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Abstract

We derive a wide class of geometric representation formulas for
multivariate skewed elliptically contoured distributions and show in
a unified geometric way how some of them are related to stochas-
tic representations known in the literature. Furthermore, we make
use of the geometric measure representation to explore independence
between collections of components of accordingly distributed random
vectors, and to investigate contour plots of skewed normal densities
from a geometric viewpoint.
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1 Introduction

Over the last decade, the field of multivariate skewed distributions was a
very vibrant research area. The first well studied type of such distributions
is the multivariate skewed normal distribution that is considered in [6] and
[14]. Later on, many authors tackled different approaches to generalize this
distribution. A very important generalization for the purposes of the present
paper is the class of multivariate skewed elliptical distributions introduced
in [10]. Because of the vast development of the area of skewed distributions,
several authors as those in [1],[2] and [4] put a lot of effort into finding as
general and systematic approaches to it as possible.

Recently, the authors of [13] provided an approach to the univariate
skewed normal and univariate skewed elliptical distributions that unifies sev-
eral known representations of these distributions from a certain geometric



point of view. At the same time, this viewpoint makes it possible to estab-
lish a whole class of new such representations. The aim of the present paper
consists in extending this geometric way of dealing with skewed distributions
to the multivariate case, and in drawing first consequences from it.

To be more concrete, in the following, we denote by ®(-; ¢**)) a continu-
ous spherical distribution on the Borel o-field B*) in the Euclidean space R*
having the density generator ¢*) and by SE(&,, §; g***) a member of the
class of continuous skewed elliptical distributions on B*) as it was introduced
in [10]. The results in [13] show the following. If Z ~ SFE;(0,1,4;¢?), then
its cumulative distribution function (cdf) allows each of the representations

P(Z < z) = 285(C(a, b, c,d, €); g?), (1)
where the cone
C(a,b,c,d,e) = Hy(a,b) N Hy(c,d, e)

is the intersection of two half spaces of R2,
Hi(a,b) = {(z,y)" € R?: ax + by < 0}

and
Hy(c,d,e) = {(z,y)" €¢R?:cx+dy < e},

and where the parameters a, b, ¢, d and e fulfill the equations

"= o ®

and bd
ac
5= — , 3
Va2 + 02V + d? )

In other words, if (X,Y) ~ ®y(-;¢®) then for all parameters satisfying
equations (2) and (3),

P(Z < z)=2P(aX +bY <0, cX+dY <e),

and
P(Z <z)=P(cX+dY <e|aX+0bY <0).

Notice that for every given pair (4, z), there are uncountably many so-
lutions (a, b, c,d, e) of equations (2) and (3) corresponding to orthogonally



transformed cones C'(a, b, ¢, d, €), hence each giving rise to its own represen-
tation formula of the cdf of a one-dimensional skewed elliptically distributed
random variable. Let

(9, 2) = {C(a,b,c,d,e) : a,b,c,d, e satisfy (2) and (3)}

be the class of cones whose two-dimensional spherical measure coincides with
(1/2)-P(Z < z) where Z ~ SE;(0,1,5;9g®). Then €5(61, 21) N€y(ba, 20) = ()
if (01, 21) # (d2, 22). The value of the parameter § in (3) is equal to that of the
cosine of the angle between the vectors (—a, —b)T and (c,d)”. This angle can
be considered as the opening angle of the cone C(a,b, ¢, d,e). Furthermore,
the absolute value of the parameter z in (2) is equal to that of the distance
from the line 0Hs(c,d,e) to the origin. The origin always belongs to the
boundary of Hi(a,b). Note that we can also write Hs(c,d,e) = {(z,y)T €

R? : \/021 =7+ \/CQdJr =Y < z} and therefore

C(a,b,c,d,e) = {(z,y)" €eR?:al (§) <0, al (}) <z}, (4)

where af = (a,b) and a{ = (7=, 7z+5) is a normalized vector.

The proof of the above statement is immediate from the proofs of The-
orems 1 and 2 in [13] and the comments given there at the end of Section
4. The results of [13] can now be considered as special cases of the present
formulation by suitably choosing ¢?, and § = v/v/1 + 2.

To give a first impression of how the representation formula (1) can be
used, we derive with its help a specific representation for skewed elliptically
distributed random variables based on the maximum of two jointly elliptically
contoured distributed random variables.

It was demonstrated in [13] that different representations of skewed ellip-
tically contoured distributions can be derived in the same unified geometric
way and it will be shown later in the present paper that this unified way of
proving stochastic representations works in higher dimensions, too.

Before we go further, we recall that a continuous k-dimensional random
vector Y is called elliptically contoured distributed with location parameter
p € RF, symmetric regular form or scale parameter matrix ¥ € R¥** and
density generator ¢*) : R* — R* if it has the density

Flyip 2, g®) = 87 2¢W((y — ) 'Sy — p), yeRE

We write Y ~ ECy(m,%; g®) for short. For a treatment of elliptically
contoured distributions, we refer to [11].
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In the following, we show that if (X,Y)T ~ EC5(0,, ({1) ?7);9®) then
max{X,Y} ~ SE;(0,1,{1/2(1 — p)}*/2; ¢®) by making use of the cdf rep-
resentation (1) of the univariate skewed elliptical distribution. To this end,
we define the diagonal matrix D = diag(1/y/1+ p,1/4/1T — p) and the or-
thogonal matrix O = (1/v/2) (1) and note that the transformed vector
(U, V)T = DO(X,Y)T satisfies

(U, V)T~ (5 gP).
Since, first, P(max{X,Y} < t) can be written as P((X,Y)? € B(t)) with
B(t) = {(z,y)T € R? : 2 < t,y < t}, and next, (X,Y)T € B(t) holds iff
(U,V)T € DOB(t), we obtain
P(max{X,Y} < t) = &,(DOB(t); ¢?),t € R. (5)

Note that DOB(t)

_ z\ . L+page L—p1) L+pip _ L—piip
() e G0y <, (- (D <

is a cone in R? that is symmetric w.r.t. the z-axis. With the notation
1 1—
B(t) = {(x,y)T €ER*:y >0, (—; p)l/zx + (—2 p)1/2y < t} :

we have DOB(t) = %U [((1) ) B(t)] and B(t)N [((1) o) B(t)} = (), where

the origin belongs to the topological boundary of the cone B(t) and B(t)
denotes the closure of B(t). Thus

Dy(DOB(t); g?) = ®o(B(1); g?) + ©2((4 %) B(t); g2).

Therefore, ~
©5(DOB(t); g?) = 205 (B(1); g*). (6)

Here, B(t) is the cone C(a,b,c,d,e) with parameters a = 0, b = —1, ¢ =
(H2)12, d = (}52)Y? and e = t. Inserting these values into (2) and (3),
we obtain z = ¢t and 6 = {1/2(1 — p)}*/? and from representation (1) then
follows that

205(B(1); %)) = P(Z < 1), (7)



where Z ~ SE;(0,1,{1/2(1 — p)}*/2, ¢®). Hence, on combining (5), (6) and
(7), we observe that

Pmax{X,Y} <t)=P(Z<t), teR,

i.e. the maximum statistic follows an univariate skewed elliptical distribution
with parameters (£,Q) = (0,1) and skewing parameter § = {1/2(1 — p)}!/?
if the two-dimensional elliptically contoured sample distribution has location
parameter pu = 09 and its scale parameter matrix Y is actually a correlation
matrix, 3 = (ll) ’1’) This explicit result may be also derived from Proposition
10 in [8] concerning classes of distributions, and its proof given there. Cor-
responding results assigning the one-dimensional skewed normal or skewed
spherical distribution to the maximum distribution of two-dimensional Gaus-
sian or spherical vectors are due to [16], [3], and [15]. For certain gener-
alizations of such results that are based upon a representation of skewed
l,, p-symmetric distributions in [5], we refer to [9] and [17].

In the first proof of the main result of the present paper, we follow
the approach in [12] of defining a skewed elliptically contoured distribu-
tion by stating its density. We say that a k-dimensional random vector
Z is distributed according to the skewed elliptically contoured distribution
SE(€,9,8;g%V), where € € R, § € RF, Q is a symmetric and positive def-
inite (s.p.d.) kx k matrix, & and Q fulfill 87 Q '8 < 1, and gtV : Rt — R*
is the density generator of an elliptically contoured distribution in R**!, if it
has the density

AT (z-¢)

fz(z) = 2IQ\_1/2/ g+ (2 - €T (2~ §)) ds,  (8)

—0o0

where

A=(1-67Q718)7 120716, (9)

We mention here that the distribution SE(&,, §; g*+1)) was originally in-
troduced in [10] in another way and refer for details to Proposition 1 in
Section 2. Additionally, throughout the rest of the paper, we assume that
the matrix €0 is a correlation matrix. Note that our assumptions imply that
(1e7) is positive definite and that § € (—1,1)**. We will prove this in
Appendix A.

The main aim of the present paper is to establish a multivariate gen-

eralization of the results in [13] as they were stated in the first part of this



section. For this purpose, we generalize the class of cones €,(d, 2) to a proper
multivariate version. This will be done in Section 2. Following this line, we
present then in Theorem 1 a multivariate extension of the representation (1).
In Section 3, we investigate relations between the geometric measure repre-
sentations proved in the present paper and some stochastic representations of
skewed elliptically contoured distributed random vectors already known from
the literature. Actually, we show that the latter may be derived in a unified
geometric way from the new representation in Theorem 1. In Section 4, we
further exploit the geometric representation formula in Theorem 1. First, we
formulate geometrically stated conditions for the independence of collections
of components of a skewed normal random vector. Next, the application of
Theorem 1 will be extended to a greater class of cones through symmetriza-
tion. Finally, we give some new interpretations for density contour plots of
two-dimensional skewed normal vectors.

2 Main result

As announced, we now introduce more general classes of cones than the one
considered in Section 1. The cones studied in this section are intersections of
k + 1 half spaces from R**!, where at least one of them contains the origin
in its boundary. Each of the classes of cones C(z) will be used to repre-
sent the cdf of the k-dimensional skewed elliptically contoured distribution
SEL(0,9Q,68; g**tV) by the values 2®,1(C(2); g**)), z € R*. To this end,
we specify the cones that are needed to formulate a suitable multivariate
generalization of formula (1). The half space

Hy(ao) = {y e R*™ . aly <0}, agecR"™,
contains the origin in its boundary while the boundaries of the half spaces
Hi(a;,z)={y cR*™ : aly <z}, zeR, a;ecR"™ i=1, ..k,

do not contain the origin, in general. The vectors ay, ..., a; are assumed to
be linearly independent and the vectors ai, ..., a; are assumed to satisfy the
normalization assumption

lal=1, i=1,..k



One of the consequences is that in the case k = 1 equation (2) reads as z = e.
The cones of interest are now

k
C(ag, @i, ..., ar; z) = Ho(ag) N (ﬂ Hi(a;, %)), z € R".
i=1
We say that a cone C(ayg,ay,...,ax; z) belongs to the class €1(1,9, z),
where the parameters § = (dy,...,0;) and z belong to R* and Q =
(Wij)ij=1,.k 1s a k x k s.p.d. correlation matrix, and 0T 18 < 1, if
the vectors ay, ..., a; satisfy the equations

T

[laol]” Co (10)
wij=wi=aja;, 1<j, i,j=1,.k

P =

If ¢o; € (0, 7) denotes the angle between 0Hy(ag) and 0H;(a;, z;), i = 1, ..., k,
and gb” € (0,m) is the angle between 0H;(a;, 7)) and 0H,(a;,z;), i, =
., k then (10) means

5@' = COS((Zﬁ(m‘) and Wij = Wjs = — COS(QZ%J),Z' < j, ’l,j = 1, e k.

In case of kK = 1, 2 = 1 is the only admissible value for 2. Note that
@y(1,6, z) is equal to €5(d, z) from Section 1.

In the following, we generalize representation (1) to the multivariate set-
ting. The inequality u < v, where u,v € R*, is to be read componentwise.

Theorem 1. If Z ~ SE,(0,9,8; g* V) then, for all cones C(ag, ay, ..., ay; z)
from the class €1(Q2, 68, 2z), the cdf of Z allows the representation
P(Z<Z> :2(I)k+1(C(a07a177a’k7z)7g(k+1)>7 z ERk (11>

One may say that the parameters of the cdf of the skewed elliptically
contoured distribution are expressed in this theorem in terms of geometric
parameters of the cones C(ag,a,...,ax; z), and vice versa. Similarly to
equation (4), we can write

Clag,ar,...,a1;2) ={y e R" ' 1 aly <0, aly < z,...,aly < z}. (12)

The absolute value of z; is the distance of dH;(a;, z;) from the origin, i =
., k. Here, min{||w|| : a’w = 2} = |z|/||a| is the distance of the hyper-
plane {w € R¥" : aTw = 2} from the origin. Furthermore, we have the
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above stated relations following from (10), between the distribution parame-
ters 0 and 2 and the angles between the hyperplanes that are boundaries of
the cone.

Classes €;11(£2, 8, z) corresponding to different parameters (2,4, z) are
disjoint. For SE.(0,Q,8; ¢g*+1)) and z being fixed, there are uncountably
many cones generated by orthogonal cone transformations which satisfy the
representation (11).

Lemma 1. IfC(ao, a1, ..., ax; z) and C(ag, ai, ..., ay; z) are (k+1)-dimensional
cones which are elements of the same class €41(2,8,2) then there is an
orthogonal transformation O such that

C(a’Oa ai, ..., Qg; Z) = OC(CLS, Cl,){, ) a’l:v Z).

Proof. We define ag := ao/||ao|| and a; := a/||ag|| and note that the sets
{ap,ay,...,a;} and {ag,ai,...,a;} are both bases of R¥f1. Therefore, there
exists a unique linear map f : R¥! — RFt! such that ay = f(a;) and
a; = f(a}), i = 1,...,k. By using the assumptions of Lemma 1, it can be
shown that the map f is orthogonal, i.e. for any pair of vectors v,w €
R*! holds < f(v), f(w) >=< v, w > where < -,- > denotes the standard
scalar product in R¥*'. Hence, there is an orthogonal matrix O such that
ap = Oaj and a; = Oaj, i = 1,..., k. It follows that C(ag, ay,...,ax; z) =
OC(a§,a;,...,a5; z). ]

It is one of the aims of the present note to make as clear as possible the
relations between the well established techniques from the area of skewed
distributions and the new techniques from the geometric approach. In this
sense, we present in the following two alternative proofs of Theorem 1 in order
to show different aspects of these relations. The first proof uses essentially the
orthogonal invariance property in Lemma 1. The second one shows that one
can also start from the stochastic representation of skewed elliptical random
vectors that was basically used in [10].

Proof 1 of Theorem 1. It was shown in [7] that if © is a correlation matrix
then (9) is equivalent to

QA
0= (1+ ATQN)2 (13)




Let us consider a random vector
X 1 of
<Y(_)> ~ ECk+1 (Ok—i-l, (Ok 6) ,g(k—l-l)) (14)

where Xy and Y take values in R and R¥, respectively. It follows from (8),

(14), and olk 095 = |Q] that

ATy
P(Z < z)= 2]9[‘1/2/ / g* (2 + yTQ y) ds dy
y<z J—oc0

1/2 Ay (k+1) T 1 0;{ ! S
=2(Q|” , ds d
2] /y<z/oo g7 (s y )(Ok Q) <y)) s dy

=2P(Y < z,Xo < ATY).
Because (2 is regular, there is a regular £ x k-matrix C' such that
Q=cct. (15)

It follows from the properties of elliptically contoured distributions that if
Y" := C~'Y then

X 1 07\ (X
(Y?*) - (ok Cﬁl) (YO> ~ Dy (5g"Y).

Let
Ap(2) = {(o, y")T € RM - zg < Ay, y <z}, z€eRF,
then
2P(Y <z, Xo < A'Y) =2P((Xo, YT € Aj(2))
—2p ((XO, YT e Ao(z)>
where

A — 1 Oz A* _ To Rk—H . ATC * Oy’
D(Z) - Ok Cfl O(Z) - ,y* € DTy < Yy, Yy <z,.

Hence,
P(Z <z)= 2@k+1(A0(z);g(k+1)). (16)
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The set Ay(z) allows the representation
Ao(z) ={y e R : @i’y <0, ai"y <z, ..., @} y < 2.}

where @i’ = (1, —ATC), a:” = (0, €I'C), i = 1, ..., k, and e; denotes the ith
usual unit vector of R¥. The vectors aj, a},...,a} are linearly independent
because C'is a full-rank matrix. Furthermore, we have the following equations
which together with (13), prove that the vectors a;, i = 0,1, ..., k, satisfy
(10):
—aj’a; X'cCTe; _ A Qe; i1k
lagll — (L+ATCOTA)Z  (1+ ATQayz 0 P

«T % _ ToeT, T _ S
a; a;=e,CC e =¢;0e;=w; 1,j=1.,k,

thus
la P =wi; =1, i=1,..,k

Hence, the cone Ay(z) belongs to the class €;1(9, €2, z). Because of Lemma
1, every cone C(ayg, @1, ..., ag; z) from the same class can be mapped orthog-
onally onto Ap(z). Because of the orthogonal invariance of the spherical
distribution ®;,;(-; g**V),

Py11(Clag, ar, ..., a; Z);g(kﬂ)) = (I)kH(Ao(Z);g(kH))' (17)
The claim of Theorem 1 now follows on combining (16) and (17). O

Before we present the announced alternative proof of Theorem 1, we
recall the stochastic representation of skewed elliptically contoured random
vectors that was basically used in [10]. Here, £(.].) denotes the conditional
probability law.

T
Proposition 1. If (;{9) ~ Elkﬂ((g) , ((15 (;2) ;g then the skewed

elliptically contoured distribution allows the conditional distribution repre-
sentation

SEy(€,Q,8;g%) = &YX, > 0).

In [10], the statement of Proposition 1 was actually the definition for the
skewed elliptical distribution, and the density representation (8) was derived

from it. The following second proof of Theorem 1 makes use of Proposition
1.
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Proof 2 of Theorem 1. Let C(ag,aq,...,a;;z) be a cone from the class

C11(0,9, z). We define the (k+1) x k-matrix A by A = (a,l as ... ak)
and assume that ((lj})) ~ @1 (-; g%V where Uy and U take values in R

and R*, respectively. Note that

U
(I)k+1<0<a’07a17 "'7a’k;z);g(k+1)) = P<AT (l/(')) < z,ag ( > O)
T

Hence, with the notation ag = —HZ—SH,

21 (Claar, s 2)i ) = PLAT () <217 () > 0. 19

It follows from the equations (10) that & = ATay and Q@ = ATA. The
properties of elliptically contoured distributions ensure that

al\ (U 1 67
<Z%) (U(.)) ~ Eljy1(0p41, (5 Q> ;9(k+1)).

Finally, with X, = ag <U°) and Y = AT (U°>, Proposition 1 yields

U U
e (a7 (Vo) 1a7 (Vo) = 0) =SB0y, 0, 8, g%+ (19)
U 0 U b ] .
The claim of Theorem 1 follows on combining (18) and (19). O

3 Stochastic representations

It is known from the second proof of Theorem 1 that representation for-
mula (11) can be derived from the conditional distribution representation in
Proposition 1. In this section, we demonstrate how, vice versa, Theorem 1
can be used to derive this and other representations. This way, we reprove
in a unified geometric way several representations of the skewed elliptically
contoured distribution, including that of Proposition 1.
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3.1 Representation based upon selection mechanism

In this subsection, we re-prove Proposition 1 by using Theorem 1. Thereby,
we restrict us to the special case that & = 0, and € is a correlation matrix.
The case of arbitrary & can be treated similarly by changing Y with Y — &.

The matrix Lot is assumed to be s.p.d., hence we can write 1ot =
5 0 p.d., Wi w s o~

BBT with a certain non-singular (k + 1) x (k + 1)-matrix B. We define
X5\ . o1 (Xo Xo . . "
(Y*) =B (Y)’ where (Y satisfies the assumptions of Proposition

1. Because of the properties of elliptical distributions,

X*
(Y(i) ~ By (g%,

Let
Ai(z) = {(z0, y")T e R*™ : 20>0, y< 2z}, zcR~

We have
P(Y < z|X,>0)=2P(Y < z, Xy > 0) =2P((Xo, YT € A;(2))
—9p ((Xg, YT e Al(z)> ,

where

Al(Z) = BilAT(Z) = {Bl <£;0> S RkJrl =2 < 0, Yy < Z}

() emer o (21 O gm0 o (OV L
] 0. I Y z
We get the following intermediate result:
P(Y < z|Xo > 0) = 20,1 (A1(2); g% ). (20)

The set A;(z) allows the representation

Ai(z)={y eR"" : aly <0, aly <z, ... aly <z}
where al = —el B, al = eiTHB, 1 =1,...,k, and e; denotes now the 7th unit

vector of R¥1. The vectors ag, ai, ..., a; are linearly independent because
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the matrix B is of full rank. Furthermore, the following equations show that
the parameter vectors ag, ay, ..., ay satisfy (10):

(1 67
€1 €it1
_agaz . e{BBTeH,l . (s Q B 51
lao]| ~ (eTBBTe;)'/? e 7T ok,
€ e
o O

1 8" .y
aiTaj = 6?+1BBT€j+1 = EZ-T_,’_I (6 Q) €it1 = Wi, 1, )= 1, ey k’,
thus

e =wii=1, i=1,..k

Therefore, A;(z) is a cone from the class €1(2, 8, 2). Proposition 1 now
follows from (20) and Theorem 1.

3.2 Representation based upon linear combination

The following stochastic representation of a skewed elliptically contoured
random vector was originally derived in another way in [8] and [12], and in
slightly different notation. In this subsection, we re-prove this result using
Theorem 1.
. Xo 1 0} 1 .
Proposition 2. Let <Y) ~ ECki1(0g1, (0 q;) g* D) where W is a
k

s.p.d. kX k correlation matriz. Further, let Z; = 6;|Xo| + (1 —07)%Y;, j =
1,....k, where 6 = (01,....,0:)" € (=1, )%, and A = diag(éy,...,0), and
Z = (Zy,... ;)" =|Xo|6 + (I — A®)Y2Y . Then

Z ~ SE(0;,9Q,8; "),

where
Q=667 + (I, — A)V20 (1, — A%)V2, (21)

To prove Proposition 2, we use that the matrix ¥ is s.p.d., so that ¥ =
CCOT with certain regular k x k matrix C. Let Y* := C~'Y. It follows from
the properties of elliptically contoured distributions that

X 1 0l (X
(Y?“> ) (ok Okl) (YO) =Bt

13



With
As(2) = {(zo, y")T € R¥L © §lwo| + (I — A2y < 2}, z e Rk,
we observe that
P3| Xo| + (I — A2y < 2) = P((Xo, YT € Al(2))
= P (X0, Y"")" € As(2))

where
T
9= (o, ) 4

= {( a:o,y T e RM ¢ §lag| + (I — AH)V2Cy < 2}

{ zo,y )T € RM 1 20 >0, dug + (I — AQ)l/QC’y < z}

U {(xo,y T eRMY 25 <0, =z + (I — AYY2Cy < z}.

(22)

If

As(2) = {(zo,y")T € RM 1 2 > 0, Sz + (I, — A*)?Cy < 2},

we have Ay(2) = A5(z) U [( 5 ') Ax(2)] and As(z) N [( 1) Ao(2)] = 0.
Therefore,

P (X0, Y*)" € Ay(2)) = By (Aa(2))
= Dpi1(A(2) + P (' 1) A2(2))

=20;.1(Ax(2)).
Hence,
P(8]Xo| + (I — A*)?Y < z) = 2@y (Aa(2); g*HY). (23)
We can represent As(z) as
As(z)={y eR"" : aly <0, aly <z, ... aly <z}
where al = (—1,07), al = (&;, (1 — 62)/2el'C), i = 1,...,k, and e; denotes

here the ith unit Vector of R¥. The vectors ag, @y, ..., a; are linearly inde-
pendent because the matrix C' is a full-rank matrix. Furthermore, we have
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the following equations which together with (21) show that the parameter
vectors ayg, @, ..., ay satisfy (10):

T
—Qa,a; o 51

ala; = 5;0; + (1 —62)2elCCTe;(1 - 5]2-)1/2
= 56+ (1= 67)"%e] We;(1 — 63)'/?
= 0,0; + (1= 67)' Py 5 (1 = 69)V/2, ij =1,k

and
lail[? = 02+ (1 — 62, =07+ (1-0F) =1, i=1,...k

Hence, As(z) is a cone from the class €;11(£2, 9, z), where Q is given by (21).
Proposition 2 now follows from (23) and Theorem 1.

3.3 Discussion

It was shown so far in this section that some of the known representations
of skewed elliptically contoured distributions can be derived in a unified ge-
ometric way from Theorem 1. We want to add a few more words on the
opposite direction, that is how Theorem 1 can be derived from any of these
known representations, too. The first proof of Theorem 1 essentially makes
use of representation (16) for the cdf of the skewed elliptically contoured dis-
tribution. As a matter of fact, one can also use Proposition 1 together with
(20) in order to get

P(Z <z)= 2q)k+1(A1(z);g(k+1))7

and can use this last equation instead of (16) in the first proof of Theorem
1. Then, for proving the claim of Theorem 1 in the same way as in the first
proof of Theorem 1, one can use of the fact that A;(z) is a special cone from
the class €;1(2, 4, z). After that, Lemma 1 and the orthogonal invariance
property of ®p.1(-; g**V) apply.

Similarly, one can prove Theorem 1 starting from Proposition 2. This
proposition together with (23) applies to show P(Z < z) = 2®;,1(Ay(2); g +).
One can use now this equation instead of (16) in the first proof of Theorem
1, and can perform then the same reasoning as above by exploiting the fact
that As(z) is a special cone from the class €;,1(2, 4, 2).
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Actually, one can use any (possibly yet even unknown) representation of
the skewed elliptical distribution that implies

P(Z < z) =28;,,1(C(ag, ay, ..., ax; 2); g* )

for just one special cone C(ayg,aq,...,ax;z) from the class €;.1(1,4, z).
Then, the extension of the claim of Theorem 1 to any cone from the class
Cr11(9, 0, z) follows from Lemma 1.

4 Applications and examples

4.1 Describing independence

General conditions ensuring that sub-vectors of multivariate skewed normal
vectors are mutually independent, follow from Proposition 6 in [7]. Here,
we show that formula (11) applies to derive geometrically stated conditions
under which such independence relations hold.

Remark 1. Let the cdf of the k-dimensional random vector Z satisfy
representation (11) with gtV being the density generator of the nor-
mal distribution, and let Z be partitioned as Z = (Y7T,..,Y])T where
the sub-vectors have dimensions myq,...,mp, respectively, my + ... + my =
k. If the linear spaces £(ag,@1,...,@my),  L(Qmy+1, Gmyt2y oy Cmytmsy),
’g<a’m1+m2+17 EaE) a’m1+m2+m3)7

ooy £yt tmpy 41> Gyt 1425 s Gyt +my, ) SDanned up by the vectors
in parentheses are orthogonal to each other then Y, ..., Y, are independent.
Furthermore, in this case, Y1 will be skewed normally distributed, whereas
Y., ..., Y, are normal random vectors.

Proof. For simplicity, and without loss of generality, we consider the case
h = 3. We suppose that z € RFF is partitioned as z = (yf,yl yI)7?
where y,, y,, y; have dimensions my, ms, ms, respectively. We define A, =
(ao a; .. am1)7A2 = (am1+1 am1+m2), and Az = (a'm1+m2+1 ak),
and moreover X ~ Ny, 1(0py1, [r11). Then

P(Z < z) = 2®p41(C(ag, ay, ..., ax; 2); g* V)
=2P(a} X <0, al' X <z, ...,a} X < %)
=2P(ATX < (0,y7)", 43X <y,, A3X <ys3)
=2P(ATX < (0,97)") - P(AX <y,)- P(A3 X <y,).
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In the last equation, the independence of AT X, AL X, and AT X was used.
This property follows by considering the distribution of (A1 As Ag)TX
and exploiting the orthogonality condition assumed in the Remark 1. Fur-
thermore,
P(Y,<y,)= lim ..lim P(Z < z)=2P(ATX < (0,y1.7)"),
Z7VL1+1‘>OO 2700

analogously P(Y, < y,) = P(AT X < y,) and P(Y3 < y,;) = P(ATX <
y3). Indeed, Y, and Y3 are normally distributed. To prove that Y is
skewed normal, one can find an orthogonal (k + 1) x (k 4 1)-matrix such

that OA, = a0 ar e Ome ) Ghere @; € RMtL G =
Or—(mi+) Ok—(mit) - Or—(mi41)

0,1,...,m;. Hence, because of OTX 4 X
P(Y,<y,) =2P(ATX < (0,51.7)") = 2P(ATO" X < (0,5, ")7)
= 2P((0A)TX < (0,y4.7)T)
= 2By, 1(C(@0, @1, ..., Gy 1) V)

and thus, Yy is a m;-dimensional skewed normal random vector, becauce of
Theorem 1. O

Notice that the conditions for independence, which follow from Proposi-
tion 6 in [7], are met if the orthogonality condition from Remark 1 is satisfied.
This follows by considering the equations (10).

4.2 Deriving representations through symmetrization

The present subsection illustrates that one has not necessarily to restrict
considerations of the geometric measure representations for skewed distribu-
tions to cones which include the origin in at least one bounding hyperplane.
To be specific, we derive here a representation of P(Z < z) in terms of
®.1-values of sets derived from sets of the type C(aq, a1, ..., ax; z) through
symmetrization.

Remark 2. If Z ~ SE.(0,Q, 68, g**V) then, for every cone C(aqg, ay, ..., ay; z)
from the class €1(Q2, 68, 2z), the cdf of Z allows the representation

P(Z < z) = ®111(C(ag, ay, ..., ax; 2)

2
U (Ik+1 - T—aoag)0<a07 aig, ..., Qg; Z), g(kJrl)) (24>
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Proof. The Householder matrix (Ij41— aoag) mirrors C'(ag, @y, ..., ay; z)
0

on the bounding hyperplane {y € R : al' y = 0} which contains the origin.

Therefore, C(ay, ay, ..., ay; z) and (lps1 — aTas —Z—apal)C(ag, ai,...,ay; z) are
disjoint. Furthermore, (I3 — a,oag) is orthogonal. Hence,
2 T
Dpr1(([pyr — o apay )C(ag, ay,...,a;; 2)) = Pp1(Clag, ay, ..., ag; 2))
0 Yo
and thus
2
(I)k-‘rl(c(a()a ai, ..., Qg; Z) U ([k-i-l - maoag)c(a07 ai,....a; = ) g(k+1))
0 <0
= 2q)k+1(0(a07 ai, ..., Qf; Z)) = P<Z < Z),
where the last equation follows from Theorem 1. n

Example 1. Let us recall that the set ( ) from Section 1 allows the repre-
sentation B() Clag, ar; 2) with ag = (0,—1)T, a; = (52)Y/2, (52)VH)7,

and z = t. The corresponding Householder matriz is therefore (Iy —
= aOaOaOT) = ({%). Hence, the set DOB() from Section 1 allows the
0

representation DOB(t) = C(ag, a1;2) U (I2 — ro-aoag NC(ag,ay;2).

Example 2. The set Ay(z) in the proof of Proposition 2 allows the represen-
tation Ay(z) = Clag, ay, ..., ay; z) with ag = (—=1,0%)T. The corresponding

Householder matriz is thus (Ijy1— —2 a,oa,g) o (}: ) After symmetriza-

tion of the cone C(ag, aq, ..., ax; z ), we get the set

2
Clag,ai,...,a;2) U (Ll — ﬁaoag)C(ao, ai,...,ag; 2)

0 <0
= Ay(2)U (7 1) Aa(2)
= {(zo,y")" € R ¢ 25 >0, Sz + (I — AH20y < z}
U{(z0,y")T e R+ 20 <0, =8z + (I, — A?)V2Cy < 2}
= {(zo,y")" €R*" + 8|mo| + (L — AHY2Cy < z},

which coincides with (22).
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4.3 Contour plots

The consideration in this subsection is restricted to the case k = 2. We
observe by systematically changing certain parameters how the shape of the
density level sets of a two-dimensional skewed normal vector (27, Zs) depends
on the linearly independent vectors ag, a; and ay. These vectors are normal
to the boundary-planes of that cone in R® which is used to express the cdf of
(Z1, Z3) according to (11). In comparison with (12), we slightly modify the
notation for this cone and put

T al
Cs(ag, ay,aq, 21, 2) 1= {zc eR?:alzx <0, ||Z ||w < 21, Ta ||:I: < 22}
as
This set depends only on the directions of the vectors ag, a1, as but not on
their norms what is essentially the same in all previous sections where we
restrict vectors aq, ..., a; to be normalized. Furthermore, in this subsection,
we use P3(+) to denote the three-dimensional standard Gaussian measure.
Figure 1 shows density contour plots of two-dimensional skewed normal
distributions having different parameter vectors ag,a; and as. For more
figures reflecting the effects of different changes in the vectors ag, a; and as,
we refer to Appendix B. Similar contour plots reflecting effects of varying a
correlation coefficient or Madia’s skewness measure are to be found in [14]
and [18], respectively.

ﬁ
=

lambda=1, gamma=0 lambda=2, gamma=0 lambda=5 gamma=0

Figure 1: Contour plot of the density of (Z,Z;) where P((Z1,7Z;) <
(21722)) = 2@3(03(010,(11,0,2,Z1,ZQ)) with ay = (1a)‘77)T7 a, =
(0,1,0)T, ay = (0,0,1)T. Here, a; Lay and changes are only made in .

In the final remarks we describe some observations which can be made
when considering these figures.
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Remark 3. If a1 lasy, as it is the case in Figures 1 and 2, then the den-

sity contour plot of (Z1, Zs) is always symmetric w.r.t., and the density looks
skewed into the direction” of the vector (91, 02) = —(cos(ZL(ag, a1)), cos(ZL(ag, az))).
From Figure 2 , one may get the impression that "skewing to the left” in-
creases as the angle between ag and a, becomes sharper, i.e. as X\ increases.
Moreover, one may arque that "skewing downwards” increases as the angle
between ag and ay becomes sharper, i.e. as 7y increases. We let it here an

open problem to give these statements a precise mathematical sense in a
future work.

Remark 4. If there are no restrictions upon the vectors a;,i = 1,2,3 then it
is not as easy to uniquely detect general rules on their skewing effects. Still,
the angle between ay and a, seems to be related to skewing to the left or right,
and the angle between ay and as seems to be related to skewing downwards or
upwards. Besides, we also obtain an effect of higher or lower concentration
of contour lines which seems to be essentially influenced by the angle between
a, and ay. Having a closer look onto the contour plots, however, one gets
a visual impression of how all the three effects superimpose. Figures 3 to
7 indicate the great variety of skewing two-dimensional normal densities.
Moreover, if we would change both the signs of A and v in Figure 3 and
Figure 4 , then the contour plots would mirror along the x-axis. If we would
choose as = (0,0, —1)T instead of ay = (0,0,1)T, then the contour plots
would marror along the y-axis. In Figure 6 , one can observe éxtremeplots
where in the left figure, the angle Z(ag, ay) is very sharp, in the central figure,
Z(ag, ay) is very sharp, and in the right figure, Z(ay,ay) is very sharp. In
Figure 7, the value of all three angles decrease when turning from the left to
the right.

References

[1] ARELLANO-VALLE, R. B., AzzALINI, A. (2006). On a unification of
families of skew-normal distributions. Scand. J. Stat. 33, 561-574.

[2] ARELLANO-VALLE, R. B., BRaANCO, M.D., GENTON, M. G. (2006).
A unified view on skewed distributions arizing from selections. Can. J.
Stat. 34, 581-601.

20



3]

[4]

[5]

[6]

ARELLANO-VALLE, R. B.; GENTON, M. G. (2008). On the exact dis-
tribution of the maximum of absolutely continuous dependent random
variables. Stat. Probab. Lett., 78, 28-35.

ARELLANO-VALLE, R. B., GENTON, M. G. (2010). Multivariate uni-
fied skew-elliptical distributions. Chil. J. Stat., 1, 17-33.

ARELLANO-VALLE, R.B., RICHTER, W.-D. (2012). On skewed con-
tinuous [, ,-symmetric distributions. Chal. J. Stat. 3, 193-212.

AzzALINI, A., DALLA VALLE, A. (1996). The multivariate skew-
normal distribution. Biometrika 83, 715-726.

AzzALINI, A., CAPITANIO, A. (1999). Statistical applications of the
multivariate skew-normal distribution. J. R. Statist. Soc. B, 61, 579—
602.

AzzariNi, A., CApITANIO, A. (2003). Distributions generated by
perturbation of symmetry with emphasis on a multivariate skew t-
distribution. J. R. Statist. Soc. B, 65, 367-389.

BATUN-CUTZ, J., GONZALEZ-FARIAS, G. , RICHTER, W.-D. (2012).
Maximum distributions for Iy ,-symmetric vectors are skewed [ ,-
symmetric distributions. Stat. Probab. Lett. 83, 10, 2260-2268. DOI
10.1016/j.spl.2013.06.022.

Branco, M. D., DEy, D. K. (2001). A general class of multivariate
skew-elliptical distributions. J. Multivar. Anal. 79, 99-113.

Fana, K.-T., Korz, S., NG, K. W. (1990). Symmetric Multivariate
and Related Distributions. Chapman & Hall, London.

FanG, B. Q. (2003). The skew elliptical distributions and their
quadratic forms. J. Multivar. Anal. 87, 298-314.

GUNzEL, T., RICHTER, W.-D., SCHEUTZOW, S., SCHICKER, K.,
VENZ, J. (2012). Geometric approach to the skewed normal distribution.
J. Stat. Plan. Infer. 142, 3209-3224.

GurTa, A.K., GONZALEZ-FARIAS, G., DOMINGUEZ-MOLINA, J.A.
(2004). A multivariate skew normal distribution. J. Multivar. Anal. 89,
1, 181-190.

21



[15]

[16]

JAMALIZADEH, A., BALAKRISHNAN, N. (2010). Distributions of order
statistics and linear combinations of order statistics from an elliptical
distribution as mixtures of unified skew-elliptical distributions. J. Mul-
tivar. Anal. 101, 1412-1427.

LoperriDO, N., NAvArrO, J., Ruiz, J. M., SanpovaL, C. J.
(2007). Some Relationships Between Skew-Normal Distributions and
Order Statistics from Exchangeable Normal Random Vectors. Commun.
Stat. A-Theor. 36, 1719-1733.

MULLER, K., RICHTER, W.-D. (2014). Exact extreme value, product
and ratio distributions under non-standard assumptions. AStA Advances
in Statist. Anal., accepted for print.

Sanu, S. K., DEy, D. K., BRaANCO, M. D. (2003). A new class of
multivariate skew distributions with applications to Bayesian regression
models. Can. J. Stat. 31, 129-150.

In the following, we prove that if {2 is a symmetric and positive definite k£ x k
matrix and § € R* fulfills 67Q'¢ < 1, then (1 5T) is positive definite. To

6 Q

this end, we denote with Q2 the positive definite square root of 2 and,
furthermore, note that 1 — 87Q '8 > 0 holds. Therefore,

g (- ooz sTQO12
- 0 OL/2

is a regular (k+ 1) x (k + 1) matrix and

r (1 6"
wr= (3 7).

which implies that (}s 5QT ) is positive definite.

Furthermore, if ) is a correlation matrix, then all diagonal elements of

Q) are equal to 1 and the positive definiteness of (}s 5QT ) implies that & €
(_17 1) xk
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lambda=2, gamma=1 lambda=2, gamma=2 lambda=2, gamma=5

Figure 3: Contour plot of the density of (Z,Z;) where P((Z1,Z;) <
(21,22)) = 2®3(C3(a@p, @y, a9, 21,2)) with ay = (1,1»1)T, a =
(0,X\,9)7, az =(0,0,1)”. Changes are only in a; and A > 0,y > 0.
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lambda=0.5, gamma=-1 lambda=0.5, gamma=-2

D) \

lambda=2, gamma=-1 lambda=2, gamma=-2 lambda=2, gamma=-5

9

é

Figure 4: Contour plot of the density of (Z),75) where P((Zy,7Z:) <
(21,22)) = 2®3(Cs(ap, a1,a9,21,22)) with ag = (17171)T7 a =
(0,X\,9)7T, az = (0,0,1)T. Changes are only in @; and A\ > 0, v < 0.
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lambda=-0.5, gamma=1 lambda=-0.5, gamma=2

2

3

lambda=-2, gamma=1 lambda=-2, gamma=2 lambda=-2, gamma=5

@

Figure 5: Contour plot of the density of (Z;,73) where P((Zy,7Z:) <
(21722)) = 2(1)3(03(0’070’170'2721722)) with ay = (17177>T7 a, =
(0,X\,9)T, as = (0,0,—1)T. Changes are made in ay and a;.

a_0=[1,5,5], a_1=[0,1,1], a_2=[0,0,1] a_0=[1,1,5], a_1=[0,1,1], a_2=[0,0,1] a_0=[1,1,1], a_1=[0,1,5], a_2=[0,0,1]

Figure 6: Contour plot of the density of (Z,Z;) where P((Z1,Z;) <
(21, 22)) = 2®@3(C5(ap, a1, as, 21, 22)). One of the three angles is chosen par-
ticularly sharp. It is Z(a, @;) in the left figure, Z(ao, as) in the center figure,
and Z(aj,ay) in the right figure.
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a_0=[1,1,1], a_1=[0,1,1], a_2=[0,0,1] a_0=[11,2], a_1=[0,1,2], a_2=[0,0,1] a_0=[L,1,5], a_1=[0,1,5], a_2=[0,0,1]

Figure 7: Contour plot of the density of (Z,73) where P((Zy,7Zs) <
(z1,29)) = 2®3(C3(ag, a1, as, 21,22)). All three angles between ag,a, as
decrease from the left to the right.
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