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Abstract

The general methods from skewed distributions theory and from the theory of geomet-
ric and stochastic representations of l,, ,-symmetric distributions are combined here to
introduce skewed continuous I, ,-symmetric distributions.
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1. INTRODUCTION

The univariate skew-normal and its extension to a univariate skew-symmetric distribution
were introduced first in Azzalini (1985) and Azzalini (1985), respectively. Many authors
extended these considerations under various aspects and in different ways. E.g., a mul-
tivariate extension of the skew-normal distribution and its main properties are discussed
first in Azzalini and Dalla-Valle (1996) and then in Azzalini and Capitanio (1999). Then,
several multivariate skew-normal versions and their extensions to skew-elliptical distri-
butions have been introduced, see, e.g., Azzalini and Capitanio (1999) and Branco and
Dey (2001). Multivariate unified skew-normal and skew-elliptically contoured distributions
are considered in Arellano-Valle and Azzalini (2006). Genton (2004) gives an overview of
these efforts. The concept of fundamental skew distributions which unifies all at this time
known approaches has been developed in Arellano-Valle and Genton (2005). The authors
of Arellano-Valle et al. (2006b) bring a certain new structure into the widespread field and
unify many different approaches from a selection point of view.

The Gaussian measure indivisible-representation was first introduced in Richter (1985)
and later used in solving several problems in probability theory and mathematical statis-
tics. An overview of such applications is given in Richter (2009). Based upon a gener-
alized method of indivisibles which makes use of the notion of non-Euclidean surface
content, in the same paper a more general geometric measure representation formula for
Iy p-symmetric distributions is derived. This formula enables one to derive exact distribu-
tions of several types of functions of [, ,-symmetrically distributed random vectors. This
has been demonstrated there at once by generalizing the Fisher distribution, and also for
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several special cases in Richter (2007) and Kalke et al. (2011).

Here we extend the class of skewed distributions for cases where the underlying distri-
bution is an [, ,-symmetric one. To this end, we first exploit stochastic representations
which are based upon the geometric measure representation formula in Richter (2009) to
derive marginal and conditional distributions from [,, ,-symmetric distributions. Then, the
general density formula for skewed distributions from Arellano-Valle et al. (2006b) applies,
and finally we follow the general concept in Arellano-Valle and Azzalini (2006).

The paper is structured as follows. We introduce in Section 2 the p-generalized normal
distribution IV, , and consider partitions of correspondingly distributed random vectors.
Consequently, we generalize some results on Dirichlet distributions and on moments. Sec-
tion 3 deals with continuous I, ,-symmetric distributions; their moments, marginal and
conditional densities are derived and the scale mixture of the IV, p-distribution is consid-
ered. Then we use the general ideas from Arellano-Valle et al. (2006b) and Arellano-Valle
and Azzalini (2006) to introduce in the final Section 4 skewed [, ,-symmetric densities.

2. PRELIMINARIES

2.1 THE p-GENERALIZED NORMAL DISTRIBUTION

Let X = (X1, ..., X;,)T be a random vector following a p-generalized normal distribution,
denoted by X ~ N, ,, which in terms of its density is defined by
‘p

=15

fx(x)=Cpe », x= (i, e xy) T € R,

where |z|, = (301, |m¢|p)1/p and C, = p'~Y/?/2T'(1/p), p > 0. Clearly, this is equivalent
to Xi,..., X, are independent and identically distributed (i.i.d.), with power exponential
density Cpe_%mp, x €R.

Let now R, = | X|, be the p-functional of the random vector X which is a norm if p > 1
and an antinorm if 0 < p < 1, see Moszynska and Richter (2012). Since, | X1]?,...,|X,|P
are i.i.d. G (1/p,1/p) random variables, we have R) = | X[} = >0 | |X;|P ~ G (n/p,1/p),
where G(a, \) denotes the gamma distribution with shape parameter a@ > 0 and scale
parameter A > 0. Hence, the random variable I?,, has density given by

TIooo)(T) 4 _=

fop(@) = p%_lf(%)$ e »r.

As in Richter (2007), we refer this distribution by R, ~ x(p,n). In particular, we have
E(RF) = p*/PT[(n + k) /p]/T(n/p) for all k > 0. In addition, %|X,~\p b Ga(1/p,1), i =
1,...,n, following that 2> 1 [ XP ~ G (k/p,1) and LRE = LY | X,P ~ G (n/p, 1).

Moreover, since | X|h = 3" ; | X;|P we have straightforwardly that

<|X1|p ’Xn‘p>TND (1 1 1>
(Xl X "\ )’

where Dy, 1(aq, .oy, apy1), @ > 0,4 = 1,...,m + 1, denotes de Dirichlet distribu-

T
P p k .| P
tion. Similarly, the sub-random vector <|)§(1||p s s ||)§(’“‘|p 1= ‘lXXJ‘L > follows a Dirichlet
P P 1 P
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Dy1q (l - ;1), ”—7]“) distribution, k € {1,2,...,n — 1}, and the sub-vector (Y,...,Y;)" =

P
p P T
<|X1| .., el ) has a density

o)== p (Kl ) = h zp)ﬁ( p-1y
gk 21, ...y 2k 8y18yk |X|p =~ Vi, g ey k\<19 - AL il by; 5

and the following lemma has thus been proved.

T
LEMMA 2.1 The density of (Z1, ..., Z;)T = <|'§§‘zl |ka) , where X = (X1,..., X,)7 ~
Npp, is

T (n) (2)* k sl k
gk (21,0 28) = Z (1—22?) , 21>0,...,zk>0,Zzi<1.
r <%> r <"P%k> i=1 1

This is a generalization of formula (1.26) in Fang et al. (1990).

2.2 STOCHASTIC REPRESENTATION OF A PARTITIONED Pp-GENERALIZED NORMALLY
DISTRIBUTED RANDOM VECTOR

It is known from Richter (2009) that X ~ N,,, allows the stochastic representation

4

x £ Rru,

where R £ R, and is independent of U, 4 x /R, which follows a p-generalized uniform
distribution (i.e., the uniform distribution with respect to the p-generalized surface content
on the p-generalized unit sphere S, , = {z € R" : |z|, = 1}). Consider now the partition
of X

X = (X(I)T,X(2)T)T,
where X1 € R and X® € R" %, 0 < k < n. Similarly, we partition
Up = (Ug:lﬂ UpY:Q)Tv

where U, ;1 is k-dimensional and so U, s is (n — k)-dimensional.

LEMMA 2.2 The random vector U, allows the stochastic representation

d n—
(UL, ULy £ (REUW, (1 — ROPYPU 6=
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where the random elements R,(gp ), Up *) and U =k are independent, U, *) and U =k are
any p-generalized uniformly dlstrlbuted random vectors on S, and Sn kps respectlvely,

and R,(“)L is any random variable such that R,gpglp ~ B (k/p,(n—k)/p), where B(a, 3)
denotes the beta distribution with parameters o > 0 and 3 > 0.

PRrRoOOF The random elements

x (1) ) x(2)
(X, 7T XO),

:U]gn—k), \X(l)]p, ]X(Q)]p

X
RH

are independent. We put R,(f ZL = Xl Then =1- R(p )P and

b
a X7

T T T
Up = (Up,17Up,2) ﬂ

— (Rl(qzjy)lU(k)Tv (1 _ nglj;p)l/pUz()nfk)T)

Since %]X(l)lg ~ G(k/p,1) and 1]X )b~ G((n — k)/p,1) and they are independent, we
then have

() p %’X(l)yg k n—k
Rk,n — 1 WP 1 ~ B -, .
§|X b + |X I p p
|
Let us remark that one may think of R 7)1 as, e.g., R(p ) — p‘(;;')l" or as any random
variable following the same distribution as |‘ X1, 'l This result generalizes Lemma 2 in

Cambanis et al. (1981) to the case of arbitrary p > 0.
The partition (X7, X@T) of XT allows according to this lemma the stochastic rep-
resentation

(X( ) X(Q)) (RR(P) U(k) R(1 RI(CI’?ZLP)l/pUénfk))

where R, R;p 7)1, Up *) and U,S""“) are independent. The meaning of the nonnegative random
)

variable R is quite different from that of the nonnegative variable R,(gp .- According to

Richter (2007), R,(fJ 7)1 is the p-generalized cosine-value of the angle ¢ between the two
one-dimensional subspaces of R™ spanned up by 0 € R™ and one of the vectors X and

(XOT 0T R,(le = cosp(¢). Note that ¢ takes its values only in the interval [0, 7/2].

2.3 MOMENTS

Generalizing well known results from Fang et al. (1990) to the case of arbitrary p > 0,
in this section we compute some multivariate moments of a p-generalized normal vector
X ~ Ny p. For this, we need first some preliminary notations. We denote the sign of X
by sgn(X) = (sgn(X1),...,sgn(X,))? and its absolute value by |X| = (| X1],...,|Xa])T.
Here, for any random variable Z which is a.s. different from 0, the sign of Z is defined by

+1,if Z > 0;
sen(Z) = { —1if Z <0,
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It is clear by symmetry that the random vectors |X|and sgn(X) are independent, and that
sgn(X) has uniform distribution on {—1,41}". We formalize these results in the following
lemma, where the marginal distribution of |X| is also given. For further properties of
these random vectors in the context of a more general class of symmetric distributions,
see Arellano-Valle et al. (2002) and Arellano-Valle and del Pino (2004).

LemMmA 2.3 If X ~ N, ,, then sgn(X) and |X| are independent random vectors, with
sgn(X) ~ U({—1,+1}") and fix((t) = 2"Cre v ==t = (t1,...,t,)T € RT.

For any vector s = (s1,...,5,)7, let D(s) be the diagonal n x n matrix given by
D(s) = diag(s1,...,5n)-

LeEmMMmA 2.4 If X ~ N, p, then X 4 D(S)T, where S and T are independent random
vectors such that § < sgn(X) and T 4 |.X|.

THEOREM 2.5 If X ~ N, ,, then for any integers r; > 0,7 =1,...,n,

ISP vy rit1
E <ﬁXZr> _ z FF(TSF( - ), if r; isevenforalli=1,...,n,

P
i=1 0, if r; isodd forsome ¢ =1,...,n.

PROOF By Lemma 2.3 and the independence property, FE([[,X]") =
[, E(S]")E(T]"), where E(S]") equals 0 for r; odd and 1 for r; even, and the
proof follows by using that E (T]*) = p"/PT'[(r; + 1) /p]/T(1/p). u

COROLLARY 2.6 If X ~ Ny, then E(X) = 0 and E(XXT) = o21,, where 07 =
p*/PT(3/p) /T (1/p).
Obviously for p = 2 we have ag =1.

COROLLARY 2.7 Let U, = (Uy,...,Uy,)T be a p-generalized uniform vector on S, ;. Then,
for any integer r; > 0, 1,...,n,

E ( - ) _ F(%> HEL:IF(;H) , if r; isevenforall i =1,...,n,

[or

i=1

0, if r; isodd forsome i =1,...,n.

PrOOF Let X ~ N, and R, = |X|,. According to Richter (2007) (see Subsection 2.1), R,
follows the x(p,n)-density fn,(r) = r”_16_§1(0700) (r)/ fr”_le_§dr. Since X = R,U),,
0

where R, and U, are independent, we have

E (ﬁx) — B (Ry")E (f[ U[’i) :
i=1 i=1

from where the proof follows by Theorem 2.5 and E(R?) = p*/PT[(n + s)/p]/T(n/p) for all
p>0and s> 0. [ ]

This result generalizes one in Theorem 3.3 of Fang et al. (1990).

COROLLARY 2.8 Let U, be the p-generalized uniform vector on Sy . Then, E(U,) = 0
and E(UpUy) = 7o pln, where 7, = T'(3/p)I'(n/p)/(T(1/p)T((n + 2)/p]).
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This result generalizes Theorem 2.7 in Fang et al. (1990). For the proof of this corollary,
we refer to Richter (2009).

From Corollary 2.8 we can note that if p = 2, then 7,,,, = 1/n following thus the well-
known result that Var(U,) = (1/n)1,.

3. CONTINUOUS I, ,-SYMMETRIC DISTRIBUTIONS

3.1 NOTATIONS FOR l;, ;,-SPHERICAL DISTRIBUTIONS

Following the notation in Fang et al. (1990), Henschel and Richter (2002) and Richter
(2009), we denote by R the set of all nonnegative random variables defined on the same
probability space as the random variable R, and which are independent of the p-generalized
uniform random vector U,. Let F' be any distribution function (d.f.) of a positive random
variable and put
L,(F)={X:X 4 RU,, R € R has distribution function F,
R and U, are stochastically independent}.

From now on let X denote an arbitrary element of L, (F"). The random vector X is called
Iy, p-symmetric or -spherical distributed, or even [, ,-norm symmetric distributed if p >
1, and the corresponding random variable R € R is called its generating variate. The
assumption X € L, (F) implies that X has a density iff R has a density. In this case,
the density of X is of the form Cp,(n,g)g(> i, |xi|P), where Cp(n, g) is a suitably chosen
normalizing constant and g : RT™ — R™T is called the density generating function. It is
assumed that g satisfies the assumption I, 124, < 00, where Iy, = [;° rk=1g(rP)dr. This
distribution is the p-generalized normal distribution if the density generating function is
g(r) = e*T/pI(O,OO)(r). In this case, we have 1/I,,,, = p'~"/?/T'(n/p). In what follows,
we assume Cp(n,g) = 1, that is X follows an [, p,-symmetric distribution with density
generator g = ¢g(™. For an Iy, p-spherical distribution defined in this way, we shall use the
notation

X ~ Sn,p(g)

and for its d.f. we write F), ,(- ;¢). Equivalently, the distribution of X is determined by
the density

fx(@) = g™ (alh), = eR™

It follows by definition that X allows the stochastic representation X 4 RU,, where R is
a non-negative random variable with density

fr(r) = r”flg(") (r?), r>0,

which is independent of the p-generalized uniform random vector U,. The cases p = 1,2
concern the Gaussian distribution and the Laplace distribution, respectively.

3.2 MARGINAL AND CONDITIONAL DENSITIES

Let X = (X1,...,X,)T ~ S,,(g) be a l,,-symmetrically distributed random vector
with density generator ¢ = ¢(™). We are interested in the marginal density of X(!) =
(X1,..,Xx)T,1 < k < n. The following result generalizes Theorem 2.10 and formula
(2.23) in Fang et al. (1990).
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LEMMA 3.1 Let X = (X1,..., Xn)T ~ Snp(g). Then, XD = (X3, ..., X3)7 ~ Si,(g) and
has density

69318;1%

m k

where the marginal density generator ¢(*) is given by

g®) (u) = % 7g<”> )y —u)5 dy.
SCOF

PROOF Since X < RU , where R = R, and U = X/R,, are independent, we have

P(X;<ziyi=1,..k)=P (Ui < %z —1, k:)

[e.o]

Z; .
= < 2=
/P(UZ < i 1. k) P(R € dr)
0
= fp UZ S ~i77: = ]_"“’k; d" d"’ P R c d’l" )

It follows from Lemma 2.1 that

r1
P(X; <wxji=1,..k) :C//,_,
0 —1

n—k_4q
P

2
Lyt ylp<1y (G <1 - Z §i|p> diji...dydF(r),
=1

8
\i‘?

—

where F is the d.f. of R and C =T (n/p) (p/2)* /T (1/p)*T ((n — k)/p) . Hence,

n—k_q

ok . s ) k - 0 »
P(XZ Smi,lzl,...,k) :O/I{y(k)21f=1 |yz|p§1} <T) 172|7|p T dF(T)

0x1...0xy 5
0 =1

n—k
> 1

k
=C / r=(n=p) (ﬂ? -3 |xi|p> dF ()
=1

(i lwafe)r/e

k
= g(k) (Z |xz|P> B
i=1

oo

where

(P (P )

n k/2 0
1( &) YR ().
P
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It is known from Richter (2009) that dF(r) = I} " 1g(") (7P) (0,00 (r)dr. Hence,

ng7p
AOL
p)\2 _(n=p) | (n=1) |, (1-p) _ _
9" (u) = o /y P (g —w) R g () dy,
F(E) F(%)pln,g,pu
Making use of the equation 1,4, = 1/nm,(p), where p — m(p) =
2Tk (1/p) /np™ T (n/p) denotes the ball number function in Richter (2011), the lemma
follows. u

Consider again the partition X = (XM7T XATT where as before X(1) and X @) take
values in R* (0 < m < n) and R" ¥, respectively. We are interested now in determining
the conditional density fx(l)lX(z):z(z) (:c(l)) of X given X2 = 52,

It follows from Lemma 4.1 that X® follows a continuous Ly p-symmetric distribution
with a density generator ("% satisfying the representation

o 2TG) T L, PTG) T
9" P w) = —3 [ ¢ (y)(y —u)» dy—/gn) ztu)zedz,

g
kT (&
pF(P>U (p 0

Hence,

1) = 9" (=W + [2@F) _ o
=R (z@p) p

fxoxo—e (T

where a = [£()|b. The following lemma has thus been proved.

LEMMA 3.2 Let X = (XWT XA follow the I, ,-symmetric distribution with the
density generator ¢(™. The conditional density of X! given X® = 23 is then a Ui p-
symmetric density satisfying the representation

fX(1>|X<2):x<2)( (1)) = g[a] (\90 !ﬁ), a= \$(2) 5,

with the uniquely defined conditional density generator

T (5> ") (a + u)

2’“F<) fg (z+a)z dz

In other words, we have (X(| X2 = 2(2)) ~ Sk.p (g[(‘];{z”p]).

This lemma generalizes a corresponding formula in Section 2.4 of Fang et al. (1990). In
the special case of the generalized N, ,-distribution, g™ (u) = Cpe 7, u>0, Lemma 3.2

yields g[(z) (u) = g™ (u) = C;"e_%, u >0, for all @ > 0.

According to the stochastic representation in Subsection 2.2 it may be remarked here
that the components (l—ap)l/pU]gk) and aU,§""“> of the vector ((l—cﬂ")l/pU,Sk)7 aUISn_k)) are
obviously independent. Moreover, the stochastic representation from the end of Subsection
2.2 may be reformulated as follows.
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COROLLARY 3.3 If the random vector X = (XD XAT)T follows a continuous Iy, -
symmetric distribution, then the following statements are true:

(a) The sub-vectors X1 and X(®) allow the stochastic representations X (! 4 R Uék) and
X £ RyUy" ™, where Ry £ RRY’), Ry £ R(1— R{)/?, and where (Ry, Ro), US" and

n
Ué”"“) are independent.

(b) A random vector following the conditional distribution of X given X = z(
allows the stochastic representation (X1 X2 = z(2)) g R[|z(2)|£}U£k), where, for each

fixed |2(?)|,, the random variable Rz 4 (RP — |z PY1/P and is independent of Uék).

(c) The vectors X and X are conditionally independent given |X(2)|,,
XM x@) ]X(2)]p.
PrOOF The assertion in (a) is known from Subsection 2.2. Statement (b) is, because of

the geometric measure representation theorem in Richter (2009), just a reformulation of
the distributional statement in Lemma 3.2. From (b), it follows that

(XD 1X®], = a) £ Ry UP.

Moreover,
(XP] X, = a) £ aU™
and
(X0, XOp X B, = a) £ (R U, aU™)
where R[GP}UJSM and aU,Sm) are independent. |

The first part of this corollary generalizes formula (2.6.9) of Theorem 2.6.6 in Fang
and Zhang (1990); the part (b) generalizes (2.29)-(2.30) of Theorem 2.13 in Fang et al.
(1990). The part (c) is a consequence of (b) and generalizes the same result for spherical
distributions (see e.g. Arellano-Valle et al. (2006a)).

3.3 SCALE MIXTURE OF THE [N, ,-DISTRIBUTION

Let R=V"V PR,, where R, ~ x(n,p) and is independent of V', which is a non-negative
mixing variable with d.f. G which does not depend on n. Suppose that R is independent
of U™, the p-generalized uniform vector of R™. Then, the random vector defined by
Y = RU™ = V-Y/PR, UM = V-1/PX where X ~ N,, and is independent of V ~ G.
We then have Y ~ Sn,p(g(”)), where the generator function ¢(™ will be defined below. The
density of V~1/ PR, is

n—1

I(O,oo) (u)u

=)

/ vre »" dG(v).
0

This density defines an important class of [, ,-symmetric distributions, which extends the
scale mixtures of normal distributions to the scale mixtures of p-generalized normal distri-
butions. An important member is the n-dimensional p-generalized Student-t¢ distribution
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with v > 0 degrees of freedom, denoted here by Y ~ ¢, ,(v), for which V' ~ Ga(v/p,v/p).
In this case, V1 PR, has the density

n—l] o) i o0 . v
fy = oo <V> /U o) rur) g
0

-1 n v
prr ()0 (s) P

The functions f and g(™ satisfy according to Richter (2009) the equation

2" (I%)” 1 (n)
" g™ (rP) 1 oo (T).
FIT(D) 9" (1)1 (0,00)(7)

fr) =

Hence, Y follows the [, ,-symmetric density

[ty PR 00 vyl
fri) = 8 J0 W [% oo g,
T (E)T(5)

that is,

Br(s)
rE)r)

DEFINITION 3.4 The distribution of a random vector Y following the density

tn,p(iU;V) = Dn,p,u{1+|yy|p} 5 yERn, p>07 I/>O7

will be called the n-dimensional p-generalized Student-t distribution with v degrees of
freedom.

This class of p-generalized Student densities was introduced in Richter (2007) for n = 1.
For p = 2, see Arellano-Valle and Bolfarine (1995). It follows from there, that in the case
of the p-generalized Student-t distribution, one can think of V' as

_ |Zl|p++‘Zu|p .

% with (Z1,...,Z,)7 ~ N, in R”.

1%

The following theorem has thus been proved.

TueoreM 3.5 If Y = (YT y@NTT N, ., where Y1) and Y(?) take values in R™

and RY, respectively, then %Y(l) follows the density ¢, ,(y;v), y € R™.

This theorem has been proved for n = 1 in Richter (2007) and for p = 2 in Arellano-Valle
and Bolfarine (1995).

Yy = (YOI y@NTT ¢, (v), where Y € RF and Y?) € R"* (0 < k < n), then
we have by construction that the density generator of Y(!) satisfies the representation

)

(k) . E —(v+k)/p
90 () = Diyo {1+ }
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that is, Y ~ t;,(v), with density t;,(y™"),v). The conditional density of Y} given
Y@ =y is therefore

. , , (1) _ I/+n—k P V"‘n—k P (1) _
fy<)|y<):y<>(y ) <V+a tep VU ra y»hiv+n—~Fk|,

with a = |y(2)|g, that is, this conditional density is an i ,-symmetric one, but rescaled by
the factor (v + a)'/?/(v 4+ n — k)V/P.

3.4 MOMENTS

To compute the mixed moments of an [, ,-symmetric random vector X ~ S, ;,, we obtain
from the stochastic representation X < RU™ that

E (ﬁx) — B (R==7) B (f[ U[i) ,

=1 i=1

provided that E (R-i=1") is finite, and where E ([[/_, U/") is given in Corollary 2.7. In
particular, by Corollary 2.8 we have F(X) = 0 if E(R) is finite and E(XX7T) = ag’gln,
where crgyg = 1,E(R?), if E(R?) is finite. It is convenient to emphasize here that similarly
to the case of p = 2, the univariate variance component 012,7 = TpE(RQ) does not depend
on n.

For example, if X ~ t,,(r), we have by Subsection 3.2 that R = Vfl/pRp, where

V ~ G(v/p,v/p) and is independent of R, ~ x(n,p), implying that
E <RZ:L:1 Ti) =F (sz?:1 T'i/p> E (Rg:zlzl Ti’)

== (u—ZLm) r <n+z:;m

= i i ) 1/>n7“-.
o) E

g

p

p

Hence, for the ¢, ,(v)-symmetric distribution, we have for v > >~ | r; that

> v=y 0 i n ritl
E an, _ ! F( L )HIZIF(: , if r; isevenforalli=1,...,n,
[ ) = (5 ()
palt

0, if r; isoddforsome ¢ =1,...,n.

In particular, we have E(X) = 0if v > 1 and B(XXT) = agyln if v > 2, where 0]2,71, =
vI[(v = 2)/pIL(3/p)/T(v/p)T(1/p).

3.5 LINEAR TRANSFORMATIONS

A further extension of the family of continuous /,, p-spherical distributions follows by con-
sidering the distribution of the linear transformation ¥ = p+ I'X, where X ~ S, ,(9),
I' e R"™™ and p € R™.

We recall that a density level set LS is a set of points from the sample space where
the density function attains one and the same value which is called the density level. In
the case of X every density level set is an [, ,-sphere which is centered at the origin.
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It is reasonable to call the set D,, - LS an axes-aligned p-generalized ellipsoid if D, is
an m X m-diagonal matrix consisting of positive elements. Rotating such a set with an
orthogonal m x m-matrix H,, and shifting the resulting set then in the case m = n by
1 leads to a set which will be called a p-generalized ellipsoid with location vector u and
shape matrix I' = H,, D,,.

Since X < RU,, we have Y 4 pu~+RI'U,. Y has location vector p and if I' = H,, D,, we say
that the random vector Y has shape matrix I'. If E(R?) < oo, then it is straightforward
to see that E(Y) = p and Cou(Y) = O'g’gz, where ¥ = I'TT and as was mentioned

agyg = TpE(R2) is the univariate variance component induced by the density generator

function g= ¢(™. Also, if m = n still holds, then the random vector Y has a density given
by

fry) = g™ (0 y - ik, yeR.

Its d.f. Fy(y) = P(Y <) is then

Fy(y) =P(p+TX <y)= / 9" (z)dz, yeR",
{zeR:p+Tr<y}

where the sign of inequality < means componentwise inequality. In what follows, we will
denote the d.f. of Y by F,,(y; 1, 3, g), where ¥ = I'TT, or by F,,(y;%,9) when p = 0,
or simply by F, ,(y;9) when g = 0 and ¥ = I,. In the case of p = 2, ¥ has the usual
elliptically contoured distribution with location vector u and dispersion matrix ¥ and will
be commonly denoted by EC,(u, %, g).

4. SKEWED [ ;,-SYMMETRIC DISTRIBUTIONS

We discuss next two ways to construct skewed [, ,-symmetric distributions.

4.1 CONSTRUCTION FROM SELECTION MECHANISMS

Let XU € R¥ and X® e R™ be two random vectors following a l4m p-symmetric joint

(k4+m)

distribution with density generator g , i.e., they have joint density

fxw x (@D, 2®) = gFm (o0 1+ 1@, (@0, 2) € RE™,

For any fixed matrix A € R™*¥ we study in that follows the distribution of X*) when a
linear random selection mechanism of the form X® < AX(® is considered. The following
result characterizes the density of this particular selection distribution.

THEOREM 4.1 It holds

1
_ (1) . (m) m
fxax@aaxm(z) = F,g?,, (0: I 1 AAT, g0 fxa (2)Fpg <AZ79[|Z|;§]> , ze€R™,

where Fr(nlgy (m;g((lm)> = fRT gm (13 — ulb)du and Fg%} (2;3,9(™)) denotes the d.f. of TX
with T' = (A, —I,) and ¥ = I'TT = I,,, + AAT.
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PROOF According to Lemma ,
fxw (@W) = g® (2D ), 2 e R¥.
With a matrix A : RF — R™, we set
Uy =X and Uy = AXD — X2
which is equivalent to
XW =11 and X = AU, - Us.

The Jacobian of this transformation is

hence |J| = 1. The joint density of U; and Us is thus

fUl,Uz (ul, ug) = f_)((l)’X(’z) (ul,Aul — UQ) = g(k+m)(\u1\£ + \Aul — uﬂ?)
It follows that

(k+m) D _ D
g (Jurlp + [Aur —uzlp) — (m) P
fU2\U1:u1(U2) = g(k)(\u1|£) = 9[\u1|5](|AU1 - UZ‘p)‘ (1)

We note also that an interpretation of A follows from the fact that Cov(Us, Uy) = O'gygA.

Let Z denote a random vector which follows the conditional distribution of X () under
X@ <« Ax®,

7L (xW|x® < AxO),
Then
Z L (U0 < AXD - x@)
and hence
Z L (U0 < Uy).

By the general representation formula for the density of the corresponding conditional
distribution in Arellano-Valle and del Pino (2004),

P(O < U2|U1 = Z)
P(0<U2) ’

fz(2) = fu,(2)

where fir, (2) = fxa(2) = ¢®)(|2]p).
By (1) and the change of variable w = Az — ug, we have

PO < Uo|Uy = 2) = / g (A2 — uafB)dus = FSL), (Az; g[(g‘%]) . 2)
Ry
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Hence,
fz(Z) == Cm,pg(k)(’z‘g)}?;(nl;? (AZ; g[(|7:|)§]>’

with 1/Cpp = P(0 < Uy).

Since X £ —X and Uy = I'X, where I' = (A, —1I,,), then Uy and —U; have the
same distribution. Hence, P(0 < Us) = P(-Uy < 0) = P(Uy < 0). The d.f. of
U = T'X will be denoted by Fiep (uz; %, g™), where & = I'TT = I, + AAT, thus
1/Crnp = Feh (0 Iy + AAT, g(m). n

DEFINITION 4.2 The distribution of a random vector Z with density of the form
1

fz(2) = g®)(|zp) FOD) Az;g(rjl L eRE
F2, (0 Ly + AAT, g(m) D E (A=)

will be called skewed [, ,,-symmetric distribution with dimensionality parameter m, density
generator g and skewness/shape matrix-parameter A. The notation Z ~ SSi (A, g) will
be used for this distribution.

An important simplification is obtained when the matrix I,, + AA” is diagonal, where
F,S% (0; I, + AAT, g) = QL by symmetry, following thus that

f2(2) =g (=) S, (A= g} = € B,

The skewed [}, ,-symmetric subclass for m = 1 extends the skew-spherical class intro-

duced in Branco and Dey (2001), where p = 2. For this subclass, the above density reduces
to fz(z) = 2g(k)(|z]§) Fl(lp) ()\Tz;gﬁlz)'p]) , z € R¥, for which Fl(lp) (u;g[(‘?lpo is a univariate

d.f. and is immediate to be computed numerically when it has not an explicit expression.
For m > 1, the above definition extends the analoguous definition in Arellano-Valle and
Genton (2005), where p = 2.

COROLLARY 4.3 The conditional distribution of X under X® < AX® is skewed Ui p-
symmetric with dimensionality parameter m, density generator g and skewness/shape
matrix-parameter A.

This corollary extends the corresponding results in Branco and Dey (2001) and Arellano-
Valle and Genton (2005) which deal with the cases m = 1,p = 2 and m > 1,p = 2,
respectively.

EXAMPLE 4.4 An important special case is the skewed N, , distribution, where
g P (|zp) = C;fe*?mg =: ¢pp(x) is Ni, density function and F,glg (z;8,9%) =
ft<m Grp(t; X)dt =: @2%;(33; ¥), z € R* i.e. the d.f. of a non-singular linear transformation
Y =TX, with X ~ Ny, and I'TT = 5. Denoting accordingly F\zp(0; I, + AAT, (™)) =
@%?p(o, In+AAT), we shall say that random vector Z has k-dimensional skew-N,, ,, distri-

bution with dimensionality parameter m, density generator g and skewness/shape matrix
parameter A € R™** denoted by Z ~ SNy, ,(A), if its density is given by

1
B, (05 I,y + AAT)

fz(z) = Grp(2) ¢§,1L?p(Az), z e RF,



Chilean Journal of Statistics 15

For m = 1 and p = 2 we obtain the multivariate skew-normal density fz(z) =
20k(2) @1,(A\T2), 2 € R¥ | which was introduced in Azzalini and Dalla-Valle (1996)
and studied systematically in Azzalini and Capitanio (1999). For m = k with A =
diag(A1,. .., Ag), the components of the skew-N, , random vector Z = (Z1,..., Zi)T are
independent and have marginal densities fz,(2;) = 2¢15(2)P1p(Nizi), i = 1,... k.

EXAMPLE 4.5 Another important special case is the skew-tj ,(v) distribution, which is

elz \ ~(+F)/P

considered next, where g*)(|z|}) = Dy, {1 =:ty p(x;v) is the ty ,(v) den-

v
sity, and F( )(:c %,9) = [icy thp(t; X, v)dt = (13(95 Y, v) and T,Slgg is defined accordingly.
We shall say that a random vector Z has skew-t; ;, distribution with dimensionality pa-
rameter m and skewness/shape matrix parameter A € R™*¥_ denoted by Z ~ Sty »(A),
if its density is given by

1 vtk O\ VP k
fz(z) = trp(z;0) T < > Az;v+ k), z€ R
TS0 Iy + AAT ) T\ + 2

For m = 1 and p = 2 we have the multivariate skew-t distribution introduced in Branco
and Dey (2001), Gupta (2003) and Azzalini and Capitanio (2003).

A straightforward extension follows when we consider the conditional distribution of
XM given the selection mechanism X < AX(®) 4 7. In such as case, we have the more
general skew p-generalized I, ,-symmetric class of densities defined by

1

I = L aaTy)

m,p

gDl B, (A +migfT)) . zeRE (3)

The convenience of this more general class is because it is closed by marginalization and
also by conditioning when p = 2, while for 7 = 0 it does not preserve this last property.
This class generalizes the unified skew-elliptical (SUE) family obtained for p = 2 and
studied systematically in Arellano-Valle and Genton (2010). See also Arellano-Valle and
Genton (2005) and Arellano-Valle and Azzalini (2006). We call this last class as SUE-p-
generalized family of distributions, and most of the above results could be be explored for
this class.

4.2 CONSTRUCTION FROM STOCHASTIC REPRESENTATIONS

Consider now the stochastic representation

4

A D4 AIX®), (4)

where X and X® are as before, i.e., with joint Sk-+m,p(g)-distribution, and where A €
RF*™ g fixed matrix. Consider also the linear transformation W7 = X M) + AX® and
Wy = X®@ . Note that W; and Ws have joint density fw ws (Wi, we) = g(’”m)(\wl —

Awslh + Jwah), (w1, ws) € R¥™. Moreover, since

fxw x@|(T,t) = fxo xoxose(r,t) = Cg(k+m)(\x]£ +tP), (x,t) € RF x R,
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we have (X1, | X®)) 4 (XM, X®@) | X® > 0, which is equivalent to (see Arellano-Valle
et al. (2002) and Arellano-Valle del Pino (2004)) X 1l sgn(X )| |X(?)|. Hence, we have

Z2 (XD AXD) | XD s 0=W, | W, >0,
following that the density of Z is

R

= CfWI(Z)P(WQ >0 ‘ Wl = Z)

= C/ gktm) (|7 — Awl|p + [w[P)dw, z € R,
R

For p = 2, this density reduces to the skew-elliptical density given by

12(2) = 279 ®(Q(2) P (I + ATA) ATz (L + ATA) g7

where Q(2) = 2T [Iy — AL, + ATA)IAT)z = 2T (I, + AAT)712. For m = k, this skew-
elliptical class of distributions was introduced in Sahu et al. (2003). For extensions of this
family and its relation with other skew-elliptical families, see Arellano-Valle and Genton
(2005), Arellano-Valle and Azzalini (2006) and Arellano-Valle and Genton (2010).

One of the advantages of this route to obtain multivariate skew-symmetric distributions
turns out from the stochastic representation (4), which among other things allows to
compute easily the moments of Z (see Arellano-Valle et al. (2002) and Arellano-Valle del
Pino (2004)). In particular when the mean vector and covariance matrix of Z exist, we
have from (4) that they are given by

E(Z) = AE(X@|) and Cov(Z) = Cov(X\?) + ACov(|X@|)AT,

where C’ov(X£2)) =07 ,Ii. To compute E(|X®]) and Cov(]X @) we can use the following
lemma, whose proof is straightforward from the results in Section 2.3.

LEMMA 4.6 Let X = (X1,...,Xn)T ~ S, p(g) and R = | X|,. Then,

P(EEEL) T(2)B(RT ) .
() (=) 1=17,
PEEDI(EE) DR
F2( ) F(%) ’ ? 7é .77

1
P

E(Xi|"[X5]°) =

if F(R™"%) is finite.

For the particular case of X ~ N, ,, the moments of the p-generalized normal radial
random variable R, = | X/, satisfies the relation

D(2)E(RE)
B

Hence, for mean vector and covariance matrix of the corresponding skew-N,,;, random
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vector Z, 4 X,gl) + A|X1§2)| we obtain

1

»T(2 ST(3 r2(2
E(Z,) = b (p)Alk and Cov(Z,) = b (;D) {Ik + <1 — 1%) AAT} .

r(;) L(; y

If Z is a scale-mixture of the skew-N, , random vector Z,, then there is a non-negative

random variable V' which is independent of Z, such that Z 4 V_l/pr. Hence, we
have E(Z) = E(V-YP)E(Z,) if E(V~V/?) is finite and E(Z,2Z]) = E(V~2/?)E(Z,Z])
if F(V~2/?) is finite, from where we can compute Cov(Z).
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