01 s
13 1123 |9 2.36 s 9 0.01s

Tab. 4.5: Test results for clinical matrices




5. FURTHER RESULTS

In this chapter we discuss some more results concerning the use of multi-
leaf collimators without interleaf collision constraint. In the first section we
propose to change the direction of leaf movement between the different seg-
ments and present some numerical results for a heuristic approach to the
TNMU-minimization in this setup. A possible further step in this direction
is discussed in the second section: one could use two MLC’s, perpendicular
to each other, so that there is a leaf pair for each row and a leaf pair for each
column. The numerical tests presented here suggest that this might yield
considerable savings in terms of the TNMU.

5.1 Using the MLC in two directions

Here and in the next section we are concerned only with the minimization of
the TNMU, neglecting the number of segments. So for simplicity we assume
that every segment has coefficient 1. In this section we search for a realization
of the given intensity matrix A in the following setup: the multileaf collimator
has no interleaf collision constraint and can be rotated about 90°. So there
are two different types of segments, called horizontal and vertical segments,
according to the choice of the direction of leaf motion. In the first subsection
we derive a backtracking algorithm for the TNMU-minimization problem.
Due to the computational complexity this algorithm is applicable only for
small problem sizes (10 x 10-matrices with entries between 0 and 7), but
in any case we obtain a lower bound for the TNMU by interrupting the
backtracking after some time. In the second subsection these lower bounds
are compared with heuristic results.

5.1.1 A lower bound

Theorem 6. Let ci,cy be nonnegative integers and put ¢ = ¢1 + co. Then
a segmentation of A with ¢, horizontal and cy vertical segments exists iff
B :=cJ— A (where J is the all-one-matriz of size m x n) can be written as
a sum of four nonnegative integer matrices P = (p;;), Q = (¢:;), R = (r:,),
S = (si;) with the following properties.
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5. Further Results

1.

2.

3.

Pij+Gij <ci, rig+si;<co for(i,j) € [m] X [n]
Pij = Dij+1s Gij < Qij+1 fori € [m], j € [n—1]

Tij > Tit1j, Sij < Siy14 fori € [m—1], j € [n]

Proof. ”=": By construction, b, ; is the number of times the bixel (4, j) has

to be covered in a segmentation with ¢ monitor units. Suppose there is
given a segmentation with ¢; horizontal and ¢y vertical segments. For
(i,7) € [m] x [n], let p;;, ¢;j, 7i; and s;; be the number of segments
in which bixel (i, j) is covered by the left, the right, the upper and the
lower leaf, respectively. This yields the desired decomposition of B.

: Suppose B = P+Q+ R+ S where P, (), R and S satisfy the conditions

of the theorem. Now we define segments S0, S® ... S as follows.
For 1 <k <c¢, let

(k)_{ 0 ifk <pij, 7_(/@):{ 0 ifk>c—ay,

% =3 1 otherwise, ] 1 otherwise.
Forci +1 <k <gc,let

® | O ifk—c <ry, % | O itk—c>co—sj,
i =11 otherwise, Tii 1 1 otherwise.
(k) (k) (k)

i; = 0,;/7,;. To conclude the proof we

have to check that the matrices S®) = (sz(lz)) are segments and that
their sum is A. Condition 1 in the theorem implies that, for each k£ and
each (7, 7), at most one of the numbers ok b

Finally, for all k£ € [¢], put s

) and Tl-(J») is 0, corresponding

0,
to the fact that a bixel can not be covered by both leaves of a leaf pair
at the same time. Thus the number of indices k£ with SE? = 0 equals

Pij + Gij + Tij + 8ij = bij, hence

c
§ : (k) _ _

Si,j =C— bi,j = CLZ'J'.
k=1

We show that S*) is a horizontal segment for £ < ¢q. For k > ¢ one

obtains similarly that S®) is a vertical segment. If 55? = 0, either

Z(I;) =0or Ti(f;) = 0. By construction of the aff;), Tg;) and by Condition
2 in the theorem this implies O'Z(lj), =0 for all j/ < j or 7" = 0 for all

i,
(k) . . . .
;7 = 0forall j < j or forall j' > j. |

g

j' > 7, and consequently s
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1425
Example 12. For A = <%§§§) and ¢ = 6 =4 + 2 we have
6460

2331 5100 1999 5051 09079
B = 53141 ] =1 3200) T loo00) T |2020) Tlo1o01 -
0206 0000 0004 0000 0202

This yields

) — , ) _ , ) — ,
5@ — ’ ~2) _ ’ g _ ,
@ — ’ ~(3) _ ’ )
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ot
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Il

~— M - - O~
2L
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Il
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| I Il
S~ N/ N/ N7 N7 NN
\l\
Il

>
=
|
>
=
|

q/\

S —

\]/\

N A U U U
\]
E
Il

S~ N/ N/ N7 N7 NN

HOOO HROOO HREHRH OO HOOO HROOO
el e el el e e el i e el e e Lt I Y en Y en Jan)
HOOO HROOO HHRH RFRRHERE RRERO HRHO
HERE RROO R PR R e
R R RO PR R R
OO0 O HEORF e e e
R R RO PR R e
OO0+ OFKFHFH OFROH OFHOR ORRFKFH OFRFRF
—HOOO HOOO HEFOF HOFRO HOOO HOOO
OO0 OFRFH HROH RHEREFRFR HORO ROOO
HOOO HOOO HHOKR RRHRE RERO HRHO
OO0~ OO0 OO OFOF OFFF OFFF
A W U U U

Based on Theorem 6, Algorithm 4 finds the minimal TNMU ¢ and a
decomposition of B = ¢J — A corresponding to a segmentation with this
TNMU. The step in line 7 can be realized using backtracking. Of course this
method is very time—consuming. Our implementation solved the problem
for 10 x 10—matrices with random entries between 0 and 7 in a few seconds,
but for larger problems this algorithm is not practicable. By interrupting
the backtracking when some fixed time limit is reached without getting a

construction or a contradiction in line 7, we still obtain a lower bound for
the TNMU.

5.1.2 Heuristic results

For notational convenience we add a 0—th and an (m + 1)—th row with
Ao = Gm+1,; =0 (J € [n]), and put

ai) = Zmax{(), Qi j— Qi j-1} (1 € [m]),

B(j) = Zmax{(), aij—ai—;y (€ [n)).
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Algorithm 4 Minimal TNMU for 2-directional segmentation
c=max{a;; : (i,j) € [m] X [n]}
finished:=false
while not finished do
B:=cJ—A
5 c1:=c¢;cg:=0
while not finished and ¢; > 0 do
Construct a decomposition of B as in Theorem 6 or derive a contra-
diction from the assumption that such a decomposition exists
if Construction successful then
finished:=true
10: else
cpri=c—1;c0:=c0+1
end if
end while
if not finished then
15: ci=c+1
end if
end while

Let also

Chor(A) = 1%2)&(3‘(@)7 Coert(A) = fgja;gl B(j)-

According to [10] there is a segmentation without vertical segments with
Chor(A) monitor units, and there is a segmentation without horizontal seg-
ments with cye¢(A) monitor units. Hence an upper bound for the minimal
number of monitor units needed to realize A is ¢(A) = min{cpor(A), crert(A) }.

As in Chapter 2 we construct a segmentation by successively subtracting
segments until the zero matrix is reached. For the choice of the segment S
we suggest a heuristic method. First cpe.(A) and cyer(A) are determined and
the direction of leaf motion is chosen to be horizontal if ¢ (A) < Cpere(A)
and vertical otherwise. We describe the construction of S for the horizontal
case, the vertical case is treated analogously. For the new matrix A’ := A—S,
we have two aims. Firstly, we want that

Chor (A') = cpor(A) — 1, (5.1)

and secondly cye(A’) should be small. Let us consider the second condition
first. With the segments we associate (D, D’)-paths in a layered digraph
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I' = (V, E) similar to the digraph I" in Chapter 3:

V={D,D'}U{(i,l,r) : i€m], 1<I<r+1<n+]1,
a;; >0forl <j<r},

and E consists of all possible arcs between row i and row i+1 (i = 1,...,m—
1), all arcs between D and row 1, and all arcs between row m and D’. Now
we define a weight function on E and determine the segment S as a path
of maximal weight in I'. This approach seems to be natural because the
values a; ; — a;_, ;, and thus c,e.¢(A’) depend on the combinations of the leaf
positions in adjacent rows. Experiments have shown that for the considered

range of parameters the weight function w described below works quite well.

w(D, (1,1,1)) = imax{l,ﬁ(j) +5 — cpert(A)} (1<i<r+1<n)

w((m,l,r),D") =0 (1<i<r+1<n+1)

In order to define the weights for the arcs ((i — 1,1,7), (i,I',7")) we put, for
1=2,3,....,mand j=1,2,...,n,

(i) = max{l, 3(j) +5 — cpert(A)} if ai; > a1
PLII= 0 otherwise,

(i, 5) = max{l, 3(j) +5 — cpert(A)} if a;j; > a1
P2RLI) = 0 otherwise.

pr(i,j) (k = 1,2) measure the influence of a potential segment with s, ; #
Si—1j on a; ; — a;—1; and thus on B(j). p1(i,7) is nonzero if a segment with
s;; = 0 and s,_1; = 1 increases the value of max{0,a;; — a;_1;}, and sim-
ilarly ps(i,7) is nonzero if a segment with s;; = 1 and s,_1; = 0 decreases
max{0, a; ; — a;_1,;}. The magnitudes of the py(i,5) (k = 1,2) are chosen
according to the idea that columns j with ((j) close to ¢yert(A) should be
considered more important than columns j with a small value of 5(j). Now
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we define w as follows.

(-1

> m(5)— > ;i j)
i=l J R—
fl<l<r+1<r+1,
r—1 r
—Em@ﬁ+§2m@ﬁ
7=l Jj=r+1

fl<l<r+1<rvr,

—Em@ﬁ+2m@ﬁ

Jj= J=r
fl<r+1<l' <r +1,

-1 r
> p(isg) — > pali,g)
J=U j=r'+1
U <l<r+1<r+1,

w((i —1,0,7), 6,0, 1)) =

-1 r’
Jj=U j=r+1

fl<i<r+1<r7,

im@ﬁ—ém@ﬁ

5=l

ifl<r+1<i<r+1.

\

Example 13. Let rows ¢ — 1 and 7 of matrix A be

(T5527433),

and consider the arce = ((i—1,4,7), (i, 2,6)), corresponding to the two rows
(6YY11100)-

If we choose a segment with these rows the corresponding part of A’ is
(T2298333)

The relevant columns for w(e) are columns number 2, 3 and 7. Assume

Coert(A) = 23, B(2) = 20, B3(3) = 21 and B(7) = 17.
Then
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and we obtain
wle)=2+3—-1=4

Here the positive terms correspond to

max{0,a;, — a;_;,} =0 <1=max{0,a;2 — a;_12} and

max{0,a;5 — a;_; 3} = 1 < 2=max{0,a;3 — a;_13},
while the negative term corresponds to
max{0, a;; — a;_; ;} = 1> 0=max{0,a;7 — a;_17}.

Finally, we delete all vertices (7, [, r) that lead to segments violating (5.1).
Fix some vertex (i,l,r) and put

aij—l lflngT,
a. . = § .
bJ a; otherwise.

A segment corresponding to a path through (i,1,r) can not satisfy (5.1) if
o/ (i) := Y0 max{0,a; ; —aj ;_1} > chor(A) — 1. But the only terms in /(i)
that could be different from the corresponding terms in «(7) are the terms
for j=1land j=r+1 (if r <n), and for these terms we have, if [ <7,

max{0,a;; —a;;—1} —1 fa;; > a1
max{0, a;; — a1} if a;; < a1,

max{0, a;,z - a;,l—l} = {

maX{O CL, _ a/ } o maX{O, ai,r+1 - ai,r} + 1 if ai,r S ai,rJrl
s Yir+1 wrf T

max{0, a; 41 — @i} if a;, > ai,1,
So
a(t) =1 il <r a; > a1 and a;, > a; 41,
ali)  ifl=r+1,
a'(i) =< ai) if 1 <wr, a;y > a;—1 and a;, < @41,
a(i) if 1 <wr, a;jy <ap—1 and a;p > G041,

a(@)+1 f1<r ay <ay—1 and a;r < ajpq1.

Consequently, we have to delete all vertices satisfying one of the following
conditions.

1. a(i) =cpor(A) and r=1—-1
2. a(i) = chor(A) and (a;; < ajj—1 Or @iy < Gjrg1)

3. a(i) = chor(A) =L and (I <7, a;y < a1 and a;, < Qjpi1)
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Now we choose a segment S corresponding to a (D, D')—path of maximal
weight. In Table 5.1 the results of the heuristic are compared to the average
lower bound obtained by the backtracking method from Subsection 5.1.1 and
to the optimal TNMU when the MLC is used in only one direction. On a 2
GHz workstation the computation times for the whole heuristic columns were
172 seconds (10 x 10) and 926 seconds (15 x 15). For the clinical matrices our

10 x 10 15 x 15

L || TNMU | TNMU | Lower || TNMU | TNMU | Lower
(old) (new) | bound || (old) (new) | bound
3 198 7.2 6.7 14.0 10.0 8.3

4 12.6 9.0 8.3 17.9 12.4 10.2
5 15.5 10.8 10.1 21.7 14.8 12.3
6 18.1 12.6 11.8 25.6 17.2 14.5
7

8

20.8 14.3 13.5 294 19.6 16.2
23.6 15.9 14.7 33.2 219 18.0
9 | 264 17.7 16.6 37.0 24.2 20.1
10 |} 29.0 19.5 18.4 40.9 26.6 21.8
11 || 31.8 21.3 19.6 44.7 29.0 24.0
12 )| 34.5 23.0 21.9 48.5 31.4 25.7
13 || 36.9 24.6 22.8 52.3 33.7 27.8
14 || 39.8 26.3 24.8 56.2 36.1 29.5
15 || 424 28.2 26.2 99.8 38.3 31.3
16 || 45.2 29.8 27.9 63.3 40.7 32.6

Tab. 5.1: Average TNMU for random 10 x 10— and 15 x 15-matrices with
maximal entry L when the MLC is used in both directions (column
"TNMU (new)’), compared to the average lower bound and the results
for the one-directional usage of the MLC (column "TNMU/(old)’).

implementation of Algorithm 4 yields the optimal solution in a reasonable
time and the results are shown in Table 5.2.

5.2 Two orthogonal MLCs

In this section we suppose that two MLCs without ICC are arranged in such
a way that the leaf pairs of the one are perpendicular to the leaf pairs of the
other, and the segments are the (0, 1)-matrices describing any combination
of leaf positions. For instance,

( ) 52)

HRHRRRO
[es]elev]eslen] g
O
OO —O
—HORORFF
—OROR~O
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no. | MU (new) | MU (old) | CPU-time
1 11 16 0.48 s

2 11 16 0.27 s

3 12 20 0.54 s

4 12 19 50.06 s
D 13 15 0.18 s

6 12 17 0.19 s

7 13 18 091 s

8 14 22 1.05 s

9 16 26 4.04 s
10 | 14 22 13.07 s
11 |15 22 93.68 s
12 | 16 23 1.59 s
13 | 14 23 201.07 s

Tab. 5.2: Test results for the clinical matrices: the TNMU when the MLC is used
in both directions "MU (new)’) compared with the TNMU when the
MLC is used in only one direction ("MU (old)’), and the time needed to
determine the segmentation according to Algorithm 4

is a segment corresponding to the leaf positions shown in Figure 5.1. The LP—
formulation of the TNMU-segmentation problem given in Section 2.1 is still
valid, we just have a larger set F of allowed segments, and correspondingly
there are more inequalities that have to be satisfied by a dual feasible solution
g. Here we suggest a heuristic segmentation method based on dual feasible
solutions of a particular type. For pairs (i,7) with 2 < ¢ < m — 1 and
2<j7<n-—1weput

.o 1 s<j n
"}/1<Z,j) = max {g(a/i,s + Qg ¢ + Qo5 —+ Ay j — CLZ'J) : %guzgzzénz } . (53)

Then

¢(A) =max{y(i,j) : 2<i<m-—-1,2<j<n-1}
is a lower bound for the TNMU, because for any (i,7) with 2 <7 <m — 1,
2 <7 <n—1and any numbers s, ¢, v and v with 1 < s < j <t <n and
1 <wu<i<v<m we can define a dual feasible solution g by putting

, ‘ . 4 1 - 1

g(Z,S)Zg(%,t)zg(u,j)zg(v,]):g, g(zvj):_g
and g(p,q) = 0 for all other (p,q) € [m] x [n]. This is illustrated in Figure
5.2. If we choose s, t, u and v so that the maximum in (5.3) is attained the
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Fig. 5.1: Leaf positions corresponding to the segment (5.2).
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Fig. 5.2: The structure of the dual feasible solution g, where the empty spaces are
filled with zeros.
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objective value of g is v1(4,7) and to see that g is feasible we just have to
observe that in order to cover the bixel (i,j) we have to cover at least one
of the bixels (i,s), (i,t), (u,j), (v,j). Of course, ¢(A) does not have to be
an integer, and since we are using only integer coefficients even [¢(A)] can
be used as a lower bound for the TNMU. As in Chapter 2, our algorithm
is based on the general principle of extracting segments from A. Precisely,
depending on A we determine a segment S, such that

Al=A-S

is still nonnegative, and then we iterate this step with A’ until the zero
matrix is reached. The main idea underlying our heuristic approach to the
construction of S is that we try to decrease the value of ¢. Observe that

ai; =0 = si;=0 (i€[m], j€[n]) (5.4)

is a necessary and sufficient condition for the nonnegativity of A’ = A — S.
Now we start with S equal to the all-one matrix of dimension m xn and cover
successively all the zero—entries of A. The construction of S is described in
Algorithm 5. Lines 2 to 9 ensure that condition (5.4) is satisfied for bixels

Algorithm 5 Segment for two orthogonal MLCs
sij =1 (i€ m], je€n])
for j =1tondo
if ay1,; = 0 then S1,5 = 0
if ap,; = 0 then s, ; =0
5. end for
for i =1tom do
if ;1 = 0 then Si1 = 0
if Qi pn = 0 then Sin = 0
end for
10: while (5.4) is violated do
Choose an (4, j) with a;; =0 and s, ; = 1
Choose a covering direction from {left, right, up, down}
Cover bixel (7, j) with the leaf from the chosen direction
Let S be the segment corresponding to the new leaf positions
15: end while

(1,7) with i € {1,m} or j € {1,n}. These bixels can be covered without
influencing other bixels, for instance (i,1) can be covered by the left leaf
of row 7, so lines 2 to 9 imply no loss of generality. We still have to make
precise, how we choose the bixel (7, j) in line 11 and the direction from which
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we cover it in line 12. For the choice of the bixel we follow the strategy to
cover bixels (i, j) with a high value of v(¢, 7) first. Suppose we have already
chosen the bixel to cover. Now we have to choose the direction from which
we want to cover it. For instance by covering bixel (7, j) by the left leaf we
also cover all bixels (7,7') with 1 < 5’ < j. So it is natural to cover bixel
(7,7) from a direction with the property that the maximal entry of a bixel
that is covered although the entry is nonzero, is as small as possible. Let

W (i, ) = max{a;; : 1< 4 <j},
éright)(i7j) =max{a;; : j<j <n},
7§up)(iaj) = max{ay ; =i},

/yédown)(l"j) =max{ay; : i <1 <m},

and choose the covering direction of bixel (3, j),
dir(i, j) € {left, right, up, down}

to be the direction with the smallest value of fyé*) (7,7). To decide between
directions with equal value of fyé*) (1, 7) we consider the number of bixels (', j/)
violating the condition for the segment (i.e. with ay; = 0 and sy, = 1)
that are covered when we cover bixel (i, j) from the respective direction. To
make this precise, let

95700) = HG@T) + 1S5 <y oy =0 and sy = 1}],
e (G i) = {(i,5) : j<j <n, aiy=0and s;; =1},
Wi )y ={(i,§) : 1<i <4, ap; =0and sy =1},
AW (G 5y = 1{(i,5") i <i <m, ag;=0and sp; =1},

and choose for dir(i, j) the direction with in first instance minimal value of
vé*) (,7), and in second instance maximal value of 7?()*)(2', 7). If there is still
a tie it can be decided randomly. Finally, we put

.. dir(i,5)) /- -
34, 5) = 5, ).

We choose among the bixels (4, j) with a; ; =0 and s, ; = 1 one with in first
instance maximal value of 1 (4, j), and in second instance maximal value of
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v3(7,7). Now the chosen bixel (7, j) is covered by the leaf that is given by
dir(i, j). Precisely, we put

_ 1<y <j ifdir(i,j)
sij =0 for { j<j <n ifdir(i,j)

- 1< <i ifdir(i,5) = up,
Si’,j =0 for { i S Z., S m if dl’]“(% ) — down.

= left,
= right,

This covering step is repeated until (5.4) is satisfied.

Example 14. Consider the matrix

A:

ST ST NN
=] SIS NN
orTTUTILW W
ORI =
G WO NG
LR LWO

7(2,2) = 5 is the maximal value of (¢, 5), and (2,2) can be covered from
the right with maximal value of a covered bixel equal to 3, while from all
other directions we would have to cover a bixel with entry 4. For all the
other zero—bixels it is obvious how to cover them without covering a nonzero
bixel. So the first segment is

111111
100000
111100
111111 )
111111
100011

and continuing we obtain a segmentation with 5 segments.

143151 111111 032040
403121 100000 303121
215400 _ 111100 — 104300
445233 111111 - 334122 |»
222111 111111 111000
500053 100011 400042
032040 011010 021030
303121 101111 202010
104300 _ 101100 — 003200
334122 101111 - 233011 ’
111000 101000 010000
400042 100011 300031
021030 011010 010020
202010 100000 102010
003200 _ 001100 — 002100
233011 111011 - 122000 |»
010000 010000 000000
300031 100011 200020
010020 010010 000010
102010 001010 101000
002100 _ 001100 — 001000
122000 111000 - 011000 | -
000000 000000 000000
200020 100010 100010
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Table 5.3 shows the average TNMU obtained by our algorithm, the aver-
age lower bound ¢(A) and the optimal TNMU when only one MLC is used
in one direction. On a 2 GHz workstation the computation for the whole
10 x 10—column took 91 seconds and for the 15 x 15—column it took 610
seconds. The results for the clinical sample matrices are shown in Table 5.4.

10 x 10 15 x 15
L || TNMU | TNMU | Lower || TNMU | TNMU | Lower
(old) (new) | bound || (old) (new) | bound

3 198 0.4 3.9 14.0 7.4 4.0
4 || 12.6 6.7 5.2 17.9 9.0 5.3
) 15.5 8.0 6.4 21.7 10.5 6.7
6 | 18.1 9.2 7.6 25.6 12.0 7.9
7 | 20.8 10.4 8.8 294 13.6 9.3
8 | 23.6 11.7 10.0 33.2 15.1 10.5

9 | 264 12.9 11.2 37.0 16.6 11.8
10 || 29.0 14.1 124 40.9 18.1 13.0
11 || 31.8 15.4 13.6 44.7 19.6 14.2
12 )| 34.5 16.6 14.8 48.5 21.1 15.7
13 || 36.9 17.9 16.0 52.3 22.5 16.9
14 || 39.8 19.1 17.1 56.2 24.1 18.1
15 || 42.4 20.3 18.3 09.8 25.5 19.6
16 || 45.2 21.5 19.5 63.3 27.0 204

Tab. 5.3: Average TNMU for random 10 x 10— and 15 X 15-matrices mith maximal
entry L when two orthogonal MLCs are used (column "TNMU (new)’),
compared to the average lower bound and the results when one MLC is
used in only one direction (column "TNMU(old)’).
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no. | MU (1) | MU (2) | MU (3) | Bound | CPU-time
1 16 11 11 11 0.00 s
2 16 11 11 11 0.00 s
3 20 12 11 11 0.00 s
4 19 12 11 10 0.00 s
) 15 13 10 10 0.00 s
6 17 12 12 11 0.01 s
7 18 13 11 11 0.00 s
8 22 14 13 12 0.01 s
9 26 16 13 12 0.01 s
10 || 22 14 14 13 0.01 s
11 || 22 15 14 13 0.01 s
12 || 23 16 14 12 0.02 s
13 || 23 14 14 12 0.02 s

Tab. 5.4: Test results for clinical matrices: the TNMU with one MLC in one di-
rection ("MU (1)’), with one MLC in two directions ("MU (2)’) and with
two orthogonal MLCs ("MU (3)’), the lower bounds for the last case
('Bound’) and the times needed to determine the segmentations for two
MLCs with our algorithm.
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Thesen zur Dissertation

VON THOMAS KALINOWSKI

In der Krebsbehandlung werden Mehrlamellenkollimatoren eingesetzt
um intensitdtsmodulierte Bestrahlungsfelder zu erzeugen. Ein Schritt
bei der Erstellung eines Behandlungsplans ist die Realisierung einer ge-
gebenen Fluenzverteilung mit einer geringen Gesamtbestrahlungsdauer
und einer kleinen Anzahl von homogenen Feldern. Die moglichen La-
mellenpositionen des Kollimators kénnen durch (0, 1)—Matrizen, soge-
nannte Segmente, beschrieben werden. Damit lédsst sich das Problem
als Suche nach einer Segmentierung einer nichtnegativen ganzzahligen
m x n—Matrix A formulieren, d.h. nach einer Darstellung

k
=1

von A als positive Linearkombination von Segmenten Sy, ..., Sk.

In vielen Mehrlamellenkollimatoren verbietet die Lamellenkollisionsbe-
dingung (interleaf collision constraint) das Uberlappen von gegeniiber-
liegenden Lamellen in benachbarten Zeilen. Fiir diese Kollimatoren sind
die m x n-Segmente S = (s, ;) charakterisiert durch die Existenz von

ganzen Zahlen [;, r; (i =1,...,m), so dass
li<ri+1 (i € [m]),
1 fallsl; <j <y , ,
si={ o = (e, j € ln)),
Li<ripm+1, ri >l —1 (1 € [m—1]).

Die Minimierung der Gesamtbestrahlungsdauer wird als lineares Opti-
mierungsproblem formuliert:

( > f(5) — min

SeS
(P) f(S) >0  VSeSs,

f(S) =aiy; V0, j)eV.
L S€eS:(1,5)€S

Hier ist S die Menge der Segmente, wobei ein Segment S mit der Menge
der Paare (i, j) € [m] x [n] mit s, ; = 1 identifiziert wird.



4. Mit Hilfe des dualen Problems

> aigg(i,j) — max
(i.4)Elm] X[
(D)
> g(ij) <1 vses
(ii)es

wird der minimale Wert der Zielfunktion im Problem (P) als maximales
Gewicht eines 0 — 1—Weges in folgendem gewichteten Digraphen G =
(V, E) charakterisiert:

V = [m] x [n] U{0, 1},

E=F UE;, mit

By ={(0,(i1)) i€ [m]} U{((i,n),1) : i€ [m]},
Ey = {((3,7), (@', 5+ 1)) : i,i" € [m],j € [n—1]},

mit der Gewichtsfunktion

5(07 (i7 1)) = Q1 (Z € [m]>7
6((i,n),1) = 0 (i € [m]),
6((i,4), (1,7 + 1)) = max{0,a;;41 — ai;} (i €ml,j€n—1]),

=1
5((27j)7 (ilaj + 1)) = ma‘X{O’ i’ j+1 — aiIJ} - Z ak,j
k=1

(i,i" € [m],i <i',j € [n—1]),
5((27j)7 (ilaj + 1)) = ma‘X{Oa i’ j+1 — aiIJ} B k Z Qf,j
=i/ +1
(i,i' € [m],i > 1,5 €n—1]).

5. Aus dem Beweis der Min-Max—Aussage in These 4 wird ein effizienter

Algorithmus zur Bestimmung einer optimalen Losung des Problems
(P) abgeleitet.

6. Seic(A) die minimale Koeffizientensumme einer Segmentierung von A.
Ein Paar (u, S) aus einer natiirlichen Zahl u und einem Segment S heifle
zuldissig, falls A" := A — uS nichtnegativ ist und ¢(A’) = ¢(A) — u gilt.
Zur Konstruktion einer Segmentierung mit minimaler Koeffizienten-
summe und kleiner Segmentanzahl wird die folgende Greedy—Strategie
verwendet.

1. Bestimme ein zuldssiges Paar (u,.S) mit maximalem w.



10.

2. Setze A=A —uS.
3. Falls A # 0, gehe zu Schritt 1.

Die Minimierung der Segmentanzahl ist bereits fiir m = 1 streng NP—
schwer. Es wird jedoch bewiesen, dass dieses Problem in Linearzeit
gelost werden kann, wenn die Matrixeintrage durch eine Konstante be-
schréankt sind.

Fiir m > 1 wird ein Algorithmus der Komplexitit O(mn?+2) angege-

ben, der fiir einen Kollimator ohne Lamellenkollisionsbedingung eine
Segmentierung mit minimaler Gesamtbestrahlungsdauer und minima-
ler Segmentanzahl bestimmt. Hier ist L = max{a,; : (4, j) € [m]x[n]}.

Eine deutliche Reduzierung der Gesamtbestrahlungsdauer ist moglich,
wenn der Kollimator zwischen der Verabreichung der einzelnen Felder
um 90° gedreht werden darf. Hierzu wird eine Heuristik implementiert
und getestet.

Eine weitere Reduzierung der notwendigen Gesamtbestrahlungsdauer
kann durch die Verwendung von zwei zueinander orthogonal angeord-
neten Kollimatoren erreicht werden, wie wiederum mittels Implemen-
tierung eines heuristischen Algorithmus gezeigt wird.



