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We determine the minimal covering of maximal partial clones
in 4-valued logic. That means a necessary and sufficient condi-
tion for partial Sheffer functions in 4-valued logic in terms of the
maximal partial clones is established. Furthermore several state-
ments about members of the minimal covering of the maximal
partial clones for any finite-valued logic are established.
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1 INTRODUCTION

Since the first two sections of this paper were nearly identical to the first two
in the paper Counting the maximal partial clones on a finite set [13] also
appearing in this issue it was suggested by the editors to remove some of the
duplication. Thus kindly read the sections “Introduction” and “Definitions
and Theorem of Haddad and Rosenberg” in that paper before you continue.

* email: karsten.schoelzelQuni-rostock.de



2 FURTHER DEFINITIONS

Definition 2.1. Let o € R; and A = {a,...,a;_1} C E}, with a; < a;
for all i < j. Then
pI‘A 0= pra07,,,,al,1 0
={(Tags -1 Zay_,) | 30y, Tho1 € Eg : (0y...,Th1) € 0}

(
Definition 2.2. Let o") € Q be arbitrary and ¢* := pry((0) \ ¢?), i.e., the
)-

elements of £}, which are in no singleton class of 6( We define
PPO = Pl 0,
lell = le7l,
Qo {x(“) € Q | e(x) has no singular equivalence class}
(= (X" eQlppx=x}={x"eQllxll=n}),
Q% = {XMeQ|(n>2)V (Ve EVreSy: {a} x B £ o)},
Q1 = Q\Q.

Because pPOL,, o = pPOL,, ol™ for all m € S}, we can assume pp o =
P, @ forall p € Q.

The relations in Q; are exactly the coherent quasi-diagonal relations o
where ¢(p) has at least one singular class.

Example 2.3. Let £ = 10 and

0 5
1 6
5 (5)
Q() =1 2 7 U5{0,1},{2,3} €Q
3 8
4 9
Then
0) = 10320123 4)
Q* = {0717273}’
0 5
1 6 (4)
ppo = 5 7 U5{071},{273}7
3 8
ol = 4

Then o € Q7 and pp o € Q.



3 MINIMAL COVERING

We want to determine which maximal partial clones in the criterion in Theo-
rem 2.7 [13] are needed to solve the completeness problem for partial Sheffer
functions.

Definition 3.1. A set 2" C p.#}, is a minimal covering of p.#, if for every
f € Py holds
flp=P, < VAc X :f¢ A

and for each A € 2 there is some f € P, with
[flp # PeA(YB € 2 \{A}: f ¢ B).

Theorem 3.2 (Theorem 7.13 [14]). There is exactly one minimal covering
pEx of pMy, for every k > 2.

Lemma 3.3 (Lemma 7.14 [14]). Let C € p#y and € C p#y \ {C} such
that for all f € C there is some C' € € with f € C'. Then C & p6}.

Lemma 3.4 (Lemma 7.15 [14]). Let C € p.#).. Then

Cep6, — (Af e CVB e pt,\{C}: f ¢&B).

4 A PRODUCT OF FUNCTIONS

Definition 4.1. Let D’ € E,‘;Xb be an @ x b matrix on E, i.e.,

D =

with d;; € Ej, forall 4, j.

Letv := (vy,...,v,) € E{. We define a function f(™) ¢ Py by f(D') :=
v. Thenn := b, dom f := D := {(di1,...,dw) | ¢ € {1,...,a}} and
f(d“7 . )dib) =, foralli € {1, . ,CL}.

Let x(") € Ry and v € E!. Then we can define f e P, by f(x) = v,
where we assume X to be given as a matrix as explained before and thus
n=|[x.

If the domain D := dom f is given then D’ is a matrix whose rows are the
entries of D in lexicographical order.



Definition 4.2. Let /(") € P, with D = dom f and ¢(™ € P, with E =
domg. Then D' € EILD‘XH and B’ € EIICE‘Xm. Then FV) .= (f®g) €
P{"™ s defined by

P Dy |...|DL, \ _ [ fD)
F(D ®E)._F< E'l\.._ 5 >_< > @.1)

We assume E has no constant rows so F' is well-defined.

Letc = (cq,...,cn) € dom F be arow. Then we say it is from the E-part
or g-part of F' if ¢ = pr;(E’, F’, ..., E’) for some i. Otherwise we say it is
from the D-part or f-part of F'.

Likewise weset f® g1 ®¢2® - @91 = (... (f®g1)®g2) ®...) R g
with g; € Py foralli € {1,...,1}.

Example 4.3. Let f,g € P be given by

(or)=(a)s(215)-(0)

where
, 0 0
D = 01 , D =dom f ={(0,0),(0,1)},
E= dOIIlg = {(07273)a (27475)}
Then
00 0l0 00 1
0O 0 Oof1 1 1 2
Fedlo330 23 |~ | 7T
2 4 5|12 4 5 0
and

dom(f ® g) = {(07 O? 07 07 07 0)7 (0) 07 07 1? 1? 1)7
(0,2,3,0,2,3),(2,4,5,2,4,5)}.
5 KNOWN CRITERIA

Lemma 5.1 (Lemma 4 [1]). The maximal partial clone (P, U Cy) € pG.

Lemma 5.2 (Lemmas 5, 7 [1]). Let o € U. Then pPOL,, ¢ € p%..



Lemma 5.3 (Lemma 5.3 [14]). Let o™ be a coherent relation with h > 2

and f(") S ﬁk Let Cy1,Ch2y -« -y Coy € 0 With C1x, ..., cpe € dom(f) and
Cire = Cyry for some i’ < i". Then d := f(Ci1,Cs2, .-, Cen) € 0.
Let

S i={x"eS|(u=3)A
(Vo € o(E?) 3a € By \w(x) Yy € a(x) : w(z) U {a} # w(y))}

Lemma 5.4 (Lemma 5.5 [14]). Ler o € Qg \ Q). Then pPOL,, ¢ & p%;;.

Definition 5.5. Let o, x € ﬁkmax with ¢ # x (i.e., pPOL, o # pPOL,, x by
definition of R}'®*). We write o < x iff

Vf € pPOL; 0 (39 € pPOL 0: (g9 € pPOL; x) A
(¥ € Rp™ (f ¢ pPOLy ¥ = g & pPOL, ¥) ) )

Lemma 5.6 (Lemma 6.2 [14]). Let X = pPOL; 0 € pti, f € X, and
W, %L C pdy with f €Y forallY € ¥ and & = {pPOL, ¢ | ¢ €
R A g < 1)},

Then there is some F' € X with F ¢ Y forallY € % U Z.

Lemma 5.7 (Lemma 6.5 [14]). Let o) € AUQ, UL and X" € (QULU
S)\ {o}. Then o < x.

6 RELATIONS FROM AU Qg

6.1 Necessary relations from A U Qg
Lemma 6.1. Let

/011223300123
{1 0213203012 3)
Then pPOL, o € p%,.

Proof. We construct a function f € pPOL, ¢ with f ¢ pPOL, x for all
X € UU A. By Lemmas 5.7 and 5.6 there is some F' € pPOL, o with
F ¢ pPOL, x for all x € R\ {g}, i.e., pPOL, ¢ € p%,.

Define ¢ : B4 — E4 by ¢o(z) := v+ 1 (mod 4) for all x € E4. Then
p € pPOL, pand ¢ & x forall x € U.

Let x") € A with ¢ € pPOL, x be arbitrary. Let g, (x) := (0,0,...,0)
and g, not defined elsewhere. Then g, € pPOL, ¢ and g, ¢ pPOL, x.



Let {x1,...,xm} == {x e UUA | ¢ € pPOL, x}. Define fy := ¢,
fri=fr—1®gy, forall T € {1,2,...,m} and f := f,,. Then f ¢ x for all
X € U U A by construction.

We show f € pPOL, o by induction. First fy = ¢ € pPOL,p. Let
fr—1 € pPOL, ¢ and assume fl(") ¢ pPOL, o. Then there are rows c., co.
with .1, ..., Con € 0and f(cy1, ..., Cen) € B3\ 0.

Because f;—1 € pPOL, g and g,, € pPOL, o the row c;, is w.l.o.g.
from the fr_i-part of f; and c, from the g, ,-part of f;. Then

( T T T > Co

01 2 3

for some © € E4 by construction contradicting the choice of p. Thus f; €
pPOL, ¢ and by induction f = f,, € pPOL,p. By construction f ¢
pPOL, x for all x € U U A. Thus by Lemmas 5.7 and 5.6 there is some
F € pPOL, ¢ with F € pPOL, x for all y € R\ {o}, i.e., pPOL, 0 €
pcle. ]

As shown in Lemma 8 in [1] every maximal partial clone described by an
equivalence relation belongs to p%%. Theorem 6.3 extends the statement to
coherent relations which can be used to non-trivially partition the set Ej,. In
particular Lemma 25 from [1] is proven.

Lemma 6.2. Let o) = 0 U6 be a coherent relation on Ej, and A C Ej, with
|A| > hand (A" \ (}) N o # (. Then there is a relational homomorphism
0:Ey — Ey fromotox = A"no.

Proof. Because g is coherent, there is a relational homomorphism ¢ : E —
E), from g to M (o). Then let ¢, (np,) := s € (A" \ )N o. Then ¢, : B —
E, is a relational homomorphism because <p*(77,[:r]) =sl" e pforallm eI,
and , (6 N EM) C § C p. Then ¢ : By — Ej with p(z) := ¢, (po(x)) for
all z € EJ, is the requested relational homomorphism. O

Theorem 6.3. Let oM € AU Qg with 9 = 01 U0y, w(o1) Nw(oy) = 0, and
o; # O fori =1,2. Then pPOL,, o € p6;.
Proof. Letw; := w(o1) and wy := Ei \ wy.

o If p € A, then let a; € o1 and as € o9 be arbitrary. Because o €

ﬁ,};“ax, there are relational homomorphisms &; : Ex, — w(a;) from g to
o; fort = 1,2 by Lemma 6.2. Then let

Ve €wy :p(x) = kKa(x) €wsy
Ve €wy:p(x) = £Ki(x) €ws.



e If p € Qq, then let a; € w(o;) fori = 1,2 be arbitrary and let

Ve €wp :p(x) = ag €ws
Ve € we :p(x) = a1 € ws.

Then ¢ is well-defined, ¢ € pPOL;, p and ¢ ¢ pPOL;{z} forall z € Ej
by construction.

Let {x1,...,xm} =X :={x €eUUA| p € pPOL, x}.

Let (") € X be arbitrary. Define gy in the following way

o If u < hthenlet g, (x) :=w € E} \ x.
o Ify="hand x C pthen g, (x) :=w € 0\ x.
o If y=hand x Z pthen g, (x) :=w € E}\ x.

e If ;1 > h there is a relational homomorphism ¢’ : Ey, — Fj from g to
o1 Ud(p). Let g (x) := ¢’ (w) € ¢}

Then g, € pPOL,, ¢ and g, & pPOL,, x.

Define fo := ¢, f1:= fr—1®gy, forall T € {1,2,...,m} and f := f,.
Then f ¢ x for all x € U U A by construction.

We show f € pPOL, g by induction. First fy = ¢ € pPOL, 0. Let
fr—1 € pPOL, ¢ and assume fI(") ¢ pPOL, 0. Then there exist rows
Clay -y Chu With €1, ..., Copy € pand f(cs1, ..., Cen) € EQ \ o.

Because f7—1 € pPOLy, o there is at least one row ¢; . from the g, ,-part
of f; and because g,, € pPOL, o there is at least one row c;,, from the
fr—1-part of fr.

Because ¢ € pPOL, x; there are columns c,; and c,; with

( Cig.j  Cigg ) _ ( R )

Ciguj  Cig,s’ y o)

and w.l.o.g. = € w;. Because y € w implies p(y) € wy and y € wy implies
o(y) € wi, we get w(cyj) € wi or w(cyj) € wy in contradiction to = € wy
and the structure of p.

Thus fr € pPOL, ¢ and by induction f = f,;, € pPOL, o. By construc-
tion f ¢ pPOL, x for all x € U U A. Thus by Lemmas 5.7 and 5.6 there
is some F' € pPOL, o with F ¢ pPOL,, y for all x € R\ {0}, i.e.,
pPOL, 0 € p%;. 0

Theorem 6.4. Let 0\") € Qg and (o) has at least two equivalence classes.
Then pPOLy, ¢ € p%.



Proof. We construct a function f € pPOL, ¢ with f ¢ pPOL, x for all
X € UU A. By Lemmas 5.7 and 5.6 there is some F' € pPOL, ¢ with
F ¢ pPOL,, x for all y € R\ {g}, i.e., pPOL, 0 € p%.

Let {A1,As,..., A1} :={{y € Ei | (z,y) € (o)} | * € En}, ie., the
set of equivalence classes of €(p). Then [ > 2 because () has at least two
equivalence classes, and |A;| > 2 for all ¢ because ¢ € Qp. Let a; € A; be
arbitrary for each .

Because g is coherent, there is some relational homomorphism g : Ej, —
E}, from o(p) to M (p) and some sg € o(p) with pg(so) = 0.

Define ¢, : Ej, — Ej, by

[ a1 ifzxeAjandic {1,2,...,1 -1},
1) _{ ap ifze A

Then ¢ is a relational homomorphism from M (g) to M(p) and ¢1(t) €
0(M(p)) C é(p) forallt € M(p).

Define 9 : Ej, — Ej by @w2(nn) = so. Then 2 is a relational homomor-
phism from M (o) to o.

Define ¢ : Ey, — Ex by () := pa(¢1(po(x))) for all x € Ej. By con-
struction ¢ is a relational homomorphism from g to g, i.e., ¢ € pPOL,, 0. We
first show ¢(x) # xforallx € Ey. If x € Ey\w(so) then o(z) # x because
©(Ek) C w(sg). Because p1(y) # y forall y € Ej, and @2 (po(z)) = x for
all z € w(sp) we get p(z) # x forall x € w(sg). Thus ¢ € pPOL, {x} for
all z € Fk.

Let x*) € Y U A with ¢ € pPOL,, x be arbitrary. Then p < % because
lw(p(s))] <= {ar,...,a;}| < &forall s € x. Let g, (x) :=v € Bl \ x
and g, not defined elsewhere. Then g, € pPOL, ¢ by Lemma 5.3 with
p < h,and g, ¢ pPOLy, x.

Let {x1,---,xm} == {x € U UA | ¢ € pPOL;, x}. Define fy := ¢,
fri=fro1®gy, forall T € {1,2,...,m}and f := f,,. Then f ¢ x for all
X € U U A by construction.

We show f € pPOL, o by induction. First fy = ¢ € pPOL, 0. Let
fr—1 € pPOL, ¢ and assume fl(n) ¢ pPOL, 0. Then there exist rows
Cliey -+ s Chx With €41, ..., Cpy € 0 @Nd f(Ci1, .-+, Can) € EF \ 0.

Because fr—1 € pPOL, o there is at least one row ¢; . from the g,,-
part of f; and because g,, € pPOL, o there is at least one row c¢; ., from
the fr_i-part of f;. Let iy be arbitrary with this condition. Let ¢;, . be an
arbitrary third row.

e ¢;, . is from the fr_;-part of f;. Then ¢;,. and Ci,« differ at least one
column by Lemma 5.3. By construction and because ¢ € pPOL, x1



we get

Cifj
.y 1€ Ep p C Ciyj jE{l,.../l’L}
¢'(2) Cigj

with  # 3. From {o'(2),...,¢'(2)} = {pa(a1),...,2(a;)} we
get:

- if 2’ := ¢(x) # p(y) =: 3’ then there are two columns ¢, ;» and

Cyjt with
e(Cif ) ' e(cip ) a’
pleay) | =1 v | A el | =1 ¢
¢(Ciyg) x’ ¢(Cig) Y
and ' # v/,
- if 2’ := ¢(z) = p(y) then there is some column c, ;» with
e(Cig j+i’) a’
plea i) | =1 o
@(Cig i) 7

and z’ # 2.
Thus the rows c¢;, . and Cigx do not belong to the same equivalence class
of (o) because (cyjtj1), P(Crjrjr) € 0

Ciy 18 from the g, -part of f7. Then ¢;,. and ¢; . differ at every col-
umn because x; € A. By construction and because ¢ € pPOL, x7
we get

R Cipj
(Pz_(y) i€ by C Ciyj je{l,...,n}
¢'(2) Ciyj

with y # z. Because {¢'(y),..., ¢ (1)} = {p2(a1),...,p2(a)}
there is a column c,;

e(cigj) !
ple, i) | =1 2
e(ciy,i) 4

and 2’ # 2’. Thus the rows ¢;,. and ¢;,. do not belong to the same
equivalence class of €(p).



Thus Ci g belongs to a singular class of () in contradiction to ¢ € Qj.
Thus fr € pPOL, ¢ and by induction f = f,,, € pPOL, o. By construction
f & pPOL, x for all x € &/ U A. Thus by Lemmas 5.7 and 5.6 there is
some F' € pPOL, ¢ with F ¢ pPOL, x for all x € ﬁrknax \ {o}, ie.,
pPOL;, o € p%}. O

In the Lemmas 9 and 10 in [1] it is shown that pPOL,, o € p€}, for every
relation o € p&j, with 2 < h < k. The following Theorem 6.5 extends this
to a more general set of relations, and in particular the Lemmas 24, 26, 27
and 28 in [1] follow from it.

Theorem 6.5. Let o) € AU Qq. If p € Qg then h > 3 and 0(p) = 5(Ehh)
Let o = ajas---ap € Iy, be a fix-point-free permutation with disjunct
cycles oy, 0, ..., and

V(Z)#TC{I,Q,...,Z}:Hat¢FU(g).

teT
Then pPOL,, ¢ € p6.

Proof. We construct a function f € pPOL, o with f ¢ pPOL, x for all
X € UU A. By Lemmas 5.7 and 5.6 there is some F' € pPOL,, o with
F ¢ pPOL, x forall x € 75‘,;“”‘ \ {o},ie., pPOL, o € p%i.

Because g is coherent, there is some relational homomorphism g : B —
E}, from o(p) to M (p) and some sg € (o) with ©g(s9) = 0.

The permutation o € I',(,) is a relational homomorphism from M (o) to
M (o).

Define 9 : Ej, — Ej by w2(nn) = so. Then o is a relational homomor-
phism from M (p) to o.

Define ¢ : Ep — Ei by p(z) := pa(a(pg(x))) for all z € Ey. By
construction ¢ is a relational homomorphism from g to g, i.e., ¢ € pPOL,, .
We first show () # x forall x € Ey. If ¢ € Ei \ w(so) then ¢(x) # z
because p(E)) C w(so). Because a(y) # y forall y € Ej, and p3(po(x)) =
zforall z € w(sp) we get p(x) # z forall z € w(sp). Thus ¢ & pPOL, {z}
forall z € Ey.

Let X := {xy € UUA | p € pPOL,, x}. Let x*) € X be arbitrary. Then
< hbecause |w(p(s))] < |w(p(so))| = hforall s € x.

If

® i < h,or

e yp="hand x Z o™ forall 7 € S},

10



then let g, (x) := v € B} \ x and g, not defined elsewhere. Then g, €
pPOL,, ¢ by Lemma 5.3 with ;1 < h, and g, & pPOLy, x.

If = hand x C o[™ for some 7 € Sy, w.l.o.g. ™ = id, then let gy (X) ==
v € o\ x and g, not defined elsewhere. Then g, ¢ pPOL, x. Assume

g&”) ¢ pPOL,, o. Then there are Tows Cix, - - - , Cps With ¢41, . .., Cyp, € 0 and
Gy (Ci1y vy Can) =2 d & 0. Then cuq, ..., Con € x[™'] for some 7’ € Lso)

because the rows are pairwise different by Lemma 5.3. But then d = o™l e p
contradicting the assumption. Thus g, € pPOL,, .

Let {x1,...,Xm} := X. Define fo := ¢, fr := fr_1 ® gy, forall I €
{1,2,...,m}and f := f,,. Then f & x for all x € U U A by construction.

We show f € pPOL, p by induction. First fo = ¢ € pPOLj 0. Let
fr—1 € pPOL, ¢ and assume fI(") ¢ pPOL, 0. Then there exist rows
Cliy -y Chu With Cy1, ..., Capy € pand f(Cat1, ..., Can) € BN\ 0.

Because fr—1 € pPOLy o there is at least one row c¢; . from the g,,-
part of f; and because g,, € pPOL, o there is at least one row c;,. from
the fr_q-part of f;. Let w.l.o.g. the rows of g be sorted such that the rows

Clx, - - -, Cpx Delong to the fr_;-part of fr and the rows cp 14, ..., Cps to the
gy,-partof fr. Thenl <p < h -1
Let
C1,1
By = €21 ,B1 := ¢(By),
Cp.1
Cp+1,1
Co=| P | 0= ©(Cy), Co := (Ch).
Ch,1

5

Because ¢ € pPOL, x; and the way f; is constructed we have {Bg} X
{Cy,C1} C 0, and C1,Cs € E,ihp \ szp. Because ¢ € pPOL, o we get
{B1} x {C1,C2} Co.

e 1 <p<h—2 Then {B;} x {C1,C2} C (o) because C1,C; €
Ezfp\bzfp and 6(p) € {(5%2),(2)}. Because w(By,C1) = w(By,Cs)

w(so) and @(sg) = s([)a] by construction there is some ) C T C
{1,...,t} with 8 = [[,cp o and

B\ (B [me
o )~ g e

11



Thus 38 € T';(,) in contradiction to the assumption on cv.

e p=~h—1and h = 2. Because w(By,C1) C w(sp), w(B1,C2) C
w(sp) and p(z) # x for all x € Ej, we get

Bl 2 Bl 2
(Cl )Ebk\/<02>€%

in contradiction to o € A.

e p=h—1and h > 2. Because w(B1,C1) C w(sp), w(B1,C2) C
w(so) and p(z) # « for all z € Ej, we get

Bl 2 Bl 2
<C1 >€Lk\/<02>€Lk

( gi > € (o) € {0,690}

and thus a contradiction to §(p) = 0, or

(&)=~

Y

But then

for some x # y in contradiction to 6(g) = 6%1’3

Thus f; € pPOL,, ¢ and by induction f = f,,, € pPOL, o. By construction
f & pPOL, x for all x € U U A. Thus by Lemmas 5.7 and 5.6 there is
some F € pPOL, o with F ¢ pPOL, x for all x € R\ {o}, ie.,
pPOL,, 0 € p%}. O

6.2 Superfluous relations from A U Qg
0 0 3

Lemma 6.6. Let 0 = ( 1 2 9

). Then pPOL, o & p%,.

Proof. Let (") € pPOL, o. Assume f ¢ pPOL,{0} and f ¢ pPOL,{1,2}.
0 0

1 9 ) and f(co.) =:

dy € Ey \ {0} and f(Cl*) =:d; € E4 \ {1,2} But then (do,dl) € 0

contradicting the assumption. Thus pPOL, ¢ & p%, by Lemma 3.3. O

Then there are rows cgy, €14 With c41, ..., Con € (

12



Lemma 6.7. Let o = ( 003 ) UGS Then pPOL, ¢ & p©y.

1 2 2 {0.1}

Proof. Let f(™) € pPOL, ¢ and assume f ¢ pPOL,{z} forallz € {0,2,3}
and f ¢ pPOL,{0, 1, 2}. Then there are rows cox, C1x, C2x, C35 With

0 0 O
01 2
Cily ) Cxn € 2 9 9
3 3 3

Let d; := f(cix). Then dy = 3 and thus dy = 3 because (do,d;) € o. This
implies d2 = 3 because (dg,d2) € p. But (ds,d3) € o and thus d3 = 3 in
contradiction to f ¢ pPOL,{3}. Thus pPOL, ¢ ¢ p%, by Lemma 3.3. [

Theorem 6.8. Ler o) ¢ AUQ,, ail), agh_l) e UUAwitho(9) = o1 X 09,

d(0) € {0,0g, }, and if o € Qq then w(o1) Uw(o2) = Ey. Then pPOL,, ¢ &
pcfk.

Proof. LetU := {01,002} U{{a}|a € E}. We show
Vf € pPOL,p3x €U : f € pPOL, x. 6.1
Assume, (6.1) does not hold. Then there is some () pPOL,, o with
Vx €U : f ¢ pPOL,, x.

Then there exist Si1, S«2,...,8«n € 01 and t,q1,t40,...,tey € oo With
F(841,842, -y 84n) € EllC \ o1 and f(ti1,t42,.-,ten) € E,?_l \ o2. By
f € pPOL,, ¢ holds

*1 t*2 cee t*n

y :f< j*l Sx2 Sxn ) c 5(@) e {@,6Eh}

Thus either f ¢ pPOL,, g, contradicting the assumption, ory = (y,¥,...,Y)
holds for some y € Ey, if § # .

If y € w(oq) then there is an s € o1 with y € w(s), and y & w(o2)
because o1 X 09 C U(E,’;). Thus

f<t*1 ter ... t*n>y€5(9)5Eh,

and then also f € pPOL,{y}, in contradiction to the assumption. If y €
w(o2) then we get a contradiction in a symmetric way. Thus (6.1) holds and
Lemma 3.3 applies. O

13



The following defintion generalizes the term “partial order with greatest
resp. least element” (denoted by 9y, . resp. M, , in [1]) to the term “centered
partial order” (denoted by My, ). In particular My, . U My, , C M, . holds.
Thus the statements of Lemma 13(a-c) in [1] are extended by the following
Theorem, which also covers Lemma 20 in [1].

Definition 6.9. A partial order g on E}, is called centered by ¢ € Ey, if
Va € By : (x,¢) €0V (¢,x) € o

holds. Let 9, . all partial orders on E}, which are centered by c.

(01 101 2 3
12301 2 3
be a relation on E4. The transitive closure of o
- 0 01101 2 3
-1 32301 23
is a centered relation on Ey. Itis <€ My ¢ and <€ My 1, i.e., the centering

element is not uniquely determined in general.
On the other hand the partial order ¢’ on E, given by

, (00110123
=\ 232301 2 3

is not centered. Assume, ¢’ € 9y . for some ¢ € Ey, and w.l.o.g. let ¢ = 0.
Then (0,1) € ¢/, in contradiction to the assumption.

Let

N O

Theorem 6.10. Let ¢ be a binary relation on Ey. If the transitive closure of
o is in My, ., then follows

Vf € pPOL, p3a € Ey, : f € pPOL{a} (6.2)
and pPOL,, o & p6), by Lemma 3.3.

Proof. Let f € pPOL,, o be arbitrary and let f'(z) := f(z,...,x) for all
x € Ex. Assume f ¢ pPOL,{a} forall a € Ej. Then f' € Pol,(:) o and
f'(x) # xforall z € Ey.

Let < be the transitive closure of p. Let p := f’(c), and w.Lo.g. ¢ < p,
otherwise consider f for the relation

¢ = {(y.2) | (2,y) € o} = olOM).
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An (m + 1)-tuple K = (=, ..., x.,) is called valid chain in respect to p,
if
YO<i<m:(zi_q1,2;) €0\t
andm > 1as well as f'(xg) = 2, hold.

Because < is the transitive closure of ¢ and ¢ < p hold, there is a valid
chain K = (zg,...,x,,) in respect to o with

ro = cand x,, = p.
Let
M = M(K) :={zo,%1,...,Tm}U{z € B} : T, < x}

We show
dreM: fl(z)== (6.3)

by induction over |M]|.

If |M]| = 1, then zo = 2, = f'(20). Thus (6.3).

Let |M| > 1 and for any valid chain K’ with M (K’) C M (6.3) holds.
Consider d := f’(x1). Because f € pPOL, ¢ and (zo,z1) € o we get
(Tm,d) = (f'(0), f'(x1)) € .

e If d = x,,, and m = 1, then f'(x1) = d = x1. Thus (6.3) holds.

o Ifd =z, andm > 1, then let K/ := (z(,...,2},) = (z1,...,Tm)

and M' :={xy,...,2pU{z € B} : 2 < z}withm' =m—12> 1.
Then K" is a valid chain and by M (K') = M’ C M follows (6.3).

o If d # x,, then z,, < d holds, and thus d € M. Let K’ :=
(xhs - nxly) = (21, ..., T, d) and M’ := {z1,...,2p,d} U{x €

Ey : d < z} with m’ = m. Then K’ is a valid chain and by
M(K') = M' C M\ {z} follows (6.3).

Thus (6.3) holds for the function f, i.e., there is some a € M C E} with
f € pPOL,{a} in contradiction to the assumption. Thus (6.2) is true and
pPOL, ¢ & p%), by Lemma 3.3. O

Definition 6.11. Let o € Ry be a binary coherent reflexive and symmetric
relation. Then let

G(o) =V, &) withV = Ey, &€ :=0(p)

15



be the assigned graph. Let
Ve eV =Ey:dx):=|{(z,y) €&y V\{z}},
i.e., d(x) is the degree of the vertex x.

Lemma 6.12. Let o € Ry be a binary coherent reflexive and symmetric re-
lation and fV) € pPOLy, o with f'(z) := f(z,...,z), f/(U) = U for some
U < G(o) and U = K,, for an n € N. Additionaly let G(g) be connected.
Then there is some ) C C C Ej, with
f € pPOL, C.
Proof. Let G := G(p) and w.l.o.g.
U= (E,a(E}).

Assume,
Y C C C Ey: f¢&pPOL,C (6.4)

holds. We first show
Ve e E,Vy€ Ex\ E, : (z,y) €G. (6.5)

Let
M:={ye€ Ey |V e E,\{y}: (x,y) €G}.

Assume | M| < k. Then there are mq, ..., m; € M with
m' = f(my,...,my) & M.
Then
Va:eEkVie{l,Z,...,l}:< . >€Q
my;

holds, and thus

From f'(U) = U follows
Vo € E,: (z,m') €g,

thus m’ € M in contradiction to the assumption on M. Thus (6.5) holds.

16



Let U’ < G be a maximal subgraph of G with U < U’ and U’ = K,,s as
well as
Ve e VU )Yy € Ex \ V(U') : (x,y) € G. (6.6)

Because U = K, and (6.6), we have n < n/ < k — 2. W.lo.g.
U = (Bwvo(E2)
holds. Then there are p1,...,p; € E, with
p = fp1,-p) & B
Let N := Ej \ (B U{p'}). Then

VxeNEqulw-qul EEk\{x} : f(Qw,lw--aqgv,l) =T

holds. From
Vee NVie {1,2,...,1}: ( G, ) €0
pi
follows
Vo € Ex \{p'} : (2,p) € G,
thus p’ € E, in contradiction to the assumption and (6.4). O]

Theorem 6.13. Let o € Ry, be a binary coherent reflexive and symmetric
relation and G := G(p) a tree. Then

VfepPOL,p3C cU: f € pPOL, C 6.7)
and pPOL,, o & p6), by Lemma 3.3.

Proof. Let f(") € pPOL, o be arbitrary and let f'(z) := f(z,...,x). As-
sume f &€ pPOL,{a} for all @ € E}. Otherwise (6.7) holds for this f and
nothing is left to show.

Let H < G be a tree with f'(H) = H and

\V(H)| = min {{V(H")|| f/(H) = H <G, H tree}.  (6.8)

If [V(H)| € {1,2} then H = K, or H = K,. Thus the claim follows
from Lemma 6.12.
Let [V(H)| > 3. f’ is a graph automorphism of H. In particular

Ve € V(H) : d(f'(z)) = d(z).

17



Let
I'={zeV(H)|d=z)>1},

i.e. I is the set of the inner vertices. Then
Sy =1.

Let
H' :=(I,E') with E' := {(z,y) € E(H) | w,y € I} .

Then H' isatreeand H' < H < G. But |[V(H’)| < |V(H)| contradicts (6.8),
i.e., the assumption that H is minimal. O

7 RELATIONS FROM S

Lemma 7.1 (Lemma 5.4 [14]). Let o € S\ S’. Then pPOL,, 0 & pG.

Theorem 7.2. Let p € S'. Let @o, p1,...,9L € Pol,(cl) with L > 0,

Yo € 0(E3)Vz € By {v} x {ph(2) |1 >0} Lo  (7.0)
Yoea(Bp)Vze B {p(v) ¢ eV} x {2} Lo (12)

Yo € o(Ef)Vz € ExVie {1,...,L}:
(o) [p e ¥ia} x{z} Co={pi(v)} x{wo(2)} Co) (7.3

and
. oy e B - |
Wii= {Yrovso oty € BV |12 1, {0} C {id o, i} }

with ¢ o) := P[] for all 1,0’ € P". Then pPOLy, ¢ € p%;.

Proof. Let ¢; == {o(nk) | » € W1} and fi(0;) = ¢(ny) for all i
{0,1,. .~.,L}. Then f; € pPOL;, pand fo = po. Let X := {x1,...,xm} =

{x € Rp> | ¥ C pPOL;, x} \ {o}. Define f, =: fr; forall j
{1,..., M} and x := x; by

m

m

e <3, xCo fy(x):=wwithw € o\ X,

o <3, x %o fr(x) :=wwithw € E}'\ x,

o n>3,x€S: fi(x) :=wwithw € E \ x,

o >3, x € AUQUL: f(x):=(1,0,...,0), where w.lLo.g. (0,1) €
e(x)if x € Q.

18



Thus f, &€ pPOL,, x forall x € X.
We now show f, := fr4; € pPOL, oforall j € {1,..., M} and x :=
Xi-

e Let x ¢ S and p # 3. Then the image of f, has at most two different
values and thus f,, € pPOL;, 0.

e Lety € Sand p > 3. Assume f, ¢ pPOL,, . Then exist three differ-
ent TOWS Cix, Cox, C35 With €41, ..., conv € @and fy(ci1,. .., cen) € 0.
But then E} = pry x = {cs1,...,cxn} C o for some A with |A| = 3
in contradiction to ¢ coherent.

o Let = 3. Assume f, & pPOL,, o. Then there are three different rows
Clxs Coxy C35 With ci1, ..., con € pand fy(ci1,...,cen) & 0. Butthen
xIM = {c,1,...,cun} C oforsomew € Ss. Because o € S this holds
already for m = id. If x € p this contradicts the assumption. If x C o,
then f, (c.1,...,csn) = w € p contradicting the assumption.

Let Fy = fo, F, = F,_1® fz for ¢ € {1,,[/ + M} We show
Fr, € pPOL,, o by induction starting by Fy = fo € pPOL, 0.

Assume F; ¢ pPOL,, o. Then there are three different rows ci., cax, C3.
with ¢,1,...,cenv € g and fy(ci1,...,cen) € 0. Because Fy_1, f; €
pPOL,, o there have to be rows from the F;_;-part of F; and from the f;-
part of F}.

There are two cases because p is totally symmetric.

® (1., Coy are from the F;_q-part and c3, is from the f;-part. Then there
is some z € Ej, with {¢l(2) | I > 0} C c3.. Because 1, and co, are
different, we get {v} x {p}(2) | I > 0} C {cs1,...,can} C o for
some v € o(E}) in contradiction to (7.1).

® (., Coy are from the f;-part and cs, is from the F;_-part.

If c3. is not a constant row then there is some z € Ej, with {¢}(2) |1 >
0} C c3. by construction of F;_;. Because ¢, and ¢, are different,
we get {v} x {¢h(z) | 1 > 0} C {cu1,...,can} C o for some v €
a(E,%) in contradiction to (7.1). Thus c3, has to be a constant row.

If i > L then f; = f, forsome x € X, i.e., ¥ C pPOL, x. Because
c1x and co, are different there is some v € O‘(E]%) and z € E}, with
{e() | ¢ € UL} x {2z} C {cu1,-..,cxn} C o} in contradiction to
(7.2). Thus i < L.
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Now there are v € o(E?) and z € Ej, with {p(v) | p € ¥;_1}x{z} C
{ce1,...,cun} C 0and

Fi(cs1,- - Can) = ( fi(pro 1 ars o PTg 1 Can) )
®o(2)

- ( #i(v) ) €0
wo(2)
by (7.3) in contradiction to the assumption F; ¢ pPOL, o.

Thus F; € pPOL,, ¢ and in consequence Fr4 s € pPOLy, 0.
Because F' 1 & pPOL,, x for all x € R\ {p} we have pPOL,, ¢ €
pcfk-. L]

Lemma 7.3. Let k > 3. Then pPOL,, ¢} € p%.

Proof. Apply Theorem 7.2 with L = 0 and pg(x) :=z + 1 (mod k). O

Lemma 7.4. Let o = {(0,1,2)l" | 7 € S5} U3 € S Then pPOL, o €
pta.

Proof. Apply Theorem 7.2 with L = 1, ¢o(n4) := (2,2, 3,0) and 1 (n4) :=
(2,3,3,0). O

8 RELATIONS FROM L

Theorem 8.1. Let o := g; € L for some i € {1,2} with k > 3.
Then pPOL,, ¢ € p6.

Proof. Let ¢ : E), — E), with p(z) =z + 1 (mod k) forall z € E},.
Let f1, fo : E']lcc — Fi, 91,92 : Ex, — Ej with

91 (k) = f1 (s (i), () - -, @ (k)
= (1,0,2,3,....k 1),

92 (i) == fo (k> (i), % (i) -, " (i)
= (0,1,1,...,1)

Let X :={x e UUA | {p, f1, f2} C pPOL, x}. Then g; € pPOL;, x
for all x € X because ¢ € pPOL, x and f; € pPOL, x imply g; €
pPOL, x fori € {1,2}.
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Let (") € X be arbitrary. Then there is some v € (). Because ¢ and
g1 are the permutations (0,1,2,...,k—1) and (0, 1), respectively, on E}, and
thus generate Sy, we get

Ep \ g ={n(v) | 7€ Sk} S x.
e 1 = 1. Then ¢ = () and thus x = EJ in contradiction to x € U.

e 1 = 2. Then (1,2) € x and thus g2((1,2)) = (1,1) and thus ;7 C x
implying x = E? in contradiction to x € A.

o 1> 3. Then
0 0
1

e 2 |= €X
" 1
in contradiction to x € A.
Thus X = ().
Let Fy := fo =, F, = F_1® fi fori € {1,2} We show F, €

pPOL,, o by induction starting by Fy = fo € pPOL, 0.

Assume F; ¢ pPOL, o. Then there are four different rows c1., Cox, C34, C4x
with ¢,1,...,cenv € g and fy(cu1,...,cen) € 0. Because Fy_q, f; €
pPOL,, o there have to be rows from the F;_;-part of F; and from the f;-
part of F}.

e Only one row is from the F;_;-part of F;, w.l.o.g. this is ¢1,. Then
ca € {(z,2,y,9), (x,y,2,v), (z,y,y,2) | z,y € Er}, wlo.g. ¢ =
(z,7,y,y). Then we have {(z,¢'(2), ¥'(y),¢'(y)) | | € Ex} C
{41, .., Can} by construction of f;. But |{z, ¢! (x), o' (y)}| = 3 for
some [ € Ej, contradicting c,; € o for all 3.

e Two rows are from the F;_;-part of F;, w.l.o.g. these are c1, and co..
Then w.l.o.g. c1. = (z,y, z,y) with  # y. Then (z,y, p(z), ¢(y)) €
{¢s1,...,can} C pin contradiction to |{z, y, p(x), ¢(y)}| > 3.

e Only one row is from the f;-part of F;, w.l.0.g. this is c4.. Then w.l.o.g.

c1» = (z,y,7,y) with z # y. Then {(z,y,2,¢'(y)) | | € Ex} C
{Cs1,---,can} C o in contradiction to |{z,y, ©'(y)}| = 3 for some
l € FEy.
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Thus F» € pPOL, ¢ and F; &€ pPOL,, x for all x € U U A. Then there is
some F' € pPOL,, p with F' ¢ pPOL,, x for all x € R»**\ {¢} by Lemmas
5.7 and 5.6. Thus pPOLy, ¢ € p%. O

Lemma 8.2. Let ¢ = o U g; be a coherent relation on E4 with o # ()
areflexive and © = 1, 2. Then

Vf e pPOL, o Ix™ e R . < 2A f€pPOL,y (8.1
holds and pPOL, 0 & p%y by Lemma 3.3.

Proof. W.lo.g. ny = (0,1,2,3) € pholds. Let f(*) € pPOL, o be arbitrary.
Assume, (8.1) does not hold. Then f ¢ pPOL, {x} holds for every = € Ey,
in particular f” has no fixpoints.

e If | f/(E4)| = 1 then f’ has a fixpoint, in contradiction to the assump-
tion.

o If |f(E,)| = 2 then there are a,b € E4,a # b with f'(a) = b and

£'(b) = a. Let
=10

Then x is a binary symmetric areflexive relation with

a b d b
-
X = ( b a bV d )
and {a,b,a’,b’'} = E4. Thus x is coherent. From the conditions follow
f ¢ pPOL, x. Thus there are rows ¢y, co. With

f(Z*):(j;)eEZ\x 8.2)

and c,; € x forall j € {1,2,...,n}. From

co

[SAENSR S S

a

C1,5
C*j = SN
€25

b
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and f € pPOL, o follows

b
dy
ds

a

f(C*l,O*27...,C*n) = € 0.

Because of (03) € T', we have

dy
do
b

€ o,

ie., ( 31 ) € ¥, in contradiction to (8.2).
2

If | f'(E4)| = 3 then |w(f'(n4))] = 3, thus f'(n4) ¢ o, in contradiction
to the assumption.

If | f'(E4)| = 4 then f is a fix-point-free permutation of Fy, i.e., either
fr=(ab)(d'V) e Syor f' = (aad' bl) € Sy with{a,d’,b,b'} = Ej.
The first subcase is like the case | f/(FE4)| with f'(a) = band f'(b) = a
with a # b.

The second subcase gives

Sl )0 (5]«

Then y binary symmetric areflexive relation with

a b a UV
C
X(b a b a’)’

i.e., it is coherent. From the conditions follow f ¢ pPOL, x. Thus
there are rows c1, co, With

f(ii*):(Z;)GEi\x (8.3)
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and ¢,; € x forall j € {1,2,...,n}. Because of (03) € I',, the tuples

a
C*j = €L €0
CQJ‘
b
with
a/
dy
f(C*l,C*Q,‘..,C*n) = do €0
b/
. dq .
give d € ¥, a contradiction to (8.3). From
2
a
C*j = €L €0
CQ,j
b
and f € pPOL, o follows
a/
dy
f(C*l,C*Q,...7C*n) = do € 0.
b/
dq . ..
Thus ds € x holds, in contradiction to (8.3). O

9 RELATIONS FROM 9,
Definition 9.1. Let o) € Q,. We call g irreducible if
Vi Cc AC E Vv e E,}fw \LZflAI Vr e Syt (pry o) x {v} € ol™.

Otherwise we call it reducible.

Lemma 9.2 (Lemma 7.16 [14]). Let o) € Q; be reducible. Then pPOL, o
is not in the minimal covering p6y, of p.#;.
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For the application of Lemma 9.2 suitable parameters A and v have to be
found. In the case k = 4 we only have A = {0, 1} for 6(p) € {(5?3)71}, 6%%{1}}
and A = {0, 1,2} for §(p) = 6%3?1,2}. Then v is determined easily.

Lemma 9.3. Let ¢ € Oy be one of the relations enlisted in Table 1 in the
Appendix with the numbers 67, 74, 82, 86, 69, 71, 76, 79, 84, 88, 90, or 72.
Then pPOL, o € p%,.

Proof. All these relations are irreducible. Here are some parameters for each
0®) we will use later.

0 | wom) | e1(ma) |vi| @a(na) |va| Z
67,74,82,86 | (3,3,3,2) | (0,0,1,2) | 3 | (0,2,3,3) | 2 | 2.3
69 (3,3,3,2) | (0,0,1,2) | 3 |(1,2,3.3)| 2 | 2.3
71,76,79,84,88,90 | (2,2,0,0) | (2,2,0,1) | 0 | (2,3,0,0) | 2 | 0,2
72 (2,2,0,0) | (2,2,1,0) | 0 | (3,2,0,0)| 2 | 0,2

Let o©® be fixed. We have Z = o(F,) and |Z| = 2. Let o; := {s €
o(ppo) | {s} x {vi} Co(o)} and let s; € o; be arbitrary for i € {1, 2}.

Let x € X,v € o(ppe) and m € S}, be arbitrary. Then we have {v} x
{po(w), g(w)} Z ol

Define

Jo == o,
F1(n4,00(n1), 9§ (na)) := ¢1(na), and
Fo({na} Ud()) = ea(na)-

One can check that f; € pPOL, g for each ¢ € {0, 1,2}.
Let X := {x € R&* | {fo, f1, f2} C pPOL, x}. Let x"¥ € X be
arbitrary. We define f, € pPOL, o with f,, & pPOL, x.

o n=1:Let fy(x) :==we Es\ x.

o u=2:1fy C oiuég))l} for some i € {1, 2} thenlet f, (x) := ¢i(s;).

Then f, ¢ pPOL, x because ¢;(s;) & o; U 6%)1}. Otherwise let
) =we Ef\x.

o =3 Ifo(x) # 0, i.e., there is some ¢ € o(x). Then 5%%?1} C X
because fo, f1 € pPOL, x € X and thereby ¢o(t), p1(t) € x. Thus
X € Q1 US.
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@)
{0.1}

( pilsi) ) for s € o(x). Then f, & pPOL, x because ¢;(s') &
©o(vi)

o; U 5%?1} forall s’ € o;.

If x € Qiandppx C o;Ud for some i € {1,2} thenlet f, (x) :=

If previous case does not apply but x C pthenlet f, (x) :=w € o\ x.
Otherwise let f, (x) :=w € E} \ x.

o i = 4: If o(x) # 0 we can assume 74 € x. Then ¢1(n4) € x
because fy, fi € pPOL, x. This implies 6%3)1} C x because x is
coherent. But this implies ¢o(n4) € x because fo € pPOL, x and
thus 5%‘;?3} C x. Then i C x, i.e., x € S, because y is coherent. But
then x = {771[1”] | # € S4} Ui = E} in contradiction to x coherent.

Thus o(x) = 0i, i.e., x € {t], 01,02}
Let fy(x) := ma.

We first show f, € pPOL, 0. Assume otherwise. Then there are rows
Clus €24, C35 With Cy1, ..., e € pand fy(ci1, ..., cen) =1 d & 0.

e 1 < 3: Then f,, € pPOL, g because of Lemma 5.3.

e =3 Ifxy € Qandppy C o; U 5%)71} for some ¢ € {1,2}. If

additionally x C o then c,1,...,csny € xand d = < ©(s:) ) €0
¢o(vi)
in contradiction to the assumption. If additionally x & o then there is

some c.; ¢ ¢ in contradiction to the assumption.

If previous case does not apply but x C p then d = w € p in contra-
diction to the assumption.

Otherwise x Z p, i.e., there is some c,; ¢ g in contradiction to the
assumption.

e = 4: Then x € {1}, 01,00} and pry x € o for all A C E, with
|A| = 3, i.e., there is some c,; & o contradicting the assumption.

Thus f, € pPOL, o for every x € X.

Now let {x3,...,x¢} := X and f; := f,, forj € {3,...,L}. Define
Fy = fo and Fj =1 ® fj for 2111] S {1,,[/} We show F}, €
pPOL, o inductively over j.
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The induction starts with Fy := fo € pPOL, ¢. Assume F; & pPOL, 0.

Then there are rows €14, Co4, C3« With C,1,...,cen € 0 and
C1x d1
3
Fj Cox = do =:d € E4 \ 0.
C3x d3

We first consider several cases with regard to which part of F}; the lines come
from.

e The rows can neither come completely the F;_;-part nor the f;-part of
F; because f;, F;_1 € pPOLy g holds.

e The row cy, is from the F};_-part and cy., c3. from the f;-part. Be-
cause of Lemma 5.3 the rows co, and cs, are different and thus there
is some column ¢,; = (x,y,z) with y # z. Because of the specific
construction of f; and f and because fy = po € pPOL, x we get

v eoly) ¢o(y) | SH{cat, - cn} Co
z o(z) ©5(2)

If po(y) = @o(z) =: ¢ then (z,y',y"), (z,y",y") € o with y" :=
vo(y') # 3. But this implies (5{? 9y S0 in contradiction to §(p) =

6%)1}. Thus y' = @o(y) # wo(z) =: 2’. Because y',2’ € Z and

|Z| = 2 we conclude ¢o(2') = ¥/, ¢o(y’) = 2’ and thus we have
(z,y',2"),(x,2/,y') € o. f x =y or & = 2’ then 5%%?2} C pin
contradiction to 6(g) = 5%%)1}. This implies |{z,y’,2'}| = 3, ie.,
(2,9, 2"), (z,y',2")3?) € o(p) in contradiction to (12) & T',(,).
Thus this case can not occur.

o The row cy, is from the F;_;-part and ¢, c3. from the f;-part. This
case is identical to proof as the case above, i.e., it can not occur.

Thus the rows c;., c24 are from the f;-part and c3, is from the F;_;-part of
Fj.

Assume the row c3, is not constant. Then it occurs in the domain of some
f; with j # 0, i.e., for some z € c3. then also Z = {¢o(z), p3(z)} C cas.
But then {(z,y)} X Z C p with 2 # y which can be shown to be false for
each relation by looking at the relation p. Thus c3. = (c3,...,c3), i.e., a
constant row and F}j(css) = fo(cs) = wo(cs).
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Because c¢1, # co4 there is a column ¢,; = (z,y,c3) with ¢ # y. If
wo(x) # @o(y) then there are columns (2, ', ¢3) = (po(x), poly),c3) €
o and (z”,y",c3) = (po(2'),0(y'),c3) = (¢5(2), i(y),c3) € o with
{z',y'} = Z = {a”,y”}. But this cannot happen for the given relations.
Thus @o(z) = @o(y)-

o If C := prg {ci1,...,can} C oy U 5;3)1} for some i € {1,2} then

1= (G ) ot

with ¢/ € {1,2} and ¢ # ¢’ by construction of f, in this case. This
contradicts d ¢ o.

we have

o If C := pro{ci1,...,can} € 03 U 6%%)71} for all i € {1,2} then

C Co1UoaU 5%3)1} because {c41,...,c«n} C o. Then there are
t1 € o1 and ty € o9 with

(5)(2)ee

But this cannot happen for the given g and corresponding o1 and 0.
Thus this contradicts {c.1,...,cxn} C 0.

Thus we can conclude F; € pPOL, ¢ and finally F' := F; € pPOL, o
Because F' ¢ pPOL, x for all x € Rj**\ {o} this proofs pPOL, ¢ € p%,
because of Lemma 3.4. O

Lemma 9.4. Let p € Q1 be the relation with the number 124. Then pPOL, o €
e,

Proof. This proof is similar to the previous one. Here are some parameters
for each o(*) we will use later.

o | woma) |@i(m)=wa(na) [v1 v | Z |
124 | (3,3,3,2) | (1,0,3,2) [23]32]2,3]

We have Z = ¢po(E,) and | Z] = 2. Let oy := {(0,1)} and 02 := {(1,0)}
and let s; € o; be arbitrary for i € {1,2}.

Let x € X, v € o(ppe) and m € S}, be arbitrary. Then we have {v} x
{o(w), ¢f(w)} Z ol

Define fo := o, f1(N1, 0(N1), ¥3(n1)) := ¢1(n4). One can check that
fi € pPOL, g foreach i € {0,1}.
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Let X == {x € R | {fo,/1} C pPOL,x}. Let X € X be
arbitrary. We define f, € pPOL, o with f, € pPOL, x.

o p=1:Let fy(x) ==we Es\ x.

o u=21fy C aiué%?l} for some ¢ € {1,2} thenlet f, (x) := @i(s:).
Then f, ¢ pPOL, x because v;(s;) & o; U 5%%)1}. Otherwise let
fx() =w e B\ x.

o 1> 3:Ifo(x) # 0, i.e., there is some ¢ € o(x). Then 5%)’1} C x be-

cause fo, fi € pPOL, x € X and thereby ¢o(t), p1(t), po(p1(t)) €
X. Thus y € Q; US.

If x € Qrandppx C a,-uég),l} for some ¢ € {1, 2} then let f, (x) :=

( o ) for s € o(x). Then fy & pPOL, x because ¢;(s') &
®o(vs)

o; U 5%3)’1} for all s’ € o;.
If previous case does not apply but xy C g thenlet f, (x) :=w € o\ x.
Otherwise let f, (x) :==w € E} \ x.
We first show f, € pPOL, 0. Assume otherwise. Then there are rows
Clas Cox, €35 With €41, ... cun € pand fy(cer, ... con) =1 d € .

e < 4: Then f, € pPOL, o because of Lemma 5.3.

o u=4Ify € Qandppx C o; U 5%3)71} for some ¢ € {1,2}. If

©o(vi)
in contradiction to the assumption. If additionally x & o then there is

some ¢,; ¢ o in contradiction to the assumption.

additionally x C pthen cy1,...,cxny € x and d = < o(s;) ) €o

If previous case does not apply but x C p then d = w € p in contra-
diction to the assumption.

Otherwise x < o, i.e., there is some c.; & ¢ in contradiction to the
assumption.

Thus f, € pPOL, o for every x € X.

Now let {x3,...,xz} := X and f; := f,, forj € {3,...,L}. Define
Fy = fo, Fy .= F} and Fj =l ® fj for aH] S {1,3,47. .. ,L} We
show F;, € pPOL, g inductively over j.
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The induction starts with Fy := fo € pPOL, o. Assume F; ¢ pPOL, 0.

Then there are rows €14, €24, C3x, Cax With C41, ..., Ccsn € 0 and
C1x d1
C2x dy 3
F; =: d =:de E;j\o.
C3x 3
(™ d4

We first consider several cases with regard to which part of F}; the lines come
from.

o The rows can neither come completely the F;_;-part nor the f;-part of
F}; because f;, Fj_; € pPOL, o holds.

e The row ¢y, is from the F};_;-part and cy, is from the f;-part. Because
of the specific construction of f; and because fy = ¢¢ € pPOL, x we

get

x x €T

2

vy woly) w5y

5 (;(,) (;E,) Q{C*1,~.~,C*N}§Q~

w wl w//
But then

0 1

{2} x {2,3} = {2} x {vo(y),¥5(4)} SPPO = ( 10 > Udony,

which is false. Thus this case can not occur.

e The row cy, is from the F;_;-part and c;, is from the f;-part. This
case can be handled similar to the case above is identical to proof as
the case above, i.e., it can not occur.

o The rows ci., Ca«, 3+ are from the F;_;-part and cy, is from the f;-
part. Because of Lemma 5.3 there is some column c¢,; = (z,y, 2, w)
with [{x,y,z}| = 3. Because of the specific construction of f; and
because fy = o € pPOL, x we get

IS

x
'Z C{ce1y---rcunt C 0.

w po(w)

Then [{x,y,z,w}| = 3or |{z,y, 2z, po(w)}| = 3 because w # po(w)

and z,y, z,w, po(w) € Ey4. But this implies 6; C p for some A with
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0,1} N A| = 1 in contradiction to (o) = 59 . Thus this case can
{0,1}
not occur.

e The rows cix, Cox, c44 are from the F;_q-part and cs3, is from the f;-
) ) J J
part. This case is identical to proof as the case above, i.e., it can not
occur.

Thus the rows ¢y, o, are from the f;-part and cs., 4 are from the F};_-part
of Fj .

Assume the row cj, is not constant. Then it occurs in the domain of some
f; with j # 0, i.e., for some z € c3. then also Z = {po(z), p3(z)} C cas.
But then {(x,y)} x Z C pry ;50 with x # y which is false for relation

0. Thus cs. = (c3,...,c3), i.e., a constant row and d3 = Fj(c3.) =
foles) = wo(cs), and similar ¢4 = (ey,...,c4), i.€., a constant row and
ds = Fj(cax) = fo(ca) = @olca),

Because c¢1, # co. there is a column ¢,; = (z,y,c3) with z # y. If

wo() # @o(y) then there are columns (2',y', c3) = (po(2), po(y),c3) €
oand (2",y",c3) = (po(2'), po(y):c3) = (p§(x), ¥5(y)sc3) € o with
{z',y'} = Z = {«”,y"}. But this cannot happen for the given relation.
Thus po(x) = @o(y).

o If C := prg{ci1,...,can} C oy U 5%%?1} for some i € {1,2} then

1= (e ) oot <o

with ¢/ € {1,2} and ¢ # ¢’ by construction of f, in this case. This
contradicts d & o.

we have

o If C := pro {cir,..-,can} € oy U 6%1} for all ¢ € {1,2} then
C =01 UoU (55{?1} because {c.1,...,¢c«n} C 0. Then there are

t1 € 01 and t9 € 09 With

t1 to
Cc3 s C3 € 0.
C4 Cq

But this cannot happen for the given o and this is in contradiction to
{C*l, e 7C,.d\[} Co.

Thus we can conclude F; € pPOL, ¢ and finally F' := F € pPOL, o
Because F' ¢ pPOL, x for all x € R}***\ {p} this proofs pPOL, 0 € p%,
because of Lemma 3.4. O
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10

CONCLUSION

The list in the appendix shows with the help of the theorems and lemmas in
the previous sections in this paper the following theorem

Theorem 10.1. The minimal covering p€y of the maximal partial clones in
pA 4 has exactly 449 elements and all these elements are given in the list in
the appendix.

In addition to the determination of p%é, several general theorems such as
for example the ones in Section 6 can be used for the determination of ele-
ments of pé}, for arbitrary k > 3.
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A LIST OF ALL COHERENT RELATIONS

The following table include all coherent relations o for k = 4.
Define the relation class R(p) by

R(o) == {{f(v) [veo}t]|feSk}

The column iso is the number of different maximal clones described by the
relations in R(p), i.e., [{pPOL, x | x € R(0)}|- The column 7/L gives the
number of the theorem or lemma which can be used to determine, whether the
described maximal clone belongs to every minimal covering of p.# , or not.
This information is also given in the last column. Thus the clone described
by a relation with In is in every minimal covering, and the ones with Out are

not.
Relation where |o(o)| is big can be written as

v(G) = {v[”] T € G}
withv € E? and G < S}, for some h.
Nr. 4(0) (o) iso | T/L | /O
1 [ 0 4 5.2 In
2 0 0,1 6 5.2 In
3 [ 0,1,2 4 52 In
4 [ 01 6 6.8 | Out
5 0 01, 02 12 | 68 | Out
6 1) 01,23 6 6.3 In
7 0 01,02,03 4 6.8 Out
8 ) 01, 02, 32 12 | 66 | Out
9 [} 01,02, 31, 32 3 6.8 | Out
10 [ 01, 10 6 6.5 In
11 0 01, 10, 02, 20 12 | 65 In
12 0 01, 10, 23, 32 3 6.5 In
13 0 01, 10, 02, 20, 03, 30 4 6.5 In
14 0 01,10, 12, 21, 23, 32 12 | 65 In
15 0 01, 10, 02, 20, 13, 31, 23, 32 3 6.5 In
16 620’1} 01 6 | 63 In
17 {o.) 01, 02 12 | 63 In
18 5?),1} 01,12 12 | 63 In
19 5§0)1} 01,23 6 6.3 In
20 6§0’1} 01,02, 03 4 | 6.10 | Out
21 550,1} 01, 02, 30 12 | 6.10 | Out
22 Jio‘” 01,02, 12 12 | 63 In
23 5§071} 01,02,13 24 | 6.10 | Out
24 5@0,1} 01,02, 32 12 | 67 | Out
25 57013 01,12, 23 12 | 6.10 | Out
26 5701y 01,02, 03,12 24 | 6.10 | Out
27 5%0.1) 01, 02, 30, 32 24 | 6.10 | Out

TABLE 1: All coherent relations for k = 4
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Nr. (o) a(o) iso | T/IL | 1/0
28 620,1} 01,02, 31, 32 3 6.8 Out
29 %o,l} 01,02,12,23 24 | 6.10 | Out
30 550,1} 01,03,12,23 12 | 610 | Out
31 5§o,1} 01,02,13,23 6 | 6.10 | Out
32 550,1} 01,02,03,12,13 12 | 6.10 | Out
33 550,1} 01,02,03,12,31 24 | 6.10 | Out
34 530,1} 01,02,03,13,23 6 6.10 | Out
35 550.1} 01,02,12,13,23 12 | 610 | Out
36 070,11 01,02, 03,12, 13, 23 12 | 610 | Out
37 550,1} 01,10 6 | 63 | In
38 5&0.1} 01,10, 02, 20 12 6.3 In
39 5&0,1} 01,10, 23, 32 3 6.3 In
40 650’1} 01, 10,02, 20,12, 21 4 | 63 | m
41 5§o,1} 01, 10, 02, 20, 03, 30 4 | 613 | ou
42 550,1} 01,10, 12,21, 23, 32 12 | 6.13 | Out
43 5501y 01, 10, 02, 20, 03, 30, 12, 21 12 | 54 | ou
44 53011} 01,10, 02, 20,13, 31, 23, 32 3| 61 | m
45 070,13 01,10, 02, 20,03, 30, 12,21, 13, 31 6 5.4 Out
6 0 012 4 | 68 | ou
47 0 012, 021 12 | 68 | Out
48 0 012,120, 201 4 | 65 | m
49 0 012(S3) 4 | 65| In
50 0 012,013 6 | 68 | Out
51 0 012,013,102, 103 6 | 68 | Out
52 0 012,013,021, 031 12 | 68 | out
53 0 012,120, 201, 013, 130, 301 6 | 65 | I
54 0 012(S3),013(S3) 6 | 65 | In
55 5§0,1,2} 012 4 6.3 In
56 5§o,1,2} 012,021 12 63 | In
57 070,12} 012,120, 201 4 | 63 | I
58 5&0,1,2} 012(S3) 4 6.3 In
59 5§o,1,2} 012,013 6 | 68 | Out
60 5§0,1,2} 012,013,102, 103 6 | 68 | oOut
61 5§011,2} 012,013,021, 023 12 | 68 | out
62 5§011)2} 012,120, 201, 013, 130, 301 6 | 65 | m
63 9%70.1.2} 012(S3),013(S3) 6 6.5 In
64 6§o,1} 012 2 [ 92 | ow
65 5§o,1} 012,013 6 | 92 | out
66 6;0’1} 012,023 24 93 In
67 5§o,1} 012, 032 12 | 92 | Out
68 5£0.1} 012,123 24 9.3 In
69 5§o,1} 012,132 12 | 92 | out
70 5§o,1} 012,230 1293 | I
7 5§o,1} 012,320 1293 | I
72 5§o,1} 012,031, 032 24 | 92 | out
73 5§o,1} 012,023,123 24| 93 | I
74 5§0,1} 012,032, 312 12 | 92 | ou
75 6;0’1} 012, 230, 231 2% | 93 |
76 5§o,1} 012, 130, 132 24 | 92 | Out
77 5£0.1} 012,013,023, 123 24 | 92 | Out
78 5013 012,013, 230, 231 6 | 93 | m
79 5l0.1} 012, 102 12 | 92 | Ou

TABLE 1: All coherent relations for k = 4
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Nr 50 [ o@ I
80 6;0’1} 012, 102, 013, 103 120 ?24 got
2; 6§0’1} 012, 102, 023, 203 2 | 93 1.11l
’ fo.1) 012, 102, 032, 302 2| 92 | ou
8431 fo.1) 012,102, 230, 320 2] 93| m
X 6§0)1} 012,102,031, 301, 032, 302 2 | 92 | out
82 5§o,1} 012, 102, 023, 203, 123, 213 2|93 | m
’ fo.1) 012,102, 032, 302, 312, 132 4 | 92 | ou
8; ﬁé(’*” 012,102, 230, 320, 231, 321 2193 | m
" o) 012,102,013, 103, 023, 203, 123, 213 12| 92 | Out
i {?31} 812, 102, 013, 103, 230, 320, 231, 321 30193 |
4
91 Lg 012(S3) zlt ;i in
gg b 012(S3), 013(S3) 6 | 7.1 O?n
2 Lél 81;5&),013(53),023(53) 4 | 71 | ou
95 0 0123, 1023 ; e ot
96 0 0123, 1032 I
o 0 , 30 65| m
7 0 0123, 1203, 2013 4 | 68 | out
s 0 0123, 1230, 2301, 3012 30 65| m
» 0 0123, 0132, 1023, 1032 3 | 68 | out
1 0 833, 1032, 3210, 2301 1|65 | m
o 0 0122,2;32,0213,0231,0312,0321 4 | 68 | out
102 0 o2 3;0, 2301, 3012, 2103, 3210,0321,1032 | 3 | 65 | In
104 0 0123(544) Cles |
105 670.1,2,3) 0123 1 = S
106 %0:1:2:3} 0123, 1023 é 2': gut
o . ut
08 | a0 | 0o 120m, 201 2 | e | on
1081 901,03 ,1203,2013 4 | 68 | Out
(o120 | 0123,1230,2501,3012 3] 65| m
110 53011’233} 0123, 0132, 1023, 1032 3 | 68 | ou
111 {0120 | 0123,1032,3210,2301 1|65 | m
13 gﬁo’l‘“} 833,0132,0213,0231,0312,0321 4 | 63 | ou
13| So1an 0123,114230, 2301, 3012, 2103, 3210,0321,1032 | 3 | 65 | In
e fo1.23) (Aq) 1| 65| W
lo.123] 0123(S4) 1| 65| m
116 5};011,2} 0123 4 | 92
117 81012y 0123, 1023 2> | ow
118 530 0123, 1203, 201 s | 92 | ow
119 o 0123, 0213, ) s | o2 | ou
Lo }?’1 2 0123,0213, 1023, 1203, 2013, 2103 4 | 92 | Out
0,1
121 %0’1; 0123, 1023 e | 53 | ou
122 510,1} 0123,0132 e | o2 | ow
123 5301y 0123, 1032 2 32 o
545‘ 54 501 0123, 0132, 1023, 1032 6 9.421 (;?n
0,1},{2,33 | 0123 '
gg %071}7{2’3} 8123, 1023 2 Z:i E
127 | Sloy o 01;3, 1032 3] 64 | W
128 | o 0.1}.42.3) o 3, 2301 6 | 64 |
129 | 5oy, 020 23,0132, 1023, 1032 3] 64 | I
{o1).12.9) | 0123,1032,2310,3201 3] 64 | I
131 | 6751y, (2.5y | 0123,1032,2301,3210 3| 64 | m

TABLE 1: All coherent relations for k = 4
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Nr. é(0) o(p) iso | T/L | 1/O
132 | 6751y (2.5, | 0123,0132,1023,1032,2301,2310,3201,3210 | 3 | 64 | In
133 P ] 1T | 7.1 | ou
134 01 0 1 8.1 In
135 02 0 1| 81 | m
136 01 0123(S4) 1 8.2 Out
137 02 0123, 1230, 2301, 3012, 2103, 3210, 0321, 1032 3 8.2 Out

TABLE 1: All coherent relations for k = 4
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