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1 Introduction

Let Γ be a finitely generated group given by a presentation Γ. We recall that the
deficiency of 〈X|R〉 is |X|− |R| which is denoted by def〈X|R〉 and the deficiency
of Γ, denoted by def Γ, is the maximum of def〈X|R〉 over all possible finite
presentations of Γ. If def Γ > 1, then its abelianisation has more generators
than relators, thus, it is infinite and in particular, Γ is infinite. However, groups
Γ with def Γ > 1 are quite a small class of groups, for instance they cannot be
torsion. Therefore, it is natural to look for a less restrictive criterion which still
ensures that a group is infinite.

One such criterion is the Golod-Shafarevich inequality, see [4] and [3], in which
relators are weighted according to their position in the Zassenhaus-filtration with
respect to some prime number p. Using the Golod-Shafarevich inequality Golod
[3] was able to construct the first examples of finitely generated infinite p-groups
and thus gave a negative answer to the General Burnside Problem. The most strik-
ing result concerning Golod-Shafarevich groups, i.e. groups in which the Golod-
Shafarevich inequality holds, is Zelmanov’s proof in [9] that their pro-p comple-
tion contains a non-abelian free pro-p group.

Please insert information concerning research grant support here.
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Over the years, more examples of finitely generated infinite p-groups have been
given. All of these constructions require quite difficult arguments. However, re-
cently using remarkably simple arguments, more examples of finitely generated
infinite p-groups were constructed in [7].

The first step was to generalize the notion of deficiency: Let F be the free group
over a finite set X , w a non-trivial element of F . Define νp(w), the p-valuation
of w, to be the largest integer k, such that w = vp

k
for some v ∈ F . Then define

the p-deficiency of 〈X|R〉, denoted by defp 〈X|R〉, to be |X| − 1−
∑

r∈R p
−νp(r)

and defp Γ, the p-deficiency of Γ, to be the supremum of defp 〈X|R〉 taken over all
presentations of Γ with a finite generating set1.

The key point of the construction was the proof of the super multiplicity of the
p-deficiency for normal subgroups of p-power index, that is if ∆ / Γ is a normal
subgroup of index p-power, then defp ∆ ≥ (Γ : ∆) defp Γ, see [7, Theorem 2].
In particular, if Γ has positive (non-negative) p-deficiency, the same is true for all
normal subgroups of p-power index in Γ. Notice that if Γ has non-negative p-
deficiency, then Γ/([Γ,Γ]Γp) is non-trivial and therefore Γ has a normal subgroup
∆ of index p. Since ∆ is finitely generated and has non-negative p-deficiency we
have that 0 < (∆ : [∆,∆]∆p) < ∞. But [∆,∆]∆p is characteristic in ∆ and there-
fore normal in Γ. Thus we can continue by induction and conclude that if Γ has
non-negative p-deficiency, then Γ is infinite and furthermore has an infinite pro-p
completion.

Not only are groups with strictly positive p-deficiency infinite, they are big in
other ways. Button and Thillaisundaram in [1], and also Barnea, Ershov, Gonzales-
Sanchez and Klopsch in unpublished work, showed that every group with positive
p-deficiency is virtually Golod-Shafarevich (in most cases it is actually Golod-
Shafarevich itself). Schlage-Puchta in [7] showed that such a group has positive
rank gradient. Moreover, it follows from the work of Lackenby in [5] that a finitely
presented group Γ of positive p-deficiency is large, that is, Γ has a finite index sub-
group that maps onto a non-abelian free group.

On the other hand, groups with zero p-deficiency, while infinite, do not have to
be big. For instance, Z and Z2 have zero p-deficiency for all p and D∞ and

〈x, y, z|x2 = y4 = z4 = xyz = 1〉

have zero 2-deficiency and they are all not large.
Usually, knowing that the pro-p completion of a group is non-trivial or even

infinite tells us nothing about the pro-p completion of a subgroup of finite index,
1 We comment that it seems that the natural generalization of deficiency should be |X| −∑

r∈R p−νp(r) and indeed in [1] it is defined in this way. Nevertheless, because of the su-
per multiplicity of our definition, see below, and connections to the p-homology we prefer to
stick to it.
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unless the index is a p-power. Hence, our main theorem of this paper, which is a
generalization of the super multiplicity to all normal subgroups of finite index, is
somewhat surprising.

Super Multiplicity Theorem. Let Γ be a finitely generated group and let ∆ be
a normal subgroup of finite index in Γ. Then defp ∆ ≥ (Γ : ∆)defp Γ. In par-
ticular, if defp Γ is non-negative (positive), then defp ∆ is non-negative (positive),
furthermore, ∆ has a non-trivial pro-p completion.

Obviously this extends to subnormal subgroups of finite index. Nevertheless,
we do not know the answer to the following problem.

Problem 1. Let Γ be a finitely generated group and let ∆ be a subgroup of finite
index in Γ. If defp Γ > 0, does it imply that defp ∆ > 0?

Now, a group Γ may contain a normal subgroup ∆ of finite index with defp ∆ >
0 without Γ having positive p-deficiency. This is for example the case for all
virtually free groups which are generated by finite subgroups of p′-order because
groups of positive p-deficiency can be mapped onto a cyclic group of order p. The
methods of the proof of the Super Multiplicity Theorem are flexible enough to
enable us to study groups with zero p-deficiency. For instance, we prove that if
Γ ∼= 〈X|R〉, where |X| is finite, |R| > 0, defp 〈X|R〉 = 0, and each element in
R is a q-th power for some prime q 6= p, then Γ contains a finite index subgroup
of positive p-deficiency. Moreover, we can even study groups with negative p-
deficiency. For example, we are able to show that the generalized triangle group

〈x, y|x2 = y5 = u(x, y)5〉

which has negative 2-deficiency has a normal subgroup of index 5 of positive 2-
deficiency.

It seems impossible to give a general algorithm to compute the p-deficiency
of a group Γ, as doing so would involve all presentations of Γ. However, if Γ

is restricted to some well-understood class of groups things become easier. We
compute the p-deficiency for free products of cyclic groups and Fuchsian groups
of non-negative p-deficiency. It turns out that the obvious presentations are the
ones maximizing the p-deficiency, which provides evidence that the notion of p-
deficiency is natural.

Finally we study a few new invariants of finitely generated groups: Let Γ be a
finitely generated group. Write

dp(Γ) = dimFp(Γ/([Γ,Γ]Γ
p)) = dimFp Hom(Γ, Cp).
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Recall that Lackenby in [6] defined the p-homology gradient of Γ with respect to a
particular chain of subgroups. Similarly we define the lower absolute p-homology
gradient of Γ and the upper absolute p-homology gradient of Γ to be

α−(Γ) = lim inf
dp(∆)

(Γ : ∆)
and α+(Γ) = lim sup

dp(∆)

(Γ : ∆)
,

respectively, where the limits are taken over all normal subgroups ∆ of finite index
in Γ. As an application of our methods we show that every finitely generated
group of positive upper (lower) absolute p-homology gradient maps onto a torsion
group of positive upper (lower) absolute p-homology gradient. We also define the
p-Euler characteristic of Γ:

χp(Γ) = − sup
(Γ:∆)<∞

defp ∆

(Γ : ∆)
.

We then show that in this definition we only need to look at ∆ which are normal
in Γ. In addition, we show that χp(∆) = (Γ : ∆)χp(Γ) if ∆ is a finite index
subgroup in Γ. Further, we show that for virtually free groups and for Fuchsian
groups the p-Euler characteristic coincides with the ordinary Euler characteristic
and the hyperbolic volume respectively. We believe that answering the following
problem will make an important contribution to geometric group theory.

Problem 2. Find geometric interpretations of p-deficiency, upper and lower p-
homology gradient and p-Euler characteristic.

2 The p-size of a normal subgroup

In this section we generalize the concept of p-deficiency towards a relative notion
measuring the size of a quotient of a finitely generated group. Let Γ be a group,
g ∈ Γ an element of Γ. Then we define νp,Γ(g) to be the supremum over all
integers n such that there exists some h ∈ Γ with g = hp

n
. Let Γ be a finitely

generated group and let N / Γ be a normal subgroup. Let {n1, n2, . . .} be a set of
elements generatingN as a normal subgroup. Then we call

∑
j≥1 p

−νp,Γ(nj) the p-
size of the generating system {n1, n2, . . .}. We now define sizep(N,Γ), the p-size
ofN within Γ, as the infimum of the p-sizes of all normal generating systems ofN .
In this section we study how sizep(N,Γ) behaves if we pass from Γ to a normal
subgroup of finite index containing N . The Super Multiplicity Theorem should
convince the reader that this notion both generalizes and improves the notion of
p-deficiency.

Fix p to be a prime number. For an integer n we denote νp(n) = νp,Z(n) to be
the largest k such that pk divides n. We prove the following.
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Lemma 2.1. Let Γ be a group, ∆ a normal subgroup of finite index d in Γ, g an
element of ∆. Set k = (CΓ(g) : C∆(g)). Then there exist elements g1, . . . , gd/k,
such that

gΓ =

d/k⋃
i=1

g∆
i ,

and we have νp,∆(g) ≥ νp,Γ(g)− νp(k).

Proof. Since CΓ(g)∆/∆ ∼= CΓ(g)/ (CΓ(g) ∩ ∆) = CΓ(g)/C∆(g) we obtain that
(CΓ(g)∆ : ∆) = (CΓ(g) : C∆(g)) = k and thus,

(Γ : CΓ(g)∆) =
(Γ : ∆)

(CΓ(g)∆ : ∆)
=
d

k
.

Let {ai}d/ki=1 be representatives of the right cosets of CΓ(g)∆ in Γ and let {cj}kj=1
be representatives of the right cosets of ∆ in CΓ(g)∆ = ∆CΓ(g). Without loss of
generality we can assume that cj ∈ CΓ(g) for all j. As ∆ is normal in Γ we have
that ∆cjai = cjai∆ for all i and j. Given x ∈ Γ, we have that x = cjain for some
i and j and n ∈ ∆. Since cj ∈ CΓ(g) we have that gx = gcjain = gain. Write
gi = gai for all i. We conclude that

gΓ =

d/k⋃
i=1

g∆
i .

For the inequality assume that g = hp
m

for some h ∈ Γ, then h ∈ CΓ(g).
Notice that C∆(g) / CΓ(g). Hence, we obtain that both hp

m
= g ∈ C∆(g) and

hk are trivial in CΓ(g)/C∆(g), and therefore h(p
m,k) is trivial as well. As (pm, k)

divides νp(k) this means that hp
νp(k) is inC∆(g) < ∆. Thus, there exists an element

h′ = hp
νp(k) such that g = h′p

m−νp(k)
and the inequality follows.

Theorem 2.2. Let Γ be a group, let N /Γ be a normal subgroup in Γ and let ∆ /Γ

be a normal subgroup of finite index in Γ containing N . Then

sizep(N,∆) ≤ (Γ : ∆)sizep(N,Γ).

Proof. Suppose {n1, n2, . . .} is a set generating N as a normal subgroup of Γ of
p-size α with respect to Γ. Set d = (Γ : ∆) and ki = (CΓ(ni) : C∆(ni)) for all i.
As in Lemma 2.1 for each i we write

nΓ
i =

d/ki⋃
j=1

m∆
ij .
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Then {mij} generates N as a normal subgroup of ∆. The p-size of this set with
respect to ∆ is

∑
i

d/ki∑
j=1

p−νp,∆(mij) ≤
∑
i

d

ki
p−νp,Γ(ni)+νp(ki) ≤ d

∑
i

p−νp,Γ(ni) = dα (2.1)

Hence, there exists a generating set of N as a normal subgroup of ∆ with p-size at
most dα = (Γ : ∆)α. Our claim follows by taking the infimum over all generating
sets of N as a normal subgroup of Γ.

As a corollary we now obtain the Super Multiplicity Theorem:

Super Multiplicity Theorem. Let Γ be a finitely generated group and let ∆ be
a normal subgroup of finite index in Γ. Then defp ∆ ≥ (Γ : ∆)defp Γ. In par-
ticular, if defp Γ is non-negative (positive), then defp ∆ is non-negative (positive),
furthermore, ∆ has a non-trivial pro-p completion.

Proof. Consider a presentation Γ = 〈X|R〉. Let F be the free group with basis X
and let N be the normal subgroup in F generated by R. Taking R as a generating
set of N we get that

sizep(N,F ) ≤ |X| − 1− defp 〈X|R〉.

Let ∆ be the pre-image of ∆ in F . Since we have that (F : ∆) = (Γ : ∆) we obtain
from Theorem 2.2 that

sizep(N,∆) ≤ (Γ : ∆)sizep(N,F ).

Let Y be a basis of ∆ and recall that |Y |−1 = (F : ∆)(|X|−1) = (Γ : ∆)(|X|−1).
We conclude that

defp ∆ ≥ sup
S⊆∆

〈Y |S〉∼=∆

|Y | − 1−
∑
s∈S

p−νp,∆(s)

≥ sup
S⊆∆

〈S〉∆=N

|Y | − 1−
∑
s∈S

p−νp,∆(s)

= (Γ : ∆)(|X| − 1)− sizep(N,∆)

≥ (Γ : ∆)(|X| − 1)− (Γ : ∆)sizep(N,F )

≥ (Γ : ∆)defp 〈X|R〉.

Our claim follows by taking the supremum over all presentations 〈X|R〉 .
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3 Factoring out normal subgroups of small p-size

Let Γ be a finitely generated group and let N be a normal subgroup in Γ. We
would like to show that if Γ is large in some asymptotic way and if N has small
p-size with respect to Γ, then Γ/N is also large.

Let Γ be a finitely generated group. Write

dp(Γ) = dimFp(Γ/([Γ,Γ]Γ
p)) = dimFp Hom(Γ, Cp).

We recall from the introduction that the lower absolute p-homology gradient of Γ

and the upper absolute p-homology gradient of Γ are

α−(Γ) = lim inf
dp(∆)

(Γ : ∆)
and α+(Γ) = lim sup

dp(∆)

(Γ : ∆)
,

respectively, where the limits are taken over all normal subgroups ∆ of finite index
in Γ.

Theorem 3.1. Let Γ be a finitely generated group and let N be a normal sub-
group in Γ. Then α−(Γ/N) ≥ α−(Γ) − sizep(N,Γ) and α+(Γ/N) ≥ α+(Γ) −
sizep(N,Γ).

Proof. Let ∆ be a normal subgroup of finite index in Γ containing N . From Theo-
rem 2.2 we have that sizep(N,∆) ≤ (Γ : ∆)sizep(N,Γ), thus we can choose a set
{n1, n2, . . .} which generates N as a normal subgroup of ∆ and satisfies∑

p−νp,∆(ni) ≤ (Γ : ∆)sizep(N,Γ) + 1.

Writem = dp(∆) and letϕ1, . . . , ϕm be a basis of the Fp-vector space Hom(∆, Cp).
An element ϕ ∈ Hom(∆, Cp) defines a homomorphism ϕ : ∆/N → Cp if and only
if it maps each element of N to 0, which is equivalent to the statement that it maps
each ni to 0. Since ϕ is a homomorphism and Cp has exponent p this condition is
trivial whenever ni is a p-th power. Let {n1, . . . , n`} be a complete list of elements
in the generating set which are not p-th powers of elements in ∆. Clearly

` ≤
∑

p−νp,∆(ni) ≤ (Γ : ∆)sizep(N,Γ) + 1.

Express ϕ as ϕ =
∑m

i=1 xiϕi. Then ϕ defines a homomorphism ϕ : ∆/N → Cp
if and only if the coefficients xi satisfy the ` linear equations

∑m
i=1 xiϕi(nj) = 0,

1 ≤ j ≤ `. The dimension of the space of solutions of this system is at least the
number of variables minus the number of equations, thus,

dp(∆/N) ≥ dp(∆)− ` ≥ dp(∆)− (Γ : ∆)sizep(N,Γ)− 1
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Now take a normal subgroup ∆′ of Γ/N of finite index. Then the pre-image of ∆′

under the canonical map Γ→ Γ/N is a normal subgroup ∆ of Γ containing N and
satisfying (Γ : ∆) = (Γ/N : ∆′). Hence,

dp(∆
′)

(Γ/N : ∆′)
=
dp(∆/N)

(Γ : ∆)
≥ dp(∆)− 1

(Γ : ∆)
− sizep(N,Γ).

Taking the lim inf and lim sup of this inequality implies our claims.

As a corollary we obtain:

Corollary 3.2. Let Γ be a finitely generated group of lower (upper) absolute p-
homology gradient α > 0. Then for every ε > 0 we have that Γ maps surjectively
onto a p-group with lower (upper) absolute p-homology gradient ≥ α− ε.

Proof. Let k be an integer such that p−k

1−p−1 < ε and let g1, g2, g3, . . . be a list of
all elements of Γ. Define N as the normal subgroup generated by the elements
gp

k

1 , gp
k+1

2 , gp
k+2

3 , . . .. Then Γ/N is a p-group, and

sizep(N,Γ) ≤
∞∑
j=0

p−k−j =
p−k

1− p−1 < ε.

Hence, from the theorem we obtain that α−(Γ/N) ≥ α−(Γ)− ε and α+(Γ/N) ≥
α+(Γ)− ε. Thus, Γ/N is the desired image.

4 Groups of zero p-deficiency

Let Γ be a group given by a presentation 〈X|R〉 of zero p-deficiency. Then Γ

needs not contain a subgroup of finite index of positive p-deficiency as seen in
the examples in the introduction. In this section we will consider under which
conditions a group of zero p-deficiency has virtual positive p-deficiency.

Lemma 4.1. Let Γ be a group given by a presentation 〈X|R〉, where |X| is finite,
and defp 〈X|R〉 = 0. Let ∆ / Γ be a normal subgroup of index n in Γ. Let F be
the free group on X and let φ : F → Γ be the map induced by the presentation
〈X|R〉. If there exists an element r ∈ R, such that r = ge with p - e and φ(g) 6∈ ∆,
then ∆ has positive p-deficiency.

Proof. Let N / F be the normal subgroup generated by R in F . By the Super
Multiplicity Theorem ∆ has non-negative p-deficiency. Inspecting the proof of
the Super Multiplicity Theorem we see that ∆ can only have zero p-deficiency, if
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sizep(N,∆) = (Γ : ∆)sizep(N,F ). Going back to the proof of Theorem 2.2 we
see that this is only possible if we have equality in (2.1). To have equality at the
second position, one has to have ki = pνp(ki) for all i, that is, all ki are powers of p.
In particular (CΓ(φ(r)) : C∆(φ(r))) is a power of p. But since r = ge we have that
φ(g) ∈ CΓ(φ(r)), while φ(g)e = φ(r) = 1. In other words CΓ(φ(r))/C∆(φ(r))
is a p-group containing an element of order dividing e, which is only possible if
the order of this element is 1, that is, φ(g) ∈ C∆(φ(r)) ⊆ ∆. This contradicts the
assumption φ(g) 6∈ ∆ and our claim is proven.

For a word w define the primitive p′-root of w to be the shortest word v, such
that vn = w holds true for an integer n not divisible by p.

Theorem 4.2. Let Γ be a group given by a presentation 〈X|R〉, where |X| is finite.
Suppose defp 〈X|R〉 = 0. Let 〈X|S〉 be the presentation obtained by replacing
every word inR by its primitive p′-root. Then Γ contains a finite index subgroup of
positive p-deficiency or the kernel of the canonical map Γ → 〈X|S〉 is contained
in the residual of Γ.

Proof. We note that the kernel of the canonical map is 〈S〉F / 〈R〉F . Hence, it is
enough to show that s 〈R〉F is in the residual of Γ for every s ∈ S.

Suppose that r ∈ R, and r = se, where p - e. In view of Lemma 4.1 it suffices
to show that Γ contains a normal subgroup ∆ of finite index, such that s 〈R〉F 6∈ ∆.
Suppose this was not the case. Then s 〈R〉F is contained in every normal subgroup
of finite index, hence, in the residual of Γ.

In particular, if Γ is residually finite, then either the canonical map from 〈X|R〉
to 〈X|S〉 is actually an isomorphism or Γ contains a finite index subgroup of pos-
itive p-deficiency. We call two groups finitely isomorphic and write G ∼=∗ H , if G
modulo its residual is isomorphic to H modulo its residual. We can now prove our
claim from the introduction:

Theorem 4.3. Let 〈X|R〉 be a presentation, where |X| is finite, |R| > 0, and with
zero p-deficiency. Suppose that each element in R is a q-th power for some prime
q 6= p. Then Γ ∼= 〈X|R〉 contains a finite index subgroup of positive p-deficiency.

Proof. Let S be as in the previous theorem. To apply the previous theorem we
have to show that 〈X|R〉 6∼=∗ 〈X|S〉. It is enough to show that there exists a finite
group G such that the number of homomorphisms from 〈X|R〉 to G is bigger
than the number of homomorphisms from 〈X|S〉 to G because the number of
homomorphism to a finite group is a property of a group modulo its residual.
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We first note that for every finite group G any homomorphism from 〈X|S〉 to
G induces a homomorphism from 〈X|R〉 to G as 〈X|S〉 is a quotient of 〈X|R〉.
Furthermore, two distinct homomorphisms from 〈X|S〉 to G will stay distinct
when they are induced to homomorphisms from 〈X|R〉 to G. Thus, the number of
homomorphisms from 〈X|R〉 to G is at least the number of homomorphisms from
〈X|S〉 to G.

We will find a homomorphism from 〈X|R〉 to G which does not factor via a
homomorphisms from 〈X|S〉 to G. This will finish the proof. Since free groups
are residually q-groups we can choose a finite q-group G and a homomorphism
α : F → G such that some word s0 ∈ S does not become trivial under α. Assume
that G is minimal with this property, that is, for every homomorphism β : G→ H
which is not injective we have β ◦ α(s) = 1 for all s ∈ S. Since G contains
a non-trivial center, we can choose a subgroup U in the center of order q. This
subgroup is normal, and by assumption we have that α(s) becomes trivial under
the projection G → G/U . Hence, α(s) ∈ U and for all s ∈ S we have that α(s)
has order 1 or q, in particular, α(s0) has order q. On the other hand, all elements
in R are mapped to the trivial element under α. We conclude that there exists a
finite group G and a homomorphism α : F → G, which lifts to a homomorphism
α from 〈X|R〉 to G, but not to a homomorphism from 〈X|S〉 to G.

Corollary 4.4. Let 〈X|R〉 be a presentation, where |X| is finite, R 6= ∅, and
with zero p-deficiency. Let n ≥ 2 be an integer and S = {rn | r ∈ R}. Then
Γn = 〈X|S〉 contains a subgroup of finite index which has positive p-deficiency.

Proof. Clearly defp 〈X|S〉 ≥ defp 〈X|R〉 = 0 and if p | n we have inequality.
Otherwise, take q a prime such that q | n and clearly every relation in S is a
q-power.

The proofs of the results in this section were based on the fact that inequal-
ity (2.1) is in general not sharp. It is hard to give general conditions under which
there is an actual loss of a prescribed size, however, for an explicitly given presen-
tation it is easy to compute finite images and check the kernels individually. As an
example we prove the following.

Proposition 4.5. Let p, q be two distinct primes andm a positive integer satisfying
m < q(1− 1

p). Let F be a free group with basis {x, y} and let w, v1, . . . , vm ∈ F .
Let φ : F → F2

q be the homomorphism defined by φ(x) = (1, 0) and φ(y) =
(0, 1). Assume that none of the vectors φ(vi) is a multiple of φ(w). Then the group
Γ = 〈x, y|wp = vq1 = · · · = vqm = 1〉 contains a normal subgroup of index q and
positive p-deficiency.
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Proof. We first construct a homomorphism φ : Γ → Cq, such that w ∈ kerφ
and vi 6∈ kerφ for all 1 ≤ i ≤ m. If φ(w) 6= 0, then let ` be the subspace of
F2
q spanned by φ(w). Since none of the vectors φ(vi) is a multiple of φ(w), they

are not contained in `. Otherwise, we recall that F2
q contains q + 1 distinct one-

dimensional subspaces. As m < q, we can find a one-dimensional subspace of F2
q

not containing any of the vectors φ(vi), we call it `.
We now choose a non-trivial homomorphism ρ : F2

q → Cq mapping ` to zero.
Let φ = ρ ◦ φ. From the definition of ρ, φ(wp) = 0 and φ(vqi ) = 0 since Cq
has exponent q. Thus, φ maps the relations of Γ to 0 and, therefore, can be lifted
to the required homomorphism. By a slight abuse of notation we call the lifted
homomorphism from Γ to Cq also φ.

Let ∆ be the kernel of φ and ∆ the pre-image of ∆ under the map F → Γ

induced by the presentation Γ = 〈x, y|wp = vq1 = · · · = vqm = 1〉. We would like
to compute (CF (v

q
i ) : C

∆
(vqi )). Clearly vi ∈ CF (vqi ), and by the construction of

φ we have vi 6∈ ∆, hence (CF (v
q
i ) : C

∆
(vqi )) > 1. On the other hand (F : ∆) = q,

that is, (CF (v
q
i ) : C

∆
(vqi )) divides q, we conclude that (CF (v

q
i ) : C

∆
(vqi )) = q.

Let N be the normal subgroup generated by {wp, vq1 , . . . , v
q
m} in F . Then N ≤

∆, and we can estimate sizep(N,∆) using (2.1). We obtain that

sizep(N,∆) ≤
qp−νp,F (w

p)+νp(q)

(CF (wp) : C
∆
(wp))

+
m∑
i=1

qp−νp,F (v
q
i )+νp(q)

(CF (v
q
i ) : C

∆
(vqi ))

≤ q · p−νp,F (wp) +
m∑
i=1

p−νp,F (v
q
i ) ≤ q

p
+m < q.

As ∆ is a subgroup of index q in F it is free with q + 1 generators. We conclude
that defp ∆ ≥ q+1−1−sizep(N,∆) ≥ q−m− q

p > 0, and our claim follows.

The condition on φ looks quite technical, however, it is not very restrictive. To
demonstrate this we give the following example.

Corollary 4.6. Let u be a word in x and y for which the sum of the exponents of y
is not divisible by 5. Then the generalized triangle group

〈x, y|x2 = y5 = u(x, y)5〉

has a normal subgroup of index 5 of positive 2-deficiency.

Proof. We take p = 2, q = 5, m = 2 w = x, v1 = y, v2 = u in the proposition.
Clearly 2 < 5/2. Now, φ(w) = (1, 0), φ(v1) = (0, 1) and φ(u) = (a, b), where a
is the sum of the exponents of x in u, and b is the sum of the exponents of y in u.
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Thus, φ(v1) = (0, 1) is not a multiple of φ(w) = (1, 0) and φ(v2) = (a, b) is not
a multiple of φ(w) = (1, 0) since b 6≡ 0 (mod 5). Therefore, our group satisfies
the conditions of the proposition.

Notice that the abelianisation of Γ = 〈x, y|x2 = y5 = u(x, y)5〉 is a subgroup
of C2 × C5, hence, by Lemma 5.1 and Lemma 5.2 below these groups have 2-
deficiency at most − 1

2 .

5 Upper bounds for the p-deficiency via abelianisation

In general it is difficult to compute the p-deficiency of a group. The p-deficiency is
bounded above by the rank gradient and the lower absolute p-homology gradient,
however, these invariants are also hard to compute, and often significantly differ
from the p-deficiency, as the latter is much more sensitive to passing to subgroups.

In this section we define an abelianised version of the p-deficiency which can
easily be computed and gives an upper bound for the p-deficiency. Moreover, this
upper bound is tight in several cases.

Note first that the definition of p-deficiency Γ depends on the notion of a presen-
tation, which in turn depends on which category of groups we view Γ as a member
of. For example, the p-deficiency of pro-p-groups was defined in [7] in the same
way as for discrete groups. In fact, we could consider any category of groups for
which free groups exist. However, it appears that only the case of abelian groups
yields information which can be used for discrete groups.

We say that an abelian group G has an abelian presentation 〈X|R〉ab, if X is
a set, R is a set of elements of ZX , and G ∼= ZX/〈R〉. We define the abelian
p-deficiency defab

p of 〈X|R〉 as

|X| − 1−
∑
r∈R

p−νp,ZX (r)

and the abelian p-deficiency of G as the supremum of defab
p 〈X|R〉 taken over all

abelian presentations of G.

Lemma 5.1. Let Γ be a finitely generated group, Γab = Γ/[Γ,Γ] the abelianisation
of Γ. Then defp Γ ≤ defab

p Γab.

Proof. Let 〈X|R〉 be a presentation of Γ and let F be the free group with a basis
X . We will consider elements of F as elements of ZX by means of the canonical
homomorphism F → ZX . Then 〈X|R〉 is an abelian presentation of Γab. For each
r ∈ R we have νp,F (r) ≤ νp,ZX (r), hence, defp 〈X|R〉 ≤ defab

p 〈X|R〉. Taking
the supremum over all presentations 〈X|R〉 yields our claim.
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This simple observation is useful because the abelian p-deficiency can be com-
puted easily.

Lemma 5.2. An abelian group G ∼= ⊕si=1Cei ⊕ Zr has abelian p-deficiency r −
1 +

∑s
i=1 1− p−νp(ei).

Proof. The obvious presentation 〈x1, . . . , xs, y1, . . . , yr|xe1
1 = · · · = xess = 1〉

has abelian p-deficiency

r + s− 1−
s∑
i=1

p−νp(ei) = r − 1 +

s∑
i=1

1− p−νp(ei),

thus,

defab
p G ≥ r − 1 +

s∑
i=1

1− p−νp(ei).

It remains to show the inequality in the other direction.
Let 〈X|R〉 be an abelian presentation of G. Let nj be the number of r ∈ R

with νp,ab(r) = j, and let dj be the number of indices i such that νp(ei) = j. We
now compute the number of cyclic factors of G which have order divisible by pj

for some integer j. From the explicit decomposition of G we see that this number
is
∑

i≥j di + r. On the other hand, we have that G ∼= ZX/MRZR, where MR is
the |X|×|R|-matrix with columns given by the elements ofR. Let S be the Smith
normal form of MR. Then ZX/MRZR ∼= ZX/SZR. All entries of S are 0, with
the possible exception of the entries aii, which satisfy a11 | a22 | . . . , hence, the
number of cyclic factors of G of order divisible by pj equals |X| − #{i : pj - aii}.
To bound this quantity note that the number of rows, which do not vanish modulo
pj in S cannot be larger than the number of rows of MR which do not vanish
modulo pj . A relator r gives rise to a non-vanishing row in MR if and only if
νp,ab(r) < j, hence we get that∑

i≥j
di + r ≥ |X| −

∑
i<j

ni.

We can perform the same computations starting from the standard presentation
〈x1, . . . , xs+r|xe1

1 = · · · = xess = 1〉. Let n′i be the number of indices j with
νp(ej) = i, M ′ be the matrix obtained as before. As M ′ is already diagonal the
computation of the Smith normal form reduces to a permutation of the diagonal
elements and shuffling around p′-factors of the entries, that is, M ′ and the Smith
normal form of M ′ have the same number of rows vanishing modulo pj for every
j. Hence, ∑

i≥j
di + s = r + s−

∑
i<j

n′i
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and comparing these two estimates we obtain that for all j∑
i<j

n′i ≤ (r + s− |X|) +
∑
i<j

ni.

From this we obtain our claim by a direct computation:

r + s− 1−
s∑
i=1

p−νp(ei) = r + s− 1−
∑
i≥0

n′ip
−i

= r + s− 1−
∑
i≥0

n′i
(
1− 1

p

)∑
j≥i

p−j

= r + s− 1−
∑
j≥0

(
1− 1

p

)
p−j

∑
i≤j

n′i

≥ r + s− 1−
∑
j≥0

(
1− 1

p

)
p−j
(
(s+ r − |X|) +

∑
i≤j

ni

)
= r + s− 1− (r + s− |X|)

∑
j≥0

(
1− 1

p

)
p−j

−
∑
j≥0

(
1− 1

p

)
p−j

∑
i≤j

ni

= |X| − 1−
∑
i≥0

ni
(
1− 1

p

)∑
j≥i

p−j

= |X| − 1−
∑
i≥0

nip
−i

= defp 〈X|R〉.

Corollary 5.3. Let e1, . . . , es be positive integers. Then the following free product
Γ = Ce1 ∗ · · · ∗ Ces ∗ Fr has p-deficiency r − 1 +

∑s
i=1 1− p−νp(ei).

Proof. We have Γab = Ce1 ⊕ · · · ⊕ Ces ⊕ Zr. Thus,

r − 1 +

s∑
i=1

1− p−νp(ei) = defp 〈x1, . . . , xs, y1, . . . , yr|xe1
1 = · · · = xess = 1〉

≤ defp Γ ≤ defab
p Γ

ab = r − 1 +
s∑
i=1

1− p−νp(ei),
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hence, our claim follows.

6 p-deficiency of Fuchsian groups

We can use a similar argument for Fuchsian groups. Let Γ be a finitely generated
orientable Fuchsian group. If Γ contains parabolic elements, then Γ is a free prod-
uct of cyclic groups. This was considered above, so we can assume that Γ is given
by a presentation〈
x1, . . . , xr, u1, v1, . . . , us, vs

∣∣xe1
1 = · · · = xerr = x1 · · ·xr[u1, v1] · · · [us, vs] = 1

〉
.

We will refer to this presentation as the standard presentation 〈X|R〉 of Γ. The p-
deficiency of this presentation is 2s−2+

∑r
i=1 1−p−νp(ei). The abelianisation of

Γ consists of a free abelian factor of rank 2s and a finite factor, which is obtained
from

⊕r
i=1 Cei by factoring out the subgroup generated by (1, . . . , 1), by which

we mean the sum of the generators of each cyclic factor. The p-component of
this finite group equals the p-component of

⊕r
i=1 Cei with the largest summand

deleted, hence, if we assume that νp(e1) ≥ · · · ≥ νp(er), we can apply Lemma 5.1
and Lemma 5.2 and find that

defp 〈X|R〉 = 2s− 2 +
r∑
i=1

1− p−νp(ei) ≤

defp Γ ≤ 2s− 1 +
r∑
i=2

1− p−νp(ei) ≤ defp 〈X|R〉+ 1. (6.1)

We believe that the lower bound is correct. This believe is partly founded on the
naturalness of the standard presentation and partly on the following Theorem.

Theorem 6.1. Suppose that one of the following statements holds true.

(a) s ≥ 1;

(b) p ≥ 3, and e1, e2, e3 are divisible by p;

(c) p = 2, and e1, e2, e3, e4 are even;

(d) p = 2, e1 and e2 are divisible by 4, and e3 is even.

Then defp Γ = defp 〈X|R〉. If none of these conditions holds true, then defp Γ < 0.

For the proof we need the following theorem due to Singerman [8].
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Theorem 6.2. Let Γ be a Fuchsian group with elliptic generators x1, . . . , xr of
orders e1, . . . , er, respectively. Let ∆ be a subgroup of index n with associated
coset action ϕ : Γ → Sn. For each i let {ci1, . . . , cimi} be the possibly empty list
of cycles of ϕ(xi), which do not have length ei. Then there is a bijection between⋃r
i=1{ci1, . . . , cimi} and the elliptic generators of ∆, and this bijection maps a

cycle cij to a generator of order ei/|cij |.

We can now prove the theorem.

Proof. We start by showing that if Γ is a group that satisfies one of the conditions
(a)–(d), then Γ has a normal subgroup ∆ of finite index which also satisfies one
of these conditions and for which the standard presentation 〈Y |S〉 of ∆ has p-
deficiency defp 〈Y |S〉 = (Γ : ∆)defp 〈X|R〉. Assume first that s ≥ 1. Then there
exists an epimorphism φ : Γ → C2

2 mapping all elliptic elements to the identity.
Let ∆ be the kernel of φ. By Singerman’s theorem ∆ has 4 elliptic generators of
order e1, 4 generators of order e2, . . . . Let s′ be the number of commutators in the
long relation of S, and let µ be the hyperbolic volume. Then we have

2s′ − 2 + 4
r∑
i=1

1− 1
ei

= µ(∆) = 4µ(Γ) = 4
(
2s− 2 +

r∑
i=1

1− 1
ei

)
,

that is, s′ = 4s− 3 ≥ 1, and therefore, ∆ satisfies (a). Moreover,

defp 〈Y |S〉 = 2s′−2+4
r∑
i=1

1−p−νp(ei) = 4
(
2s−2+

r∑
i=1

1−p−νp(ei)
)
= 4defp 〈X|R〉.

Hence, ∆ serves as the subgroup we are looking for.
In the cases (b)–(d) we have that p divides e1 and e2. Hence we can construct

a homomorphism φ : Γ → Cp which maps x1 to 1, x2 to −1, and all other
generators to 0. Let ∆ be the kernel of φ. By Singerman’s theorem ∆ has one
elliptic generator of order e1/p, one elliptic generator of order e2/p and p elliptic
generators of orders e3, . . . , er. Computing the hyperbolic volume

2s′−2+(1− p

e1
)+(1− p

e2
)+p

r∑
i=3

1− 1
ei

= µ(∆) = pµ(Γ) = p
(
2s−2+

r∑
i=1

1− 1
ei

)
we obtain s′ = ps, and therefore,

defp 〈Y |S〉 = 2ps− 2 + (1− p1−νp(e1)) + (1− p1−νp(e2)) + p
r∑
i=3

1− p−νp(ei)

= p
(
2s− 2 +

r∑
i=1

1− p−νp(ei)
)
= pdefp 〈X|R〉.
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Hence, it suffices to check that ∆ satisfies one of the conditions (b)–(d). If Γ

satisfies (b), then p | e3 and p ≥ 3. By Singerman’s theorem ∆ has p elliptic
generators of order e3, hence ∆ satisfies (b). If Γ satisfies (c), then e3 and e4 are
even, and ∆ has 2 elliptic generators of order e3, and two of order e4, hence, ∆ has
four elliptic generators of even order, and therefore satisfies (c). If Γ satisfies (d),
then ∆ has one elliptic generator of order e1/2, one of order e2/2, and two of order
e3. Since e1/2, e2/2 and e3 are all even we see that ∆ satisfies (c).

Next we construct a sequence of finite index subgroups ∆i as follows. Put
∆0 = Γ and let ∆i+1 be a finite index normal subgroup in ∆i satisfying one
of the conditions (a)–(d), such that the p-deficiency of the standard presentation
〈Xi+1|Ri+1〉 of ∆i+1 satisfies defp 〈Xi+1|Ri+1〉 = (∆i : ∆i+1)defp 〈Xi|Ri〉. By
the previous remark we can in fact obtain an infinite chain in this way. Each ∆i is
subnormal in Γ, hence, we have defp ∆i ≥ (Γ : ∆i)defp Γ, putting this bound into
(6.1) we obtain that

(Γ : ∆i)defp Γ ≤ defp ∆i ≤ defp 〈Xi|Ri〉+ 1 = (Γ : ∆i)defp 〈X|R〉+ 1.

From this we have that

defp Γ ≤ defp 〈X|R〉+
1

(Γ : ∆i)
.

But (Γ : ∆i) is unbounded, hence, defp Γ ≤ defp 〈X|R〉, and in view of the obvious
lower bound equality follows.

To prove the last statement of the theorem let Γ be a group for which none of
the four criteria holds true. Then s = 0, and from (6.1) we obtain that defp Γ ≤
−1+

∑r
i=2 1− p−νp(ei). This is certainly negative, unless r ≥ 3 and p | e3, which

we shall henceforth assume. But then we are in case (b), unless p = 2. If e4 is
even, we are in case (c), and if 4 | e2 we are in case (d). Hence it only remains to
consider the case that e2 and e3 are even, but not divisible by 4. Let φ : Γ → C2
be the homomorphism mapping x2 and x3 to 1 and all other generators to 0. Let
∆ be the kernel of φ. By Singerman’s theorem ∆ has one elliptic generator of
order e2/2, one of order e3/2 and 2 of each of the orders e1, e4, e5, . . .. Since e2
and e3 are not divisible by 4 and e4, . . . are odd, we have that ∆ has exactly two
elliptic generators of even order. By computing the hyperbolic volume as before
we obtain that the long relation of ∆ contains no commutators. From our previous
discussion we find that ∆ has negative 2-deficiency. But then Γ must also have
negative 2-deficiency and our claim follows.

As an example consider the triangle group ∆(6, 12, 12) = 〈x, y|x6 = y12 =
(xy)12〉 and the generalized triangle group Γ = 〈x, y|x6 = y12 = [x, y]12〉. It
follows from the previous computations that ∆(6, 12, 12) has zero 2-deficiency
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and zero 3-deficiency, and Γ obviously has 2-deficiency and 3-deficiency ≥ 0.
Since all relators are sixth powers, it follows from Theorem 4.3 that both groups
contain finite index subgroups which have positive 2-deficiency and 3-deficiency.
From Lackenby [6] we have that both groups are large. For the triangle group this
statement is an obvious consequence of the theory of Fuchsian groups, however, it
does not appear to be obvious for Γ.

7 A p-Euler characteristics

One common notion of the size of a group is its Euler characteristic. This invariant
was originally only defined for groups of finite homological dimension, but later
on generalized to larger classes of groups. For an overview we refer the reader
to [2]. In [7] the super multiplicity of the p-deficiency on normal subgroups of
index p was used to define an Euler characteristics on pro-p-groups. Recall our
definition from the introduction of the p-Euler characteristic for arbitrary finitely
generated groups the following way:

χp(Γ) = − sup
(Γ:∆)<∞

defp ∆

(Γ : ∆)
.

Having the superior Super Multiplicity Theorem we can now prove:

Theorem 7.1. Let Γ be a finitely generated group.

(a) We have that

χp(Γ) = − sup
(Γ:∆)<∞

∆/Γ

defp ∆

(Γ : ∆)
.

(b) If ∆ is a finite index subgroup of Γ, then χp(∆) = (Γ : ∆)χp(Γ).

(c) If Γ is virtually free, then χp(Γ) equals the ordinary Euler characteristic of
Γ.

(d) If Γ is a Fuchsian group, then −χp(Γ) equals the hyperbolic volume of Γ.

Proof. Part (a): The supremum taken over all normal subgroups is at most the
supremum taken over all subgroups, thus, we have to show that the supremum
taken over normal subgroups is large enough. Let ∆ be a finite index subgroup
of Γ. Then N =

⋂
g∈Γ

∆g is a normal subgroup of finite index in Γ. Applying
Corollary 3 we obtain defpN ≥ (∆ : N)defp ∆, and therefore

defpN
(Γ : N)

≥ (∆ : N)defp ∆

(Γ : N)
=

defp ∆

(Γ : ∆)
.
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The supremum taken over all subgroups is therefore bounded by the supremum
over all normal subgroups, and our claim follows.

Part (b): Since every finite index subgroup of ∆ is of finite index in Γ and the
index is multiplicative, the inequality

−χp(∆) ≤ −(Γ : ∆)χp(Γ),

i.e
χp(∆) ≥ (Γ : ∆)χp(Γ)

is trivial.
For the reverse inequality we use the fact that by (1) we may restrict the supre-

mum to normal subgroups. Let ∆ and N be subgroups of finite index in Γ, where
N is normal in Γ. Then N ∩ ∆ is normal in ∆ and

(Γ : ∆)(∆ : N ∩ ∆) = (Γ : N)(N : N ∩ ∆).

From the Super Multiplicity Theorem we obtain that

defp (N ∩ ∆)

(∆ : N ∩ ∆)
≥ (N : N ∩ ∆)defpN

(∆ : N ∩ ∆)
=

(Γ : ∆)defpN
(Γ : N)

.

Hence, if we take the supremum over all N we obtain that

−χp(∆) ≥ −(Γ : ∆)χp(Γ),

i.e.
χp(∆) ≤ (Γ : ∆)χp(Γ).

Parts (c) and (d): The Euler characteristics for virtually free groups and the hy-
perbolic volume for Fuchsian groups are multiplicative on finite index subgroups.
Hence, it suffices to prove these statements for free groups and surface groups. If
Γ is free on d generators, then defp Γ = d − 1, which is also its Euler character-
istic. If Γ is the fundamental group of an orientable surface of genus g > 0, then
defp Γ = 2g − 2, which is its hyperbolic volume.
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