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We determine the minimal covering of maximal partial clones
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1 INTRODUCTION

Since the first two sections of this paper were nearly identical to the first two
in the paper Counting the maximal partial clones on a finite set [13] also
appearing in this issue it was suggested by the editors to remove some of the
duplication. Thus kindly read the sections “Introduction” and “Definitions
and Theorem of Haddad and Rosenberg” in that paper before you continue.

? email: karsten.schoelzel@uni-rostock.de
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2 FURTHER DEFINITIONS

Definition 2.1. Let %(h) ∈ Rk and A = {a0, . . . , al−1} ⊆ Eh with ai < aj
for all i < j. Then

prA % := pra0,...,al−1
%

:= {(xa0 , . . . , xal−1) | ∃x0, . . . , xh−1 ∈ Ek : (x0, . . . , xh−1) ∈ %}.

Definition 2.2. Let %(h) ∈ Q be arbitrary and %? := pr0(ε(%) \ ι2h), i.e., the
elements of Eh which are in no singleton class of ε(%). We define

pp % := pr%? %,

‖%‖ := |%?|,
Q0 := {χ(µ) ∈ Q | ε(χ) has no singular equivalence class}(

= {χ(µ) ∈ Q | ppχ = χ} = {χ(µ) ∈ Q | ‖χ‖ = µ}
)
,

Q′0 := {χ(µ) ∈ Q0 | (µ > 2) ∨ (∀x ∈ Ek ∀π ∈ S2 : {x} × Ek 6⊆ %[π])},
Q1 := Q \ Q0.

Because pPOLk % = pPOLk %[π] for all π ∈ Sh we can assume pp % =
prE‖%‖ % for all % ∈ Q.

The relations in Q1 are exactly the coherent quasi-diagonal relations %
where ε(%) has at least one singular class.

Example 2.3. Let k = 10 and

%(5) :=


0 5
1 6
2 7
3 8
4 9

 ∪ δ(5){0,1},{2,3} ∈ Q.
Then

ε(%) =
(

0 1 2 3 0 1 2 3 4
1 0 3 2 0 1 2 3 4

)
,

%? = {0, 1, 2, 3},

pp % =


0 5
1 6
2 7
3 8

 ∪ δ(4){0,1},{2,3},
‖%‖ = 4.

Then % ∈ Q1 and pp % ∈ Q0.
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3 MINIMAL COVERING

We want to determine which maximal partial clones in the criterion in Theo-
rem 2.7 [13] are needed to solve the completeness problem for partial Sheffer
functions.

Definition 3.1. A set X ⊆ pMk is a minimal covering of pMk, if for every
f ∈ P̃k holds

[f ]P = P̃k ⇐⇒ ∀A ∈X : f /∈ A

and for each A ∈X there is some f ∈ P̃k with

[f ]P 6= P̃k ∧ (∀B ∈X \ {A} : f /∈ B) .

Theorem 3.2 (Theorem 7.13 [14]). There is exactly one minimal covering
pCk of pMk for every k ≥ 2.

Lemma 3.3 (Lemma 7.14 [14]). Let C ∈ pMk and C ⊆ pMk \ {C} such
that for all f ∈ C there is some C ′ ∈ C with f ∈ C ′. Then C 6∈ pCk.

Lemma 3.4 (Lemma 7.15 [14]). Let C ∈ pMk. Then

C ∈ pCk ⇐⇒ (∃f ∈ C ∀B ∈ pMk \ {C} : f 6∈ B).

4 A PRODUCT OF FUNCTIONS

Definition 4.1. Let D′ ∈ Ea×bk be an a× b matrix on Ek, i.e.,

D′ =

 d11 . . . d1b

...
. . .

...
da1 . . . dab


with dij ∈ Ek for all i, j.

Let v := (v1, . . . , va) ∈ Eak . We define a function f (n) ∈ P̃k by f(D′) :=
v. Then n := b, dom f := D := {(di1, . . . , dib) | i ∈ {1, . . . , a}} and
f(di1, . . . , dib) := vi for all i ∈ {1, . . . , a}.

Let χ(h) ∈ Rk and v ∈ Ehk . Then we can define f (n) ∈ P̃k by f(χ) = v,
where we assume χ to be given as a matrix as explained before and thus
n = |χ|.

If the domain D := dom f is given then D′ is a matrix whose rows are the
entries of D in lexicographical order.
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Definition 4.2. Let f (n) ∈ P̃k with D = dom f and g(m) ∈ P̃k with E =
dom g. Then D′ ∈ E

|D|×n
k and E′ ∈ E

|E|×m
k . Then F (N) := (f ⊗ g) ∈

P̃
(n·m)
k is defined by

F (D′ ⊗ E′) := F

(
D′∗1 . . . D′∗n
E′ . . . E′

)
:=

(
f(D′)
g(E′)

)
. (4.1)

We assume E has no constant rows so F is well-defined.
Let c = (c1, . . . , cN ) ∈ domF be a row. Then we say it is from theE-part

or g-part of F if c = pri(E′, E′, . . . , E′) for some i. Otherwise we say it is
from the D-part or f -part of F .

Likewise we set f ⊗ g1⊗ g2⊗· · ·⊗ gl := (. . . ((f ⊗ g1)⊗ g2)⊗ . . . )⊗ gl
with gi ∈ P̃k for all i ∈ {1, . . . , l}.

Example 4.3. Let f, g ∈ P̃k be given by

f

(
0 0
0 1

)
=
(

1
2

)
, g

(
0 2 3
2 4 5

)
=
(

4
0

)
.

where

D′ =
(

0 0
0 1

)
, D = dom f = {(0, 0), (0, 1)},

E = dom g = {(0, 2, 3), (2, 4, 5)}.

Then

(f ⊗ g)


0 0 0 0 0 0
0 0 0 1 1 1
0 2 3 0 2 3
2 4 5 2 4 5

 =


1
2
4
0


and

dom(f ⊗ g) = {(0, 0, 0, 0, 0, 0), (0, 0, 0, 1, 1, 1),

(0, 2, 3, 0, 2, 3), (2, 4, 5, 2, 4, 5)}.

5 KNOWN CRITERIA

Lemma 5.1 (Lemma 4 [1]). The maximal partial clone (Pk ∪ C∅) ∈ pCk.

Lemma 5.2 (Lemmas 5, 7 [1]). Let % ∈ U . Then pPOLk % ∈ pCk.
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Lemma 5.3 (Lemma 5.3 [14]). Let %(h) be a coherent relation with h ≥ 2
and f (n) ∈ P̃k. Let c∗1, c∗2, . . . , c∗n ∈ % with c1∗, . . . , ch∗ ∈ dom(f) and
ci′∗ = ci′′∗ for some i′ < i′′. Then d := f(c∗1, c∗2, . . . , c∗n) ∈ %.

Let

S ′ := {χ(µ) ∈ S | (µ = 3) ∧
(∀x ∈ σ(E2

k) ∃a ∈ Ek \ ω(x) ∀y ∈ σ(χ) : ω(x) ∪ {a} 6= ω(y))}.

Lemma 5.4 (Lemma 5.5 [14]). Let % ∈ Q0 \ Q′0. Then pPOLk % 6∈ pCk.

Definition 5.5. Let %, χ ∈ R̃max
k with % 6= χ (i.e., pPOLk % 6= pPOLk χ by

definition of R̃max
k ). We write %� χ iff

∀f ∈ pPOLk %
(
∃g ∈ pPOLk % : (g 6∈ pPOLk χ)∧(
∀ψ ∈ R̃max

k (f 6∈ pPOLk ψ =⇒ g 6∈ pPOLk ψ)
))

Lemma 5.6 (Lemma 6.2 [14]). Let X = pPOLk % ∈ pMk, f ∈ X , and
Y ,Z ⊆ pMk with f 6∈ Y for all Y ∈ Y and Z = {pPOLk ψ | ψ ∈
R̃max
k ∧ %� ψ}.
Then there is some F ∈ X with F 6∈ Y for all Y ∈ Y ∪Z .

Lemma 5.7 (Lemma 6.5 [14]). Let %(h) ∈ A∪Q′0 ∪L and χ(µ) ∈ (Q∪L∪
S) \ {%}. Then %� χ.

6 RELATIONS FROM A ∪ Q0

6.1 Necessary relations from A ∪ Q0

Lemma 6.1. Let

% =
(

0 1 1 2 2 3 3 0 0 1 2 3
1 0 2 1 3 2 0 3 0 1 2 3

)
.

Then pPOL4 % ∈ pC4.

Proof. We construct a function f ∈ pPOL4 % with f 6∈ pPOL4 χ for all
χ ∈ U ∪ A. By Lemmas 5.7 and 5.6 there is some F ∈ pPOL4 % with
F 6∈ pPOL4 χ for all χ ∈ R̃max

k \ {%}, i.e., pPOL4 % ∈ pC4.
Define ϕ : E4 → E4 by ϕ(x) := x + 1 (mod 4) for all x ∈ E4. Then

ϕ ∈ pPOL4 % and ϕ 6∈ χ for all χ ∈ U .
Let χ(µ) ∈ A with ϕ ∈ pPOL4 χ be arbitrary. Let gχ(χ) := (0, 0, . . . , 0)

and gχ not defined elsewhere. Then gχ ∈ pPOL4 % and gχ 6∈ pPOL4 χ.
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Let {χ1, . . . , χm} := {χ ∈ U ∪ A | ϕ ∈ pPOL4 χ}. Define f0 := ϕ,
fI := fI−1 ⊗ gχI

for all I ∈ {1, 2, . . . ,m} and f := fm. Then f 6∈ χ for all
χ ∈ U ∪ A by construction.

We show f ∈ pPOL4 % by induction. First f0 = ϕ ∈ pPOL4 %. Let
fI−1 ∈ pPOL4 % and assume f (n)

I 6∈ pPOL4 %. Then there are rows c1∗, c2∗
with c∗1, . . . , c∗n ∈ % and f(c∗1, . . . , c∗n) ∈ E2

4 \ %.
Because fI−1 ∈ pPOL4 % and gχI

∈ pPOL4 % the row c1∗ is w.l.o.g.
from the fI−1-part of fI and c2∗ from the gχI

-part of fI . Then(
x x x x

0 1 2 3

)
⊆ %

for some x ∈ E4 by construction contradicting the choice of %. Thus fI ∈
pPOL4 % and by induction f = fm ∈ pPOL4 %. By construction f 6∈
pPOL4 χ for all χ ∈ U ∪ A. Thus by Lemmas 5.7 and 5.6 there is some
F ∈ pPOL4 % with F 6∈ pPOL4 χ for all χ ∈ R̃max

k \ {%}, i.e., pPOL4 % ∈
pC4.

As shown in Lemma 8 in [1] every maximal partial clone described by an
equivalence relation belongs to pCk. Theorem 6.3 extends the statement to
coherent relations which can be used to non-trivially partition the set Ek. In
particular Lemma 25 from [1] is proven.

Lemma 6.2. Let %(h) = σ∪δ be a coherent relation onEk andA ⊆ Ek with
|A| ≥ h and (Ah \ ιhk) ∩ % 6= ∅. Then there is a relational homomorphism
ϕ : Ek → Ek from % to χ := Ah ∩ %.

Proof. Because % is coherent, there is a relational homomorphism ϕ0 : Ek →
Eh from % to M(%). Then let ϕ?(ηh) := s ∈ (Ah \ ιhk)∩ %. Then ϕ? : Eh →
Ek is a relational homomorphism because ϕ?(η

[π]
h ) = s[π] ∈ % for all π ∈ Γσ

and ϕ?(δ ∩ Ehh) ⊆ δ ⊆ %. Then ϕ : Ek → Ek with ϕ(x) := ϕ?(ϕ0(x)) for
all x ∈ Ek is the requested relational homomorphism.

Theorem 6.3. Let %(h) ∈ A∪Q0 with % = σ1 ∪σ2, ω(σ1)∩ω(σ2) = ∅, and
σi 6= ∅ for i = 1, 2. Then pPOLk % ∈ pCk.

Proof. Let ω1 := ω(σ1) and ω2 := Ek \ ω1.

• If % ∈ A, then let a1 ∈ σ1 and a2 ∈ σ2 be arbitrary. Because % ∈
R̃max
k , there are relational homomorphisms κi : Ek → ω(ai) from % to

σi for i = 1, 2 by Lemma 6.2. Then let

∀x ∈ ω1 : ϕ(x) := κ2(x) ∈ ω2

∀x ∈ ω2 : ϕ(x) := κ1(x) ∈ ω1.
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• If % ∈ Q0, then let ai ∈ ω(σi) for i = 1, 2 be arbitrary and let

∀x ∈ ω1 : ϕ(x) := a2 ∈ ω2

∀x ∈ ω2 : ϕ(x) := a1 ∈ ω1.

Then ϕ is well-defined, ϕ ∈ pPOLk % and ϕ 6∈ pPOLk{x} for all x ∈ Ek
by construction.

Let {χ1, . . . , χm} := X := {χ ∈ U ∪ A | ϕ ∈ pPOLk χ}.
Let χ(µ) ∈ X be arbitrary. Define gχ in the following way

• If µ < h then let gχ(χ) := w ∈ Eµk \ χ.

• If µ = h and χ ⊆ % then gχ(χ) := w ∈ % \ χ.

• If µ = h and χ 6⊆ % then gχ(χ) := w ∈ Eµk \ χ.

• If µ > h there is a relational homomorphism ϕ′ : Ek → Ek from % to
σ1 ∪ δ(%). Let gχ(χ) := ϕ′(w) ∈ ιµk .

Then gχ ∈ pPOLk % and gχ 6∈ pPOLk χ.
Define f0 := ϕ, fI := fI−1 ⊗ gχI

for all I ∈ {1, 2, . . . ,m} and f := fm.
Then f 6∈ χ for all χ ∈ U ∪ A by construction.

We show f ∈ pPOLk % by induction. First f0 = ϕ ∈ pPOLk %. Let
fI−1 ∈ pPOLk % and assume f (n)

I 6∈ pPOLk %. Then there exist rows
c1∗, . . . , ch∗ with c∗1, . . . , c∗n ∈ % and f(c∗1, . . . , c∗n) ∈ Ehk \ %.

Because fI−1 ∈ pPOLk % there is at least one row cig∗ from the gχI
-part

of fI and because gχI
∈ pPOLk % there is at least one row cif∗ from the

fI−1-part of fI .
Because ϕ ∈ pPOLk χI there are columns c∗j and c∗j′ with(

cif ,j cif ,j′

cig,j cig,j′

)
=
(
x x

y ϕ(y)

)
and w.l.o.g. x ∈ ω1. Because y ∈ ω1 implies ϕ(y) ∈ ω2 and y ∈ ω2 implies
ϕ(y) ∈ ω1, we get ω(c∗j) 6⊆ ω1 or ω(c∗j′) 6⊆ ω1 in contradiction to x ∈ ω1

and the structure of %.
Thus fI ∈ pPOLk % and by induction f = fm ∈ pPOLk %. By construc-

tion f 6∈ pPOLk χ for all χ ∈ U ∪ A. Thus by Lemmas 5.7 and 5.6 there
is some F ∈ pPOLk % with F 6∈ pPOLk χ for all χ ∈ R̃max

k \ {%}, i.e.,
pPOLk % ∈ pCk.

Theorem 6.4. Let %(h) ∈ Q0 and ε(%) has at least two equivalence classes.
Then pPOLk % ∈ pCk.
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Proof. We construct a function f ∈ pPOLk % with f 6∈ pPOLk χ for all
χ ∈ U ∪ A. By Lemmas 5.7 and 5.6 there is some F ∈ pPOLk % with
F 6∈ pPOLk χ for all χ ∈ R̃max

k \ {%}, i.e., pPOLk % ∈ pCk.
Let {A1, A2, . . . , Al} := {{y ∈ Eh | (x, y) ∈ ε(%)} | x ∈ Eh}, i.e., the

set of equivalence classes of ε(%). Then l ≥ 2 because ε(%) has at least two
equivalence classes, and |Ai| ≥ 2 for all i because % ∈ Q0. Let ai ∈ Ai be
arbitrary for each i.

Because % is coherent, there is some relational homomorphism ϕ0 : Ek →
Eh from σ(%) to M(%) and some s0 ∈ σ(%) with ϕ0(s0) = ηh.

Define ϕ1 : Eh → Eh by

ϕ1(x) =
{
ai+1 if x ∈ Ai and i ∈ {1, 2, . . . , l − 1},
a1 if x ∈ Al.

Then ϕ1 is a relational homomorphism from M(%) to M(%) and ϕ1(t) ∈
δ(M(%)) ⊆ δ(%) for all t ∈M(%).

Define ϕ2 : Eh → Ek by ϕ2(ηh) = s0. Then ϕ2 is a relational homomor-
phism from M(%) to %.

Define ϕ : Ek → Ek by ϕ(x) := ϕ2(ϕ1(ϕ0(x))) for all x ∈ Ek. By con-
struction ϕ is a relational homomorphism from % to %, i.e., ϕ ∈ pPOLk %. We
first show ϕ(x) 6= x for all x ∈ Ek. If x ∈ Ek \ω(s0) then ϕ(x) 6= x because
ϕ(Ek) ⊆ ω(s0). Because ϕ1(y) 6= y for all y ∈ Eh and ϕ2(ϕ0(x)) = x for
all x ∈ ω(s0) we get ϕ(x) 6= x for all x ∈ ω(s0). Thus ϕ 6∈ pPOLk{x} for
all x ∈ Ek.

Let χ(µ) ∈ U ∪ A with ϕ ∈ pPOLk χ be arbitrary. Then µ ≤ h
2 because

|ω(ϕ(s))| ≤ l = |{a1, . . . , al}| ≤ h
2 for all s ∈ χ. Let gχ(χ) := v ∈ Eµk \ χ

and gχ not defined elsewhere. Then gχ ∈ pPOLk % by Lemma 5.3 with
µ < h, and gχ 6∈ pPOLk χ.

Let {χ1, . . . , χm} := {χ ∈ U ∪ A | ϕ ∈ pPOLk χ}. Define f0 := ϕ,
fI := fI−1 ⊗ gχI

for all I ∈ {1, 2, . . . ,m} and f := fm. Then f 6∈ χ for all
χ ∈ U ∪ A by construction.

We show f ∈ pPOLk % by induction. First f0 = ϕ ∈ pPOLk %. Let
fI−1 ∈ pPOLk % and assume f (n)

I 6∈ pPOLk %. Then there exist rows
c1∗, . . . , ch∗ with c∗1, . . . , c∗n ∈ % and f(c∗1, . . . , c∗n) ∈ Ehk \ %.

Because fI−1 ∈ pPOLk % there is at least one row cig∗ from the gχI
-

part of fI and because gχI
∈ pPOLk % there is at least one row cif∗ from

the fI−1-part of fI . Let if be arbitrary with this condition. Let ci1∗ be an
arbitrary third row.

• ci1∗ is from the fI−1-part of fI . Then ci1∗ and cif∗ differ at least one
column by Lemma 5.3. By construction and because ϕ ∈ pPOLk χI
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we get
 x

y

ϕi(z)

 ∣∣∣∣∣∣ i ∈ El
 ⊆


 cif j

ci1j
cigj

 ∣∣∣∣∣∣ j ∈ {1, . . . , n}


with x 6= y. From {ϕ1(z), . . . , ϕl(z)} = {ϕ2(a1), . . . , ϕ2(al)} we
get:

– if x′ := ϕ(x) 6= ϕ(y) =: y′ then there are two columns c∗j′ and
c∗j′′ with ϕ(cif ,j′)

ϕ(ci1,j′)
ϕ(cig,j′)

 =

 x′

y′

x′

 ∧
 ϕ(cif ,j′′)

ϕ(ci1,j′′)
ϕ(cig,j′′)

 =

 x′

y′

y′


and x′ 6= y′,

– if x′ := ϕ(x) = ϕ(y) then there is some column c∗j′ with ϕ(cif ,j+j′)
ϕ(ci1,j+j′)
ϕ(cig,j+j′)

 =

 x′

x′

z′


and x′ 6= z′.

Thus the rows ci1∗ and cig∗ do not belong to the same equivalence class
of ε(%) because ϕ(c∗j+j′), ϕ(c∗j+j′′) ∈ %.

• ci1∗ is from the gχI
-part of fI . Then ci1∗ and cig∗ differ at every col-

umn because χI ∈ A. By construction and because ϕ ∈ pPOLk χI
we get

 x

ϕi(y)
ϕi(z)

 ∣∣∣∣∣∣ i ∈ El
 ⊆


 cif j

ci1j
cigj

 ∣∣∣∣∣∣ j ∈ {1, . . . , n}


with y 6= z. Because {ϕ1(y), . . . , ϕl(y)} = {ϕ2(a1), . . . , ϕ2(al)}
there is a column c∗j  ϕ(cif ,j)

ϕ(ci1,j)
ϕ(cig,j)

 =

 x′

x′

z′


and x′ 6= z′. Thus the rows ci1∗ and cig∗ do not belong to the same
equivalence class of ε(%).
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Thus cig∗ belongs to a singular class of ε(%) in contradiction to % ∈ Q0.
Thus fI ∈ pPOLk % and by induction f = fm ∈ pPOLk %. By construction
f 6∈ pPOLk χ for all χ ∈ U ∪ A. Thus by Lemmas 5.7 and 5.6 there is
some F ∈ pPOLk % with F 6∈ pPOLk χ for all χ ∈ R̃max

k \ {%}, i.e.,
pPOLk % ∈ pCk.

In the Lemmas 9 and 10 in [1] it is shown that pPOLk % ∈ pCk for every
relation % ∈ pSh with 2 ≤ h ≤ k. The following Theorem 6.5 extends this
to a more general set of relations, and in particular the Lemmas 24, 26, 27
and 28 in [1] follow from it.

Theorem 6.5. Let %(h) ∈ A ∪ Q0. If % ∈ Q0 then h ≥ 3 and δ(%) = δ
(h)
Eh

.
Let α = α1α2 · · ·αl ∈ Γσ(%) be a fix-point-free permutation with disjunct
cycles α1, α2, . . . , αl and

∀∅ 6= T ⊂ {1, 2, . . . , l} :
∏
t∈T

αt /∈ Γσ(%).

Then pPOLk % ∈ pCk.

Proof. We construct a function f ∈ pPOLk % with f 6∈ pPOLk χ for all
χ ∈ U ∪ A. By Lemmas 5.7 and 5.6 there is some F ∈ pPOLk % with
F 6∈ pPOLk χ for all χ ∈ R̃max

k \ {%}, i.e., pPOLk % ∈ pCk.
Because % is coherent, there is some relational homomorphism ϕ0 : Ek →

Eh from σ(%) to M(%) and some s0 ∈ σ(%) with ϕ0(s0) = ηh.
The permutation α ∈ Γσ(%) is a relational homomorphism from M(%) to

M(%).
Define ϕ2 : Eh → Ek by ϕ2(ηh) = s0. Then ϕ2 is a relational homomor-

phism from M(%) to %.
Define ϕ : Ek → Ek by ϕ(x) := ϕ2(α(ϕ0(x))) for all x ∈ Ek. By

construction ϕ is a relational homomorphism from % to %, i.e., ϕ ∈ pPOLk %.
We first show ϕ(x) 6= x for all x ∈ Ek. If x ∈ Ek \ ω(s0) then ϕ(x) 6= x

because ϕ(Ek) ⊆ ω(s0). Because α(y) 6= y for all y ∈ Eh and ϕ2(ϕ0(x)) =
x for all x ∈ ω(s0) we get ϕ(x) 6= x for all x ∈ ω(s0). Thus ϕ 6∈ pPOLk{x}
for all x ∈ Ek.

Let X := {χ ∈ U ∪A | ϕ ∈ pPOLk χ}. Let χ(µ) ∈ X be arbitrary. Then
µ ≤ h because |ω(ϕ(s))| ≤ |ω(ϕ(s0))| = h for all s ∈ χ.

If

• µ < h, or

• µ = h and χ 6⊆ %[π] for all π ∈ Sh,
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then let gχ(χ) := v ∈ Eµk \ χ and gχ not defined elsewhere. Then gχ ∈
pPOLk % by Lemma 5.3 with µ < h, and gχ 6∈ pPOLk χ.

If µ = h and χ ⊂ %[π] for some π ∈ Sh, w.l.o.g. π = id, then let gχ(χ) :=
v ∈ % \ χ and gχ not defined elsewhere. Then gχ 6∈ pPOLk χ. Assume
g
(n)
χ 6∈ pPOLk %. Then there are rows c1∗, . . . , ch∗ with c∗1, . . . , c∗n ∈ % and
gχ(c∗1, . . . , c∗n) =: d 6∈ %. Then c∗1, . . . , c∗n ∈ χ[π′] for some π′ ∈ Γσ(%)

because the rows are pairwise different by Lemma 5.3. But then d = v[π′] ∈ %
contradicting the assumption. Thus gχ ∈ pPOLk %.

Let {χ1, . . . , χm} := X . Define f0 := ϕ, fI := fI−1 ⊗ gχI
for all I ∈

{1, 2, . . . ,m} and f := fm. Then f 6∈ χ for all χ ∈ U ∪ A by construction.
We show f ∈ pPOLk % by induction. First f0 = ϕ ∈ pPOLk %. Let

fI−1 ∈ pPOLk % and assume f (n)
I 6∈ pPOLk %. Then there exist rows

c1∗, . . . , ch∗ with c∗1, . . . , c∗n ∈ % and f(c∗1, . . . , c∗n) ∈ Ehk \ %.
Because fI−1 ∈ pPOLk % there is at least one row cig∗ from the gχI

-
part of fI and because gχI

∈ pPOLk % there is at least one row cif∗ from
the fI−1-part of fI . Let w.l.o.g. the rows of % be sorted such that the rows
c1∗, . . . , cp∗ belong to the fI−1-part of fI and the rows cp+1∗, . . . , ch∗ to the
gχI

-part of fI . Then 1 ≤ p ≤ h− 1.
Let

B0 :=


c1,1
c2,1
. . .

cp,1

 , B1 := ϕ(B0),

C0 :=


cp+1,1

cp+2,1

. . .

ch,1

 , C1 := ϕ(C0), C2 := ϕ(C1).

Because ϕ ∈ pPOLk χI and the way fI is constructed we have {B0} ×
{C0, C1} ⊆ %, and C1, C2 ∈ Eh−pk \ ιh−pk . Because ϕ ∈ pPOLk % we get
{B1} × {C1, C2} ⊆ %.

• 1 ≤ p ≤ h − 2. Then {B1} × {C1, C2} ⊆ σ(%) because C1, C2 ∈
Eh−pk \ιh−pk and δ(%) ∈ {δ(h)Eh

, ∅}. Because ω(B1, C1) = ω(B1, C2) =

ω(s0) and ϕ(s0) = s
[α]
0 by construction there is some ∅ ⊂ T ⊂

{1, . . . , t} with β =
∏
t∈T αt and(
B1

C2

)
=
(
B1

C1

)[β]

∈ %.
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Thus β ∈ Γσ(%) in contradiction to the assumption on α.

• p = h − 1 and h = 2. Because ω(B1, C1) ⊆ ω(s0), ω(B1, C2) ⊆
ω(s0) and ϕ(x) 6= x for all x ∈ Ek we get(

B1

C1

)
∈ ι2k ∨

(
B1

C2

)
∈ ι2k

in contradiction to % ∈ A.

• p = h − 1 and h > 2. Because ω(B1, C1) ⊆ ω(s0), ω(B1, C2) ⊆
ω(s0) and ϕ(x) 6= x for all x ∈ Ek we get(

B1

C1

)
∈ ι2k ∨

(
B1

C2

)
∈ ι2k

But then (
B1

C1

)
∈ δ(%) ∈ {∅, δ(h)Eh

}

and thus a contradiction to δ(%) = ∅, or

(
B1

C2

)
=


x

. . .

x

y


for some x 6= y in contradiction to δ(%) = δ

(h)
Eh

.

Thus fI ∈ pPOLk % and by induction f = fm ∈ pPOLk %. By construction
f 6∈ pPOLk χ for all χ ∈ U ∪ A. Thus by Lemmas 5.7 and 5.6 there is
some F ∈ pPOLk % with F 6∈ pPOLk χ for all χ ∈ R̃max

k \ {%}, i.e.,
pPOLk % ∈ pCk.

6.2 Superfluous relations from A ∪ Q0

Lemma 6.6. Let % =
(

0 0 3
1 2 2

)
. Then pPOL4 % 6∈ pC4.

Proof. Let f (n) ∈ pPOL4 %. Assume f 6∈ pPOL4{0} and f 6∈ pPOL4{1, 2}.

Then there are rows c0∗, c1∗ with c∗1, . . . , c∗n ∈
(

0 0
1 2

)
and f(c0∗) =:

d0 ∈ E4 \ {0} and f(c1∗) =: d1 ∈ E4 \ {1, 2}. But then (d0, d1) 6∈ %

contradicting the assumption. Thus pPOL4 % 6∈ pC4 by Lemma 3.3.
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Lemma 6.7. Let % =
(

0 0 3
1 2 2

)
∪ δ(2){0,1}. Then pPOL4 % 6∈ pC4.

Proof. Let f (n) ∈ pPOL4 % and assume f 6∈ pPOL4{x} for all x ∈ {0, 2, 3}
and f 6∈ pPOL4{0, 1, 2}. Then there are rows c0∗, c1∗, c2∗, c3∗ with

c∗1, . . . , c∗n ∈


0 0 0
0 1 2
2 2 2
3 3 3

 .

Let di := f(ci∗). Then d1 = 3 and thus d0 = 3 because (d0, d1) ∈ %. This
implies d2 = 3 because (d0, d2) ∈ %. But (d3, d2) ∈ % and thus d3 = 3 in
contradiction to f 6∈ pPOL4{3}. Thus pPOL4 % 6∈ pC4 by Lemma 3.3.

Theorem 6.8. Let %(h) ∈ A∪Q0, σ(l)
1 , σ

(h−l)
2 ∈ U ∪A with σ(%) = σ1×σ2,

δ(%) ∈ {∅, δEh
}, and if % ∈ Q0 then ω(σ1)∪ω(σ2) = Ek. Then pPOLk % 6∈

pCk.

Proof. Let U := {σ1, σ2} ∪ {{a} | a ∈ Ek} . We show

∀f ∈ pPOLk % ∃χ ∈ U : f ∈ pPOLk χ. (6.1)

Assume, (6.1) does not hold. Then there is some f (n) ∈ pPOLk % with

∀χ ∈ U : f /∈ pPOLk χ.

Then there exist s∗1, s∗2, . . . , s∗n ∈ σ1 and t∗1, t∗2, . . . , t∗n ∈ σ2 with
f(s∗1, s∗2, . . . , s∗n) ∈ Elk \ σ1 and f(t∗1, t∗2, . . . , t∗n) ∈ Eh−lk \ σ2. By
f ∈ pPOLk % holds

y := f

(
s∗1 s∗2 . . . s∗n
t∗1 t∗2 . . . t∗n

)
∈ δ(%) ∈ {∅, δEh

}

Thus either f 6∈ pPOLk %, contradicting the assumption, or y = (y, y, . . . , y)
holds for some y ∈ Ek if δ 6= ∅.

If y ∈ ω(σ1) then there is an s ∈ σ1 with y ∈ ω(s), and y 6∈ ω(σ2)
because σ1 × σ2 ⊆ σ(Ehk ). Thus

f

(
s s . . . s

t∗1 t∗2 . . . t∗n

)
= y ∈ δ(%) = δEh

and then also f ∈ pPOLk{y}, in contradiction to the assumption. If y ∈
ω(σ2) then we get a contradiction in a symmetric way. Thus (6.1) holds and
Lemma 3.3 applies.
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The following defintion generalizes the term “partial order with greatest
resp. least element” (denoted by Mk,e resp. Mk,o in [1]) to the term “centered
partial order” (denoted by Mk,c). In particular Mk,e ∪Mk,o ⊆ Mk,c holds.
Thus the statements of Lemma 13(a-c) in [1] are extended by the following
Theorem, which also covers Lemma 20 in [1].

Definition 6.9. A partial order % on Ek is called centered by c ∈ Ek, if

∀x ∈ Ek : (x, c) ∈ % ∨ (c, x) ∈ %

holds. Let Mk,c all partial orders on Ek, which are centered by c.

Let

% :=
(

0 1 1 0 1 2 3
1 2 3 0 1 2 3

)
be a relation on E4. The transitive closure of %

≤:=
(

0 0 0 1 1 0 1 2 3
1 2 3 2 3 0 1 2 3

)
is a centered relation on E4. It is ≤∈M4,0 and ≤∈M4,1, i.e., the centering
element is not uniquely determined in general.

On the other hand the partial order %′ on E4 given by

%′ :=
(

0 0 1 1 0 1 2 3
2 3 2 3 0 1 2 3

)
is not centered. Assume, %′ ∈M4,c for some c ∈ E4, and w.l.o.g. let c = 0.
Then (0, 1) 6∈ %′, in contradiction to the assumption.

Theorem 6.10. Let % be a binary relation on Ek. If the transitive closure of
% is in Mk,c, then follows

∀f ∈ pPOLk % ∃a ∈ Ek : f ∈ pPOLk{a} (6.2)

and pPOLk % 6∈ pCk by Lemma 3.3.

Proof. Let f ∈ pPOLk % be arbitrary and let f ′(x) := f(x, . . . , x) for all
x ∈ Ek. Assume f 6∈ pPOLk{a} for all a ∈ Ek. Then f ′ ∈ Pol(1)k % and
f ′(x) 6= x for all x ∈ Ek.

Let ≤ be the transitive closure of %. Let p := f ′(c), and w.l.o.g. c < p,
otherwise consider f for the relation

%′ := {(y, x) | (x, y) ∈ %} = %[(0 1)].
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An (m+ 1)-tuple K = (x0, . . . , xm) is called valid chain in respect to %,
if

∀0 < i ≤ m : (xi−1, xi) ∈ % \ ι2k

and m ≥ 1 as well as f ′(x0) = xm hold.
Because ≤ is the transitive closure of % and c < p hold, there is a valid

chain K = (x0, . . . , xm) in respect to % with

x0 = c and xm = p.

Let

M := M(K) := {x0, x1, . . . , xm} ∪ {x ∈ Ek : xm < x}

We show
∃x ∈M : f ′(x) = x (6.3)

by induction over |M |.
If |M | = 1, then x0 = xm = f ′(x0). Thus (6.3).
Let |M | > 1 and for any valid chain K ′ with M(K ′) ⊂ M (6.3) holds.

Consider d := f ′(x1). Because f ∈ pPOLk % and (x0, x1) ∈ % we get
(xm, d) = (f ′(x0), f ′(x1)) ∈ %.

• If d = xm and m = 1, then f ′(x1) = d = x1. Thus (6.3) holds.

• If d = xm and m > 1, then let K ′ := (x′0, . . . , x
′
m′) := (x1, . . . , xm)

andM ′ := {x1, . . . , xm}∪{x ∈ Ek : xm < x}withm′ = m−1 ≥ 1.
Then K ′ is a valid chain and by M(K ′) = M ′ ⊂M follows (6.3).

• If d 6= xm, then xm < d holds, and thus d ∈ M . Let K ′ :=
(x′0, . . . , x

′
m′) := (x1, . . . , xm, d) and M ′ := {x1, . . . , xm, d} ∪ {x ∈

Ek : d < x} with m′ = m. Then K ′ is a valid chain and by
M(K ′) = M ′ ⊆M \ {x0} follows (6.3).

Thus (6.3) holds for the function f , i.e., there is some a ∈ M ⊆ Ek with
f ∈ pPOLk{a} in contradiction to the assumption. Thus (6.2) is true and
pPOLk % 6∈ pCk by Lemma 3.3.

Definition 6.11. Let % ∈ Rk be a binary coherent reflexive and symmetric
relation. Then let

G(%) := (V, E) with V = Ek, E := σ(%)
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be the assigned graph. Let

∀x ∈ V = Ek : d(x) := |{(x, y) ∈ E | y ∈ V \ {x}}| ,

i.e., d(x) is the degree of the vertex x.

Lemma 6.12. Let % ∈ Rk be a binary coherent reflexive and symmetric re-
lation and f (l) ∈ pPOLk % with f ′(x) := f(x, . . . , x), f ′(U) = U for some
U ≤ G(%) and U ∼= Kn for an n ∈ N. Additionaly let G(%) be connected.
Then there is some ∅ ⊂ C ⊂ Ek with

f ∈ pPOLk C.

Proof. Let G := G(%) and w.l.o.g.

U =
(
En, σ(E2

n)
)
.

Assume,
∀∅ ⊂ C ⊂ Ek : f 6∈ pPOLk C (6.4)

holds. We first show

∀x ∈ En ∀y ∈ Ek \ En : (x, y) ∈ G. (6.5)

Let
M := {y ∈ Ek | ∀x ∈ En \ {y} : (x, y) ∈ G} .

Assume |M | < k. Then there are m1, . . . ,ml ∈M with

m′ := f(m1, . . . ,ml) 6∈M.

Then

∀x ∈ Ek ∀i ∈ {1, 2, . . . , l} :
(

x

mi

)
∈ %

holds, and thus

∀x ∈ Ek :
(
f ′(x)
m′

)
∈ %.

From f ′(U) = U follows

∀x ∈ En : (x,m′) ∈ G,

thus m′ ∈M in contradiction to the assumption on M . Thus (6.5) holds.
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Let U ′ ≤ G be a maximal subgraph of G with U ≤ U ′ and U ′ ∼= Kn′ as
well as

∀x ∈ V(U ′) ∀y ∈ Ek \ V(U ′) : (x, y) ∈ G. (6.6)

Because U ∼= Kn and (6.6), we have n ≤ n′ ≤ k − 2. W.l.o.g.

U ′ =
(
En′ , σ(E2

n′)
)

holds. Then there are p1, . . . , pl ∈ En′ with

p′ := f(p1, . . . , pl) 6∈ En′ .

Let N := Ek \ (En′ ∪ {p′}). Then

∀x ∈ N ∃qx,1, . . . , qx,l ∈ Ek \ {x} : f(qx,1, . . . , qx,l) = x

holds. From

∀x ∈ N ∀i ∈ {1, 2, . . . , l} :
(
qx,i
pi

)
∈ %

follows
∀x ∈ Ek \ {p′} : (x, p′) ∈ G,

thus p′ ∈ En′ in contradiction to the assumption and (6.4).

Theorem 6.13. Let % ∈ Rk be a binary coherent reflexive and symmetric
relation and G := G(%) a tree. Then

∀f ∈ pPOLk % ∃C ∈ U : f ∈ pPOLk C (6.7)

and pPOLk % 6∈ pCk by Lemma 3.3.

Proof. Let f (n) ∈ pPOLk % be arbitrary and let f ′(x) := f(x, . . . , x). As-
sume f 6∈ pPOLk{a} for all a ∈ Ek. Otherwise (6.7) holds for this f and
nothing is left to show.

Let H ≤ G be a tree with f ′(H) = H and

|V(H)| = min {|V(H ′)| | f ′(H ′) = H ′ ≤ G, H ′ tree} . (6.8)

If |V(H)| ∈ {1, 2} then H ∼= K1 or H ∼= K2. Thus the claim follows
from Lemma 6.12.

Let |V(H)| ≥ 3. f ′ is a graph automorphism of H . In particular

∀x ∈ V(H) : d(f ′(x)) = d(x).
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Let
I := {x ∈ V(H) | d(x) > 1} ,

i.e. I is the set of the inner vertices. Then

f ′(I) = I.

Let
H ′ := (I, E′) with E′ := {(x, y) ∈ E(H) | x, y ∈ I} .

ThenH ′ is a tree andH ′ ≤ H ≤ G. But |V(H ′)| < |V(H)| contradicts (6.8),
i.e., the assumption that H is minimal.

7 RELATIONS FROM S

Lemma 7.1 (Lemma 5.4 [14]). Let % ∈ S \ S ′. Then pPOLk % 6∈ pCk.

Theorem 7.2. Let % ∈ S ′. Let ϕ0, ϕ1, . . . , ϕL ∈ Pol(1)k with L ≥ 0,

∀v ∈ σ(E2
k) ∀z ∈ Ek : {v} × {ϕl0(z) | l ≥ 0} 6⊆ % (7.1)

∀v ∈ σ(E2
k) ∀z ∈ Ek : {ϕ(v) | ϕ ∈ ΨL} × {z} 6⊆ % (7.2)

∀v ∈ σ(E2
k) ∀z ∈ Ek ∀i ∈ {1, . . . , L} :

({ϕ(v) | ϕ ∈ Ψi−1} × {z} ⊆ % =⇒ {ϕi(v)} × {ϕ0(z)} ⊆ %) (7.3)

and

Ψi :=
{
ψ1 ◦ ψ2 ◦ · · · ◦ ψl ∈ P̃ (1)

k | l ≥ 1, {ψ1, . . . , ψl} ⊆ {id, ϕ0, . . . , ϕi}
}

with ψ ◦ ψ′ := ψ[ψ′] for all ψ,ψ′ ∈ P̃ (1)
k . Then pPOLk % ∈ pCk.

Proof. Let ψi := {ϕ(ηk) | ϕ ∈ Ψi−1} and fi(θi) := ϕ(ηk) for all i ∈
{0, 1, . . . , L}. Then fi ∈ pPOLk % and f0 = ϕ0. LetX := {χ1, . . . , χM} :=
{χ ∈ R̃max

k | ΨL ⊆ pPOLk χ} \ {%}. Define fχ =: fL+j for all j ∈
{1, . . . ,M} and χ := χj by

• µ ≤ 3, χ ⊂ %: fχ(χ) := w with w ∈ % \ χ,

• µ ≤ 3, χ 6⊆ %: fχ(χ) := w with w ∈ Eµk \ χ,

• µ > 3, χ ∈ S: fχ(χ) := w with w ∈ Eµk \ χ,

• µ > 3, χ ∈ A∪Q∪L: fχ(χ) := (1, 0, . . . , 0), where w.l.o.g. (0, 1) ∈
ε(χ) if χ ∈ Q.
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Thus fχ 6∈ pPOLk χ for all χ ∈ X .
We now show fχ := fL+j ∈ pPOLk % for all j ∈ {1, . . . ,M} and χ :=

χj .

• Let χ 6∈ S and µ 6= 3. Then the image of fχ has at most two different
values and thus fχ ∈ pPOLk %.

• Let χ ∈ S and µ > 3. Assume fχ 6∈ pPOLk %. Then exist three differ-
ent rows c1∗, c2∗, c3∗ with c∗1, . . . , c∗N ∈ % and fχ(c∗1, . . . , c∗N ) 6∈ %.
But then E3

k = prA χ = {c∗1, . . . , c∗N} ⊆ % for some A with |A| = 3
in contradiction to % coherent.

• Let µ = 3. Assume fχ 6∈ pPOLk %. Then there are three different rows
c1∗, c2∗, c3∗ with c∗1, . . . , c∗N ∈ % and fχ(c∗1, . . . , c∗N ) 6∈ %. But then
χ[π] = {c∗1, . . . , c∗N} ⊆ % for some π ∈ S3. Because % ∈ S this holds
already for π = id. If χ 6⊆ % this contradicts the assumption. If χ ⊂ %,
then fχ(c∗1, . . . , c∗N ) = w ∈ % contradicting the assumption.

Let F0 := f0, Fi := Fi−1 ⊗ fi for i ∈ {1, . . . , L + M}. We show
FL ∈ pPOLk % by induction starting by F0 = f0 ∈ pPOLk %.

Assume Fi 6∈ pPOLk %. Then there are three different rows c1∗, c2∗, c3∗
with c∗1, . . . , c∗N ∈ % and fχ(c∗1, . . . , c∗N ) 6∈ %. Because Fi−1, fi ∈
pPOLk % there have to be rows from the Fi−1-part of Fi and from the fi-
part of Fi.

There are two cases because % is totally symmetric.

• c1∗, c2∗ are from the Fi−1-part and c3∗ is from the fi-part. Then there
is some z ∈ Ek with {ϕl0(z) | l ≥ 0} ⊆ c3∗. Because c1∗ and c2∗ are
different, we get {v} × {ϕl0(z) | l ≥ 0} ⊆ {c∗1, . . . , c∗N} ⊆ % for
some v ∈ σ(E2

k) in contradiction to (7.1).

• c1∗, c2∗ are from the fi-part and c3∗ is from the Fi−1-part.

If c3∗ is not a constant row then there is some z ∈ Ek with {ϕl0(z) | l ≥
0} ⊆ c3∗ by construction of Fi−1. Because c1∗ and c2∗ are different,
we get {v} × {ϕl0(z) | l ≥ 0} ⊆ {c∗1, . . . , c∗N} ⊆ % for some v ∈
σ(E2

k) in contradiction to (7.1). Thus c3∗ has to be a constant row.

If i > L then fi = fχ for some χ ∈ X , i.e., ΨL ⊆ pPOLk χ. Because
c1∗ and c2∗ are different there is some v ∈ σ(E2

k) and z ∈ Ek with
{ϕ(v) | ϕ ∈ ΨL} × {z} ⊆ {c∗1, . . . , c∗N} ⊆ %} in contradiction to
(7.2). Thus i ≤ L.
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Now there are v ∈ σ(E2
k) and z ∈ Ek with {ϕ(v) | ϕ ∈ Ψi−1}×{z} ⊆

{c∗1, . . . , c∗N} ⊆ % and

Fi(c∗1, . . . , c∗N ) =
(
fi(pr0,1 c∗1, . . . ,pr0,1 c∗N )

ϕ0(z)

)
=
(
ϕi(v)
ϕ0(z)

)
∈ %

by (7.3) in contradiction to the assumption Fi 6∈ pPOLk %.

Thus Fi ∈ pPOLk % and in consequence FL+M ∈ pPOLk %.
Because FL+M 6∈ pPOLk χ for all χ ∈ R̃max

k \ {%} we have pPOLk % ∈
pCk.

Lemma 7.3. Let k ≥ 3. Then pPOLk ι3k ∈ pCk.

Proof. Apply Theorem 7.2 with L = 0 and ϕ0(x) := x+ 1 (mod k).

Lemma 7.4. Let % = {(0, 1, 2)[π] | π ∈ S3} ∪ ι34 ∈ S ′. Then pPOL4 % ∈
pC4.

Proof. Apply Theorem 7.2 with L = 1, ϕ0(η4) := (2, 2, 3, 0) and ϕ1(η4) :=
(2, 3, 3, 0).

8 RELATIONS FROM L

Theorem 8.1. Let % := %i ∈ L for some i ∈ {1, 2} with k ≥ 3.
Then pPOLk % ∈ pCk.

Proof. Let ϕ : Ek → Ek with ϕ(x) = x+ 1 (mod k) for all x ∈ Ek.
Let f1, f2 : Ekk → Ek, g1, g2 : Ek → Ek with

g1 (ηk) := f1
(
ηk, ϕ(ηk), ϕ2(ηk), . . . , ϕk−1(ηk)

)
:= (1, 0, 2, 3, . . . , k − 1) ,

g2 (ηk) := f2
(
ηk, ϕ(ηk), ϕ2(ηk), . . . , ϕk−1(ηk)

)
:= (0, 1, 1, . . . , 1)

Let X := {χ ∈ U ∪ A | {ϕ, f1, f2} ⊆ pPOLk χ}. Then gi ∈ pPOLk χ
for all χ ∈ X because ϕ ∈ pPOLk χ and fi ∈ pPOLk χ imply gi ∈
pPOLk χ for i ∈ {1, 2}.
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Let χ(µ) ∈ X be arbitrary. Then there is some v ∈ σ(χ). Because ϕ and
g1 are the permutations (0, 1, 2, . . . , k−1) and (0, 1), respectively, onEk and
thus generate Sk, we get

Eµk \ ι
µ
k = {π(v) | π ∈ Sk} ⊆ χ.

• µ = 1. Then ι1k = ∅ and thus χ = Ek in contradiction to χ ∈ U .

• µ = 2. Then (1, 2) ∈ χ and thus g2((1, 2)) = (1, 1) and thus ι2k ⊆ χ

implying χ = E2
k in contradiction to χ ∈ A.

• µ ≥ 3. Then

g2


0
1
2
...
µ

 =


0
1
1
...
1

 ∈ χ

in contradiction to χ ∈ A.

Thus X = ∅.
Let F0 := f0 := ϕ, Fi := Fi−1 ⊗ fi for i ∈ {1, 2}. We show F2 ∈

pPOLk % by induction starting by F0 = f0 ∈ pPOLk %.
AssumeFi 6∈ pPOLk %. Then there are four different rows c1∗, c2∗, c3∗, c4∗

with c∗1, . . . , c∗N ∈ % and fχ(c∗1, . . . , c∗N ) 6∈ %. Because Fi−1, fi ∈
pPOLk % there have to be rows from the Fi−1-part of Fi and from the fi-
part of Fi.

• Only one row is from the Fi−1-part of Fi, w.l.o.g. this is c1∗. Then
c∗1 ∈ {(x, x, y, y), (x, y, x, y), (x, y, y, x) | x, y ∈ Ek}, w.l.o.g. c∗1 =
(x, x, y, y). Then we have {(x, ϕl(x), ϕl(y), ϕl(y)) | l ∈ Ek} ⊆
{c∗1, . . . , c∗N} by construction of fi. But |{x, ϕl(x), ϕl(y)}| = 3 for
some l ∈ Ek contradicting c∗i ∈ % for all i.

• Two rows are from the Fi−1-part of Fi, w.l.o.g. these are c1∗ and c2∗.
Then w.l.o.g. c1∗ = (x, y, x, y) with x 6= y. Then (x, y, ϕ(x), ϕ(y)) ∈
{c∗1, . . . , c∗N} ⊆ % in contradiction to |{x, y, ϕ(x), ϕ(y)}| ≥ 3.

• Only one row is from the fi-part of Fi, w.l.o.g. this is c4∗. Then w.l.o.g.
c1∗ = (x, y, x, y) with x 6= y. Then {(x, y, x, ϕl(y)) | l ∈ Ek} ⊆
{c∗1, . . . , c∗N} ⊆ % in contradiction to |{x, y, ϕl(y)}| = 3 for some
l ∈ Ek.

21



Thus F2 ∈ pPOLk % and F2 6∈ pPOLk χ for all χ ∈ U ∪ A. Then there is
some F ∈ pPOLk % with F 6∈ pPOLk χ for all χ ∈ R̃max

k \ {%} by Lemmas
5.7 and 5.6. Thus pPOLk % ∈ pCk.

Lemma 8.2. Let % = σ ∪ %i be a coherent relation on E4 with σ 6= ∅
areflexive and i = 1, 2. Then

∀f ∈ pPOL4 % ∃χ(µ) ∈ R̃max
k : µ ≤ 2 ∧ f ∈ pPOL4 χ (8.1)

holds and pPOL4 % 6∈ pC4 by Lemma 3.3.

Proof. W.l.o.g. η4 = (0, 1, 2, 3) ∈ % holds. Let f (n) ∈ pPOL4 % be arbitrary.
Assume, (8.1) does not hold. Then f 6∈ pPOL4{x} holds for every x ∈ E4,
in particular f ′ has no fixpoints.

• If |f ′(E4)| = 1 then f ′ has a fixpoint, in contradiction to the assump-
tion.

• If |f ′(E4)| = 2 then there are a, b ∈ E4, a 6= b with f ′(a) = b and
f ′(b) = a. Let

χ :=


(
x

y

) ∣∣∣∣∣∣∣∣


a

x

y

b

 ∈ %
 .

Then χ is a binary symmetric areflexive relation with

χ ⊆
(
a b a′ b′

b a b′ a′

)
and {a, b, a′, b′} = E4. Thus χ is coherent. From the conditions follow
f /∈ pPOL4 χ. Thus there are rows c1∗, c2∗ with

f

(
c1∗
c2∗

)
=:
(
d1

d2

)
∈ E2

4 \ χ (8.2)

and c∗j ∈ χ for all j ∈ {1, 2, . . . , n}. From

C∗j :=


a

c1,j
c2,j
b

 ∈ %
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and f ∈ pPOL4 % follows

f(C∗1, C∗2, . . . , C∗n) =


b

d1

d2

a

 ∈ %.
Because of (0 3) ∈ Γσ we have

a

d1

d2

b

 ∈ %,

i.e.,
(
d1

d2

)
∈ χ, in contradiction to (8.2).

• If |f ′(E4)| = 3 then |ω(f ′(η4))| = 3, thus f ′(η4) /∈ %, in contradiction
to the assumption.

• If |f ′(E4)| = 4 then f ′ is a fix-point-free permutation ofE4, i.e., either
f ′ = (a b)(a′ b′) ∈ S4 or f ′ = (a a′ b b′) ∈ S4 with {a, a′, b, b′} = E4.
The first subcase is like the case |f ′(E4)| with f ′(a) = b and f ′(b) = a

with a 6= b.

The second subcase gives

χ :=


(
x

y

) ∣∣∣∣∣∣∣∣


a

x

y

b

 ∈ %
 =


(
x

y

) ∣∣∣∣∣∣∣∣


a′

x

y

b′

 ∈ %
 .

Then χ binary symmetric areflexive relation with

χ ⊆
(
a b a′ b′

b a b′ a′

)
,

i.e., it is coherent. From the conditions follow f /∈ pPOL4 χ. Thus
there are rows c1∗, c2∗ with

f

(
c1∗
c2∗

)
=:
(
d1

d2

)
∈ E2

4 \ χ (8.3)
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and c∗j ∈ χ for all j ∈ {1, 2, . . . , n}. Because of (0 3) ∈ Γσ the tuples

C∗j :=


a

c1,j
c2,j
b

 ∈ %
with

f(C∗1, C∗2, . . . , C∗n) =


a′

d1

d2

b′

 ∈ %

give
(
d1

d2

)
∈ χ, a contradiction to (8.3). From

C∗j :=


a

c1,j
c2,j
b

 ∈ %
and f ∈ pPOL4 % follows

f(C∗1, C∗2, . . . , C∗n) =


a′

d1

d2

b′

 ∈ %.

Thus
(
d1

d2

)
∈ χ holds, in contradiction to (8.3).

9 RELATIONS FROM Q1

Definition 9.1. Let %(h) ∈ Q1. We call % irreducible if

∀∅ ⊂ A ⊂ Eh ∀v ∈ Eh−|A|k \ ιh−|A|k ∀π ∈ Sh : (prA %)× {v} 6⊆ %[π].

Otherwise we call it reducible.

Lemma 9.2 (Lemma 7.16 [14]). Let %(h) ∈ Q1 be reducible. Then pPOLk %
is not in the minimal covering pCk of pMk.
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For the application of Lemma 9.2 suitable parameters A and v have to be
found. In the case k = 4 we only have A = {0, 1} for δ(%) ∈ {δ(3){0,1}, δ

(4)
{0,1}}

and A = {0, 1, 2} for δ(%) = δ
(4)
{0,1,2}. Then v is determined easily.

Lemma 9.3. Let % ∈ Q1 be one of the relations enlisted in Table 1 in the
Appendix with the numbers 67, 74, 82, 86, 69, 71, 76, 79, 84, 88, 90, or 72.
Then pPOL4 % ∈ pC4.

Proof. All these relations are irreducible. Here are some parameters for each
%(3) we will use later.

% ϕ0(η4) ϕ1(η4) v1 ϕ2(η4) v2 Z

67, 74, 82, 86 (3, 3, 3, 2) (0, 0, 1, 2) 3 (0, 2, 3, 3) 2 2, 3
69 (3, 3, 3, 2) (0, 0, 1, 2) 3 (1, 2, 3, 3) 2 2, 3

71, 76, 79, 84, 88, 90 (2, 2, 0, 0) (2, 2, 0, 1) 0 (2, 3, 0, 0) 2 0, 2
72 (2, 2, 0, 0) (2, 2, 1, 0) 0 (3, 2, 0, 0) 2 0, 2

Let %(3) be fixed. We have Z = ϕ0(E4) and |Z| = 2. Let σi := {s ∈
σ(pp %) | {s} × {vi} ⊆ σ(%)} and let si ∈ σi be arbitrary for i ∈ {1, 2}.

Let χ ∈ X , v ∈ σ(pp %) and π ∈ Sh be arbitrary. Then we have {v} ×
{ϕ0(w), ϕ2

0(w)} 6⊆ %[π].
Define

f0 := ϕ0,

f1(η4, ϕ0(η4), ϕ2
0(η4)) := ϕ1(η4), and

f2({η4} ∪ δ(4){0,1}) := ϕ2(η4).

One can check that fi ∈ pPOL4 % for each i ∈ {0, 1, 2}.
Let X := {χ ∈ R̃max

k | {f0, f1, f2} ⊆ pPOL4 χ}. Let χ(µ) ∈ X be
arbitrary. We define fχ ∈ pPOL4 % with fχ 6∈ pPOL4 χ.

• µ = 1: Let fχ(χ) := w ∈ E4 \ χ.

• µ = 2: If χ ⊆ σi∪δ(2){0,1} for some i ∈ {1, 2} then let fχ(χ) := ϕi(si).

Then fχ 6∈ pPOL4 χ because ϕi(si) 6∈ σi ∪ δ(2){0,1}. Otherwise let
fχ(χ) := w ∈ E2

4 \ χ.

• µ = 3: If σ(χ) 6= ∅, i.e., there is some t ∈ σ(χ). Then δ(3){0,1} ⊂ χ

because f0, f1 ∈ pPOL4 χ ∈ X and thereby ϕ0(t), ϕ1(t) ∈ χ. Thus
χ ∈ Q1 ∪ S .
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If χ ∈ Q1 and ppχ ⊆ σi∪δ(2){0,1} for some i ∈ {1, 2} then let fχ(χ) :=(
ϕi(si)
ϕ0(vi)

)
for s ∈ σ(χ). Then fχ 6∈ pPOL4 χ because ϕi(s′) 6∈

σi ∪ δ(2){0,1} for all s′ ∈ σi.

If previous case does not apply but χ ⊆ % then let fχ(χ) := w ∈ % \χ.

Otherwise let fχ(χ) := w ∈ Eµ4 \ χ.

• µ = 4: If σ(χ) 6= ∅ we can assume η4 ∈ χ. Then ϕ1(η4) ∈ χ

because f0, f1 ∈ pPOL4 χ. This implies δ(4){0,1} ⊆ χ because χ is
coherent. But this implies ϕ2(η4) ∈ χ because f2 ∈ pPOL4 χ and
thus δ(4){2,3} ⊆ χ. Then ι44 ⊆ χ, i.e., χ ∈ S , because χ is coherent. But

then χ = {η[π]
4 | π ∈ S4} ∪ ι44 = E4

4 in contradiction to χ coherent.
Thus σ(χ) = ∅i, i.e., χ ∈ {ι44, %1, %2}.

Let fχ(χ) := η4.

We first show fχ ∈ pPOL4 %. Assume otherwise. Then there are rows
c1∗, c2∗, c3∗ with c∗1, . . . , c∗N ∈ % and fχ(c∗1, . . . , c∗N ) =: d 6∈ %.

• µ < 3: Then fχ ∈ pPOL4 % because of Lemma 5.3.

• µ = 3: If χ ∈ Q1 and ppχ ⊆ σi ∪ δ(2){0,1} for some i ∈ {1, 2}. If

additionally χ ⊂ % then c∗1, . . . , c∗N ⊆ χ and d =
(

ϕ(si)
ϕ0(vi)

)
∈ %

in contradiction to the assumption. If additionally χ 6⊆ % then there is
some c∗j 6∈ % in contradiction to the assumption.

If previous case does not apply but χ ⊆ % then d = w ∈ % in contra-
diction to the assumption.

Otherwise χ 6⊆ %, i.e., there is some c∗j 6∈ % in contradiction to the
assumption.

• µ = 4: Then χ ∈ {ι44, %1, %2} and prA χ 6⊆ % for all A ⊆ E4 with
|A| = 3, i.e., there is some c∗i 6∈ % contradicting the assumption.

Thus fχ ∈ pPOL4 % for every χ ∈ X .
Now let {χ3, . . . , χL} := X and fj := fχj

for j ∈ {3, . . . , L}. Define
F0 := f0 and Fj := Fj−1 ⊗ fj for all j ∈ {1, . . . , L}. We show FL ∈
pPOL4 % inductively over j.
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The induction starts with F0 := f0 ∈ pPOL4 %. Assume Fj 6∈ pPOL4 %.
Then there are rows c1∗, c2∗, c3∗ with c∗1, . . . , c∗N ∈ % and

Fj

 c1∗
c2∗
c3∗

 =:

 d1

d2

d3

 =: d ∈ E3
4 \ %.

We first consider several cases with regard to which part of Fj the lines come
from.

• The rows can neither come completely the Fj−1-part nor the fj-part of
Fj because fj , Fj−1 ∈ pPOL4 % holds.

• The row c1∗ is from the Fj−1-part and c2∗, c3∗ from the fj-part. Be-
cause of Lemma 5.3 the rows c2∗ and c3∗ are different and thus there
is some column c∗j = (x, y, z) with y 6= z. Because of the specific
construction of f1 and f2 and because f0 = ϕ0 ∈ pPOL4 χ we get x x x

y ϕ0(y) ϕ2
0(y)

z ϕ0(z) ϕ2
0(z)

 ⊆ {c∗1, . . . , c∗N} ⊆ %.
If ϕ0(y) = ϕ0(z) =: y′ then (x, y′, y′), (x, y′′, y′′) ∈ % with y′′ :=
ϕ0(y′) 6= y′. But this implies δ(3){1,2} ⊆ % in contradiction to δ(%) =

δ
(3)
{0,1}. Thus y′ := ϕ0(y) 6= ϕ0(z) =: z′. Because y′, z′ ∈ Z and
|Z| = 2 we conclude ϕ0(z′) = y′, ϕ0(y′) = z′ and thus we have
(x, y′, z′), (x, z′, y′) ∈ %. If x = y′ or x = z′ then δ(3){0,2} ⊆ % in

contradiction to δ(%) = δ
(3)
{0,1}. This implies |{x, y′, z′}| = 3, i.e.,

(x, y′, z′), (x, y′, z′)[(1 2)] ∈ σ(%) in contradiction to (1 2) 6∈ Γσ(%).
Thus this case can not occur.

• The row c2∗ is from the Fj−1-part and c1∗, c3∗ from the fj-part. This
case is identical to proof as the case above, i.e., it can not occur.

Thus the rows c1∗, c2∗ are from the fj-part and c3∗ is from the Fj−1-part of
Fj .

Assume the row c3∗ is not constant. Then it occurs in the domain of some
fj with j 6= 0, i.e., for some x ∈ c3∗ then also Z = {ϕ0(x), ϕ2

0(x)} ⊆ c3∗.
But then {(x, y)} × Z ⊆ % with x 6= y which can be shown to be false for
each relation by looking at the relation %. Thus c3∗ = (c3, . . . , c3), i.e., a
constant row and Fj(c3∗) = f0(c3) = ϕ0(c3).
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Because c1∗ 6= c2∗ there is a column c∗j = (x, y, c3) with x 6= y. If
ϕ0(x) 6= ϕ0(y) then there are columns (x′, y′, c3) = (ϕ0(x), ϕ0(y), c3) ∈
% and (x′′, y′′, c3) = (ϕ0(x′), ϕ0(y′), c3) = (ϕ2

0(x), ϕ2
0(y), c3) ∈ % with

{x′, y′} = Z = {x′′, y′′}. But this cannot happen for the given relations.
Thus ϕ0(x) = ϕ0(y).

• If C := pr0,1{c∗1, . . . , c∗N} ⊆ σi ∪ δ(2){0,1} for some i ∈ {1, 2} then
we have

d =
(
ϕi(si)
ϕ0(vi)

)
∈ σi′ × {v′i} ⊆ %

with i′ ∈ {1, 2} and i 6= i′ by construction of fχ in this case. This
contradicts d 6∈ %.

• If C := pr0,1{c∗1, . . . , c∗N} 6⊆ σi ∪ δ(2){0,1} for all i ∈ {1, 2} then

C ⊆ σ1 ∪ σ2 ∪ δ(2){0,1} because {c∗1, . . . , c∗N} ⊆ %. Then there are
t1 ∈ σ1 and t2 ∈ σ2 with(

t1
c3

)
,

(
t2
c3

)
∈ %.

But this cannot happen for the given % and corresponding σ1 and σ2.
Thus this contradicts {c∗1, . . . , c∗N} ⊆ %.

Thus we can conclude Fj ∈ pPOL4 % and finally F := FL ∈ pPOL4 %

Because F 6∈ pPOL4 χ for all χ ∈ R̃max
k \ {%} this proofs pPOL4 % ∈ pC4

because of Lemma 3.4.

Lemma 9.4. Let % ∈ Q1 be the relation with the number 124. Then pPOL4 % ∈
pC4.

Proof. This proof is similar to the previous one. Here are some parameters
for each %(4) we will use later.

% ϕ0(η4) ϕ1(η4) = ϕ2(η4) v1 v2 Z

124 (3, 3, 3, 2) (1, 0, 3, 2) 23 32 2, 3

We have Z = ϕ0(E4) and |Z| = 2. Let σ1 := {(0, 1)} and σ2 := {(1, 0)}
and let si ∈ σi be arbitrary for i ∈ {1, 2}.

Let χ ∈ X , v ∈ σ(pp %) and π ∈ Sh be arbitrary. Then we have {v} ×
{ϕ0(w), ϕ2

0(w)} 6⊆ %[π].
Define f0 := ϕ0, f1(η4, ϕ0(η4), ϕ2

0(η4)) := ϕ1(η4). One can check that
fi ∈ pPOL4 % for each i ∈ {0, 1}.
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Let X := {χ ∈ R̃max
k | {f0, f1} ⊆ pPOL4 χ}. Let χ(µ) ∈ X be

arbitrary. We define fχ ∈ pPOL4 % with fχ 6∈ pPOL4 χ.

• µ = 1: Let fχ(χ) := w ∈ E4 \ χ.

• µ = 2: If χ ⊆ σi∪δ(2){0,1} for some i ∈ {1, 2} then let fχ(χ) := ϕi(si).

Then fχ 6∈ pPOL4 χ because ϕi(si) 6∈ σi ∪ δ(2){0,1}. Otherwise let
fχ(χ) := w ∈ E2

4 \ χ.

• µ ≥ 3: If σ(χ) 6= ∅, i.e., there is some t ∈ σ(χ). Then δ(4){0,1} ⊂ χ be-
cause f0, f1 ∈ pPOL4 χ ∈ X and thereby ϕ0(t), ϕ1(t), ϕ0(ϕ1(t)) ∈
χ. Thus χ ∈ Q1 ∪ S .

If χ ∈ Q1 and ppχ ⊆ σi∪δ(2){0,1} for some i ∈ {1, 2} then let fχ(χ) :=(
ϕi(si)
ϕ0(vi)

)
for s ∈ σ(χ). Then fχ 6∈ pPOL4 χ because ϕi(s′) 6∈

σi ∪ δ(2){0,1} for all s′ ∈ σi.

If previous case does not apply but χ ⊆ % then let fχ(χ) := w ∈ % \χ.

Otherwise let fχ(χ) := w ∈ Eµ4 \ χ.

We first show fχ ∈ pPOL4 %. Assume otherwise. Then there are rows
c1∗, c2∗, c3∗ with c∗1, . . . , c∗N ∈ % and fχ(c∗1, . . . , c∗N ) =: d 6∈ %.

• µ < 4: Then fχ ∈ pPOL4 % because of Lemma 5.3.

• µ = 4: If χ ∈ Q1 and ppχ ⊆ σi ∪ δ(2){0,1} for some i ∈ {1, 2}. If

additionally χ ⊂ % then c∗1, . . . , c∗N ⊆ χ and d =
(

ϕ(si)
ϕ0(vi)

)
∈ %

in contradiction to the assumption. If additionally χ 6⊆ % then there is
some c∗j 6∈ % in contradiction to the assumption.

If previous case does not apply but χ ⊆ % then d = w ∈ % in contra-
diction to the assumption.

Otherwise χ 6⊆ %, i.e., there is some c∗j 6∈ % in contradiction to the
assumption.

Thus fχ ∈ pPOL4 % for every χ ∈ X .
Now let {χ3, . . . , χL} := X and fj := fχj

for j ∈ {3, . . . , L}. Define
F0 := f0, F2 := F1 and Fj := Fj−1 ⊗ fj for all j ∈ {1, 3, 4, . . . , L}. We
show FL ∈ pPOL4 % inductively over j.
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The induction starts with F0 := f0 ∈ pPOL4 %. Assume Fj 6∈ pPOL4 %.
Then there are rows c1∗, c2∗, c3∗, c4∗ with c∗1, . . . , c∗N ∈ % and

Fj


c1∗
c2∗
c3∗
c4∗

 =:


d1

d2

d3

d4

 =: d ∈ E3
4 \ %.

We first consider several cases with regard to which part of Fj the lines come
from.

• The rows can neither come completely the Fj−1-part nor the fj-part of
Fj because fj , Fj−1 ∈ pPOL4 % holds.

• The row c1∗ is from the Fj−1-part and c2∗ is from the fj-part. Because
of the specific construction of f1 and because f0 = ϕ0 ∈ pPOL4 χ we
get 

x x x

y ϕ0(y) ϕ2
0(y)

z z′ z′′

w w′ w′′

 ⊆ {c∗1, . . . , c∗N} ⊆ %.
But then

{x} × {2, 3} = {x} × {ϕ0(y), ϕ2
0(y)} ⊆ pp % =

(
0 1
1 0

)
∪ δ(2){0,1},

which is false. Thus this case can not occur.

• The row c2∗ is from the Fj−1-part and c1∗ is from the fj-part. This
case can be handled similar to the case above is identical to proof as
the case above, i.e., it can not occur.

• The rows c1∗, c2∗, c3∗ are from the Fj−1-part and c4∗ is from the fj-
part. Because of Lemma 5.3 there is some column c∗j = (x, y, z, w)
with |{x, y, z}| = 3. Because of the specific construction of f1 and
because f0 = ϕ0 ∈ pPOL4 χ we get

x x

y y

z z

w ϕ0(w)

 ⊆ {c∗1, . . . , c∗N} ⊆ %.
Then |{x, y, z, w}| = 3 or |{x, y, z, ϕ0(w)}| = 3 because w 6= ϕ0(w)
and x, y, z, w, ϕ0(w) ∈ E4. But this implies δ(4)A ⊆ % for some A with
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|{0, 1} ∩ A| = 1 in contradiction to δ(%) = δ
(4)
{0,1}. Thus this case can

not occur.

• The rows c1∗, c2∗, c4∗ are from the Fj−1-part and c3∗ is from the fj-
part. This case is identical to proof as the case above, i.e., it can not
occur.

Thus the rows c1∗, c2∗ are from the fj-part and c3∗, c4∗ are from the Fj−1-part
of Fj .

Assume the row c3∗ is not constant. Then it occurs in the domain of some
fj with j 6= 0, i.e., for some x ∈ c3∗ then also Z = {ϕ0(x), ϕ2

0(x)} ⊆ c3∗.
But then {(x, y)} × Z ⊆ pr0,1,2 % with x 6= y which is false for relation
%. Thus c3∗ = (c3, . . . , c3), i.e., a constant row and d3 = Fj(c3∗) =
f0(c3) = ϕ0(c3), and similar c4∗ = (c4, . . . , c4), i.e., a constant row and
d4 = Fj(c4∗) = f0(c4) = ϕ0(c4),

Because c1∗ 6= c2∗ there is a column c∗j = (x, y, c3) with x 6= y. If
ϕ0(x) 6= ϕ0(y) then there are columns (x′, y′, c3) = (ϕ0(x), ϕ0(y), c3) ∈
% and (x′′, y′′, c3) = (ϕ0(x′), ϕ0(y′), c3) = (ϕ2

0(x), ϕ2
0(y), c3) ∈ % with

{x′, y′} = Z = {x′′, y′′}. But this cannot happen for the given relation.
Thus ϕ0(x) = ϕ0(y).

• If C := pr0,1{c∗1, . . . , c∗N} ⊆ σi ∪ δ(2){0,1} for some i ∈ {1, 2} then
we have

d =
(
ϕi(si)
ϕ0(vi)

)
∈ σi′ × {v′i} ⊆ %

with i′ ∈ {1, 2} and i 6= i′ by construction of fχ in this case. This
contradicts d 6∈ %.

• If C := pr0,1{c∗1, . . . , c∗N} 6⊆ σi ∪ δ(2){0,1} for all i ∈ {1, 2} then

C = σ1 ∪ σ2 ∪ δ(2){0,1} because {c∗1, . . . , c∗N} ⊆ %. Then there are
t1 ∈ σ1 and t2 ∈ σ2 with t1

c3
c4

 ,

 t2
c3
c4

 ∈ %.
But this cannot happen for the given % and this is in contradiction to
{c∗1, . . . , c∗N} ⊆ %.

Thus we can conclude Fj ∈ pPOL4 % and finally F := FL ∈ pPOL4 %

Because F 6∈ pPOL4 χ for all χ ∈ R̃max
k \ {%} this proofs pPOL4 % ∈ pC4

because of Lemma 3.4.
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10 CONCLUSION

The list in the appendix shows with the help of the theorems and lemmas in
the previous sections in this paper the following theorem

Theorem 10.1. The minimal covering pC4 of the maximal partial clones in
pM 4 has exactly 449 elements and all these elements are given in the list in
the appendix.

In addition to the determination of pC4 several general theorems such as
for example the ones in Section 6 can be used for the determination of ele-
ments of pCk for arbitrary k ≥ 3.
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A LIST OF ALL COHERENT RELATIONS

The following table include all coherent relations %(h) for k = 4.
Define the relation class R(%) by

R(%) := {{f(v) | v ∈ %} | f ∈ Sk}.

The column iso is the number of different maximal clones described by the
relations in R(%), i.e., |{pPOL4 χ | χ ∈ R(%)}|. The column T/L gives the
number of the theorem or lemma which can be used to determine, whether the
described maximal clone belongs to every minimal covering of pM 4 or not.
This information is also given in the last column. Thus the clone described
by a relation with In is in every minimal covering, and the ones with Out are
not.

Relation where |σ(%)| is big can be written as

v(G) :=
{
v[π]

∣∣∣ π ∈ G}
with v ∈ Eh4 and G ≤ Sh for some h.

Nr. δ(%) σ(%) iso T/L I/O
1 ∅ 0 4 5.2 In
2 ∅ 0, 1 6 5.2 In
3 ∅ 0, 1, 2 4 5.2 In
4 ∅ 01 6 6.8 Out
5 ∅ 01, 02 12 6.8 Out
6 ∅ 01, 23 6 6.3 In
7 ∅ 01, 02, 03 4 6.8 Out
8 ∅ 01, 02, 32 12 6.6 Out
9 ∅ 01, 02, 31, 32 3 6.8 Out
10 ∅ 01, 10 6 6.5 In
11 ∅ 01, 10, 02, 20 12 6.5 In
12 ∅ 01, 10, 23, 32 3 6.5 In
13 ∅ 01, 10, 02, 20, 03, 30 4 6.5 In
14 ∅ 01, 10, 12, 21, 23, 32 12 6.5 In
15 ∅ 01, 10, 02, 20, 13, 31, 23, 32 3 6.5 In
16 δ2{0,1} 01 6 6.3 In
17 δ2{0,1} 01, 02 12 6.3 In
18 δ2{0,1} 01, 12 12 6.3 In
19 δ2{0,1} 01, 23 6 6.3 In
20 δ2{0,1} 01, 02, 03 4 6.10 Out
21 δ2{0,1} 01, 02, 30 12 6.10 Out
22 δ2{0,1} 01, 02, 12 12 6.3 In
23 δ2{0,1} 01, 02, 13 24 6.10 Out
24 δ2{0,1} 01, 02, 32 12 6.7 Out
25 δ2{0,1} 01, 12, 23 12 6.10 Out
26 δ2{0,1} 01, 02, 03, 12 24 6.10 Out
27 δ2{0,1} 01, 02, 30, 32 24 6.10 Out

TABLE 1: All coherent relations for k = 4
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Nr. δ(%) σ(%) iso T/L I/O
28 δ2{0,1} 01, 02, 31, 32 3 6.8 Out
29 δ2{0,1} 01, 02, 12, 23 24 6.10 Out
30 δ2{0,1} 01, 03, 12, 23 12 6.10 Out
31 δ2{0,1} 01, 02, 13, 23 6 6.10 Out
32 δ2{0,1} 01, 02, 03, 12, 13 12 6.10 Out
33 δ2{0,1} 01, 02, 03, 12, 31 24 6.10 Out
34 δ2{0,1} 01, 02, 03, 13, 23 6 6.10 Out
35 δ2{0,1} 01, 02, 12, 13, 23 12 6.10 Out
36 δ2{0,1} 01, 02, 03, 12, 13, 23 12 6.10 Out
37 δ2{0,1} 01, 10 6 6.3 In
38 δ2{0,1} 01, 10, 02, 20 12 6.3 In
39 δ2{0,1} 01, 10, 23, 32 3 6.3 In
40 δ2{0,1} 01, 10, 02, 20, 12, 21 4 6.3 In
41 δ2{0,1} 01, 10, 02, 20, 03, 30 4 6.13 Out
42 δ2{0,1} 01, 10, 12, 21, 23, 32 12 6.13 Out
43 δ2{0,1} 01, 10, 02, 20, 03, 30, 12, 21 12 5.4 Out
44 δ2{0,1} 01, 10, 02, 20, 13, 31, 23, 32 3 6.1 In
45 δ2{0,1} 01, 10, 02, 20, 03, 30, 12, 21, 13, 31 6 5.4 Out
46 ∅ 012 4 6.8 Out
47 ∅ 012, 021 12 6.8 Out
48 ∅ 012, 120, 201 4 6.5 In
49 ∅ 012(S3) 4 6.5 In
50 ∅ 012, 013 6 6.8 Out
51 ∅ 012, 013, 102, 103 6 6.8 Out
52 ∅ 012, 013, 021, 031 12 6.8 Out
53 ∅ 012, 120, 201, 013, 130, 301 6 6.5 In
54 ∅ 012(S3), 013(S3) 6 6.5 In
55 δ3{0,1,2} 012 4 6.3 In
56 δ3{0,1,2} 012, 021 12 6.3 In
57 δ3{0,1,2} 012, 120, 201 4 6.3 In
58 δ3{0,1,2} 012(S3) 4 6.3 In
59 δ3{0,1,2} 012, 013 6 6.8 Out
60 δ3{0,1,2} 012, 013, 102, 103 6 6.8 Out
61 δ3{0,1,2} 012, 013, 021, 023 12 6.8 Out
62 δ3{0,1,2} 012, 120, 201, 013, 130, 301 6 6.5 In
63 δ3{0,1,2} 012(S3), 013(S3) 6 6.5 In
64 δ3{0,1} 012 12 9.2 Out
65 δ3{0,1} 012, 013 6 9.2 Out
66 δ3{0,1} 012, 023 24 9.3 In
67 δ3{0,1} 012, 032 12 9.2 Out
68 δ3{0,1} 012, 123 24 9.3 In
69 δ3{0,1} 012, 132 12 9.2 Out
70 δ3{0,1} 012, 230 12 9.3 In
71 δ3{0,1} 012, 320 12 9.3 In
72 δ3{0,1} 012, 031, 032 24 9.2 Out
73 δ3{0,1} 012, 023, 123 24 9.3 In
74 δ3{0,1} 012, 032, 312 12 9.2 Out
75 δ3{0,1} 012, 230, 231 24 9.3 In
76 δ3{0,1} 012, 130, 132 24 9.2 Out
77 δ3{0,1} 012, 013, 023, 123 24 9.2 Out
78 δ3{0,1} 012, 013, 230, 231 6 9.3 In
79 δ3{0,1} 012, 102 12 9.2 Out

TABLE 1: All coherent relations for k = 4
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Nr. δ(%) σ(%) iso T/L I/O
80 δ3{0,1} 012, 102, 013, 103 6 9.2 Out
81 δ3{0,1} 012, 102, 023, 203 24 9.3 In
82 δ3{0,1} 012, 102, 032, 302 12 9.2 Out
83 δ3{0,1} 012, 102, 230, 320 12 9.3 In
84 δ3{0,1} 012, 102, 031, 301, 032, 302 24 9.2 Out
85 δ3{0,1} 012, 102, 023, 203, 123, 213 12 9.3 In
86 δ3{0,1} 012, 102, 032, 302, 312, 132 4 9.2 Out
87 δ3{0,1} 012, 102, 230, 320, 231, 321 12 9.3 In
88 δ3{0,1} 012, 102, 013, 103, 023, 203, 123, 213 12 9.2 Out
89 δ3{0,1} 012, 102, 013, 103, 230, 320, 231, 321 3 9.3 In
90 ι34 ∅ 1 7.3 In
91 ι34 012(S3) 4 7.4 In
92 ι34 012(S3), 013(S3) 6 7.1 Out
93 ι34 012(S3), 013(S3), 023(S3) 4 7.1 Out
94 ∅ 0123 1 6.8 Out
95 ∅ 0123, 1023 6 6.8 Out
96 ∅ 0123, 1032 3 6.5 In
97 ∅ 0123, 1203, 2013 4 6.8 Out
98 ∅ 0123, 1230, 2301, 3012 3 6.5 In
99 ∅ 0123, 0132, 1023, 1032 3 6.8 Out

100 ∅ 0123, 1032, 3210, 2301 1 6.5 In
101 ∅ 0123, 0132, 0213, 0231, 0312, 0321 4 6.8 Out
102 ∅ 0123, 1230, 2301, 3012, 2103, 3210, 0321, 1032 3 6.5 In
103 ∅ 0123(A4) 1 6.5 In
104 ∅ 0123(S4) 1 6.5 In
105 δ4{0,1,2,3} 0123 1 6.8 Out
106 δ4{0,1,2,3} 0123, 1023 6 6.8 Out
107 δ4{0,1,2,3} 0123, 1032 3 6.5 In
108 δ4{0,1,2,3} 0123, 1203, 2013 4 6.8 Out
109 δ4{0,1,2,3} 0123, 1230, 2301, 3012 3 6.5 In
110 δ4{0,1,2,3} 0123, 0132, 1023, 1032 3 6.8 Out
111 δ4{0,1,2,3} 0123, 1032, 3210, 2301 1 6.5 In
112 δ4{0,1,2,3} 0123, 0132, 0213, 0231, 0312, 0321 4 6.8 Out
113 δ4{0,1,2,3} 0123, 1230, 2301, 3012, 2103, 3210, 0321, 1032 3 6.5 In
114 δ4{0,1,2,3} 0123(A4) 1 6.5 In
115 δ4{0,1,2,3} 0123(S4) 1 6.5 In
116 δ4{0,1,2} 0123 4 9.2 Out
117 δ4{0,1,2} 0123, 1023 12 9.2 Out
118 δ4{0,1,2} 0123, 1203, 2013 4 9.2 Out
119 δ4{0,1,2} 0123, 0213, 1023, 1203, 2013, 2103 4 9.2 Out
120 δ4{0,1} 0123 6 9.2 Out
121 δ4{0,1} 0123, 1023 6 9.2 Out
122 δ4{0,1} 0123, 0132 6 9.2 Out
123 δ4{0,1} 0123, 1032 6 9.4 In
124 δ4{0,1} 0123, 0132, 1023, 1032 6 9.2 Out
125 δ4{0,1},{2,3} 0123 3 6.4 In
126 δ4{0,1},{2,3} 0123, 1023 6 6.4 In
127 δ4{0,1},{2,3} 0123, 1032 3 6.4 In
128 δ4{0,1},{2,3} 0123, 2301 6 6.4 In
129 δ4{0,1},{2,3} 0123, 0132, 1023, 1032 3 6.4 In
130 δ4{0,1},{2,3} 0123, 1032, 2310, 3201 3 6.4 In
131 δ4{0,1},{2,3} 0123, 1032, 2301, 3210 3 6.4 In

TABLE 1: All coherent relations for k = 4
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Nr. δ(%) σ(%) iso T/L I/O
132 δ4{0,1},{2,3} 0123, 0132, 1023, 1032, 2301, 2310, 3201, 3210 3 6.4 In
133 ι44 ∅ 1 7.1 Out
134 %1 ∅ 1 8.1 In
135 %2 ∅ 1 8.1 In
136 %1 0123(S4) 1 8.2 Out
137 %2 0123, 1230, 2301, 3012, 2103, 3210, 0321, 1032 3 8.2 Out

TABLE 1: All coherent relations for k = 4
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