Extreme value distributions for dependent
jointly [p p-symmetrically distributed

random variables
K. Miiller! and W.-D. Richter?

1):2) University of Rostock, Institute of Mathematics,
Ulmenstrafle 69, Haus 3, 18057 Rostock, Germany

Running headline: Extremes of dependent variables

Received:
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1 Introduction

Extreme value statistics are of interest not only in probability theory and mathemati-
cal statistics, but also in many fields of natural sciences and technique. While Fortin
and Clusel (2015) present numerous applications of extreme value statistics to physics,
Shibata (1994), Majumdar and Krapivsky (2002), and Castillo (2012) deal with appli-
cation to corrosion, computer science, and engineering, respectively. Furthermore, the
appearance of extreme value statistics in finance, insurance and actuarial science is dealt
with for instance in Embrechts, Klippelberg, and Mikosch (1997) and Reiss and Thomas
(1997). For an application to reliability theory, see Miiller and Richter (2015b). General
introductions into and surveys over the theory and practice of extreme value distribu-
tions are presented, among other, in David and Nagaraja (2003), Leadbetter, Lindgren,
and Rootzén (1983), Galambos (1987), Pfeifer (1989), Reiss (1989), Reiss, Hamann,
and Thomas (1994), and Galambos, Lechner, and Simiu (1994).



Distributions of extreme value statistics of independent and identically distributed
random variables (rvs) are already determined in Gumbel (1958). The case of correlated
rvs with a joint normal distribution is dealt with, i.a., in Gupta and Pillai (1965),
Nagaraja (1982) and Kella (1986).

The probability density functions (pdfs) of the maximum statistic and of linear com-
binations of order statistics of arbitrary absolutely continuous dependent rvs, with an
emphasis on elliptically contoured sample distributions, are considered in Arellano-Valle
and Genton (2008) and Arellano-Valle and Genton (2007). These considerations are
followed up in Jamalizadeh and Balakrishnan (2010) and some paper referred to there,
and further developed by representing the results with the help of skewed distributions.
Earlier results dealing with this relationship can be found in Loperfido (2002) where the
two-dimensional Gaussian case is considered. A geometric approach to bivariate and
multivariate skewed elliptically contoured distributions is presented in Giinzel, Richter,
Scheutzow, Schicker, and Venz (2012) and Richter and Venz (2014), respectively, where
the measure-of-cone representation of these distributions is worked out.

In Miiller and Richter (2015a), some steps of the development of the theory of
L, p-symmetric distributions and their applications are reviewed. An emphasis of this
overview is on geometric measure representations and on a methodological study of their
applications to the derivation of exact statistical distributions if samples follow a joint
continuous [, ,-symmetric distribution. Such exact results extend those valid for multi-
variate spherically symmetric sample distributions. Notice that results on exact extreme
value distributions holding if the sample distribution is an arbitrary element of the larger
class of elliptically contoured distributions may be again further extended assuming a p-
generalized elliptically contoured sample distribution. The latter distributions appeared
already in Section 3.5 in Arellano-Valle and Richter (2012) and were studied from the
point of view of star-shaped distributions in Richter (2014) and from that of convex
and radially concave contoured distributions in Richter (2015a). All these distribution
classes provide more flexibility in modeling data. For more details, we refer to Section
2.

Skewed [, ,-symmetric distributions are introduced in Arellano-Valle and Richter
(2012) and applied to the maximum distribution of continuous Iy ,-symmetrically dis-
tributed random vectors in Batin-Cutz, Gonzélez-Farfas, and Richter (2013). From a
certain point of view, the aim of the present paper is to extend this result to the finite
number n of dependent rvs following a joint continuous [, ,-symmetric distribution. To
this end, a geometric approach to skewed [, ,-symmetric distributions, following and
generalizing main ideas of the measure-of-cone representations from Richter and Venz
(2014) in the present situation, will be developed and, afterwards, used for the derivation

of extreme value distributions. From another point of view, our present results extend,



although in a slightly different form, those derived in Miiller and Richter (2015a) for
three or four dependent random variables to the case of an arbitrary finite number of
dependent rvs following a joint continuous /, ,-symmetric distribution. As an additional
result of the present paper it becomes obvious that the explicit representations of distri-
butions of extreme value statistics derived in the two earlier papers of the authors may
be considered as representations of skewed distributions being alternatives to the known
ones.

In order to represent maximum distributions in terms of skewed distributions, there
are two basic approaches. On the one hand, the authors of Batin-Cutz et al. (2013)
present a full-length proof of transforming the result on the maximum pdf from Miiller
and Richter (2015b) directly into the language of skewed distributions. To this end, they
start from the Laplace and Gaussian cases, respectively, and extend the results, passing
the two-dimensional p-power exponential case, stepwise in quick succession to the Iy ,-
symmetric case with an arbitrary density generator (dg). On the other hand, the authors
of Giinzel et al. (2012) and Richter and Venz (2014) deduce a certain measure-of-cone
representation of skewed elliptically contoured distributions.

If one compares the numerous applications of geometric measure representation done
so far in the literature, one may distinguish between the direct and more advanced
applications. To roughly define these terms, direct applications deal with immediate
calculations of the so called intersection proportion function of a particular random event
under consideration, and more advanced applications deal with types of intersection
proportion functions being typical for whole classes of random events. While the small
sample studies in the earlier papers of the authors belong to the direct type of applications
of the geometric measure representation, the present paper deals with a more advanced
one in Section 5.2.

The rest of the present paper is organized as follows. In Section 2, general information
about the considered class of [, ,-symmetric distributions and the corresponding class of
skewed distributions are given. Based on the [, ,-symmetric model assumption, in Section
3, the cumulative distribution function (cdf) and the pdf of extreme value statistics for a
finite number of dependent rvs are considered. The density of the maximum is graphically
illustrated for several choices of dgs of the I3 ,-symmetric sample distributions and for
certain values of the shape/ tail parameter p > 0. Studying the asymptotic behavior of
the pdf of the maximum statistic of the components of an n-dimensional p-generalized
Gaussian distributed random vector is another aim of Section 3. In Section 4.1, the
figures of the maximum pdf of three rvs following a joint 3 ,-symmetric Pearson Type
VII or Kotz type distribution are discussed w.r.t. the heaviness of their tails. The
tail index and two new parameters describing the tail behavior of some [,, ,-symmetric

distributions, and the centers of I3 5-symmetric Kotz type distributions are considered



in Sections 4.2 and 4.3, respectively. In Section 5, first, a geometric measure-of-cone
representation of skewed [,, ,-symmetric distributions is introduced leading afterwards to
an advanced geometric method of proof. Second, based upon this, the results of Section
3 are proved and the advanced geometric method of proof is concisely compared to the
direct one from Miiller and Richter (2015a). In Section 6, some conclusions are drawn
from the results of the present paper. Appendix A provides density generators of and
some more basic facts on subclasses of [, ,-symmetric distributions. Appendix B deals
with the influence which parameters of density generators have onto the heaviness or

lightness of multivariate distribution tails.

2 Preliminaries

In this section, the model class of [, ,-symmetric distributions and the class of skewed [,, ,,-

symmetric distributions are introduced and some of their basic properties are recalled.

1

N 1

Throughout this paper, let p > 0 be arbitrary but fixed and let |z|, = <Z |a:k|p>p,
k=1

z = (z1,...,2,)" € R, denote the p-functional which is a norm if p > 1 and, according to
Moszyniska and Richter (2012), an antinorm if p € (0,1). A function g: (0, 00) — (0, 00)
satisfying the assumption 0 < I(g) < oo is called a density generating function (dgf) of

an n-variate distribution where I(g) = [ 7" 'g(r) dr.
0

An random vector X: 2 — R™ defined on a probability space (£2,2(, P) and having

the pdf
fx(z) = m, x € R", (1)

is said to follow the continuous [, ,-symmetric distribution with dgf g where w,, =
(r(3))
()
R"™: |z|, = 1}, see Richter (2009).

Further, a dgf g of a continuous [, ,-symmetric distribution meeting the condition
I(g) L is called dg of this distribution, and denoted by ¢™. We denote the cdf and

Wn,p

denotes the [, ,-generalized surface content of the [, ,-unit sphere S, , = {x €

the pdf of the corresponding distribution by ® ) , and p,m) ,, respectively, where

Py p(@) = g™ (al,), = € R (2)

For examples of dgs, for references to the literature on [, ,-symmetric distributions, as
well as for a discussion of a further aspect of notation, we refer to Miller and Richter

(2015a) and the Appendix A, respectively.

Remark 1. According to Richter (2009), an [,, ,-symmetrically distributed random vector



X with dg ¢(™ satisfies the stochastic representation
d n
X =RUM (3)

where UZE") is n-dimensional p-generalized uniformly distributed on the [, ,-unit sphere
Sh.p, R and UIS”) are stochastically independent and R is a nonnegative random variable
with pdf

fr(r) = wnp, ™ g™ (r), r>0. (4)

Here and in what follows X = Z and X ~ ¥ means that the random vectors X and Z
follow the same distribution law and that the random vector X follows the distribution
law @, respectively. Moreover, let I,, be the n X n unit matrix and 0,, the zero vector in
R™.

Remark 2. The density of the nonnegative random variable RP is a (g™, p)-generalization

of the y2-density,

a Zfopg_ g(") (p%) dp

n_1 (n) 1
X (y):=cj;pyz‘lg“”(y;) v o)

o p , y>0.

Having in mind the slight change of notation from Richter (2014) and Miiller and Richter
(2015a), respectively, this distribution law was defined for arbitrary dgf ¢ in Richter
(2009) having pdf

n_q n

)= Y gy) oy gly)
p [ tg(rr) dr g’p%‘lg<p)dp

, y>0.

and was considered earlier in Richter (1991, 2007) for the particular cases p = 2 and

g™ = gg%, respectively.

Remark 3. Let X ~ ® ) . According to Arellano-Valle and Richter (2012), E(X) = 0,
if E(R) is finite and Cov(X) = E(XX") = a;’g(n)fn if E(R?) is finite where UZ’g(n) =
TapB(R?) is called the univariate variance component and 7, = W Conse-
quently, the components of X are uncorrelated. The components of X are only indepen-

dent if g = gg%, see Remark 5 and Appendix A.

As announced in Section 1, now, we further discuss the connection between I, ,-
symmetric and standardized multivariate elliptically contoured (or spherical) distribu-
tions. As it is well known according to Cambanis, Huang, and Simons (1981), the

Euclidean stochastic representation of an n-dimensional with parameter vector u € R"



and nonnegative definite matrix ¥ € R™"*" having rank k elliptically contoured random
vector Z is given by
ZLu+RUMA (5)

where U®) is uniformly distributed on the unit sphere in R¥ R > 0 is independent of U®*),
Y = AT A is a rank factorization of 3, and the cdf F' of R is connected to the characteristic

generator ¢ of Z by ¢(u) = ?Qk(rzu) dF(r), u > 0, where Q4 denoted the characteristic
0

function of U®). In contrast to (5), a non-Euclidean stochastic representation of Z is
given for regular ¥ by
Z2Lu+RU (6)

where R and U are independent, R? follows a g-generalized y?-distribution which is
defined in Richter (1991), and U follows the ellipsoidal or |-|1-generalized uniform prob-
ability distribution introduced in Definition 3.2 in Richter 22013). A generalization of
(6) is given in Section 4.7 in Richter (2014) where p-generalized elliptically contoured
distributions are considered. Definition 8 in Section 4.4 of the same paper deals with a
stochastic representation of even more general star-shaped distributions.

It is well known that some elliptical distributions can be obtained as normal variance
mixtures. For the general case, see, e.g., McNeil, Frey, and Embrechts (2005), and for the
particular case of the multivariate skew-t distribution, see Demarta and McNeil (2005).
In Arslan and Geng (2003), a scale mixture expression of exponential power distributions
is given for a generalized-t distribution defined in McDonald and Newey (1988). A
general scale mixture of p-generalized normal distributions is dealt with in Section 3.3 in
Arellano-Valle and Richter (2012) including the special case of p-generalized Student-t
distribution.

For getting a first impression of the heaviness of the multivariate tails of /,, ,-symmetric
distributions one may study typical values of the quantile function Q w),: [0,1] — R
w.r.t. the domain B,,, = {:1: eR™: |z, < 1} defined by

Qo p(q) = inf {r > 0: Dy, (r Buy) > qf, q€[0,1], (7)

According to (3) and Remark 2,

Qg(n),p(Q) = F}?(Q)a qe [Oa 1} :

where I has the density (4). In Appendix B, the quantiles Q ) ,(¢) are computed for
several values of n, different dgs and ¢ € {0.9,0.95,0.99,0.995,0.999}.
According to the work of Loperfido (2002), Jamalizadeh and Balakrishnan (2010),

Battun-Cutz et al. (2013), and other authors, distributions of extreme value statistics



are intrinsically connected with certain skewed versions derived from the considered
sample distributions. Skewed versions of [, ,-symmetric distributions are studied in
Arellano-Valle and Richter (2012). To follow these authors, let X = (X W x (2)T>T
be a random vector having a continuous l;i, ,-symmetric distribution with dg gtktm)
where XM Q — RF and X®: Q — R™. We recall that, differing from (2), the density
of X was represented in Arellano-Valle and Richter (2012) as g(k+m (Jz[}). Taking, here
and later, this minor change of notation into account, the dg g the dg of the marginal

distribution of X in R* satisfies

o0

k wm, m_ m
oy (2) = pp/(y —2P)r L gW ™ () dy, 2 € (0,00).

zP

Furthermore, for A € R™* T' = (A, —1,,), and ¥ = I'TT = I, + AAT, the cdf of I'X will
be denoted by F,Ei) (:c Y » ik +m)), x € R™. Moreover, for every () € R*, the conditional
density of X® given XM = (M ig

g® (e + 2@
) = Iy,
9(k+m) (’x ‘p)

](|x(2)|p>> 2@ e R™,

and the corresponding distribution law is ® REOR— Let Y be a random vector following
T2y
this distribution, Y ~ & e , then its cdf is
Iz P
1
Fél) (x g[‘w(l)‘ /g[‘w(l,‘ u]p) du, x¢€R™.

A k-dimensional random vector Z having a pdf of the form

1 (k) 1) (m) k
fz(2) = )~ I(kt+m) 2] Fr(n AZ;QMp] , z€eRY, (8)
Fp(0m3 3, g1 ) (1) £ )

is said to follow the skewed [ ,-symmetric distribution SS, ,,, (A, g(’”m)) with dimen-
sionality parameter m, dg ¢**™ and skewness/ shape matrix-parameter A. Further,
the parameter k is called the co-dimensionality parameter and the cdf of Z is denoted
by Fmp (A, g®+m)

Notice that F}) (a:;g[(@)l)‘p]) = U<fx 9[(|Zi)1>\p](\7f’p) dv, and that F{?) (Om; 2’g((ITJZm)) -
27™if 3 is diagonal. The following remark deals with the effects of interchanging columns

or rows in the matrix-parameter A and is proven in Section 5.1.

Remark 4. a) Let My be a k x k permutation matrix and Z ~ SSkm, (A,g(’“’m)).
Then MyZ ~ SSkmp (AMlT,g(k+m)) where AMT] arises from A by interchanging



columns.

b) Let My be a mxm permutation matrix. Then for z € R*, F} .., , (2; M>A, g(k+m)) =
Fimp (78, g%F™), e, SSkmy (A, g%7™) =SS, (Mo, g*+™) where MA

arises from A by interchanging rows.

According to Arellano-Valle and Richter (2012), skewed [ ,-symmetric distributions
are constructed via selection mechanisms from [,, ,-symmetric distributions. Particularly,
if XW:Q — RF and X@: Q — R™ are again two subvectors of a random vector X,
X ~ @ ktm) ,, then

I <X<1>

xX® < AX<1>> =SSk mp (A, g*+™) (9)

where £(Y) denotes the distribution law of the random vector Y. Therefore, part b)
of Remark 4 reflects the exchangeability of the components of an [, ,-symmetrically

distributed random vector within the skewed [} ,-symmetrical distributions.

3 Extreme value distributions for arbitrary finite

sample sizes

We recall that specific results for exact distributions of order statistics of up to three
and extreme value statistics up to four dependent rvs following a joint continuous [, ,-
symmetric distribution, n € {2,3,4}, are proved in earlier papers of the authors by
directly applying the geometric measure representation of [, ,-symmetric distributions.
In Section 3.1, exact extreme value distributions are derived if an arbitrary finite num-
ber of dependent rvs follows a continuous [, ,-symmetric distribution. To this end, an
advanced geometric method of proof will be developed in Section 5 following main ideas
for geometrically representing skewed elliptically contoured distributions in Richter and
Venz (2014). In Section 3.2, our results are graphically visualized. On the one hand, fig-
ures of densities are drawn for the special case of jointly trivariate 3-generalized Gaussian
distributed rvs and, on the other hand, for the case of three dependent rvs following a
joint 3 ,-symmetric Kotz type and a joint I3 ,-symmetric Pearson Type VII distribution,
respectively. Another aim of this section is to provide an idea of the asymptotic behavior
of the maximum pdf for n-variate p-generalized Gaussian sample distribution as n tends

to infinity.



3.1 Dimension and co-dimension representations

The results of this section reflect strong connections between skewed distributions and
distributions of extremes. Such type of connection can already be seen in Loperfido
(2002), Jamalizadeh and Balakrishnan (2010), and in papers of several other authors.
The present results are derived based upon the geometric measure representation in
Richter (2009). This representation applies directly if only small numbers of dependent
rvs are considered. In Batun-Cutz et al. (2013), the particular result on the maximum pdf
of two dependent rvs being jointly /5 -symmetrically distributed is transformed directly
into the typical representation of skewed distributions. Here, we use the geometric
representation of [, ,-symmetric measures in a more advanced way. To be more concrete,
we derive from it a measure-of-cone representation of skewed [}, ,-symmetric distributions
in Corollary 2, Section 5.

Let E™ denote the v x (n — v) matrix whose 1st column is 1, = (1,...,1)" € R and

whose remaining n — v — 1 columns are v-dimensional zero vectors.

Theorem 1. If X ~ & ),

statistic of the components of X satisfies the representation

for every v € {1,... ,n— 1}, the cdf F,., of the mazximum

Fon(t) = v+ DER (0,:2,9(9) - Facvwp (Haess BV gM), teR,  (10)

7p
where ¥ = I, + EWEWT = [, 4+ 1,17,

For arbitrary n € N and p > 0, Theorem 1 provides numerous representations of the
cdf of the maximum statistic from [, ,-symmetrically distributed populations in terms
of skewed distributions. In particular, these are alternatives to that given in Theorem 1
in Miller and Richter (2015b) for n = 2 and Theorems 1 and 3 in Miiller and Richter
(2015a) for n = 3 and n = 4, respectively. In the case of n = 2, the equivalence of these
two alternative representations is shown in Batin-Cutz et al. (2013) by direct integral
transformation. Furthermore, in the specific case p = 2 and v = n — 1, the result of
Theorem 1 is covered by Theorem 7 in Jamalizadeh and Balakrishnan (2010).

Now, we briefly discuss the impact of the parameter v € {1,...,n — 1} in Theo-
rem 1. Recalling that F,_,, , (tln_y; E(”),g(")) is the cdf of SS,—,.p (E(”),g(”)) and
considering the construction of skewed [,,_, ,-symmetric distributions via select mecha-
nisms again, X and X in equation (9) are real-valued (n — v)- and v-dimensional
subvectors of an [, ,-symmetrically with dg g™ distributed random vector X, respec-
tively. Hence, the parameter v defines the dimensionality of the conditioning subvec-
tor in equation (9) and, implicitly, the dimension of the skewed [ ,-symmetric dis-
tribution which is used to represent the maximum cdf in Theorem 1. FEspecially for

T e . ) _ .
v=1 EW = eﬁ” Y7 Wwhere e§~ U denotes the jth unit vector of R !, and the matrix



I + 1,11 = (2) is diagonal. Thus, Fl(i) (O; I + 111{,g(1)) = % = %H and equation (10)

reads as Fy,.,(t) = Fro11, (tlnl;egnI)T,g(")>7 t € R. Therefore, maximum distribu-
tions for continuous [, ,-symmetric vectors may particularly be represented as skewed
ln—1 p-symmetric distributions. For all the other parameters v € {2,...,n—1}, the matrix
I, 4+ 1,17 is not diagonal. Due to this, the normalizing constant Ffp) (O,,; I, + 1,17, g((zg)
is not as easy to handle with as in the case ¥ = 1 and, in general, its exact value is
unknown. Nevertheless, all representations of the maximum cdf given in (10) are well
treatable since the corresponding maximum pdfs, see Corollary 1, do not depend on the
mentioned normalizing constant.

Vice versa, it may be sometimes of interest to read equation (10) in a reverse order,
meaning that for every v € {1,...,n — 1}, the cdf of Z, Z ~ SS,_,,,,(E™), g™), at the

particular argument t1,,_,, t € R, satisfies

Fovp (F1no0; B, g™) = Fou(t), teR, (11)

o+ DFE (0,3.97)

where ¥ = I,+1,17 and F,,.,, denotes the cdf of the maximum statistic of the components
of X, X ~ @),

Using the direct application of the geometric measure representation shortly discussed
in Section 1, the cdf F,, is already determined for n € {2,3,4} in earlier papers of
the authors. Thus, by substituting F),., on the right hand side of equation (11) for n €
{2,3,4} by these previous representations, one gets alternative representations of the cdf
Fo vy (tln_,,; E-(V), g™ )), t € R, to that following from Section 2 as the componentwise
defined integral of the pdf of SSn,,,Mp(EZ-(V),g(“)) over the region {z € R"™": z < t1,,_,}.

Summarizing this section up to here, there are n — 1 equivalent possibilities of rep-
resenting the maximum cdf F},.,, using skewed distributions. This effect also occurs in
the representation of the maximum pdf f,., as it can be seen in the following corollary

being proved in Section 5.2.

Corollary 1. Let X ~ &

g™ p-

For everyt e R and v € {1,...,n—2},

— —v— (n (1) )
Funlt) = D =v = 1) [ g5l +1DFD (21010 ) 2

zeD(t)

) ol + |18 ) )
+(v+1) /g t\ + |2[B) F{ <tly7g[ T dz

z€D(t)

where D(t) = {z € R"™"71: 2 < t1,,_,_1}. Moreover,

Fun®) =g (1) - B2, (1o g "), teR (12)

10



Using the general relation between maximum and minimum statistics if the sample
distribution is symmetric and continuous, and the functions provided by Theorem 1 and

Corollary 1, the minimum cdf and pdf of the components of X, X ~ & are given by

g(n)7p7
Fi,(t) =1— F,.(—t) and f1.,(t) = fon(—t), respectively. In particular, for v =n — 1,
this yields

Frnl®) =n- gO(1t) - B2, (<tlaeaigfiy V). teR (13)

In due consideration of the mentioned slight variation of notation for [, ,-symmetric
densities, formula (12) equals for n = 2 the result in Batin-Cutz et al. (2013). It is
worthwhile to note that the structure of our results on extremes of several dependent
variables in (12) and (13) is similar to that of the corresponding results of the pdf of
the maximum and the minimum statistic, respectively, of n independent and identically
distributed rvs, see David and Nagaraja (2003).

Remark 5. Let X be n-dimensional p-generalized Gaussian distributed, X ~ @g(n) , with
PE>

S =

1—
n p
gun(r) = (

n v
QF(;)) exp{—p}, r > 0.

t
Further, let ¢,(t) = gg};(|t|), t€R,and ©,(t) = [ pp(s)ds, t € R, denote the pdf and
the cdf of the one-dimensional marginal distribution, respectively. The pdfs (12) and

(13) of the extreme value statistics of the components of X simplify to
Fan(t) = n-0p(t) - (Bp(8))"", tER,

and

Fun(t) = n-gp(t) - (L= Dp(t)"", tER,

respectively. Note that, in these specific cases, our representations (12) and (13) also
follow from David and Nagaraja (2003) since the components of p-generalized Gaussian

distributed random vectors are independent.

3.2 Visualization of the maximum density

In the present section, the pdf of the maximum statistic of dependent, jointly [, ,-
symmetrically distributed rvs is illustrated for some choices of the dg ¢ and the shape/

tail parameter p > 0. Figures 1-3 show the maximum pdf of the components of a

11



three-dimensional p-generalized Gaussian distributed random vector, i.e. choosing the
dg gg;, accompanied by histogram plots of samples of sizes from 10% up to 2.5 x 10° for
jS {%, 1, 3}. These Figures do not only demonstrate the numerical correctness of our
evaluations but it also indicate in a certain rough sense how large sample sizes should
be when simulating extreme value densities under non-standard model assumptions.
Figures 4 and 5 visualize the pdf of the maximum statistic of the components of I3 -
generalized Kotz type and Pearson Type VII, respectively, distributed random vectors

n)

for different values of the parameter p, p > 0. The definitions of the dgs g%t; M5~ and
gg})m ., Of these subclasses of the [, ,-symmetric distributions are given in the Appendix
A. Note that the present choice of the shape/ tail parameter p and of the parameters
appearing in the definitions of the dgs coincides with that in Figures 2 and 3 in Miiller
and Richter (2015a). Thus, one can compare the graphs of the pdf of the maximum
statistics presented here with that of the median statistic drawn there.

Another aim of this section is to give a visual impression of the asymptotic behavior
of the pdf of the maximum statistic for increasing sample sizes. This will be done in
n-dimensional p-generalized normally distributed populations, i.e. in the case of inde-
pendent components. Using the dg gg% and the four choices of the parameter p as in
Figures 4 and 5, the impact of an increasing sample size onto the shape of the maximum
pdf is reflected in Figure 6. Furthermore, in this figure, one can perceive the impact of
parameter p which is, on the one hand, a shape parameter and, on the other hand, a tail
parameter since the shape of the multivariate density level sets depends on it and the
tail pdf of the underlying random vector becomes lighter if p increases, respectively.

Note that the axes in Figures 4, 5 and 6 are scaled differently, and that both the
left and the right hand sides of Figures 4(a), 5(a), 5(b) and 6(a) show a black graph as
a respective benchmark. Moreover, note that illustrations of the minimum pdf can be
received if the graphs of the corresponding maximum pdfs are mirrored at the ordinate

axis.

4 Tails and centers of maximum distributions

In this section, we review some of the figures of Section 3.2 in detail. Moreover, we give
additional information on the tail index and on heaviness and on lightness of tails of

l,, p-symmetric distributions.

4.1 Light, heavy and extremely far tails

The influence that the parameter v > 0 of an 137% -symmetric Pearson Type VII distribu-

tion with parameter M = ? has onto the heaviness of the tails of the median distribution

12
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Figure 4: Maximum pdf fs.3 for p € {%, 1,2, 3}, dg g%;Mﬁﬁ,

and several choices of the

parameters M > 1 — g, g >0, and v > 0 (black dashed: the special case of trivariate
p-generalized Gaussian distribution).
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Figure 5: Maximum pdf fs.5 for p € {%, 1,2, 3}, dg gﬁf’}?; M.p» and several choices of the



of three dependent rvs is discussed in Section 4 of Miller and Richter (2015a). In the
present section, first, an analog study for the case of the maximum distribution in such
populations is done. Second, we examine the heaviness of the tails of the maximum
distribution from other /3 ,-symmetric sample distributions with respect to their param-

eters.
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e n:5*104

n=2

- ==-n=3
----- n=4
.......... n=5
n=10
—#—n=100
= # =n=500
=-#-=n=10*
e 255104
—e—n=10°
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- = n=4
““““ n=5
n=10
—e—n=100
- @ =-n=500
-e= n=10*
e =510
——n=10°

Figure 6: Maximum pdf f,., for different n and dg gg% ifpe {%, 1,2, 3}.

Note that the graphs of the right hand side of Figure 5(a) convey the impression that
the visualized densities build a monotonically decreasing sequence of functions. The more
detailed views in Figure 7, however, show the regions of intersection between the black
and the green solid, the black and the green dashed, and the green solid and the green
dashed graphs, being approximately {—8; 52}, {—12;81}, and {—23; 153}, respectively.

4

%10 %10

Figure 7: Some detailed views on the graphs of the right hand side of Figure 5(a).

Correcting a potentially misleading impression coming from considering just the re-

stricted central part of the densities in Figure 5 thus makes it necessary to study the
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far tails of the same distributions.

Particularly, Figure 7 emphasizes the increasing

heaviness of tails of the distribution of the maximum statistic of three dependent rvs

following a joint [ 1 -symmetric distribution with dg g;

3)

T8 v

if v increases. The same

tendency can be seen in the case of [3 ;-symmetric Pearson Type VII sample distribution

with constant parameter M =

7
2

and increasing parameter v. In Table 1, the integral

29
Al (21, 22) = [ fas(t) dt of the maximum pdf fs.3 over some asymmetric intervals [z, 2o
21

is numerically computed for /3 1 -symmetric Pearson Type VII distributed populations
with parameters (p, M) € {(l E) , (1 7)} and v € {1,2,3} to get a more detailed

27 2

2

numerical impression of the tendency of heaviness of tails.

A (1) 21 —% —% —15 —50 | =500 | =5 x10* | —10* | —5 x 10*
M\ 72 3 10 100 | 10* | 10 10° | 5x10°|  10°
p=1% | v=110.1070 | 0.2704 | 0.5109 | 0.6968 | 0.8255 | 0.9011 | 0.9311 | 0.9443
M= | v=2 | 0.0407 | 0.1407 | 0.3628 | 0.5849 | 0.7559 | 0.8607 | 0.9027 | 0.9213

13 v=3 | 0.0211 | 0.0858 | 0.2747 | 0.5071 | 0.7042 | 0.8300 | 0.8811 | 0.9037
p=T1 1 v=1 ]0.2940 | 0.6461 | 0.8780 | 0.9569 | 0.9864 | 0.9957 | 0.9978 | 0.9986
M= | v=2 | 0.1766 | 0.5252 | 0.8286 | 0.9391 | 0.9807 | 0.9939 | 0.9969 | 0.9981

% v=3 | 0.1245 | 0.4458 | 0.7915 | 0.9255 | 0.9764 | 0.9925 | 0.9962 | 0.9976

Table 1: Heaviness of the extremely far reaching tails of maximum distribution in

jointly I3 ,-symmetrically Pearson Type VII distributed populations with (p, M) €

{(%’ %) : (17 %)} and v € {1,2,3}.

For the sake of comparison of heaviness of the tails of the median and the maximum
distribution, our present consideration is for the class of I3 1 -symmetric Pearson Type
VII distributions with the same different values of v > 0 and M = ? as in Section
4 in Miller and Richter (2015a). Equally, interpreting the values in Table 1, one can
concentrate on one of Figures 5(c) and 5(d) and check the same effect of increase of
heaviness of tails if the parameter M > % is constant and the parameter v > 0 increases.

According to Table 1, all the three cases in Figure 5(a) cover only a small part of the
entire probability mass. Therefore, the behavior of the graphs outside the considered
interval [—0.5;1.5] is not clearly predictable. However, for the case of v = 3, Figure 8
shows the pdf of the maximum statistic of rvs following a joint l37%—symmetric distribution
with dg gg’%

behavior over the negative real line and a monotonically decreasing one over the positive

-.13 5 over the interval [—200; 1000], suggesting a monotonically increasing
179

real line. Note that only an extremely small proportion of probability mass generates a

peak of the density function close right to the zero point and that the overwhelming part

of probability mass is seemingly uniformly distributed on an extremely long interval.
Additionally, in Table 2, the integral A%, (21, 22) is numerically evaluated for p = 2

27272
real intervals [z1, 23] where "~ 1" denotes the case that the value of A?\/[J(Zla 2o) rounded

and M € {2,4,6} and p = 3 and M € {3 L 5}, respectively and several asymmetric
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Figure 8: Maximum pdf fs.5 for dg 953T7~ 13 5 over the interval [—200; 1000].

to the sixth decimal place equals 1. These values emphasize a decreasing heaviness of

the tails of the maximum distribution in jointly I3 ,-symmetrically Pearson Type VII

3

distributed samples if the parameter M > 5 increases and the parameter v > 0 is

constant.
n=-31lng=-1|zn==2an=-1]|2n=-2]2=-2|2=-3
A}]O\/“(Zl’ 22) 2y = 14 2y = %2 29 = 24 29 = g 29 = %2 29 =10 29=29
M =2 | 0.389589 | 0.539507 | 0.636473 | 0.701791 | 0.823962 | 0.866781 | 0.910605
p=2| M =4 | 0.867520 | 0.964969 | 0.988921 | 0.995823 | 0.999661 | 0.999914 | 0.999988
M =6 | 0.963251 | 0.996455 | 0.999557 | 0.999925 | 0.999999 ~1
M = % 0.492762 | 0.681533 | 0.785176 | 0.844627 | 0.932018 | 0.955714 | 0.975857
p=3| M= % 0.900511 | 0.985822 | 0.997757 | 0.999554 | 0.999984 | 0.999998 ~ 1
M = % 0.965001 | 0.997886 | 0.999897 | 0.999994 ~1
Table 2:  Heaviness of the tails of maximum distribution in jointly I[3,-
symmetrically Pearson Type VII distributed populations with (p, M) €

{(2,2) (2,4),(2,6), (3, g) , (3, g) , (3, 131)} and v = 1.

Finally, Table 3, shows different heaviness of the tails of the distribution of the max-
imum statistic of three jointly l3;-symmetric Kotz type distributed rvs for the choices
of parameters from Figure 4(b) by numerically computing the integral By g(21, 22) =
72 fa:3(t) dt of the maximum pdf in such populations. This suggests that the heaviness of
21

the tails of the maximum distribution decreases if either v or 3 increases and increases

if M increases where, in each of the cases, the other two parameters are constant.

4.2 Tail indices

While the tail of the distribution of the univariate maximum statistic in jointly I3 ,-

symmetrically Pearson Type VII or Kotz type distributed samples is explored in Section
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B (Z . ) Z1 = —0.1 Z1 = —0.15 21 = —0.2 Z1 = —0.35 21 = —0.5 Z1 = —1
M.,By %1 <2 2 =05 | 20=0.75 z =1 2 =15 =2 | 25=235

M=16=1,~v=1 | 0245620 | 0.365919 | 0.474857 | 0.657514 | 0.782533 | 0.949161
M=28=2 = 0.649731 | 0.859058 | 0.950510 | 0.996536 | 0.999853 ~1
M=2 8=2~= 0.777509 | 0.954045 | 0.991331 | 0.999968 ~ 1
M=2 =2 ~v=10| 0.780351 | 0.961325 | 0.992789 | 0.999999 ~ 1
M=26=5~v=2 | 0.880293 | 0.977946 | 0.995712 | 0.999962 ~ 1
M=258=10,v=21 0970380 | 0.997038 | 0.999646 ~ 1
M=58=2~v=2 | 0456971 | 0.703103 | 0.865723 | 0.984454 | 0.998985 ~1
M=10,8=2~= 0.312513 | 0.507916 | 0.702702 | 0.935478 | 0.992512 ~1

Table 3: Heaviness of the tails of maximum distribution in jointly I3 ,-symmetrically
Kotz type distributed populations for p = 1 and the choices of parameters M > 1 — %,
£ >0 and v > 0 from Figure 4(b).

4.1, here, we consider the tail of the multivariate [,, ,-symmetric distribution itself. To
this end, we restrict our considerations to Pearson Type VII, Pearson Type II, and Kotz
type distributions, see Appendix A. We determine the tail index of regularly varying
distributions in Section 4.2.1 and study the multivariate tail behavior for light tails and

bounded supports in Sections 4.2.2-4.2.3, respectively.

4.2.1 Heavy Tails

Let us call a random variable regularly varying with tail index o > 0 w.r.t. the p-
functional || 0 P> 0, if there exist a positive constant a and a probability law & on the
Borel-o-field 8" N S,,, of subsets of the || -unit sphere such that for every x > 0

e, (';|~|p) =6 as z — 00
where the symbol = means weak convergence, and

P<|X|p>xz, X€M>

X1,

pe (M;|-],) = ., Me®B"NS,,.

P(|X],> 2)

Furthermore, & is called the spectral measure w.r.t. [-[,. Note that this complies with
the common notion of a regularly varying distribution w.r.t. the p-norm if p > 1.

Now, let X ~ @ @), with dg g™ . Thus, because of the stochastic representation (3),

P<R>xz, UZ@ €M>

#Z(Mva): P(R>Z> )

M eB"NS,,,
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with R and Ué”) being independent. If

-«

P(R > xz)
lim =) % x>0,

i.e., according to the notion in Resnick (1987), if the survival function of the univariate
random variable R is regularly varying at oo with index —a, then the n-dimensional

p-generalized uniform distribution on 5, is the spectral measure of ® w.r.t. || .

g™p
S(M)=P (UM € M), MeB"NS,,

Ezample 1. In the particular case g™ = ggi}n mp With M > 2 and v > 0, the application

of L’Hopital’s rule yields

i n—1_(n)
. P(R>uaz2) IfZT 9pr7n, (1) dr (Mpm)
M P R>a) AR =e, e >0
( - Z) f Tn_lgglﬂ)W;M,u(r) dr

Consequently, the [,, ,-symmetric Pearson Type VII distribution with parameters M > %
and v > 0 has tail index Mp — n. In the case n = 2 and p > 1, this result is already
covered by Example 6 in Richter (2015b).

Remark 6. If g™ = g%);Mﬂ,7 with M > 1 — %, £ >0and vy > 0, then

00 o<zl
: P(R > l’Z) n+p(M—1) 1; —B(xPY—1)2PY
le)rglom—m le)r&e == 1 ,le
0 yr > 1

Hence, the tail index of [, ,-symmetric Kotz type distribution does not exist.

4.2.2 Light Tails

Adopting de Haan’s notion of I-variation, see Resnick (1987) and original references
cited therein, let us call a random vector I'-varying w.r.t. the p-functional || p D> 0,
if there exist a positive function f and a probability law & on 8" NS, , such that for
every x € R

z, I ( .

el -,|-|p):6 as z — 00

where




Here, f is called an auxiliary function. If X ~ & then

g™.p

pt (M;]],) = & (Rpiéij(z)) P (U™ e M)

and hence & is the p-generalized uniform distribution on the Borel-o-field over S, , if

. P(R>z+xf(2)) _
| = * R
A% T P(R>2) ¢ TERK

i.e. the survival function of the univariate p-radius variable R of X is I'-varying with

auxiliary function f.

Ezample 2. We consider the special case of an [,, ,-symmetric Kotz type distribution with

parameters M > 1— %, f>0andy>0,ie g™ = gl(r?t);Mﬁﬁ, and denote the pdf and the

cdf of the Radius variable R by fx; and Fgy, respectively. For f(z2) = —L—, 2 > 0,

= By
and for every x € R, from of the asymptotic equivalence relations

free(r)

1—FKt(T)NW asr — oo

and lim —f (z +2f(2))" + B27" = —x, it follows that

lim 1 —Fri (z+2f(2) _ -
2—00 1 — FKt (Z)

Thus, a random vector following an [,, ,-symmetric Kotz type distribution with parame-
ters M > 1 — %, £ > 0and vy > 0 is ['-varying w.r.t. the p-functional and with auxiliary
function f(z) = , 2> 0.

21=py

Byp

Remark 7. For a random vector being [, ,-symmetrically Pearson Type II distributed

with parameter v > 0 one can verify neither the property of regular variation nor that of
[-variation w.r.t. the p-functional, p > 0, since the support of pdf of the corresponding

radius variable is bounded.

4.2.3 Bounded supports

Let X be an [, ,-symmetrically contoured random vector such that the distribution of
|.X| , has a bounded support, and let us denote the right endpoint of if by xg. If there
exist a positive constant o and a probability law & on B" N S, , such that for every
x>0

T (-;Hp) = 6 as z — 00

22



where

P(|X|p>a;E— L. S 6M>

zz 0 [X],

W (M ],) = . Me®B'NS,,

P(|X|,>zp—1)
then we call the random vector X bounded regularly varying with tail index o > 0 w.r.t.

||,» » > 0. In this case,

P(R>zp— L
T (-;Hp)= P((R:;EE%) P(Ugn>e-)

z

and & is the n-dimensional p-generalized uniform measure on S, , if for every x > 0

Tz

) P<R>$E— 1) B
lim =
Z—00 P<R>ZL‘E—1>

z

1

i.e. if the survival function of the univariate random variable Py

is regularly varying
at oo with index —a.

Ezample 3. In the special case g™ = ggLT)Q;V with v > 0, on the one hand, zp = 1 and,

on the other hand,

. P(R>1—é) :1 lim [(1_%>n—1 (1_(1_;2)?’)”] — (D)

e p(R>1-1)  ae= |(1-1 - (-2

z
for all x > 0. Therefore, the [, ,-symmetric Pearson Type II distribution with parameter

v > 0 or a random vector following that distribution is bounded regularly varying with

tail index v + 1 w.r.t. || .

4.3 Light and heavy distribution centers

While extremely long concentration intervals and extremely far tails of probability dis-
tributions were studied in Sections 4.1 and 4.2, here the focus is on the centers of I3 5-
symmetric Kotz type distributions for certain choices of parameters.

Nevertheless, it is worthwhile to mention that [, ,-symmetric Kotz type distributions
have relatively light tails caused by the exponential part of their dgs. The monomial
part of the dg ensures that the heaviness of the distribution center can be modeled
with the help of the parameter M. It can be seen from Figure 9(a), that the choice of
M =1 is the decisive factor to have a heavy distribution center. Standard examples of
this distributional type are power exponential and, particularly, Gaussian and Laplace
distributions, and their [, ,-generalizations. Additionally, in the case M = 1, Figure 9(a)

shows that the parameter § > 0 controls mainly the height and the parameter v > 0
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mainly the decay behavior of the dg. In the case M = 2, the parameter 5 as well as
v regulate the height of the dg. Furthermore, they induce a shift of the probability
mass. The effect of these choices of parameters on the shape of the pdf of the maximum
distribution of three dependent rvs following a joint /3 5-symmetric Kotz type distribution
can be seen in Figure 9(b). Finally, one can compare Figure 9(b) with Figure 4 to get

an impression of the impact of a further increase of the parameter p.

5 Proofs

5.1 Measure-of-cone representations of skewed [; ,-symmetric

distributions

An initial step of the proof of Theorem 1 deals with deriving a representation of the
cdfs of skewed [ ,-symmetric distributions with dimensionality parameter m in terms of
specific [, ,-symmetric measures of cones by analogy to what was done in Richter and
Venz (2014) for skewed elliptically contoured distributions with dimensionality parameter
m = 1. Afterwards, this measure-of-cone representation is used to prove Remark 4.

Let a random vector Z follow the skewed [ ,-symmetric distribution with dimension-
M 5 =1,...n,

(k+m) “and matrix-parameter A € R™**_ and let e;
still denote the jth standard unit vector of R™. For arbitrary z € R, we consider the

ality parameter m, dg g

cone

CVm aOla"'aaOm?al?"'aak;Z)

(r"ﬁ

=1

e RM™: af x < O}) N ( {x € RF™: oz < zl}>

i=1

M=1,5=1,7=1
M=1,5=1,7=3
M=1,5=1,7=5

——M=1,3=3,y=1

- = =M=1,4=5=1

—M=2,3=2,y=2

——M=2,3=2,y=5

- = =M=2,8=2,7=10

———M=2,3=5,y=2

- = =M=2,3=10,1=2

——Ms=5,3=2,7=2

- = =M=10,3=2,y=2

(a) The dg QEZ;M,B,A, for certain parameters M > 1 — %, B> 0and v > 0.
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M=1,4=1,7=1

M=1,4=1,7=3

M=1,4=1,7=5
——M=1,5=3,7=1
- = =M=1,4=5=1
—M=2,5=2,7=2
——M=2,4=2,7=5
- - = M=2,4=2,y=10
———M=2,3=5,y=2
- = = M=2,3=10,y=2
——Ms=5,3=2,7=2
- - =M=10,3=2,7=2

s
(b) The pdf of the maximum statistic for the same parameters as in Figure 9(a).

Figure 9: The [3 5-symmetric Kotz type sample distribution.

where the quantities ag; = —FTel(m), I=1,....,m a =" i=1,.. .k and I =
(A,—1,,) are as in Section 2. This cone generahzes that in Richter and Venz (2014)
where the case m = 1 is dealt with. Note that Ag(z) has its vertex at (27, (Az)T)".
Furthermore, Ay(2) is the intersection of k + m half spaces, m of whom containing the

origin in its boundary.

Lemma 1 (A specific measure-of-cone representation of the cdf Fj ,, , (-; A, g(k+m))).
If Z ~ SSkmyp (A,g(’”m)), then the cdf of Z allows the representation

1
) (o . )
Fip (O I+ AN (7))

Fromp (2 A g(k+m) = ¢g(7€+m)’p(—’40(z)), 2 € RF,

where Féz) ( I, +AA. g k+m)) is the normalizing constant from (8).

1
Proof. Let C,,, = P (oot AR g7 . Then
midm 9 (k+m)

Fk,m,p (Z; Aag(k+m)) = Cm,p / g((]l:lm) (|C|P) (AC 9 |C|p]) dC

= Cmp / 98 (161,) [ oty (16C = €1,) de dc
R

= Cmp / [ o (I +1AC—€) dedc, =€ R,

— m
oo]R+

where the integral fz h(¢) d¢, z € R¥, is defined as a k-fold one. Further, using the

notation X = (X W X (2)) where the vectors X and X® take their values in R* and
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R™ respectively,

Fump (234, 6%+™) = G, / / ytiam ) (¢, AC — €) dE dC

— m
ooR+

= Cpp - P(XW <2, X < AXD) 2 e RN
Here, o (+m) , is the pdf of X, and

{(:c(l),x(z))T e R¥m: oM < 2 2@ < A:U(l)}
= {x = (x(l),x(2))T e RFF™. 20 < 2 Tz < 0}
— {x e RF™. e£k+m)Tx <z,i=1,...,k, (—FTel(m))Tx <0,l=1,... ,m} = Ao(2).

Thus,

Fimp (284, g%) = Cppp - P(XD < 2, X® < AX W)
- Cm,p : P(X S Ao(Z))
= C1m,p : q)g(kﬁ-m),p(Ao(Z)), z € Rk

]

Note that Theorem 1 in Richter and Venz (2014) follows from Lemma 1 for m = 1
and p = 2.

Let O, denote the [, ,-generalized surface content on B" N S, , and §,: (0,00) —
[0, 00) the 1, ,-sphere intersection-proportion function (ipf) defined by

0,(14AnS, O, (14AnNnS,
re §p (Ar) = pg s )’p> =— (Tw ’p), Aemn, (14)
p n,p n,p

According to Richter (2009), but with suitably adapted notations as in Richter (2014,
2015a) and Miiller and Richter (2015a), for arbitrary p > 0 and n € N, the continuous

l,, p-symmetric distribution ® with dg ¢(™ satisfies the geometric measure represen-

g™ p
tation

1 D
Dy, (A) = —— /Sp(A, r) ol g(")(r) dr, A€ B" (15)
[<g<n>) )

Note that this formula was first proved for p = 2 and g™ = gg% in Richter (1985), and
for p = 2 and arbitrary dgf ¢ in Richter (1991).
Using formula (15) and the symmetry of both ©,, and the [, ,-unit sphere S, ,, the

following lemma provides some invariance properties of the [, ,-symmetric probability
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measure.

Lemma 2. The [, ,-symmetric probability measure ® is permutation and sign in-

g™ p
variant.

Proof. Let o: {1,...,n} — {1,...,n} be a permutation defined by i — o(i), i =
1,...,n, and M the corresponding permutation matrix, i.e. M = (6((7(1)60(2) U(ZL)
Since permutation matrices are orthogonal matrices, M is invertible and M~ = MT.

Further, let X ~ ® ) ,. By the geometric measure representation,

7&) (MTA, r) pnt g(”) (r)dr, AeB",

P MX GA :® n MTA —
( ) g( ),p( ) I(g(”)) J

where, because of M'S,, = S,, and O, (MTANS,,(r) = O, (M (ANS,,(r)) =
0, (AN S, ,(r)), the ipf satisfies §, (MTA,r) = F, (A,r), A € B". Thus,

PMX € A) = d,m (A)=P(X €A), AecDB"

Let D be an n x n sign matrix, i.e. D = diag{dy,...,d,} with d; € {1,—1}, i =

1,...,n. D is an orthogonal matrix and, by analogous considerations as before,
P(DX € A) = P(X € DA) = & ) ,(DA) = &y ,(A) = P(X € A), AeDB"

O

Consequently, & is a member of the class SZ of sign invariant distributions,

g™ .p
considered in Arellano-Valle and del Pino (2004). Note that one can prove Lemma 2

alternatively without using formula (15), starting from @ ) ,(A) = { Pgm p(T) dv =
[ g™ (|z],) dr and using the invariance properties of the p-functional | - |,.

Next, we are going to generalize the specific measure-of-cone representation formula
for the cdf of a skewed [} ,-symmetrically distributed random vector given in Lemma
1. Doing this, first, a class of cones is introduced and, then, the permutation and sign
invariance of the measure D@ him) ,, 18 basically utilized. We recall that the invariance
of ® ) 5 with respect to all orthogonal transformations was used to construct general
geometric measure representations for n = 2 in Gunzel et al. (2012) and for arbitrary n
in Richter and Venz (2014).

Let A: R — R™ be a matrix with entries A;;, j = 1,...,m, i = 1,..., k. Further,
let I = {i1,...,i} C {1,...,k+m} denote a set of indices with |I| = k and D a
(k +m) x (k + m) sign matrix. Moreover, let Vi p(A;2) = D - (v1,..., 06pm)" with
v, = z for l =1,...,k and v;, = (Az), = lzkle,,’lzl for j, € {1,...,k 4+ m}\I and
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v=1,...,m. For every z € R* we define a cone with vertex at V; p(A;z) by
CLD(A;Z) = {DZL‘ € RF+m. T < z,l=1,...k

k
z;, < ZAVJ.T”,‘]-,/ S {1,,k+m}\[,y = 1,...,m}.
=1
From here on, the collection of such cones will be denoted by Cy,,(A; z). Particularly,
Ao(2) = Cpu,.. i} 1y (A 2) is an element from the class Cy,  (A; 2) of cones. Consequently,

Com(N;2) = {MDAy(z): M € 4, D € Spim} where II,, and S, denote the sets of

n X n permutation and sign matrices, respectively.

Corollary 2 (A general measure-of-cone representation of the cdf Fj,,, , (-; A, g(’”m))).

The skewed distribution in Lemma 1 allows each of the representations

kam(Z;A?g(Hm)) N F2, (Om, I, iAAT,g (k+ )) Bt (C{il

,,,,,,

where Cyi, . i1.0(A; 2) is an arbitrary element of the class Cy (A 2).

.....

Proof. By definition of Cy,,(A; 2), there is a permutation matrix M such that
Clir,iny,p(N;2) = M - Cpy,iy,p(N;2) = M - D - Ag(2).

Then M defines a permutation o with o(l) = 4,1 = 1,..., k, and o(k+1),...,0(k+m) €

{1,...,k +m}\{i1,...,ix} so that the bijectivity of ¢ is ensured. By Lemma 1 and
1
F,E?L,(Om;lm—&-AAT (m)

Lemma 2, and with C,,, =

as in the proof of Lemma 1,
9(k+m>)

Fimp (28, 9%™) = Chop - @ e, (Ao (2))
Cmp g(k+m) D (M -D- Ao(Z))
= Cn, g““*’”) P (C{u ----- ix},D (A 2)) , R E R

Proof of Remark 4. Initializing the proof of part a), let M; be a kx k permutation matrix
and Z ~ SSkmp(A, g*+™). Since | M€, = [¢],, & € RE, and | det(M;)| = 1,

P(M\Z < z) = P(Z < M%) /fZ d(_/fZMT de

L / (1) (m)
- m) gk m) |£| F A1£;g . dg,
Ep (0i L+ MAT gl ) 70 » (Mg o)
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2z € R¥, where A; = AMT. Thus, M1 Z ~ SSk,m,p(AMir,g(k_'—m)).
To start the proof of part b), let My be a m X m permutation matrix in R™ and
Z ~ SSpmp (MQA, g(k+m)). As in the proof of Lemma 1, but with X = (X(l),X(Q))T ~

®g(k+m) D’

PXW < 2, X® < M,AX®
Fk7m7p (Z; MsA, g(k+m)) = ( 2 )

B F7(ng,;?(0m7 I + (MQA)(MQA)Tv 9((1732771)) 7

2 € RF.

Note that
{(m(l),x(z))T e RF ™. 2 < 2 2@ < MQA:L’(U}
= {(x(l), x(Q))T e RF™. () < 2, ng@) < Ax(l)}
= {(m(l), Mgfc(Q))T e RF™: 2 < 2 73 < Ax(l)} = My - Ag(2)

with M, = diag [T, M) € REFTm*(*+m) heing a permutation matrix. The set A;(z) =
M, - Ag(z) is an element of the class C,,,(A; 2). By Lemma 2,

P(XW < 2, X® < MpAXW) = P(X € Ay(2)) = P(X € Ag(2)).

Additionally, let I' = (A, —1,,,) and I'y = (MsA, —1,,,), then

k+m

= / glk+m) (|x|p) dx

{m:(x(l),x<2>)T€Rk+m: M2AI<1)<$(2)}
R A A
{y:(y(n,y@))TeRMm; Ay<1><y<2)}

= Fr(rigy(()m; L + AAT, g((m)m)).

Fﬁ?p(om; I + <M2A)(M2A)Tyg((m) )) = P(T, X < 0™)

ket
Finally,
1
Fiom, z; MyA, g™t m)) = ——P(X € Ai(2))
o ) Fi2p(0s L + (Mo D) (Mo AT, g )
1
= ——P(X € Ay(2))
Fity (Om; L + AAT (), )

= Fkymyp(z;/\,g(mm)), 2 € R,
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5.2 Applying the advanced geometric method to extremes

We recall that advanced applications of the geometric measure representation (15) make
use of types of intersection percentage functions (14) being valid for whole classes of
random events. The classes of events considered here are cones generated by intersecting
half spaces. In this section, the measure-of-cone representations from Corollary 2 are
mainly used to prove Theorem 1 which, in turn, is basic to establish Corollary 1 and
Remark 5. Moreover, the direct and the advanced geometric methods considered in this
paper are briefly compared.

Let A%(t) = {(:cl, oz ERM x <t 1, < t}, t € R, be a sublevel set gener-
ated by the maximum statistic of an n-dimensional random vector X = (Xi,..., X,)".
Then,

P(max{X,...,X,} <t) = P(X € A)(t)),t € R.

Moreover, illustrations of the set A”(¢) may be found in the two earlier papers of the
authors for n € {2, 3}.

Proof of Theorem 1. Let v € {1,...,n — 1} be fixed. Further, let Bfg(t) = {z €
R?*: z; < t,m9 < 71} and B%ll)(t) = {z € R*: 29 < t,7; < x9}. Then Ai(t) =
Bﬁ% (t) U Bﬁ) () is a disjoint decomposition of the cone A3(t) with vertex at (¢,t)T,
see Figure 10. Similarly, on the one hand, one has that A3(t) = Bél)(t) U Béll) (t) where

X2

X1

= (1
B3 (t)

Figure 10: Disjoint decomposition of A%(t) for ¢ > 0.

Bél)(t) ={x; <t,xe <t,x3 < x9} and Béll)(t) ={x; <t,x3 <t,xe <z3}. On the other

hand, using this and the decomposition of A3(t) again,

Ag(t) = {Il <t,wo <t,wg < 1'2} U {IL‘l <t,x3 <t, 19 < £L'3}
= {$1 < t,ZEQ < T, 3 < 272} U {1‘1 < t,$3 < T1,T2 S [L’g} U B?l)(t) U Bfg(t)
= {&1 <t,(z2,73)" € A(21)} U B (1) U B (t)
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= B (t) U B (1) U BR (1)

where, for every i € {1,...,n — v}, BY(t) = Bi%)(t) and Bi(f;-)(t) ={r e R": ;4 <
t, 1, < iL'Z;H',v l, € [Z,Z + j]\{l + j}7$12 < .I'i+j,v ly € [2 + 7,1+ l/]\{Z + j}, T, <
t,Vi3 € I}, j = 0,1,...,v, are cones with vertices at (¢,...,t)T € R™ and where
li,i+j] ={i,...,i+j} and [;, = [1,n]\[¢, i+ v]. Further, one can inductively prove the

following disjoint decomposition
Ant) =B (VB () U BE (1)U VB

into v 4+ 1 cones so that each of them, which is an intersection of n half spaces from R",
contains the origin in the boundary of v of its n intersecting half spaces. In the spherical
case p = 2, this idea, that at least one hyperplane contains the origin, arises in Giinzel
et al. (2012) for n = 2, and in Richter and Venz (2014) for an arbitrary n. Indicating
the topological interior of the set A C R™ by int(A),

int (B.@ (t)) = int (M BY ), i=1...,v,

1/’.]

)

14
1,

i.e. one can transform each of the cones B

cone B” (t), where the matrix M; ; € R"*" defines the transposition o; ; with o; ;(i) = 7,

(t), 7 = 1,...,v, by permutation into the

0,j(j) =tando;;(1) = lforalll € [1,n]\{7,j}. By Lemma 2, for everyi € {1,...,n—v},
the maximum cdf F),., of the components of a continuous [,, ,-symmetrically distributed

random vector X with dg ¢™ satisfies
Foun(t) = P(X € A} (1)) =P, m , (A5 (1))
=Dy, <B§”) (t)) +3 Py, (Mi,jBf”) (t))
j=1

=(v+1) By, <B§”>(t)), teR.

Further,
BM(t) € Co_y (E§”); tln_y)

where 1,,_, = (1,...,1)" € R*” and E™ € R¥() is a matrix whose ith column is
1, and all the others are v-dimensional zero vectors. Then, Corollary 2 implies for every
ve{l,...,n—1}and i € {1,...,n — v} that
v )T v v n
Fou(t) = (v+1)F? (0,,;[,, +EYEY ,g((n;) Py (s B, g™), t€R. (16)

Furthermore, on the one hand, I, + E-(V)E-(V)T =1,+1,1F for every i € {1....,n — v}.
1 7 14 y
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On the other hand, as the above cdf F,_,, ,( - ;EZ-(V), g™) is evaluated at a point whose

components are all equal to each other, Remark 4 a) yields

Foppp(tly s BV g = P(Z < t1,_,) = P(Z < M}, t1,_,)

i1 11,12
- P<Mi1,i22 < 2flnfz/) - anu,l/,p(tlnfl/; E(V)u g(n)>’

2

for every iy,19 € {1,...,n — v}, where Z ~ SSn_W,p(E.(IV), g™) and the matrix M;, ;, €

7

R(=)x(n=¥) ig the transposition matrix as before. Hence, without any loss of generality,

the parameter i in (16) can be chosen as i = 1. O

The possibility of choosing (without any loss of generality) ¢ = 1 in equation (16)

may equivalently be established making use of the exchangeability of the components of

T
an [, p-symmetrically distributed random vector directly. Indeed, since I, + EZ.(”) Ei(”) =

I, + 1,17, the impact of the parameter i onto the cdf F,_,,, (tln_y; Ei(”), g(”)>, t e R,
is confined to the matrix Ei('/). Now, considering the construction formula (9) of the

Xjn) T: 2 — RY, the parameter
i € {1,...,n — v} in equation (16) regulates which component of X is used in the

condition X@ < AX® since

corresponding distribution, for and X = (X ;

n—v410 "t

SSvup (B, gM) = £ (xw

X® < inln_,,>
T

where X1 = (le, . Xjn_u) Q0 — R and X®: Q — R” are subvectors of X =

(X1,...,Xy), X ~ @ ,. By evaluating the cdf of S5, (Ei("), g(")) at a point whose

components equal each other and using the exchangeability of the components of X1

Y

the alternative proof of choosing ¢ = 1 without loss of generality is finished.

Summarizing the methods used in the present paper and that used in Miiller and
Richter (2015a), there were two ways of applying the geometric measure representation
(15) to get exact distribution formulae: the direct and the advanced one. The latter opens
the possibility to turn over to considering conditional distributions and their densities.
Following the first approach and using the permutation and sign invariance from Lemma
2 and the disjoint decompositions of A”(¢) given in the proof of Theorem 1, for every
v e{l,...,n— 1} results of the form

Frn(t) = (v +1) / ) =t g™ () dr

can be achieved where f,(t,7) = O, ([%B}V) (t)} N Snjp), j =1,...,n —v. The case
v = 0 covers formula (1) in Miiller and Richter (2015a) with k = n and f = fo, if

B = A"(t) is considered as the zero-fold decomposition of A™(t). Furthermore, details
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of computing f, are provided in the same paper. If the structure of f, and of the
argument [%BJ(V) (t)} N Sy p of O, respectively, will be too involved, the second approach
is preferred here which arises from a combination of the methods studied in Arellano-
Valle and Richter (2012) and Richter and Venz (2014). This advanced geometric method
of using the measure-of-cone representations from Corollary 2 is more effective than the
direct application of geometric measure representation (15). In the case of the exact

distribution of the maximum statistic, the second approach results in Theorem 1.
Remark 8. Let Z™ be an n-dimensional random vector with pdf f,.,. Then, for every

teR, & (P(Z( )) = fy(t), and, if n > 2,

) dt

4p (2™ < t1,) = Du(fze1)

dt
where
D(fzm,1)
== Z / fZ(n) (21, <y Zi—1, t, Zidly s Zn) dz
o
n t tot t
= Z / / / / frzom (21, zimn b zigny ooy 20) dzy o dziy dzig - - dzy,
=1 —00 —00 —00

and D§n)(t) ={z=(21, .., %1, %41, ) ER" 2 <tl, 1},i=1,...,n
Sketch of proof. If n = 2, the Leibniz integral rule applies,

t t

d d
%P (Z( ) < tl dt / / fZ(z) 21,22) le dZQ
tid
= dt ( fZ(2) 21, %2 dzl) ng + / fZ (2) 21, )dz1
. t
= / fz(Q) t, ZQ dZQ —|— / fZ(Q)(Zl, t) le = DQ(fz(2)7t), t - R
In the other cases, the assertion follows by induction with respect to n. O

Proof of Corollary 1. According to Theorem 1 and Remark 8, and with the random
vector Z ~ SS, ., (E(V)7 g(n)>7

N T (v d
Fon(t) =(v + 1)FV(2) (oy; I,+ EWEW ,g((n;) P (Z <11,
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=(r+1 g / n N ( j)‘p) ) (le”;g[(\zimp]) dz

Di" (1)
(n—v) 1 (v)
+(v+1) / 9in) (‘Zﬂ)‘p) FE (i) 2
Dgnfu (t)
for v e {1,...,n — 2}, where z(jy = (21,...,2j-1,t,Zj41, - . . 7Zn—l/)T and
D;n_l’) (t) = {Z = (21, ce 3 Ri—1 R4l - - 7Zn—V) € RN—V—l: ZT < tln_V—l}'

Let M;; € R"=*(=¥) he the matrix defining the transposition o: {1,...,n — v} —
{1,...,n—v} with o(l) = j, 0(j) =l and o(k) = k for all k € {1,...,n —v}\{l,j}.
Using this notation, because of ’z(j)’p = ‘Mldz(l)‘p and |det(M; ;)| = 1, any two integrals
being summands of the above sum with summation index j from {2,...,n — v} can be
transformed into each other. Because of this, one can also choose j = n — v without any

loss of generality. Then,

fon@) =(v+1)(n—v—-1) /g(ny ’Zn V)

(1) (11 - o)
)F (21139, 1) @2

D"~ ()
+(v+1) / g ( ’p F V’g\zu)lp]) dz
D(" V)
_ o (n—v) D (1)
(v + - v 1) [ o (i 1el8) £ (21010 )
zeD(t)
(=) ( 2\ 2 (1 . o)
te L[mg(n) < ’ﬂpHZ’p) Fup (tl”’g[ |tp+|z£1> az
FAS

for every v € {1,...,n — 2} where D(t) = piy) (t)={zeR" " 2 <tl, , 1}. The

case ¥ =n — 1 can be dealt with in an analogous way. O]

Proof of Remark 5. If v € {1,...,n — 1} and a = |y|, with y € R*", it follows from
Fubini’s theorem that

Y (wigeels)) = [ grels) (ke =2l,) do= [ gfh(le —vl,) do
+ +

/ / ( |U]\p)> do, -+ do; = H<I> z;), x€R"

Using this and Fubini’s theorem again, Corollary 1 leads to

Fan(t) = (v + 1)pp(t) (Dp(1))"
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D)0 —v = Dgy(t) (@,0) 7 [ yf5) (B(s))” ds. teR

for every v € {1,...,n — 2}, and to
frn(t) = npy(t) ((I)p(t>)n_1 , teR,

t
for v = n—1. Because of [ ,(s) (®,(s))” ds = = (®,(t))""", the first n—2 representa-

v+1
tions can be transformed into the claimed form whereby the parameter v € {1,...,n—2}
does not further have any influence onto these results. O

6 Discussion

In the present paper, we continue our studies on exact distributions of order statistics
under non-standard model assumptions, and provide some new results on it. The depen-
dence of the variables considered here is caused in the interplay of the dg and the shape/
tail parameter of the multivariate sample distribution. As in the most known spherical
case p = 2, the uncorrelatedness of the considered rvs leads to their independence if and
only if the dg of the sample vector distribution is that of the p-generalized multivariate
Gaussian distribution. Because of the possible arbitrary choice of p, p > 0, our consider-
ations are not restricted to sample vector densities being convex contoured as in Richter
(2015b) but include cases where density level sets are radially concave w.r.t. the stan-
dard fan in R", see Richter (2014, 2015a). We have established an advanced geometric
method using measure-of-cone representations for deriving extreme value distributions

of jointly continuous [, ,-symmetrically distributed dependent rvs.
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A Subclasses of [, -symmetric distributions

Let us recall that the well known class of spherical distributions is a subclass of the family
of [, ,-symmetric distributions. Moreover, if a random vector X follows an [,, ,-symmetric
distribution then it allows the stochastic representation (3) where the variable R follows
the density (4). In this Appendix, the dg g™ attains values from the set of functions

{98015 95y 95 G010 95000 9 95, | explained below and the corresponding
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generalized radius variable R will be denoted by Ryv.a8+, RrEewy, RrE, Rprr,y, Rstw,

R¢, and Rpra,, respectively.

A.1 The [, ,-symmetric Kotz type distribution

According to Miller and Richter (2015a) and references cited therein, the continuous

l,, p-symmetrically distribution with dg

n

. "B )
gi(Kt);M,ﬁ,y(?") = (QFP(;)) - (n+p(M1))p)7"p(M 1 exp{—pr""}, r>0.

Py

n+p(M—1) (

is called [, ,-symmetric Kotz type distribution with parameters M > 1 — %, £ >0 and
~v > 0. In addition, one may establish that both the first and the second moment of this
distribution, cf. Remark 3 in the present paper, exist for all choices of the parameters

where the expectation of the corresponding radius variable R%); Mgy 18

0o ") (rtite(M-1)
E (Rrumpy) = 0/7‘” gg{t);M,B;y(T) dr = (QFP(;D) ]Eéz)fvl“((wpg)?l)) )

and univariate variance component satisfies

()0 ()0 (=)

O-;’g;?t);M,Bw - Tn,pE <R%(t;Mﬁﬁ) N /Biﬁ r (:1:) r (S—IL_Q) I (nJrZ’g?Ajl))

with 7,, from Remark 3. Specializing the [, ,-symmetric Kotz type distribution by
the parameter choice M = 1 and § = ]% yields the [, ,-symmetric power exponential

distribution with parameter v > 0 having dg gg%;w with

Py

w oo (e Y () N
gPE;'y(T) - (2F (;)) p%F (p;y) exp{ p }7 r> 07

ie. gg%;7 = 9&2-1 . Therefore, the first and the second order moments of this distribu-

3 ﬁEa
tion exist for all v > 0 since

E(Rpp,) = ( pl)) : (%) ; (%) and 2 2t (%>

ar(3)) () Tuaih, VT (1)

Py

Another important special case of this distribution is the n-dimensional p-power expo-

nential or p-generalized Gaussian or p-generalized Laplace distribution. Its dg is denoted
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by gpr and satisfies

B =

1— n D
(n) p r
9pe(r) = (1 ) exp{—}, r >0,
2r ;) p
(n) (n)

i.e., gpp = gpp.;- Furthermore, the first two moments of this distribution exist where

D lw

n—1+1 T
P 1
E(Rpg) = — F<n+ ) and o Zpﬁ(),

(er(;)" \ » rere ()

and the components of an [,, -symmetrically distributed random vector with dg g™ are

not only uncorrelated but also independent if and only if g™ = gg%.

D =

A.2 The [, ,-symmetric Pearson Type VII distribution

Another important subclass of the continuous [, ,-symmetric distributions are the [, ,-
symmetric Pearson Type VII distributions with parameters M > % and v > 0 whose

dgs gl(DnT)W;M,V SatiSfy

(n) ([ » \ ) ( W)‘M
gPT?;M,u(T) <2F(;>) V%F(]\/[—%> 1+I/ , r>0.

Furthermore, the first moment of this distribution exists for all M > %1 and v > 0 and

the second one exists for all M > ”Tﬁ and v > 0 where

B (e — (2| )T O
- 2r (3) pl (M —2)

and univariate variance component satisfies the representation

r(r (o)

2
0'2 (n) = VP P .
PIpTTin,y r (l> r (M — @)

P 3

In the sequel, we consider two well known special cases of this distribution. First, an {,, ,-
symmetric Pearson Type VII distribution with parameters M = ”TT” and v > 0 is called

L, p-symmetric Student -¢ distribution with parameter v > 0. Hence, its dg satisfies

n T ntv :
e 0 i [ A
p

P
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and the first two moments exist for all » > 1 and v > 2, respectively, with

E (Rst) = ( pl)) il (nTTl) g (%1>

r@) )

and univariate variance component

2
g (n)

TR

Second, an [, ,-symmetric Student-t distribution with parameter v = 1 is called [,, -

symmetric Cauchy distribution having the dg

p

ey oo oy (P | DR e
dc (T)—gSt;l( ) = (ZF <11))> F(l) (1+77) ) > 0,

In particular, both the first and the second order moments of this distribution do not

exist.

A.3 The [, ,-symmetric Pearson Type II distribution

1 ifteA
Let 14(t) = denote the indicator function of the set A. The third

0 otherwise
subclass mentioned here is the class of [,, ,-symmetric Pearson Type II distributions with

parameter v > 0 having the dg

"T(r+v+1
(n) P (P ) p\V
9p12,(1) = ( ] ) (1 =7")"To1(r), 7>0,
’ 1 r 1 :
QFQ) (v+1)

and finite first and second order moments for all parameters v > 0,

p;)>"F(”ZI)F(2+V+1)

E (Rprow) = (QT ( ol (”Tfl +v+ 1)

as well as the univariate variance component

TG
(n

Ty
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B Tables for domain quantiles of [, ,-symmetric dis-

tributions w.r.t. the [/, ,-unit ball

Here, we compute values of the quantile function Q ) , at the points g € {0.9,0.95,0.99,
0.995,0.999}, see (7), for parameters p € {%, 1, 3} and n € {1,2,3} as well as for dgs gggw
withy € {1, 3,2}, git), with v € {1, 3,2}, and gf3},,, with v € {1,3,2}. Remember that
the [, ,-symmetric power exponential distribution with parameter v = 1 is the n-variate
p-generalized Gaussian distribution and that the [, ,-symmetric Student-¢ distribution

with parameter v = 1 is the [, ,-symmetric Cauchy distribution.

Qi | ¢=09 | ¢=095 | ¢=099 | ¢=099 | ¢=0.999
n=1] 378248 | 5.62606 | 11.01693 | 13.80171 21.313983
o) (| m=2 1115822 | 15.02980 | 25.22610 | 30.12625 | 42.65553
9T 9PE1 | =3 | 21.50489 | 27.63098 | 42.95809 | 50.05392 67.68966
n=1] 161086 | 2.20110 | 3.69584 4.38556 6.07842
g = g |n=2 326265 | 412764 | 617533 7.07797 9.22476
PES | p =3 | 4.99340 | 6.09025 | 8.60135 9.68196 12.20816
n=1] 115129 | 1.49787 | 2.30259 2.64916 3.45388
| m=2| 194486 | 2.37193 | 3.31918 3.71506 4.61671
9 T 9pE2 | =3 | 266116 | 3.14790 | 4.20298 4.63690 5.61444
n=11 16.86950 | 40.80952 | 255.26532 | 536.13094 | 2855.38783
| n=2 6256620 | 145.97687 | 876.02844 | 1823.62826 | 9602.50605
977 T 9st1 | =3 | 136.57617 | 314.53687 | 1859.40003 | 3858.15678 | 20230.91278
n=1] 10.11725 | 20.55423 | 83.69141 | 144.66148 | 480.64167
g = g, | m=2 3550401 | G8.78304 | 262.54702 | 44654143 | 144861431
St3 | n =31 75.93661 | 143.99535 | 536.15393 | 906.18318 | 2912.37601
n=1] 7.87603 | 14.72012 | 49.08511 | 77.53031 | 207.11770
| n=2| 2681891 | 47.28216 | 14538010 | 224.75442 | 580.38026
977 T 9st2 | p =3 | 56.33814 | 97.05830 | 289.00536 | 442.88157 | 1127.84875
n=1] 064674 | 0.74762 | 0.88566 0.91891 0.96360
o m | m=2] 078813 | 0.85296 | 0.93570 0.95476 0.97990
977 = 9pr21 | =3 | 0.84857 | 0.89610 | 0.95518 0.96856 0.98609
n=1] 054458 | 0.64958 | 0.81202 0.85678 0.92418
g = g =2 070954 | 078354 | 0.88875 0.91614 0.95628
PT23 | p =3 | 0.78664 | 0.84311 0.92077 0.94053 0.96919
n=1] 046177 | 0.56460 | 0.73811 0.79053 0.87602
w _ m |m=2] 063854 | 0.71714 | 0.83772 0.87183 0.92560
977 = I9PT22 | p =3 | 0.72786 | 0.79012 | 0.88202 0.90732 0.94664
Table 4: g-domain quantiles of @, , wr.t. B,, are computed for ¢ €

{0.9,0.95,0.99,0.995,0.999}, p = % and for several dgs.
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Q,m | g=09 | ¢=095] ¢=0.99 | ¢=0.995| ¢=0.999
n=1][ 230259 | 2.99573 | 4.60517 | 5.29832 6.90776
) | n=2| 388972 | 474386 | 6.63835 | 7.43013 | 9.23341
9 = 9re1 | p =3 5.32232 | 6.29579 | 8.40595 | 9.27379 | 11.22887
n=1| 1.42029 | 1.74719 | 2.42300 | 2.70017 | 3.28786
my_ () | m=2]| 2.01472 | 2.35508 | 3.05171 | 3.32429 | 3.91365
9T 9pEs | =3 || 247331 | 2.82329 | 3.53216 | 3.80771 | 4.40124
n—=1| 1.16309 | 1.38590 | 1.82139 | 1.98487 | 2.32675
o _ | n=2| 151743 | 1.73082 | 2.14597 | 2.30181 2.62826
g =9re2 | p =3 | 1.76796 | 1.97671 | 2.38169 | 2.53359 2.85186
n=1] 9.00000 | 19.00000 | 99.00000 | 198.00000 | 999.00000
) | m =2 1848683 | 38.49359 | 198.49874 | 398.49937 | 1998.49987
97 = 9se1r | =3 || 27.97659 | 57.98860 | 297.99777 | 597.99889 | 2997.99978
n=1| 546233 | 9.55209 | 30.81652 | 49.79928 | 148.50000
my _ (| n=2] 10.68529 | 18.23436 | 57.41980 | 92.38924 | 274.20073
I T 9563 |y =3 | 15.85419 | 26.82194 | 83.73197 | 134.51540 | 398.54241
n=1| 4.32456 | 6.94427 | 18.00000 | 26.28427 | 61.24555
o | m=2| 821450 | 12.77647 | 31.95405 | 46.30900 | 106.87166
97 T 9se2 | =3 | 12.02925 | 18.48940 | 45.62059 | 65.92374 | 151.57507
n=1]| 0.68377 | 0.77639 | 0.90000 | 0.92929 | 0.96838
w | m=2] 080420 | 0.86465 | 0.94110 | 0.95860 | 0.981630
9 = 9pT21 |y =3 || 0.85744 | 0.90239 | 0.95800 | 0.97056 | 0.98698
n=1| 0.60190 | 0.69829 | 0.84151 | 0.87989 | 0.93690
g = g | n=2] 073796 | 0.80597 | 0.90112 | 0.92562 0.96134
PT25 | =3 | 0.80336 | 0.85591 | 0.92757 | 0.94570 | 0.97191
n=1] 0.53584 | 0.63160 | 0.78456 | 0.82900 | 0.90000
o | n=2] 067954 | 0.75140 | 0.85913 | 0.88912 0.93596
9 = 9rT22 |y =3 || 0.75336 | 0.81074 | 0.89436 | 0.91717 | 0.95245
Table 5:  g-domain quantiles of & m , wrt. B,, are computed for ¢

{0.9,0.95,0.99,0.995,0.999}, p = 1 and for several dgs.
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