Multileaf Collimator Field Segmentation

without Tongue-and-groove Effect

Thomas Kalinowski

Institute of Mathematics
University of Rostock

INFORMS International Hong Kong / June 26, 2006

Thomas Kalinowski MLC segmentation without TG-effect



e Introduction

e The mathematical Model
e The lower bound

@ The Algorithm

e Test results

@ Conclusion and open problems

Thomas Kalinowski MLC segmentation without TG-effect



Q Introduction
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A treatment couch
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Intensity modulated Radiation therapy (IMRT)

@ Goal: effective destruction of the tumor while maintaining
the functionality of the healthy tissue.
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Intensity modulated Radiation therapy (IMRT)

@ Goal: effective destruction of the tumor while maintaining
the functionality of the healthy tissue.

@ A homogeneous field is emmitted from the linear
accelerator.

@ For a higher resolution in the irradiated area a modulation
of the intensity is helpful.

@ The modulation should be obtained by a relative simple but
flexible technology.
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A multileaf collimator
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Modulation by superposition of homogeneous fields

2 MU 1 MU 1 MU
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Modulation by superposition of homogeneous fields
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0110 0110 1000 1330
2.<0010)+<0110>+<0111>:<024l>
0011 1111 0011 1144
1100 0000 1110 3310
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9 The mathematical Model
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A fluence matrix

@ Characterization of the required fluence distribution by an
integer matrix.

@ Example:
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The homogeneous fields

...correspond to segments:
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The homogeneous fields

...correspond to segments:
@ 0 — 1-matrices
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The homogeneous fields

...correspond to segments:
@ 0 — 1-matrices

@ In every row there is exactly on interval of consecutive
l-entries.
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The homogeneous fields

...correspond to segments:
@ 0 — 1—matrices
@ In every row there is exactly on interval of consecutive

1-entries.
@ Example:
011100
000110
111100
000111
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The interleaf collision constraint (ICC)

@ no overlapping of opposite leaves in consecutive rows
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The interleaf collision constraint (ICC)

@ no overlapping of opposite leaves in consecutive rows
@ Example:

NN N 0001
NN N = (1 0 0 0] isnotasegment.
R NN 1100
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The Tongue-and-Groove design

Radlatlon

Y
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TG-underdosage

=5
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TG-underdosage

=5
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TG-underdosage

=5
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The Tongue-and-groove constraint (TGC)

aj <aiyjAsij=1= sip1;=1(€[m-1], je€[n]),
aj<a_1jASj=1= si_1;=1(€[2,m],je[n]).
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The Tongue-and-groove constraint (TGC)

aj <aiyjAsij=1= sip1;=1(€[m-1], je€[n]),
aj<a_1jASj=1= si_1;=1(€[2,m],je[n]).

@ The overlap between (i,j) and (i + 1,]) receives a fluence
of min{a;j,aiy1}-
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Definition. A-segment

An A-segment is an m x n-matrix S = (s; ;) with entries from
{0,1}, such that there exist integers |;, r; (i € [m]) with:
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Definition. A-segment

An A-segment is an m x n-matrix S = (s; ;) with entries from
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oli<r+1 (ie[m])
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Definition. A-segment

An A-segment is an m x n-matrix S = (s; ;) with entries from
{0,1}, such that there exist integers |;, r; (i € [m]) with:

oli<r+1 (ie[m])

1 0fh<j<rn .
oS = ie[m],jeln
M {O otherwise (e ml, j & nl)
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Definition. A-segment

An A-segment is an m x n-matrix S = (s; ;) with entries from
{0,1}, such that there exist integers |;, r; (i € [m]) with:

oli<r+1 (ie[m])

1 0fh<j<rn .
oS = ie[m],jeln
M {O otherwise (e ml, j & nl)

@ ICC: | < ri+1—|—1, r > |i+1_1 (I S [m—l])
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Definition. A-segment

An A-segment is an m x n-matrix S = (s; ;) with entries from
{0,1}, such that there exist integers |;, r; (i € [m]) with:

oli<r+1 (i € [m])
1 iflp <j<r ) .
s = ie[m],jeln
M {O otherwise (e ml, j & nl)
@ ICC: | < lit1 +1, 1> |i+1 -1 (I S [m — l])
and we have
@ TGC:

aj<aipjAsij=1 = si;=1(€[m-1],je€n]),
aij <a_1jASjj= 1 = Si_1j = 1(iel2,m],je][n]).
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The segmentation problem

@ Input: a nonnegative integer m x n—matrix A.

K
@ Output: A segmentation A = >~ A;S; with
i=1

k
@ small total irradiation time, TNMU := >~ A\; — min

i=1
@ a small number of segments, k — min
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The segmentation problem

>>As — min subjectto
s

(P) As >0 YV segments S,

> As =ayj  VY(i,j) € [m]x[n].
Sisij=1
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The dual problem

a;jg(i,j) — max subjectto
(i.j)e[m]xn]

> og(,j) <1 V segments S.
(i,j):Siyj:l
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The segmentation graph
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The segmentation graph

4 1 0 1 _3 1 _0
1 [l
0 —200—1(0 oO OO _300 0
o2 J2yoy2yols o
2 V1 Vo loV1 V2 o
1 (1o
0 003 OOO oo OO 100—3 0
s YVolJolJolUs o o
450145
A= (333131)
533253
w((i,j), (i £ 1,j)) = min{0, @iz1j — &}
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Min—Max Theorem

@ c(A) :=max{w(P) : Pisa(0,1) — pathin G}
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Min—Max Theorem

@ c(A) :=max{w(P) : Pisa(0,1) — pathin G}

The minimal TNMU of a segmentation of a nonnegative matrix
A equals c(A), the maximal weight of a (0, 1)—path in G.
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e The lower bound
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A dual feasible solution

@ With each path P we associate a dual feasible solution.
<1s 1L.>. y v <.
= Vo A 1 1 AL M
1 N AN 1
-1 < > -1
= Al A
>21< 4 Vv 1 1 Vv A
< >
_q Y * 1
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The TNMU is at least c(A)

g is feasible for the dual program (D).
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The TNMU is at least c(A)

g is feasible for the dual program (D).

>, 9(i,jai; =w(P)

(i) €lm]x[n]
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@ The Algorithm
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Outline of the Algorithm

A = A k :=0.
while AK) £ 0 do
k:=k+1
Determine an Ak—1) _segment S() such that
AK) = Alk-1) _ g(k) jg nonnegative and
¢ (Ak) =c (Al) —
!

return S, s@) . ..,S(k)
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Outline of the Algorithm

A = A k :=0.
while AK) £ 0 do
k:=k+1
Determine an Ak—1) _segment S() such that
AK) = Alk-1) _ g(k) jg nonnegative and
¢ (Ak) =c (Al) —
!

return S, s@) . ..,S(k)

@ Let’s assume for the moment that it is always possible to
determine S with the required properties.
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Every AK)—segment (k = 0,1,2,...) is also an A-segment.

Proof by induction on k:
@ Let S be any AK)—segment (k > 1).
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Every AK)—segment (k = 0,1,2,...) is also an A-segment.

Proof by induction on k:

@ Let S be any AK)—segment (k > 1).

@ Suppose ai(g_l) < ai(:ktﬁ).
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Every AK)—segment (k = 0,1,2,...) is also an A-segment.

Proof by induction on k:

@ Let S be any AK)—segment (k > 1).
(k=1) _ _(k-1)

@ Suppose & e

° ai('jf) < ai(:kt)1j because S®) is an A=) —segment.
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Every AK)—segment (k = 0,1,2,...) is also an A-segment.

Proof by induction on k:

@ Let S be any AK)—segment (k > 1).
(k=1) _ _(k-1)

@ Suppose & e

° ai('jf) < ai(:kt)1j because S®) is an A=) —segment.
9sij=1= si3j=1
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Every AK)—segment (k = 0,1,2,...) is also an A-segment.

Proof by induction on k:

@ Let S be any AK)—segment (k > 1).

@ Suppose ai(,';_l) < ai(:ktﬁ).

° ai(f;) < ai(:kt)Lj because S&) is an Ak—1) _segment.
0s5i;=1= si415=1

@ Sis an Ak~ _segment, hence by induction an

A—segment.
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Every AK)—segment (k = 0,1,2,...) is also an A-segment.

Proof by induction on k:

@ Let S be any AK)—segment (k > 1).

@ Suppose ai(g_l) < ai(:ktﬁ).

° ai(f;) < ai(:kt)Lj because S&) is an Ak—1) _segment.
0s5i;=1= si415=1

@ Sis an Ak~ _segment, hence by induction an

A—segment.

The algorithm yields only A—segments.
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The construction of segment S

@ Let wy_; denote the weight function on the arcs of G with
respect to Ak—1),

@ We put

o V,)) = max{we_1(P) : Pisa(0,(i,j)) — pathin G},
a(zk_l)(i,j) = max{wy_1(P) : Pisa((i,j),1) — pathin G},
a® NGy = ofTVGI) +ad VD).

@ Define S&) by

1 if a('j Y~ 0, a®k-1(i,j) = c (Ak-D) and

s = oV, j) = ak Y
0 otherwise.

)
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@ Continuing this way we obtain the segmentation
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The algorithm works

In every step the described method yields an A—1-segment
SK) with c(Ak-1) — sK)) = c(AK-D)) — 1,
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The algorithm works

In every step the described method yields an A—1-segment
SK) with c(Ak-1) — sK)) = c(AK-D)) — 1,

@ Remark. The resulting segmentation is unidirectional, i.e.
the leaves move only from left to right.
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Heuristic for the number of segments

@ while (A # 0)
@ Determine a pair (u, S) such that
@ A’ := A — uS is nonnegative,
@ 5 =1ASi1j= 0 = aij > aiy1,j + U,
@ Sjj :l/\si—l,j =0 = aj Zai_l’j + u.
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e Test results
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@ 15 x 15—matrices with random entries from {0,1,...,L},
(L=3,...,16)
@ computation time

@ pure TNMU-minimization: few seconds for 1000
segmentations
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@ 15 x 15—matrices with random entries from {0,1,...,L},
(L=3,...,16)
@ computation time
@ pure TNMU-minimization: few seconds for 1000

segmentations
@ with heuristic for the number of segments:

@ 15 minutes for 1000 matrices
@ maximal time for a single matrix 13 seconds
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Test results on random matrices

L || TNMU | segments L || TNMU | segments
4 21.2 18.0 4 19.5 14.5
6 30.3 22.6 6 27.6 17.2
8 39.2 25.7 8 35.7 19.1
10 48.2 28.3 10 43.8 20.7
12 57.2 30.5 12 51.8 21.9
14 66.0 32.2 14 59.8 23.0
16 74.8 33.9 16 67.7 24.0

Table: Results with elimination Table: Results without

of Tongue-and-groove elimination of

underdosage. Tongue-and-groove

underdosage.
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9 Conclusion and open problems
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@ The TNMU—-problem is solved in the cases

@ without ICC, without TGC
@ with ICC, without TGC
@ with ICC, with TGC
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@ The TNMU—-problem is solved in the cases
@ without ICC, without TGC
@ with ICC, without TGC
@ with ICC, with TGC
@ The case without ICC, with TGC is open and of increasing
importance from a practical point of view.
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@ The TNMU—-problem is solved in the cases
@ without ICC, without TGC
@ with ICC, without TGC
@ with ICC, with TGC
@ The case without ICC, with TGC is open and of increasing
importance from a practical point of view.

@ Better methods for the minimization of the number of
segments are needed.
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Thank you for your attention!
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