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Exact tests and confidence regions in nonlinear regression
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Nonlinear regression models with spherically symmetric error vectors and a single nonlinear parameter
are considered. On the basis of a new geometric approach, exact one- and two-sided tests and confidence
regions for the nonlinear parameter are derived in the cases of known and unknown error variances.
A geometric measure representation formula is used to determine the power functions of the tests if the
error variance is known and to derive different lower bounds for the power function of a one-sided test
in the case of an unknown error variance. The latter can be done quite effectively by constructing and
measuring several balls inside the critical region. A numerical study compares the results for different
density generating functions of the error distribution.
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1. Introduction
We consider the nonlinear regression model

Y=n{y)+0oE, yel=(a,b), —c0o<a<b<oo, o>0,
where Y denotes the n-dimensional vector of the response variables and

Ny) = (FO,y)s s f )T,

its mathematical expectation which depends on both the known experimental design point
X=(x,...,x,)T € X» CR"” and the unknown value of the one-dimensional nonlinear
parameter y of the nonlinear regression function f(x, y).
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Design points x including repeated measurements are assumed to be given as
x=E1, .. &L), L,=0,... . DTeRY, j=1..,m, M

with m <n, § <---<§,, §, ¢ XCR, n;>1, j=1,...,m, and n;+ny+---+
n, =n.

Given the experimental design point x, let the nonlinear regression function f (x, y) satisfy
the assumption:

(RA1) | I’ = R” is twice continuously differentiable with respect to y .

The range of the mean value of the observation vector Y, i.e.,

M={ny)yel}

is a curve in the sample space R”, which is called the expectation curve or the solution locus.
The error vector E ~ EC,(0,, I,, g) is assumed to follow a spherically symmetric
distribution with a density

pz;g) =Cn, gg(lzll*), zeR",

where ||-|| denotes the Euclidean norm in R”, the density generating function g | [0, c0) —
[0, oo) satisfies the condition

0 <Ly, <0 (2)
with
o0
Ing :/ r"le(r?) dr,
0
and the norming constant C(n, g) is defined as
C(I’l, g) = (wnln,g)_l~
Here,
272
“" = Tw/2)

denotes the surface area of the unit sphere S,(0,, 1) = {z € R": ||z|| = 1} in R".
Examples of density generating functions are the Gaussian density generator

gc(r) = exp(%r), r >0,

the Kotz-type density generator
gk (r) = M=l exp(—tr’), r>0, t>0, s>0, 2M +n > 2,

and the Pearson-VII-type density generator
r -M n "
gP(i’)=<1+—) , r>0 M>—=, m* >0.
m* 2

The corresponding norming constants are
st((ZM“"z)/(ZS))F(n/Z)
20 (2M +n —2)/(25))

C(n, go) = 2m)™?%, C(n,gx) =

and
'(M)

(mm*)"2T(M —n/2)

C(n, gp) =
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Spherically symmetric and more general elliptically symmetric distributions have been
studied, e.g., in refs. [1-9]. Nonlinear regression models with spherically symmetric error
vectors are considered in ref. [10] and ref. [11, section 7.5.1].

The expectation vector and the covariance matrix of the elliptically symmetric distributed
response vector Y,

Y ~ EC,(n(y), 071, 8),

are due to condition (2) and Theorems 2.17 and 2.9 in ref. [6], and is given by

Cn, 91,
EY =9(y) and Cov(Y) = Mazlm
n

respectively.

Several methods of constructing size-o tests and confidence regions for the parameter
y € I' C R?, p > 1, can be found in the literature if the error vector E follows a Gaussian
distribution. Local linear approximations to the curve 91 are the basis of linear methods for
the definition of confidence regions in refs. [12—-15]. However, in ref. [16, p. 223], it is not
recommended to use this methods.

The so-called almost exact confidence regions which are based on maximum likelihood
estimators were proposed in ref. [17] for flat regression models. The words ‘almost exact’
mean that the regions under consideration are exact for a restricted sample space. In the
present article, the whole sample space R” is considered, but the regression functions are
assumed to satisfy certain assumptions.

For the case of a known parameter o and arbitrary density generating function g satisfying
assumption (2), we derive exact a-tests for one-sided and two-sided alternatives in section 2.
We determine the power-functions of all these tests and define the corresponding confidence
regions. There are similarities to the considerations inrefs. [10, 11, 17], concerning the methods
of constructing confidence regions and evaluating the first-type error probabilities of the cor-
responding tests. The critical regions of the tests for known parameter ¢ are half-spaces in
both approaches, but the respective normal vectors are chosen in different ways.

In Section 3, a new geometric approach will be developed to consider the more interesting
case of unknown o. We give size-« tests for the one-sided alternatives and also under some
additional assumption, for the two-sided alternative and define the corresponding confidence
regions. The critical regions of the new tests are modifications of the critical regions of the well-
known Student test, which are rotationally symmetric single or double cones. These cones have
symmetry axes that consist of the sets of all points from the sample space describing the one-
or two-sided alternatives. The new critical regions are constructed in such a way that the
tests reject the null hypotheses for sample points near to the respective alternatives. Several
possibilities for the evaluation of lower bounds for the power function of one of these new
tests are given in section 4.

There are also possibilities to derive a point estimator for the parameter y by the help of the
given two-sided confidence regions for y, taking into account the parameter-effect curvature.
If the two-sided confidence region for a concrete sample y € R” is an interval (y;, ), then
one can choose that parameter value y as a point estimator for y which satisfies either the
condition that the corresponding point () on the expected curve 9t has the same euclidean
distances from the points n(y;) and 5(y,) on M or the condition that the respective curve
length is the same. In the case of unknown parameter o, an estimator ¢ could be chosen as
o = |ly — n(?)|l. To investigate the statistical properties of these point estimators, further
work would be needed, which is not the aim of this article.
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2. Known parameter ¢

When testing the hypothesis Hy: y = yy about the unknown nonlinear parameter versus one
of the one-sided alternatives Ha,: Yy > yp or Ha,: ¥ < yo, or versus the two-sided alternative
Hp: y # o in the case of known parameter o2, we shall make use of one of the following
additional model assumptions or their combination, respectively:

(RA21) The functions f(§;,-)|I"; — R are monotonous forall j, j € {1,...,m}asy,y >
Y0, approaches b, and there is at least one index j such that this monotony holds in
the strong sense.

(RA22) The functions f(&;,-)|T; — R are monotonous for all j, j € {1,...,m}, as y,
y < Yo, approaches a, and there is at least one index j such that this monotony holds
in the strong sense.

2.1 One-sided test problem
This section deals with the construction of exact one-sided tests for proving
Ho:y =y versus Haiy €1 =(y,b) or Ha,:y €2 = (a, 1)

if the parameter o is known.
Let a class of half-spaces in the sample space R" be defined by

H,n,d)={yeR"Ilyy=in, A >d}, neS,0,1), deR,

where I,y = (y, n) n = y'n-n denotes the orthogonal projection of y into the linear subspace
spanned up by the vector n and S,,(0,, 1) was defined as mentioned earlier.

In what follows, we shall make use of the geometric measure representation formula for
spherically symmetric distributions with density-generating function g. Basic results from
this theory have been published for the first time in ref. [18] and are exploited in refs. [19-
21]. According to this theory, it holds for a spherically symmetric distributed random vector
Z~ EC,(,, I,, g) and all Borel sets A € B,

P(Z € A) =y, 1, ,(A) =1} / F(A, 1" g(r?) dr, 3)
0

where the integral I, , is assumed to satisfy 0 < [, , < oo and the so-called intersection
percentage function F (A, r), r > 01is defined as

FA, 1) =U,(r""'ANS,(0,, 1)), r>0,

with U, being the uniform probability distribution on the unit sphere S, (0,, 1).
The intersection percentage function of a half-space H, (n, d) is

Wp—1 ¢ . 2
Iid,00) (1) o / sin" ™" ¢ do, d >0,
0

n

F(Hy(n,d),r) =4 =, d=0, “)

N =

way (PO
1 — Iaj,00) (r) / sin" " ¢ do, d <0,
w 0

n

where ¢*(r) := arctan(r?/d*> — 1)!/2. For a derivation of this formula and its application, see
refs. [22, 23], respectively.



Exact tests in nonlinear regression 5

Fora € (0,1/2) and n € S,(0,, 1), let z;_,(n, g) denote an arbitrary value satisfying the
equation

D, 1,0 (Hi(n, 21-o(n, 8))) = a.

Note that z|_4(n, g) depends in no way on the vector n and for the special case g = gg,
the value z;_4(n, gg) equals the usual (1 — «)-quantile of the one-dimensional Gaussian
distribution.

Assuming that the conditions (RA2i), i € {1, 2}, are satisfied, the yy-related expected curve
points distance function v |I" — [0, 00), defined by

v(y) = ln(y) —n()ll, v €T, 5)

increases strongly monotonously and unbounded as y, y > yy, approaches b or as y, y <
0, approaches a, respectively. Let the parameter value y = y;) € I';, i € {1, 2}, denote the
uniquely determined solution of the equation

v(y) = 021-a(n, 8)
if the corresponding alternative under consideration is Ha,. Put

n(v@) — 1(o)

i =——————e85,0,1, i 1,2
e =G < orOe D il 2)

and let the test statistic be defined by
() =07 (Y = n(r0). b;), i €{1,2).
The hypothesis Hy will be rejected, if for a concrete sample y € R” it holds
1i(y) = z1-o(n,8), i €({l,2},
i.e., if the actual sample belongs to the critical region
Ki(zi—a(n, ) :=={y e R": 1;(y) = z1-a(n, )}, i €{1,2}.

THEOREM 2.1  The tests ; |R" — {0, 1},i € {1, 2}, defined by

L ifti(y) = z1-a(n, ),
0 otherwise,

Yi(y) =

are size-o tests.
Proof If the null hypothesis is true, then Y ~ EC,(3(y), 021,, g). If the transformation
V |R" — R”" is defined as

V(y) =o' (y—n(nw). yeR"
then V(Y) ~ ECn (01‘1’ Inv g) and V(]Cl (Zl—a(nv g))) = Hn(hi’ Z]—a(n, g)) Consequently,

cbn(yo),azl,l,g(lci(zl—a(n’ g))) = q)O,,,l,,,g(V(Ki(Zl—a(n’ g)))) = 0. u
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COROLLARY 2.1 If the parameter o is known, then the regions

(vel: 6y <zi—a(n, )}, i=12,

are one-sided confidence regions for the parameter y of size | — a.

The power functions py,, i = 1, 2, indicate the probabilities of rejecting the null hypothesis
Hy: y = yy if the true parameter is some y # yp, ¥ € ;.

THEOREM 2.2 The power function py,, i € {1, 2}, satisfies the representation formula
o0
putn) =1t [ F b o) g dn €T,
0

with d; (¥) = 21—« (1, 8) — o () — n(10), b;), 21—« (1, g) as defined earlier, and inter-
section percentage function F(H, (b;, d;(y)), -) given in formula (4).

Proof SupposeY ~ EC,(n(y),c?1,, g) forsome y € I';,i € {1, 2}, then it holds

Py, (V) = Py 01,6 (Ki (21— (1, 8))).

Using the transformation V; |R" — R”, defined by Vi(y) :==0 " '(y — 9(y)),y € R", we
obtain
Vi(Ki(zi-a(n, 9))) = {Z € R": 0~ ([0Z 4+ 1(y)] — 1(10), bi) = 214 (n, g)}
= H,(b;, di(y)),

with
di(y) i=z21—a(n, 8 — o' (n(y) — n(y0), b;)

and

q)n(y),azl,,,g(lci (Zlfa(nv g))) = q)O,,,I,,,g(Vl (ICI (Zlfa(na g)))) = q)On,In,g(Hn(bi» dz(y)))

LEMMA 2.1 Under the assumption (RA2i), i€ {l,2}, the power function py, Iis
monotonously increasing in the strong sense fory € I';, y — b ory — a, respectively.

Proof We show the proposition for i = 1, and the considerations for the case i = 2 follow
analogously. Using the representation formula for py, given in Theorem 2.2, we first indicate
that the function d;(y) is monotonously falling in the strong sense for y € I'1, y — b. We
have

LF & vay) — f&, )]
In(yay) —nGo)ll

a m
5, M) = oY 0 f & y)
j=1

For f(;, y) monotonously increasing in y, it holds f/(§;,¥) >0 and f(&;, ya)) —
f&j,v) = 0(yay > ), and for f(&;, y) monotonously falling in y, it holds f'(§;, y) <0
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and f(&;, ya)) — f(&;, vo) < 0. If there is at least one index j such that this monotonicity
holds in the strong sense as we assume in (RA21), it follows that

0

di(y) <0, y € (b)),
dy

i.e., the function d; (y) is monotonously falling in the strong sense for y — b. Hence, for the
parameter values y, ¥’ € I'y, y < v/, and the half-spaces H, (b1, d;(y)) and H, (b, d\(y")),
we obtain the relationship H, (b, d;(y)) C H,(by, d;(y’)). From this, it follows that

P (¥) = @, 1, (Hy (b1, di1(¥))) < @o,.1,.¢(H, (b1, di (V) = py, (/).

i.e., py, (y) is monotonously increasing in the strong sense. ]

2.2 Two-sided test problem

In this section, we consider the two-sided test problem

Hy:y =y versus Hp:y # Yo
for the case of known parameter 2. The critical region of a test ¥ will be the union of the
critical regions of two one-sided tests y; of sizes o and &y, where 0 < o1 + oy < 1. Unlike
the linear case, the critical regions of the one-sided tests in section 2.1 are not half-spaces

with opposite normal vectors, rather their normal vectors depend on the concrete shape of the
curve M. They are given by

_ (&) — 1)

i = ’ = 17 21
Im (i) = n(vo)ll

where the parameters y = y(;) € I'; denote the uniquely determined solutions of the equations
v(y) =021-a,(n,8), =12
The corresponding test statistics are
() =07 (Y = (). b)), i=12.
We reject the null hypothesis Hy: y = yp if for a concrete sample vector y € R” it holds

1H(y) = 21—¢,(n, 8) or H(y) > zi_a,(n, g). Consequently, the test ¥ |R" — {0, 1} is
defined by

I, 1(Q) = 21-0,(n,8) V(YY) = 21—, (1, g),
0, otherwise,

vy =
and its critical region /C satisfies the representation

K=Ki(zi—e,(n, 8) UK3(zi-0, (1, g))

with K (21—, (n, 8)) = {2 € R": 1;(2) = 21-¢,(n, )}, i = 1, 2.
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When evaluating the first-type error probability o = ®y(,,).021,,¢ (K) of the test 1, we have
to take into consideration that i (zi_q, (1, 8)) N Ka(z1-4,(n, g)) # @ if the corresponding
normal vectors b and b, satisfy [(b, b,)| # 1. Consequently, « allows the decomposition

2
=D Pyiu02,.6(Ki@1oa, (1, ) = Py 01,5 (K1 (21-a, (1, 8)) N K2 (210, (1, 2))).
i=1
(6)
Now, we shall give a representation of Ky (zi—q, (1, 8)) N K2(21-4, (1, g)), which allows to

evaluate the elliptically symmetric measure of this set in terms of a known probability
distribution.

LEMMA 2.2 Let |[(by, b2)| # 1. The set Ki(zi—q, (1, 8)) N K2(21—a,(n, g)) satisfies the
representation

Ki1(z1-a,(n, 8)) N K2(21-a,(n, 8)) =D

for
D ={y e R":(y —n(y0),r) +p = t*[{y — n(y0), ) + Al},
with
¢ b+ by h = by — by Ly
C b+ bl © by — byl '
and

_ oGt w8 oG8 — 2w g)
T+ 6 20— (b1, 52))

o 1 —(by, by)
1+ (b1, by)

For the proof of this Lemma, we refer to ref. [24].

El

LeEMMA 2.3 The elliptically symmetric measure of the set D from Lemma 2.2 satisfies the
representation

qDﬂ(Vo),Uz ng(D) =1- Fl,u/a,kz/az;gmz(t*)y

where Fi ,/52/02,,(-) denotes the distribution function of the doubly non-central
8n.2-generalized t-distribution with one degree of freedom and non-centrality parameters
w/o and \* /o>, The density generator g, , is defined by

n/2—1

&n2(r) = ﬁcm, 8)/ (w — V)n/z_zg(u) du, r=>0 @)

and satisfies the equation

/gn,z<||z||2>dz=1, zeR2
]RZ

For the evaluation of Fi ,/52/52:4,, "), see ref. [24].
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Proof Using the transformation V, one obtain Y = VY)~ EC,Q0,,I,, g) and

D:=V(D)={V(y:yeD}= {? eR": (¥, 1) + g > 1

- A
y. 00 +—1¢-
o
Consider the n x 2-matrix B := (ry) and let a random vector Z be defined by
Z:=B"Y = (Y,1), (Y,o)".
On the basis of Theorem 2.16 in ref. [6] and BTB = I, it follows that
Z ~ ECy(0y, 1o, 842),

where according to formula (2.23) in ref. [6], the density generator g, is defined by
equation (7). Consequently, we obtain

P(YeD)=PY eD)= P(ZecD",

where

~

D*::{zeRz:zl—f-gzt*

A
2+ — H .

o
Finally, Definition 1, for the doubly non-central g-generalized ¢-distribution, and relation
(14) in ref. [24] yield

P(Z € D*) = q)Oz,IZ,g,,_z(D*) =1- Fl,u/(r,)\z/(rz;gn_z(t*)-

Remark 2.1 Recognize that the marginals of spherically symmetric distributed vectors have
distributions that depend on the dimensions of both the whole vector and the marginal vector
and that the one-dimensional marginals are not independent except for the Gaussian case.
For example, in the case of the Pearson-VII-type density generating function gp, the two-
dimensional marginal distribution depends on the overall dimension 7 as follows:

I'M —(n—2)/2) (1 r )—M+(n—2)/2

821 = T M —n/2)

m* ’
whereas in the case of the Gaussian density generating function gg it holds

gua(r) = 2m) e /2,

THEOREM 2.3 The two-sided test r is a size-o test with
a=oa +a—(1- Fl,u/o,kz/az;g,,vz(t*))'
Proof Owing to formula (6), we obtain the assertion of the theorem by

D020, KiZi—g, (1, 8)) =0, i=1,2

and Lemma 2.3. |
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COROLLARY 2.2 The two-sided test \ is a level-a™* test with o™ = o + «p and

{roel:1(y) <zi—a,(n, @ A02(Y) < 21—, (1, &)}

is a confidence region for the parameter y with confidence level 1 — a*.

THEOREM 2.4  The power function of the two-sided test \ satisfies the representation

2 o0
P =11Y /0 F(H, (7. di (). ) g () dr
i=1

- (1 - Fl,u*/a,)\ﬁ/oz;g,,; (t*))’ Y € r,

where
di(y) = 21-0,(n, 8) =0 (@(y) — (0. by), i=1,2,

and the intersection percentage function F (H,(b;, d;(v)), -) is given in formula (4).
The quantities u* and A* occurring in the non-centrality parameters of the doubly non-
central g, »-generalized t-distribution satisfy the equations

W=+ ) — 00 1) A=A+ () — 1), v), ®)

and the density generating function g,  is defined in formula (7).

Proof LetY ~ EC,(y(y),c?l,, g) for some y € I'. We have to determine
Dy1).021,.6(K) = Pyiyy.021,.6 K1 (21—, (1, 8)) U K2(21-0, (11, 8))).
The transformation V; yields V(Y) ~ EC,(0,, I,,, g),
Vi(Ki(21-a,(n, 8))) = Hy (b, di(y)), =12,
with d; (y) = zi-a, (n, 8) — 0~ (n(y) — n(0), b;) and

Vi(D) ={z € R": ([6Z+ n(¥)] — (o), 1) + n = t*[{[6Z+ n(¥)] — n(y0), v) + [}

*

A
O’ b

(z,9) + —

*
={ieR":(z,;)+%zt*

with ©* and A* given in equation (8). Consequently,

2
Py(y).021,.(K) = Z Do, 1,6 (Hy(bi, di (y))) — Do, .1, (Vi(D)).

i=I

Making the same considerations as in the proof of Lemma 2.3, it follows that

q)on,ln,g(vl (D)) = q)ﬂz,lz.gmz (D*) =1- Fl,u*/a,)»*Z/az;g,Lz (l*),

where
)\' *

2l

*
D*:{ZERZ:ZI—M—ZI* 7y — —
(o2
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Figure 1. py(y) for g = gG, g = gp,,and g = gp,.

Example 2.1 Let f(x,y)=x¥, ' =(-00,00), =1, n=4, x; =0.1, x, =0.5,
x3=2,x4=35ando = 1.

We compare the first-type error probability ag and the power function of the Gaussian
density generator gg with the first-type error probability op and the power function of the
Pearson-VII-type density generator gp, with parameters m* = 10 and M = 3.1, respectively.
It holds COV(Y) = I for g = gg and according to formula (3.29) in ref. [6], COV(Y) =
m*/2M —n —2)1, = 5014 for g = gp,.

Notice that the existence of the moments is not necessary for the construction of the
considered tests and the evaluation of the power functions. To illustrate this case, we
choose another Pearson-VII-type density generator gp, with parameters m* =1 and M =
(1/2)(n +m*) =5/2, i.e., Y follows a multivariate Cauchy distribution.

Let o; = ap = 0.025. Then z,_o, (4, gp,) = 8.419, z1_o, (4, gp,) = 12.705, i =1, 2, and
ag = 0.050, ap, = 0.048, and ap, = 0.045. For a comparison of the power functions, see
figure 1.

3. Unknown parameter o>

When testing the hypothesis Hy: y = yy about the unknown nonlinear parameter versus one
of the one-sided alternatives Hy,: Y > yp or Ha,: ¥ < Y or versus the two-sided alternative
Hy: y # ¥ in the case of unknown parameter o2, we shall make use of one of the following
additional model assumptions or their combination, respectively:

(RA31) The yy-related expected curve points distance function v(-) defined in equation (5)
increases strongly monotonously and unbounded, as y, y > yo, approaches b.
(RA32) v(-) increases strongly monotonously and unbounded, as y < yy approaches a.

3.1 One-sided test problem

In this section, we propose an exact one-sided tests for proving

Ho:y =y versus Ha:y €1 =(,b) or Ha,:y €'y =(a, w).
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The construction of the tests is similar for the two alternatives Ha, and Ha, and is based on an
idea of modification of Student’s well-known test for the mean, if the variance in a Gaussian
population is unknown.

For this reason, let us first rewrite the Student’s test in a form, suitable for our further
purposes. Let the sample vector Z ~ EC,(ul,, o?l,, gc) be given and consider the test
problem Hy: ;t = pug versus Ha: ;0 > . The range {t1,: n € R} of the mean value of the
observation vector Z is a linear subspace of the sample space R” and is usually called the
model-space. The test statistic

Zn — Mo _ ”7n1n - MOIHHSign(?n - I‘LO)

a = ‘o
Jua -0y -2, 12— Z A,/ 1

T(Z) =

follows Student’s 7-distribution with n — 1 degrees of freedom if the null-hypothesis is true.
Let#,_1,1—« denote the (1 — «)-quantile of this Student distribution. Then, « is the probability
under Hj that Z falls into the critical region of this test, which is a rotationally symmetric
cone around the middle line A = {A1,: A > wuo}:

\/I’lTl ||H1,l/ﬁ(w - MOln)”Sign(wn - /J/O)
w— Iy, mWl

K = {WER”Z ztnl.la}~

Note that for every density generating function g satisfying 0 < I, , < 00, it holds
D 1,021, (K) = a.

Now, we want to adapt the decision rule for the nonlinear regression model and arbitrary
density generating function g satisfying the relation (2). The critical region of this test can
be interpreted as the result of a nonlinear transformation of a cone like K. The ray A =
{A1,, A > o} has been transformed into the curve {5(y): y € I';}. Here, i indicates which of
the alternatives Hy, or Hp, is actually under consideration. The critical region is constructed
in such a way that the test rejects the null hypothesis for sample point y near to the point
n(y) € 9 with parameter values y belonging to the alternative I';. Hence, the critical region
is well adapted to the whole shape of the expected curve {5(y): y € I';}. To this end, let

Sim(y),v) :={y e R Jly—n»)ll =v}, v>0,

denote the sphere with radius v and center n(y) in R”.

For a given y € R”, we find, because of the assumption (RA3i), an uniquely determined
parameter y; = y; (¥, Yo) € I'i U {y} such that the uniquely determined point 5 (y; (y, %)) on
the curve 91 has the same Euclidean distance from 5 (y;) asy:

Iy =20l = iy, v0)) = n(o)ll- )

The function

vi IR xT'— T U {yo}
defined by equation (9) will play an essential role for defining a test statistic as in what follows.
Let us therefore study first some of its properties.

LEmMMA 3.1  The mapping v; (-, yo) |R" — ['; U {y}, i € {1, 2}, is continuous.

Proof The function y; (-, ) is continuous if the following conditions holds: For any y € R",
thereexistse = e(y) > Oforall§,0 < & < |y;(¥, vo) — yol, suchthat|y; (y, yo) — vi(Z, vo)| <
6 for all z satisfying ||y — z|| < &(y).
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For a fixed y € R"\{n(y0)}, the value y;(y, yo) is uniquely determined by equation (9) if
the condition (RA3i) is fulfilled. The set

R:={n)y el v —38 v, v) + )}

denotes the image of the interval (y;(y, o) — &, ¥; (¥, v0) + ) under the mapping y — n(y).
Because of the strongly monotonic property (RA3i) of the yy-related expected curve points
distance function v(-), it holds

v(y) € (vi,v) fory € (¥ (¥, vo) — 3, vi(¥, vo) +6)
with
v =y, v) —ea(y) and vy = v(yi(y, Y0)) + &2(y),

for certain positive €, (y) and €;,(y). The y; (-, y)-image of the set
R:={zeR" v <|z—n(0)ll < vz}

is the interval (y;(y, y0) — &, i (¥, v0) + ).
Let e(y) > O satisty

e(y) < min(e(y), &2(y))
and put Ugy)(y) :=={z e R": ||z — y|| < e(y)}. If z € Ugy)(y) then
lz—n(oll <llz=yl+ ly — 200l < ey) + vy, o))

and

vy, o) = ly =0l S lly —zll + llz — n(o)ll < e(y) + 1z — n(vo)ll.

Hence z € R, because (v(yi(y, 1)) — &(¥), v(¥:i (¥, ¥0)) + &(y)) C (v1, v2). Consequently,
Usy (y) C R. It follows that 5(y;(z, yp)) € K forall z € U,y (y) and therefore

vi(Z, v0) € (i (¥, v0) — &, vi(y, o) +6).

The continuity of y; (-, ) in the point 7(y;) follows analogously. |

Now, we continue with the construction of the test. Let a mapping e | '\{yp} — S,(0,, 1)
be defined by

e(y) == n(y) —n(v)
) =)l

As in Student’s test for linear models, we want to compare

v € N'\{o}.

I He(Vi(quo)) y — (o)l

with the square root of a corresponding variance-type estimator

ly —2(v0) — Meiyyon ¥ — 1))l

Then, the test is defined as to reject the hypothesis Hy: y = y if the first of the two norm-terms
is larger than a certain multiple of the second one.
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The test statistic

mllne(y,(y,y0>>(Y — 1(v0)) lIsign((Y — 1(v0). e(¥;i (¥, 10))))

T (Y) =
) 1Y — 2(v0) — Heqiy.on Y — 0 (o)) |l

bl

is a measurable function because of the continuity of y; (-, ¥). The critical region of the test
K:f,i = Icf,i([nfl,lfa) = {y € Rn: TI(Y) > tnfl,lfut}v i€ {17 2}
is, therefore, a measurable set. It will be called a curved transformed cone-type set. An Example
is given in figure 2.
In this way, we arrived at the following decision rule:
Reject the hypothesis Hy: y = yy if for a concrete sample y, it holds

Tt(y) > Ih—1,1-a> i € {1, 2}

Note that initial considerations concerning this test, as well as the following theorem, have
been made in ref. [25].

THEOREM 3.1 The tests ¥; |R" — {0, 1}, i € {1, 2}, defined by

1 ify e Kriltio1,1-a),

W, =
¥ 0 otherwise,

are exact size-o tests.

Proof If the null hypothesis Hy: y = ¥ is true, then Y, ~ EC,((yo), 0%1,, g) and the
first-type error probability is equal to

D)ot e Kriltn—1,1-0)), i €{l,2}.
If the transformation V | R" — R” is defined as
V) =o'y —n(n). yeR"
then it holds V(Y) ~ EC,(0,, I,,, g) and
K i=VKsi(tiz11-a) = {2, e R": T (02, + 1(0)) = th—11-a), 1§ € {1,2}.

For the application of the geometric measure representation formula for the system 2((dir, dist)
of Borel sets, first introduced in ref. [25] and later on studied, e.g., in ref. [21], we have to

Figure 2. ICJ;] for f(x,y) =exp(yx),n=3,x; =0.01,x2 =0.2,x3 = 1, yp = 0.03.
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determine two functions. The first one is the so-called direction-type function for the set K,

ec:(V(y)) = %(:)(VO) y €Ty,

and the second one is the distance type function for the same set K7,

v(y)
(L4 (n—D)/t2, )V

Ric:(v(y)) == y €T,

where
i) = o~ my) —no)ll. y €T,
Note that the transformed critical region K} satisfies, for all y € I';, the equation

K 0800, 9(y)) = Hy(exc; 0(y)), Ricy 0(¥)) N Sy (04, V(y)).

Further the curve

Yy = €0(y)) = Ri; (0()) - ex: (V(y))

_ v(y) 1) —1(v)
\/1 +(n— 1)/t371 w ln(y) —n(yo)ll
1

-(m(y) —n(v))

a\/l—f—(n— /2,

is continuous in y and thus, after reparameterization, the curve v — &(v) is continuous in .
Recall that from Lemma 3.1, it follows that Cf is a measurable set and therefore belongs to
the Borel o -algebra 98,,. Consequently, C} belongs to the system 2l(dir, dist) in ref. [25] and
for the intersection percentage function defined there it holds

Wp—1

FKE,v) =

a* (V)
/ (siny)" 2 dvy,
0

n

-~ 1/2 —
a*(D) := arctan (L — 1) = arctan( " 1) )

RKT(];(V))Z tn—l,l—a

Note that a* (V) actually does not depend on v. Thus, for the first type error probability from
the geometric measure representation formula (3) for spherical measures, we have

where

Wp—1

(sin )" 2 dy.
(10)
Let 7,_; be a random variable following Student’s ¢-distribution with n — 1 degrees of
freedom and put

@y).021,.8 Kri(tn1,1-0)) = Po,.1, o (K) =

/arctan(«/nl/tn_m—a)

wy 0

A =1zeR" t for all > 0.

21
>
J@+-+2)/n—1
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It has been shown in ref. [25, sections 3 and 8] that

P(Tn—l > l) = <I>0n’1n,g(A,) = (Sin w)n—2dw'

W1 /arclan(«/n— 1/t)
Wy 0

Hence, if t = #,_1,1_« then

Wy —1

(siny)" 2y = P(Thoy > ty—1,1-0) = 0.

/mclan(«/nl/tnl,la)

Wy, 0

From this equation and the relation (10), it follows that

@y0).021,.8 Kri(t-11-4)) = @,
i.e., V; is a size-« test. |
COROLLARY 3.1 If the parameter o is unknown, then
el Ti(y) <ti-11-e}, =12,
are one-sided confidence regions for the parameter vy with a confidence level exactly equal
tol —a.
3.2 Two-sided test problem

Now, let us consider the two-sided problem of testing

Hy:y =y versus Hp:y # . (11

The critical region of a test ¥ will be defined as the union of the critical regions of two one-
sided tests W; of sizes o} and «, respectively, where O < o] + ap < 1. To this end, recall the
definitions of the functions y; | R” x I' — I'; U {yp}, i = 1, 2, as well as the definition of the
test statistics 7; based upon them. Let T (y) and 7»>(y) denote the realizations of these test
statistics and define a decision rule to reject the hypothesis Hy: y = yp iff T1(y) > t,—1,1-«,
or T>(y) > t,—1,1-4, holds true. Hence, the test W3 | R" — {0, 1} has been defined by

L, Ty > tiet,1-, VT2 (Y) > thet,1—rr»

\IJ =
3) 0, otherwise

and its critical region K3 satisfies the representation

Krz=Kpiltio11-a) UK £2(th—1,1-0,)-

For evaluating the first-type error probability of the test W3, we try to ensure that the intersection
of K 1(th—1,1-a,) With K 12(ty—1,1—,) is empty. The condition given in what follows should
ensure this. Let z(v) denote an arbitrary but fixed chosen point from S, (9(yo), v) and define
an angle type function v — ¢ (v) as

v Vv

(W) = 2 (n(yl (z(v), yo)) — 77()/0)’ n(2(z(v), vo)) — n(m)) Wi e (0. 00).
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LEMMA 3.2 If the regression function f and the experimental design point X satisfy the
condition

tnfl,lfaltnfl,lfotz - (11 - ])

s Vv e (09 OO), (12)
\/(}’l — 1) + 13_171_(11\/(” - 1) + tr%—l,l—otz

cos¢(v) <

then it holds
Kritn—1,1-a)) NKfo(th-1,1-0,) = 9.

Proof We prove this assertion indirectly. Suppose condition (12) is satisfied and there exists
nevertheless any y € K71 (ti—1,1-a,) N K f2(th—1,1-0,) With

Iy —n(vo)ll =:v >0,

from the definition of Ky;(f,—1,1-«,), it follows that ¢;(y) := Z(y — n(0), e(¥i (¥, v0)))
satisfies the inequality

cos ;i (y) > Il i=1,2. (13)
\/(I’l—l)—}— —1,1—o;

Because of y € S, (1(y0). v), we have y;(y, y0) = ¥ (z(v), yo). i = 1, 2, and consequently
Z(e(y1(y, v0)), e(r2(y. v0))) = Z(e(n1(2(v), Y0)), e(y2(z(v), ¥0))) = ¢ (V)
forallv > 0.Ify € L(e(y1(y, v0)), e(»2(¥, v0))), then £ (v) = ¢ (y) + ¢2(y) and
cos £ (v) = cos(¢1(y) + $2(y)) = cos @1 (y) cos g2 (y) — sin @i (y) sin @2 (y).
From equation (13) it follows that

tn 1,1 Ot]tn 1,1— az_(n_l)

\/(n—1)+ 11—a\/(”_1)+ 11—

cos¢(v) >

)

which is in contradiction to the assumption (12).
If y ¢ L(e(y1(y, 10)), e(»2(y, ¥0))), then consider the three vectors y, e(y;(y, ¥)), and
e(y2(y. %)) It holds

Z(e(y1(¥, v0)), e(12(y, o)) < Z(y, e(y1(¥, ¥0))) + £(y, e(32(¥, ¥0)))

and consequently
) < ¢i(y) + ¢2(y).
From this it follows with ¢ (v) € [0, ] and Eq. (13) that
11— In—1,1—c, — (n—-1)

\/(l’l — 1) + tr%fl,lfa]\/(n - 1) + tr%fl,lfaz

cos £ (v) > cos(pi(y) + ¢2(y) >

being again in contradiction to equation (12). |
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THEOREM 3.2 If the regression function f and the experimental design point X satisfy the
condition (12), then the test

I, yeKiiltimt—a) UK 2(t-1,1-0,),
0 otherwise

W3(y) = {

is a size-« test for the two-sided problem (11) with o = o + .
Proof The assertion follows from Lemma 3.2 and Theorem 3.1. |
COROLLARY 3.2 The two-sided test V5 is a level-a test with o = a| + o and

(Yo e T1(Y) < tuett—ay AT2(Y) < thei1-as)

is a confidence region for the parameter y with a confidence level 1 — a.
If condition (12) is satisfied for all yy € T, then the size of this confidence region is exactly
by equal to 1 — a.

3.3 Modified model assumptions

There are several regression functions that do not satisfy the assumption (RA31) or (RA32) in
the sense that their y;-related expected curve points distance function v may increase strongly
monotonously as y approaches b or a, but are not unbounded. In such case, we shall construct
tests for proving the hypothesis Hy: y = y, versus the one-sided alternatives Ha, and Ha,
or the two-sided alternative Ha by the help of a suitable continuation of the curve 9J1. To be
more concrete, we shall make use of one of the following modified model assumptions or their
combination, respectively:

(RA31m) v increases strongly monotonously as y > yy approaches b and is bounded by the
finite limit

lim [|n(y) — n(vo)ll =: bi.
y—b

(RA32m) v increases strongly monotonously as y < y, approaches a and is bounded by
by := ,1113, n(y) = 0ol

Put

Bi —n(n)
I Bi —n(yo)ll’

and let the critical regions of the one-sided tests for the modified model assumptions be
defined as

B, .= lirr%7 n(y), By:=limpy(y) and e; = i ef{l,2}
y— y—a

Kri=Kpittiri-o) =y €ER:T;(Y) = tar1-a), i €{1,2},
where 7;(y) = T;(y) if Ily — 7(y0)|| < b; and

~ 1T & (y — n(vo)) lIsign((y — 7(v0). &)
Tiy) = /i 10
@) =vn Iy — 100) — o (y — 100N |

otherwise. An example for such a critical region is given in figure 3.
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Figure 3. Iaf_l for f(x,y) =130 — 30 exp(—yx),n =3,x; =10i,i =1, 2,3, yp = 0.03.

COROLLARY 3.3 The one-sided tests \Tli |IR" — {0, 1}, i € {1, 2}, defined by

Ti(y) = 1 ifye ]Ef,i(tnfl,lfa)»
! 0 otherwise,

are exact size-o tests.

Example 3.1 Let the regression function be f(x,y) =a —bexp(—yx),x >0,y €' =
(0, 00), and assume that the positive parameters a and b are known. Any experimental design
point x with §; € (0, 00), j =1, ..., m, satisfies the conditions (RA31m) and (RA32m) for
every yp € I'.

Analogously, the critical region of the two-sided test for the modified model assumptions
is defined as

Krz=Krilti-11-a)) UK £2tn-1,1-0,)

for some_ap, o2 with 0 < o + an <~1. Assuming sz,l(t,,_l,l_m) N Efqz(t”_l,l_az) =0,
the test W3 |R" — {0, 1} defined by Wi(y) := I,gm(y), y € R”, is also a size-a test with
o=+ ap.

4. Lower bounds for the power functions in the case of unknown o2

The power functions py, of the tests W;, i = 1, 2, 3, describe the probabilities of rejecting
the null hypothesis Hy: y = yy if the true parameter is some y # yp. In this case, it holds
Y~ EC,(n(y), o?l,, g)withy e I'y,y € I'y,ory € I'y U, =: I'3, respectively. Note that

pu, (V) = Oyn02n,. o Kyri), vely, iefl,2,3} (14)

An exact evaluation of these power functions by the help of the geometric measure represen-
tation formula (3) seems to be very complicated. It turns out to be much more easier to derive
lower bounds for the power functions by measuring suitable subsets of the critical regions
KC i with the elliptically symmetric measure ®,,) 521, o- The construction and measuring of
a single ball or a union of several balls inside the critical regions will be favored here.

In this article, we shall consider such possibilities for estimating the power function only
for the one-sided test W, because the approximations for the power functions of the tests W,
and W3 may be carried out in a similar way.
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To construct a suitable ball inside a curved transformed cone-type set, we consider the
critical region Ky 1(f,—1,1—) of the test W, and a fixed alternative parameter value ¥ € Iy,
and try to construct a ball

K@), R(Y)) :=={z e R": |lz—q()| = R¥)}

with center in the point () € 2 and possibly maximal radius R(y) chosen in such a way
that

K.(n(¥), R¥Y)) C Ksi(ti-1,1-a)- (15)

This problem is equivalent to determining the minimal Euclidean distance between the point
n(y) and 0K ;1 (t—1,1-), i-e., R(Y) is the solution of the minimization problem

R¥)* = min [y — @)l (16)
yeale,l

Recognize that there exists a solution of this minimization problem. It can be determined by
finding the solutions of a system of m — 1 nonlinear equations. In sections 4.1-4.3, we shall
already make use of the solution of the problem (16). The respective technical details are given
in refs. [24, 26].

4.1 Measuring a suitable ball: a first lower bound for the power function py,

The first lower bound for the power function of the one-sided test W; at the point y; € I'y
will be simply the probability measure of a possibly large ball inside the critical region
K ¢1(th—1,1—«) having its center in the point 5(y;). Let R(y;) denote the solution of the
minimization problem (16) for y = y; ata fixed y; € I';.

THEOREM 4.1 The power function of V satisfies the inequality

Py, (Vl) > (Dr[(yl),azl,,,g(Kn("(yl)’ R(Vl)))

with the lower bound for py, (y1) being representable as

R(y)/o
@021, (Ka (M1, ROD)) = I, /0 g (r?) dr.
Proof Because the radius R(y;) is a solution of the minimization problem (16) for y = 1,
it holds
K.(m(y1), R(y1) CKyi(taz1,1-a)-
Consequently,
d>r/(y1),azln,g(Kn(n(V1)v R(yl))) < CDW(;/I),JZI,,,g(K:f.l(tn—l,l—ot)) = Py, (Vl)

For evaluating the probability measure of the ball K,,(5(y;1), R(y1)), we can now use the
geometric measure representation formula (3).
Note that for the transformation V; |R” — R", Vi(y) = o ~'(y — (»1)), y € R”, it holds

CDI](}/]).UZL,,g(Kn(”(Vl)’ R(Vl))) = cI>O,I,I,l,g(vl (Kn(r'(J/l)s R(yl))))

and

R
Vi(K,(n(y1), R(n))) = K, (0'“ ()’1)) '

The spherical measure of the ball K, (0,, R(y;)/0) is equal to the value of the distribution
function of the central g-generalized y 2-distribution at the point (R(y;)/o)?. The correspond-
ing geometric measure representation formula for this distribution was given in ref. [18] and
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exploited in ref. [21]. The intersection percentage function is

R(n) 1, 0=r=
f(’“ (°T>r> =1, R

0, <r.
o

R(y1)

Hence, we got

R(y)
Dyi).ott,.s (Kn(M(y1), R(y1))) = Po, 021,56 | Ku | On Y

R(y1)/o
= I,:;,/O r"ilg(r2) dr.

A comparison of the first lower bound values with simulated values of the power function py,
shows that this first approximation is already quite good for values y; € I'; of the alternative,
far away from y. However, this first approximation fails for values y; close to yy. That is why
we shall improve this first approximation by constructing and measuring additional suitable
balls inside the critical region. We consider two different possibilities in the forthcoming
sections. We construct only one additional ball with center at a certain distance from the point
n(y1) in section 4.2 and a sequence of additional balls in section 4.3.

4.2 Measuring two balls: a first improvement of the lower bound for the power
Junction py,

Let a value y; € I be fixed and let us define a function v | I" — [0, c0) by

vi(y):==Iny) —nyl, v el
Put Fl :={y € I'i: y > y;}. Assume that the function v, satisfies the assumption
(RA41) v;(-) is monotonously and unbounded increasing in the strong sense as y — b.

We shall choose a second ball K,,(y(¥), R(¥)) inside the critical region K1 (f,—1,1—¢) in
such a way that the elliptically symmetric measure of this ball is as large as possible in some
sense. To this end, the image V;(K,(y(¥), R(¥))) of the second ball will be situated in such
a part of the sample space R” where the weighting function

. 1,2
we(r) ==r"""g(r")
from the geometric measure representation formula attains its maximum value. It is possible

to evaluate the radius rg,

rg = argmax w,(r)
re(0,00)

for different density generators g.

Example 4.1 (a) In the case of a Gaussian density generator gg it holds rg, = v/n — 1.
(b) If the density generator is of Pearson-VII-type then

_ m*(n — 1)
TN oM — 1)
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(c) The Kotz-type density generator gg with M = 1 and n > 1 yields

n—1 1/(2s)
Toe = | T '

We choose the point(y) € M,y € Fl , as the centre of the second ball, which has Euclidean
distance o7, from the point 5(y;).

THEOREM 4.2  Let a certain y; € I'y be fixed and assume that the condition (RA41) is fulfilled.
Put r, = argmax yWwe(r) and let y € T'y denote the uniquely determined solution of
the equation

re(0,00

vi(y) =or,.

Denote the solutions of the minimization problem (16) for y = y; and y = ¥ by R(y1) and
R(Y), respectively, and let

M = K,(n(y), R(y1) U Ku(n(¥), R(Y)).

(a) The power function py, of the one-sided test V| satisfies the inequality

Py, (V1) > Py .021,.4(M).

(b) Let p:= o~ ') — n(»1)). The lower bound for py,(y1) satisfies the representation
formula

00
q>17(y1),(72],,,g(M) = In_gl,/ F(M, V)V"_lg(rz) dr,
0

wherein ]—‘(1\7, -) is the intersection percentage function (i.p.f.) of a well-defined set M.
This i.p.f. can be written in terms of the i.p.f- of the ball K, (., R(Y) /o) as follows:

/ R()
F M, 1) = To.ri)/01 (1) + iry— R 0.1+ R 01 () 'I<Kn (Ibv - ay )r>
forrg > (R(y1) + R(¥))/o and
1 R(7)
FM,r) = I rey/o(r) + LR jore+RG) /o] * Fl K, |, . r

otherwise. For the i.p.f. of the ball K, (i, R(y)/o), we refer to ref. [21].
Proof Recognize that @, ,,) 021, (M) = @y, 1, (M), where
- R R(y
o o
According to assumption (RA41), the value y is uniquely determined. As a solution of the
minimization problem (16), R(y) satisfies
Ky(m(), R(y)) C Ksi1(ta-11-a)
and thus we have for M := K,(3(y1), R(31)) U K,,(n(7), R(¥)) the relation

M C Kyi(ta1,1-a)-
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Consequently,

Dyiv)02n,, e M) <Py 021, (K i1 (tz1,1-0)) = P, (11)-

The elliptically symmetric measure of the set M is equal to the spherical measure of the set
Vi(M) = M. The set M can be decomposed as follows:

~ C
ik, (0}“ R(m)) ! [Kn (M R(y)) K, <0n’ R(m)) ]
o o o

By construction, it holds ||| = r, and

FM,r)y=1 forre [0, M]
o

Taking into account the cases that K,,(0,, R(y1)/o) N K, (i, R(¥)/o) may be empty or not
and applying the i.p.f. for balls in ref. [21], we obtain assertion (b). |

4.3 Measuring several balls: improved lower bounds for py,

Different improvements of the first lower bound for the power function py, at a fixed point
y1 € I'1 can be obtained by constructing and measuring several balls inside the critical region
Kpitn—1,1-a)-

Let the function v be defined as in section 4.2 and assume that the condition (RA41) is still
satisfied. Fix N € N, N > 2, and choose N — | parameter values y, € '}, k =2,..., N, in
such a way that y; < y» < --- < yny with v (y3) > R(y1) if vi(y») < R(y1). An example for
a reasonable concrete choice of the values y; will be given in section 4.4.

Let R(yx) denote the solutions of the minimization problem (16) corresponding to ¥ = yx,
then

N
U K@), Ri)) € Kpi (i a)-
k=1

We construct a disjoint decomposition of this union and derive the corresponding rep-
resentation formula to compute this improved lower bound for py, (y;1). To this end,
let

KS.((y),ri,rn) ={zeRr<lz—q)<rn}, 0<r<n<o

denote a spherical shell with center n(y), y € I'.

Put §1:= R(y1), S :=[max(R(y1), vi(y2)) +vi(¥3)1/2, St := [vi(ye) + vi(ver1)1/2,
k=3,...,N—1,and Sy := vi(yn) + R(yn).
Let a set My be defined by

N

My =K. (), R)) N K S, (1), St o). (17)
k=2

THEOREM 4.3  Let y, € 'y be fixed and assume that condition (RA31) is fulfilled.
(a) The power function py, of the one-sided test W, satisfies the inequality
Py, (}/1) > an(y]),(rQI,,,g(Kn(n(yl), R(J/l)) ) MN)v

with R(yy) being the solution of the minimization problem (16) for y = y; and My being
given in equation (17).
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() Let py := o '(p(yi) — n(»1)), k =2, ..., N. The lower bound for py,(y1) satisfies the
representation formula

Dyon).02,. (Kn(M(y1), R(y1)) U My)

R(y1)/o Si/o R
:1’;51, </ P lg(rz)dr—i-Z/ < < s (yk)>7r> rn—lg(’,.Z)dr).
0 Sk—1/0 o

For the i.p.f. of the ball K,(p, R(yx)/o), we refer to the representation formula in
refs. [21,24].

Proof The radii R(y;) satisfy
K., Ry) CKpi(tu—11-a), k=1,...,N,
and
K, (n(ye). R(yi)) N K S, (n(y1), Sk—1, S) C Kpi(tu—1,1-0), k=2,...,N.
Hence, K,(n(y1), R(y1)) UMy C K1 (ti—1,1-«) and it holds
Dyi.o2n,.e Ka@y1), R(y1) U My) < @yy.021,.6 (K1 (tam1,1-a))-
Recall that

R -
Q2 un(y]),UU,,,g(Kn(”(yl)’ R(J/l)) UMy) = (DOH,In,g (Kn (Bf (0,1, %)) U MN)

with
N

i} R S, S
My = VitMy) = | | [K <[Lk, —(”k)> NKS, <0n, 2kt 1,—")}.
2 o o o

Q2 The set K,,(B;(0,, R(y1)/o)) U MN is a union of N disjoint subsets, consequently

Q2 q)()”,]mg <Kn (Bf <0n, RE;/I)>> U MN)
= (b(),,,l,l,g (Kn (0 RO/I))) + Z <D0 nsg ( (ﬂkv Rijk)> NKS, <0m %, %))

Assertion (b) follows directly with

R Sk—1 S
Do, 1, (K (uk, %) NnKS, (0n, % ;"))
Sk/o R
= 1_ / F (K,, ([Lk, (yk)> s r) r”_'g(rz) dr.
Si-1/0 o

Notice that these considerations include the case of constructing N — 2 balls in addition
to the two balls considered already in section 4.2. Namely, we choose y; = y for a suit-
able/ € {2, ..., N} in dependence on the relation between the quantities v;(y) and R(y;). If
v1(¥) < R(y1) puty, = y.According to the concrete difference v, (y) — R(y;) and the density
generating function g, in the remaining case vi(y) > R(y;) there are several reasonable
possibilities for choosing the index /.
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4.4 Numerical results

We consider the regression function f(x, y) = xV,y € I' = (—00, 00), and the experimental
design pointx € R* with &, =2,& =3,n; =3,n, = 1.

For comparing the different lower bounds for the power functions of the one-sided test W
for yp = 2, 0> = 1, and @ = 0.05, we choose three density generating functions gk, gg, and
gp, with the parameters M =t = s = 1 for the Kotz-type generator gx and with m* = 3 and
M = (n +m*)/2 = 7/2 for the Pearson-VII-type generator gp,.

Notice that in the case of unknown parameter o, the existence of the moments is also not
necessary for the construction of the tests and the evaluation of the different lower bounds
for the power functions. To illustrate this, we choose an additional density generator g = gp,
of Pearson-VII-type with parameters m* =1 and M = (n+1)/2 =5/2, i.e., Y follows a
multivariate Cauchy distribution.

Recognize that the Kotz-type density generator g defines lighter tails and the Pearson-VII-
type density generators gp, and gp, define heavier tails than the Gaussian density generator gg.
For a comparison of the functions I, jw, (r) = I, ,r"~'g(r*) for the four density generators,
see figure 4.

We simulate the power functions of the test W, for all four density generating functions
with 100.000 repetitions. The results are given in figure 5.

Now, we evaluate the first lower bounds and the first improved lower bounds for the power
function py, according to Theorems 4.1 and 4.2. The integrations are performed by Simpson’s
rule with 100.000 steps.

Besides this, we use the result of section 4.3 with N = 4 and N = 8 for a further improve-
ment of the approximations especially for values y; € I'; close to 3. We choose different
parameter values yx o, k =2, ..., N, for all four density generating functions. To determine
these parameter values y; o for N =4, we choose first three radii r4(0.25), r,(0.5), and
7¢(0.75) in such a way that

k k
Do, 1,.¢ (K4 (04,rg (Z))) =1 k=1,2,3,

0.8

0.6

0.4

0.2

0
0 2 4 6 8 r

Figure 4. I,:;,wg(r) for n = 4 and the density generators g = gg, g = gp, (m* =3, M =7/2),g = gp, (m* =1,
M=5/2),andg=ggxk (M =t =s=1).
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Figure 5. Simulated power functions for the density generators gk, gG, gp,» and gp, .

i.e., the radius rg(k/4) is the square root of the (k/4)-quantile of the central g-generalized
x2-distribution with four degrees of freedom.

In the case g = gg, we use the quantiles of the usual y2-distribution with four degrees of
freedom given in ref. [27], namely, roc(0.25) = +/1.923, r,(0.5) = v/3.357, rec(0.75) =
+/5.385.

If g = gp,, § = gp,, OF § = gk, we evaluate the radii numerically by the help of the bisec-
tion method and the geometric measure representation formula for the distribution function
CQ(n; g)(-) of the central g-generalized x 2-distribution, in ref. [18], is given by

R
CQ(n; &)(R*) = Do, 1, (K, (0, R)) = 1,7, f r"le(r?)dr.
0

The integration is performed again by Simpson’s rule with 100.000 steps and the itera-
tion algorithm stops if the approximation R for rg, (k/4), i = 1,2, or rg, (k/4) satisfies
|C Q(4; g)(R?) — k/4| < 10719 In this way, we get
rep, (0.25) = 1.397997357,  rg, (0.5) = 2.062256723,  rg, (0.75) = 3.091995344,
rep, (0.25) = 1487655189,  rg, (0.5) = 2.700159136,  r, (0.75) = 5.858649731

and
7o (0.25) = 0.980448246, 1y (0.5) = 1.295510320, 1,4, (0.75) = 1.640924900.

Put y, , := y1. The parameter values y . in section 4.3 are the solutions of the equations

k—1
Vi (Vi,g) =74 ) k=2,3,4.

For the value y; far enough from yy, the radius R(y;) of the first ball exceeds the value
r¢(0.5). In this case, we evaluate only y3 , and y4 .. If R(y) also exceeds the value 1, (0.75), we
compute only the parameter value y4 .. Hence, we use only for y;-values of the alternative close
to yp the elliptically symmetric measure of the union of the four balls K4(5(vk,¢), R(Vk,))»
k=1,...,4, for the evaluation of the lower bound of the power function.
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To check the influence of additional balls, we consider also the case N = 8 and compute, in
addition to r4(0.25), r;(0.5), and r,(0.75), the four radii r,(0.125), r,(0.375), 4 (0.625), and
r4(0.875) by the same procedure. The parameter values y; ., kK =2, ..., 8 are the solutions

of the equation
k—1
Vl(yk,g) =Trg T .

If the radius R(y;) exceeds the values r,((k —1)/8), k =3, ..., 8, we compute only the
appropriate parameter values yx .

We evaluate these two additional lower bounds for the power function py, according to the
result of section 4.3 and use Simpson’s rule with 100.000 steps for each integration.

The results of our numerical study are given in figures 6, 7, 8 and 9. For the considered
density generators, the first lower bound b, could be substantially improved by the computation
of the first improved lower bound by, according to Theorem 4.2.

| | | | |
2 205 21 215 22 225 23 235 24 245 N

Figure 6. Kotz-type density generator gg.

.0 \_/t/\ I I | | | \

2 205 21 215 22 225 23 235 24 245 N

Figure 7. Gaussian density generator gg.
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2 205 21 215 2.2 225 23 235 24 245 M

Figure 8. Pearson-VII-type density generator gp, .

0
2 205 21 215 2.2 225 23 235 24

0.8 -

245 M
Figure 9. Pearson-VII-type density generator gp, .
T I I
/ =
p\pl,Sim/ /;% =
by |
bimp B
I I I I I I I
2 22 24 26 28 3 32 34 36 38 M

Figure 10. Pearson-VII-type density generator gp, .
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Figure 11. Relative error of the first lower bound.

T

A further slight improvement for values y,; close to y, could be observed for the lower bounds
by according to the result of section 4.3 for N = 4 and N = 8. The differences between the
lower bounds for N = 4 and N = 8 are very small.

If g = gp,, we evaluate the different lower bounds for a wider range of values y; € I'y. The
result is given in figure 10.

Figure 11 allows a certain joint interpretation of the effects reflected in figures 4 and 5.
Note that the relative error between the first lower bound and the simulated value of the power
function for the density generators gp, and gp, are smaller than the corresponding relative error
for the density generator gg for values y,; close to yy, because In,gl,i Wy, (1) > Iy goWeg (1),
i = 1,2, for small values of r.

Acknowledgement

The authors are grateful to A. Pazman and the referees for making several comments to a
former version of this article, which lead to improvements and a better presentation of the
material.

References

[1] Schoenberg, 1., 1938, Ann. Math., 39, 811-841.
[2] Kelker, D., 1970, Sankhya, 32(A), 419-430.
[3] Watson, G., 1983, Statistics on spheres (New York: John Wiley & Sons).
[4] Fisher, R., Lewis, T. and Embleton, B., 1987, Statistical Analysis of Spherical Data (Cambridge: University
Press).
[5] Johnson, M., 1987, Multivariate Statistical Simulation (New York: John Wiley & Sons).
[6] Fang, K.-T., Kotz, S. and Ng, K., 1990, Symmetric Multivariate and Related Distributions (London, New York:
Chapman and Hall).
[7] Fang, K.-T. and Anderson, T. (Eds.), 1990, Statistical Inference in Elliptically Contoured and Related
Distributions (New York: Allerton Press Inc.).
[8] Fang, K.-T. and Zhang, Y., 1990, Generalized Multivariate Analysis (New York: Springer Verlag).
[9] Gupta, A. and Varga, T., 1993, Elliptically Contoured Models in Statistics (Dordrecht, Boston, London: Kluwer
Academic Publishers).
[10] Pazman, A., 1988, Kybernetika, 24, 413-427.
[11] Pazman, A., 1993, Nonlinear Statistical Models (Dordrecht, Boston, London: Kluwer Academic Publishers).
[12] Williams, E., 1962, J. Roy. Stat. Soc. B, 24, 125-139.
[13] Halperin, M., 1963, J. Roy. Stat. Soc. B, 25, 330-333.



30

[14]
[15]
[16]

[17]
(18]
[19]
[20]
(21]
[22]

(23]
[24]

[25]
[26]

[27]

C. Ittrich and W.-D. Richter

Hartley, H., 1964, Biometrika, 51, 347-353.

Sunduraraj, N., 1978, Austral. J. Stat., 20, 270-274.

Bates, D. and Watts, D., 1988, Nonlinear Regression Analysis and its Applications (New York: John Wiley &
Sons).

Pazman, A., 1991, Statistics, 22, 177-189.

Richter, W.-D., 1991, Rostocker Mathematisches Kolloquium, 44, 63-72.

Breitung, K. and Richter, W.-D., 1996, J. Mult. Anal. 58(1), 1-20.

Richter, W.-D. and Schumacher, J., 2000, J. Mult. Anal., 75, 184-218.

Ittrich, C., Krause, D. and Richter, W.-D., 2000, Statistics, 34, 53—-101.

Richter, W.-D., 1995a, Bremen-Rostock Statistik Seminar 1992, pp. 2-10 (Uni Bremen: Mathematik-
Arbeitspapiere).

Richter, W.-D. and Steinebach, J., 1994, Metrika, 41, 325-353.

Ittrich, C. and Richter, W.-D., 2005, Supplement of the Paper ‘Exact Tests and Confidence Regions in Nonlinear
Regression’. Technical Report (http://www.math.uni-rostock.de/richter/techn-reports/NonlinRegr.ps).
Richter, W.-D., 1995b, In: Mammitzsch and Schneeweill (Eds.) Symposia Gaussiana, Conf. B, pp. 2545,
(Berlin, New York: Walter de Gruyter & Co.).

Ittrich, C., 2000, Exakte methoden in regressionsmodellen mit einem nichtlinearen parameter und sphérisch
symmetrischen Fehlern. PhD thesis, Shaker Verlag, Aachen.

Rasch, D., 1995, Mathematische Statistik (Heidelberg, Leipzig: Johann Ambrosiums Barth Verlag).



Taylor & Francis
Taylor & Francis Group

Journd ...Statistics. ArtidelID ...GSTA 041020

TO: CORRESPONDING AUTHOR

AUTHOR QUERIES-TO BE ANSWERED BY THE AUTHOR

The following queries have arisen during the typesetting of your manuscript. Please answer the queries.

Q1 Please provide detailed affiliation for the author ~"C. ITTRICH’".

Q2 Please check the insertion of the closed parenthesis thr’ out.

Production Editorial Department, Taylor & Francis Ltd.
4 Park Square, Milton Park, Abingdon OX14 4RN

Telephone: +44 (0) 1235 828600
Facsimile: +44 (0) 1235 829000




