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0 Introduction
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@ B, denotes the power set of [n] := {1,2,...,n} ordered by
inclusion.

@ Let A denote an antichain in B,,.
@ The size and the volume of A are

Al and  v(A) = AL
AcA

o Ais called flat, it A () U ([]) for some k.
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The Flat Antichain Theorem

Theorem (Kisvdlcsey, Lieby)

For every antichain A in By, there is a flat antichain A’ with

A’ =|A] and v(A) = v(A).
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The Flat Antichain Theorem

Theorem (Kisvdlcsey, Lieby)

For every antichain A in By, there is a flat antichain A’ with

A’ =|A] and v(A) = v(A).

@ Define an equivalence relation on the set of all antichains:
A~B & |Al =|B|and v(A) = v(B).

@ There is a flat antichain in each equivalence class.
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An extremal property of flat antichains

@ weight function w : {0} U [n] — R*
@ weight of a family F C 2[

w(F) =Y w(lF]).

Fer

@ (w;) convex (concave) = The flat AC have minimum
(maximum) weight within their equivalence classes.
(Griggs, Hartmann, Leck, Roberts)

@ In particular the flat antichains have minimum LYM-value
LYM(F) = Y per (|Q|)_1 within their classes.
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The problem

@ Let1 < k < nand wg, wx,1 € RT be given.
@ What is the minimum weight

w(A) = wi| Ax| + Wiy 1] Akt

of a maximal flat antichain A = Ay U Ak, 1, Where
A C ([7])7
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The problem

@ Let1 < k < nand wg, wx,1 € RT be given.
@ What is the minimum weight

w(A) = wi| Ax| + Wiy 1] Akt

of a maximal flat antichain A = Ay U Ak, 1, Where
A C ([7])7

@ More general: Given 1 < k </ < nand wg, w; € R, what
is the minimum weight

w(A) = wi| Ak| + w| A

of a maximal antichain A = A, U A;?
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Special cases

@ size: wx =w; =1
@ volume: wyx =k, w; =1/

—1 —1
o LYM:w = (), w = ()
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e The case (k,/) = (2,3)
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A graph formulation

@ With an antichain A = A» U A3 we associate a graph
G(A) = (V,E):

V=1[n, E=(I\A.

@ A is a maximal antichain iff every edge of G(.A) is
contained in a triangle and A is the set of triangles in G(.A).

@ Let T denote the set of triangles in G(A).
° w(A) =ws|T|+ ws ((3) —|E|) — min
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A graph formulation

@ With an antichain A = A» U A3 we associate a graph
G(A) = (V,E):

V=1[n, E=(I\A.
@ A is a maximal antichain iff every edge of G(.A) is
contained in a triangle and A is the set of triangles in G(.A).
@ Let T denote the set of triangles in G(A).
© w(A) = ws|T|+ w2 ((z) — |E) — min
@ We divide by w» and put \ := w3 /ws

@ |E| — A\|T| — max subject to the condition that every edge
is contained in a triangle.

@ We call the graphs satisfying this condition T-graphs.
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An upper bound

For any T-graph on n vertices and any A > 0 we have

(n+))?

E|—\T| <
1= T] <
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An upper bound

For any T-graph on n vertices and any A > 0 we have

(n+))?

E|—\T| <
1= T] <

v

Corollary

IfAC ([g]) U ([g]) is a maximal antichain, then

w(A) > (Z) - (n48r)\)\)2
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A construction

@ The graph K
=([2s] x ([N \ [2s])) U {{i,i+s}:i=1,2,...,8},

6 7 8

w

PR \

3 2




Exceptional cases for small n
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Theorem
Let A C ([g]) U ([g]) be a maximal antichain. Then

s (D) - ||

and equality holds if and only if

(I) ne {579} and (A) € {GSa, GSba Gg} or
(i) n=0 (mod4) and G(A)= n/2 njar OF
I _ +
(i) n=1 (mod4) and G(A)= K(£ 1)/2,(n+1),2
or G(A) = Krizy2n-3)20 O

(IV) n=2 (mOd 4) and G(A) = l((n+2)/27(n_2)/2: or

(v) n=3 (mod4) and G(A)= K 1) 0m 12
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© A bound for the general case
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The hypergraph formulation

o Ac (Byu (]

@ Similar to the (2, 3)-case we are looking for a k-uniform
hypergraph (k-graph) H = (V, £) with the property that
every edge is contained in some complete k-graph on /
vertices. (Call these hypergraphs (k, /)—graphs.)

@ Subject to this condition we have to maximize e, — ey,
where e is the number of edges and g, is the number of
complete k-graphs on / vertices.

o w(A) = (7) — (ex — Aey)
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The bound

@ We may assume e, = O(n®).
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The bound

@ We may assume e, = O(n®).
@ The hypergraph removal lemma (Nagl, Rédl, Schacht; Tao;
Gowers) implies
e By deleting o(n*) edges we can obtain a hypergraph
H' = (V, &) without complete k-graphs on / vertices.

o [&'] < t(n, 1)
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The bound

@ We may assume e, = O(n®).
@ The hypergraph removal lemma (Nagl, Rédl, Schacht; Tao;
Gowers) implies
e By deleting o(n*) edges we can obtain a hypergraph
H' = (V, &) without complete k-graphs on / vertices.

o &' < t(n,))
@ For e € € let t(e) denote the number of complete k-graphs
on / vertices containing e (in H).

@ &< eezgl tle) < ((/() — 1) e
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The bound

@ We may assume e, = O(n®).
@ The hypergraph removal lemma (Nagl, Rédl, Schacht; Tao;
Gowers) implies
e By deleting o(n*) edges we can obtain a hypergraph
H' = (V, &) without complete k-graphs on / vertices.
o &' < t(n,))
@ For e € € let t(e) denote the number of complete k-graphs
on / vertices containing e (in H).

@ &< eezgl tle) < ((/() — 1) e

()2 te(n, 1) + o(n¥)

@ e—e =1 —-e+o(n) < ,)
1
K

(
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Numerical Examples

@ (k,I)=(8,4):
2 23 +V171
2 e < 2t(nd)+o() < 22T Lo
(Chung, Lu)
o (k,I)=(2,4):

4 4
€ — €4 < £h(n4) + o(n?) = ﬁn2 + o(n).
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@ More constructions

as Kalinowski Maximal flat antichains of minimum wei



A construction for (k, /) = (2,4)

@ Assume n = 4t.
o E=[t2f] x[2t+1,40U{(2i—1,2i) : i=1.2,....2t}

o e—e =3+

In any (2,4)-graph we have e; — e, < &n? + o(n?).
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A construction for (k, /) = (2,4)

@ Assume n = 4t.
o E=[t2f] x[2t+1,40U{(2i—1,2i) : i=1.2,....2t}

o e—e =3+

In any (2,4)-graph we have e; — e, < &n? + o(n?).

@ Under the additional assumption that the number of
triangles is o(n®) the conjecture follows from the removal
lemma.
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A construction for (k, /) = (3,4)

@ Assume n=3twitht=1or3 (mod 6).

@ Let S be a Steiner triple systemon {1,..., t}.

@ Vertexset XU YU Y with X = {xq,..., x¢},
Y={y,... . nhZ={z,...,z}.

@ Triple system T =Ty U To U T3 by

To = {XiXjyx, ViVjZx, ZiZixx = I,j,k € [t],i #j},
Ts = {XiXjzx, YiyjXk, ZiZjyx : ljk € S}.

Y
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A construction for (k, /) = (3,4)

@ Assume n = 3t with f =1 or 3 (mod 6).

@ Let S be a Steiner triple systemon {1,..., t}.

@ Vertex set XU YU Y with X = {xq,..., x¢},
Y={n,... nnZ=A{z,...,z}.

@ Triple system T = T; U T, U T3 by

T3 = {XiXjZk, Yi¥jXk, ZiZiyk : ljk € S}.

Y
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A construction for (k, /) = (3,4)

@ Assume n = 3t with f =1 or 3 (mod 6).

@ Let S be a Steiner triple systemon {1,..., t}.

@ Vertex set XU YU Y with X = {xq,..., x¢},
Y={yi,....;y", Z={z,...,zt}.

@ Triple system T = T; U T, U T3 by
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Lemma

T isa(3,4)-graph and es — e4 = i7 + % —

NS

v

In any (3,4)-graph we have e3 — e4 < - + o(nd).

\
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e Open problems
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@ upper bounds without the regularity lemma
@ proof of the optimality of the construction in the (2, 4)-case
@ constructions for the cases (2,/) and (k,k + 1)
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