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Chapter 1

Introduction

This thesis covers parts of the theory of multiple-valued logics which belongs to discrete
mathematics as well as Universal Algebra. Multiple-valued logics deals with functions with
finite domains and finite images, and relations on finite sets.

These two topics are strongly connected and it has proven fruitful to use the theory on one
of them to proceed on the other one. We have to state more accurately what are the objects
we deal with and what are the questions connected to them we want to answer.

Functions and Clones

First consider a finite set E. An n-ary function (or total function) on E is the map f : E™ —
E of the n-th cartesian power E" into the set E with n € {1,2,...}. If we do not know the
definition of the function at every point of E™ we call it a partial function on E. These can
be either considered as functions from some set A C E™ into E or as functions fyvom E™ into
E where E has exactly one extra element with respect to E. We choose co € FE \ E as the
extra element, but also any other symbol could be taken.

Functions on arbitrary sets especially finite sets started to be used in mathematics first in
the second half of the 19th century; prior to that the word function was only used for real
or complex valued functions.

One of the first examples of functions on finite sets were the Functions of the Algebra of Logic,
which appeared in works of G. Boole (1815—1864), A. de Morgan (1801—1871), G. Frege
(1848—1925), and others in the construction of propositional logic and which are known as
Boolean functions (or functions of 2-valued logic).

Boolean Functions

Boolean functions are n-ary functions on a 2-element set with n > 1 whose elements are
often called truth values denoted by 0 (false) and 1 (true), i.e., E = {0,1}.

In propositional logic we take variables, e.g. x1,...,x,, which can take truth values (i.e.,
0 or 1) for some concrete statements. From them we build up some compound statements
with the help of elementary logic functions which correspond to words like and, or, if ... then

wey ...dfand only if ... or mot ...: x1 AN X2, T1 V T3, T1 = To, T1 < Ta, 1. By iterative
application one obtains more complex statements, e.g. —(z1 A z2), (=(z1 V 22)) = (1),
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or ((xy Axa)V (2 Axg)) = (21 A zs). These statements are nothing else than Boolean
functions which can be characterized by their truth tables:

xy @y | oy | m Awy | @y Vg | S(x Awg) | S(x1 Vag) = (oa1)
0 0 1 0 0 1 1
0 1 1 0 1 1 1
1 0 0 0 1 1 1
1 1 0 1 1 0 1

Every Boolean function f:{0,1}" — {0, 1} can be given by a truth table, e.g. if n = 3:

vy wy w3 | f(21,70,73)
0O 0 O 1
0 0 1 1
0O 1 0 1
0 1 1 0
1 0 0 1
1 0 1 1
1 1 0 0
1 1 1 1

One problem arises here: can we express every Boolean function in terms of the elementary
logic functions? The answer is long known and yes. For example the f above can be written
as (($1 A 1’2) V (IL‘Q A $3)) = (Il A 1’3).

In general this translates to the problem of functional completeness:

Let X be a set of Boolean functions. Which conditions have to be fulfilled such that we
can express all Boolean functions only in terms of functions from X. This problem was
first solved by E.L. Post [47, 48]. Given a solution to this problem does not imply any
construction how to express a function in terms of the basic functions. This is the problem
of synthesis.

Other problems include the search for some

e normal form, i.e., given a function find a unique expression in terms of the basic
functions which is in a particular form;
e optimal form, i.e., an expression with the least possible number of basic functions.

An important application of Boolean functions consists of the description of technical sys-
tems, especially electronic digital circuits. Such a circuit can be seen as a simple information
processing system which gets values from F = {0,1} on its inputs and emits a value from
{0,1} as output. These systems are modeled to have no time delay and no memory.

flxy, ... x,)
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In the case of partial functions as considered in this thesis systems are modeled in such a
way

e that there might be no signals at some inputs resulting in no output signal; and
e that for some combinations of the inputs there is no output signal.

We note explicitly that the first point states that the circuit f depends on all its inputs
T1,...,T, if f represents a partial function, since it depends on the presence of a signal at
all inputs although it might not depend on the actual value of some of its inputs.

Clones

Now we lift the restriction of only two values and consider an arbitrary finite set E. This
might be useful to model combinatorical systems, information transmission systems or bi-
ological systems, under the assumption they can be described as a simple information pro-
cessing system.

Let Pg be the set of all functions on the set E with finitely many inputs. We want to know
which functions are expressible by some basic functions. If we have two functions we are
allowed to do the following

change the order of inputs (ezchange of variables);

connect inputs such that they always get the same signal (identification of variables);
connect the output of one function with some input of another function (composition);
add a fictious input to a function (addition fictious variables).

If a subset C' C Pg is closed with respect to the operations above and contains the projections
(some special functions) it is called a clone. A more detailed and exact definition follows in
Chapter 2.

Total Functions and Total Clones

As stated before E.L. Post solved the completeness problem for the Boolean functions [47, 48]
by obtaining the maximal clones in the lattice of clones of Boolean functions, also known
as lattice of Boolean clones. In fact he determined the complete lattice of Boolean clones
and showed that there are countably many Boolean clones. See Figure 8.1 on page 79 for
an impression of how the lattice looks like.

In 1958 Jablonski determined the maximal clones in three-valued logic and thus solving the
completeness problem for three-valued functions [32]. Less than a decade later Rosenberg
solved the general case for k-valued logic for every k > 2 by his completeness theorem
[55, 56].

The books of Poschel and Kaluzhnin [49] and Lau [40] cover a wide area of clone theory
including some related topics. They both work very well as introduction to clone theory and
the second book even covers partial clones in some detail. The papers by Rosenberg [60]
and Hurst [31] present a good overview on clones and their applications.

Partial Functions and Partial Clones

One of the first results on partial functions was given by Freivald in 1966 [13] who solved the
completeness problem for the Boolean partial functions by determining the maximal partial
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Boolean clones. Independently Lau [37] and Romov [51] solved the problem for three-valued
functions. In 1988 [14, 22, 24| Haddad and Rosenberg solved the completeness problem for
partial clones in k-valued logic and described the maximal partial clones. This description
is one of the foundations this thesis is build upon.

We note that there are continuum many partial clones in k-valued logic for all £ > 2.
Especially the Boolean case shows that the partial logic is inherently more difficult since
there are only countably many total Boolean clones.

Since every chapter contains its own introduction to the topic of the chapter we do not write
about these topics here. Some topics which are not covered in this thesis are e.g.

e minimal partial clones; see e.g. [7];

e what is the join or intersection of some clones? See e.g. [10, 20];

e let two clones and their corresponding relations be given (see Chapter 3). What is
the connection between the two clones on one side and the clone described by the
concatenation of the two relations on the other side? See e.g. [25];

e commutation theory; see e.g. [21].

An Application: Constraint Satisfaction Problems

There are several applications of partial clones especially in computer science, some already
mentioned in the introduction of functions and clones. We show one further application to
complexity theory here.

A constraint satisfaction problem (CSP) is a certain kind of combinatorial decision problem
(see e.g. [3] for a definition). A well-known example is the Satisfiability, especially in the
Boolean case:

Given a set of variables z1,...,2, and a term, e.g. ((x1 Ax2) V (z2 Ax3)) = (z1 Axg), is it
possible to assign truth-values to the variables such that the whole statement is true?

Many problems in computer-science can be expressed as CSPs. The general CSP is known
to be NP-complete but some restrictions are tractable and it is interesting to know when
this is the case. For a given set of relations I" which define a specific CSP called CSP(T") we
can assign a total clone Pol(I") and a partial clone pPol(T"); see Chapter 3.

If T’y and T’y are sets of relations, I'y is finite and Pol(I';) C Pol(I';), then CSP(I'y) is
polynomial-time reducible to CSP(T'2) [35, 33].

The power of this is e.g. that the complexity classification of CSPs over the Boolean domain
(seperating the cases in P from the NP-complete cases; due to Schaefer [63]) follows trivially
with the knowledge of the Boolean clones due to Post [47, 48].

If we use partial clones instead we obtain a stronger result:

If T'y and T’y are sets of relations, I'y is finite and pPol(T's) C pPol(T'1), then CSP(T';) is
solvable in O(f(n)) if CSP(T'3) is solvable in O(f(n)) (where n is the number of variables);
see [45].

Unfortunately this is more difficult to apply since the lattice of partial clones is more com-
plicated; even in the Boolean case. But there is research to determine the lattice better
similar to the things we present in Chapter 8.

This topic is still young and an active field of research as many recently published papers
show; e.g. [34, 3, 64, 9, 44, 36].
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Chapter Overview

In Chapter 2 we introduce partial functions and the closed sets called clones preparing for
all the later chapters.

In Chapter 3 a Galois-connection is developed between the partial function algebras and
some newly introduced relation algebras. In comparison to older work ([52, 59, 61]) this
yields a characterization of the Galois closed sets without using the Galois connection.
The structure is taken from the chapter “The Galois-Connection Between Function- and
Relation-Algebras” in [40] and is only changed to accommodate the extra difficulties due to
the extension to partial functions.

In Chapter 4 we identify more properties of the Galois-connection. This ultimately yields a
new, more elaborate proof of a statement of Romov [52].

In Chapter 5 we show that one special partial clone is maximal and then state the charac-
terization of the maximal partial clones due to Haddad and Rosenberg [14, 22, 24]. This is
extensively used in the following two chapters.

In Chapter 6 we determine the maximal partial clones for k-valued logics with k& < 6.

In Chapter 7 we show that there is a unique minimal covering of the maximal partial clones.
This is closely related to partial Sheffer functions [68] and lifts an important part of the
result of Schofield [65] and Rousseau [62] to the case of partial clones.

Chapter 8 concludes this thesis with the study of an interval in partial two-valued logic by
determining part of the lattice of partial Boolean clones.
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Chapter 2

Basics

In this chapter two different notions for partial functions are introduced. These can be used
interchangably as the last section shows. Thus these notions are used in the rest of this
thesis as we see them fit best.

2.1 Partial Functions

Let By :={0,1,...,k — 1} and E} := E}, U {oc} for any k € N with k > 2 where oo is just
some symbol which is not in Ey.

Then f™ : Ep — E} is called an n-ary partial function. If the arity n of the function f(™

is known we just write f instead of f("). Let f’,gn) be the set of all n-ary partial functions,
ie.,
B = {500 | 500 s By — B
and _ _
Pe=J B
n>1

The set of all total functions P, C ﬁk is defined by

Pe:={f™ e P, |Vzc B} : f™(z) € B}

In the study of partial functions it is useful to specify the domain of a function f() which
is defined by

dom f:={z € E} | f(z) # oo}.
The n-ary function with empty domain is denoted by cgﬁ) € ISk, ie.,
Ve e Ep : e (z) := .

Let
Coo :={c | n > 1}.

Example 2.1.1. Let £k =2 and f1(2), 2(2) € P, defined by

0 0 f1(0,0) 0 00 f2(0,0) 1
o 1| [AOD] |1 0 1| [ fl(01) 0
My of = fi(l,O) “loo| @S2 o] = fz(l,O) “lo
11 A1) 0 11 f2(1,1) 1
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Then f; € ]Bk \ P, and f5 € Py.
The following holds

dom f; = {(0,0),(0,1),(1,1)}, dom fo = E2, domc{M = 0.

Sometimes we want to consider the functions of ]5k as functions from E}; to Ek which can
be done in a natural way.

Definition 2.1.2. Let f(™ e Pi. Then we define the n-ary function (f°°)(") : E‘,? — E, by

() (1, v 0) ;:{ flan - wa) A @) € B

otherwise.

Since it is clear from the context when we use the extended function (f°°) we also write f
for it. Moreover we can assume f to be (f°°) since the restriction of (f°°) to tuples from
E} is the function f.

2.2 Operations on f’k

We consider the following five elementary operations (or superposition operations; or Mal’tsev
operations; see [42] for the original definition for the total case) ¢, 7, A, V, x on Py, with
which we can form more complex operations.

For arbitrary f(™, (™ € P, one can define these operations by
(f e ﬁé")’frf c ﬁén)vAf c ﬁémax(l,n—l)),vf c ﬁk(:n-&-l)’f*g c ﬁém—i—n—l)
and

(Cf)($17x2a R 7:1;71) = f(.’L‘Q,.T}?” s ,$n,l‘1),

(T)(x1, 22, ..., 2y) = f(x2,21,23,...,Tn),

(Af)(z1, 2o, ..., xp_1) := f(z1,21,22,...,2p—1) for n > 2,
(fi=7f=Af:=fforn=1,

(V) (z1,22,.. ., Tpt1) := f(z2,%3,...,Tpt1) and
(frxg) (@1, s Zman—1) == () (@(x1,. s T ), Tont1y -« s Trnbr1)

We can define a general composition f(g1,...,gn) € ﬁém) for arbitrary f("),gyn)7 e ,g%m) €
Py by

f(gl7 R 7gn)(z1’ AR 7xm) = (fm) (gl(x:l? s 7xm)7 A 7gn(:r17 R 7:Em))'
Furthermore we define n-ary projections egn) € 13,5") fori e {1,...,n} by

Vri,...,x, € By : egn)(zl,...,xn) = ;.

Let Ji be the set of all projections on Fj, i.e.,
Ji 1= {egn) |n,i € N,1<i<n}.

Let a be an unary operation. Then o is defined by o := id (the identity function), a! := «

and o := aa!~! for 1 > 2.
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2.3 Function Algebras and Clones

The algebra
(P (7, A, V)

is called the full partial function algebra on Ey. Every subalgebra A of B, (written A < ]Sk)
is a partial function algebra on Ej.

Let A C P,. Then [A]p is the universe of the smallest partial function algebra, which

contains A. If [A], = A C ﬁk we say that A is closed, or A is a clone of ﬁk, or A is a partial
clone. If A is a partial clone and A C P, then A is called a total clone.

Lemma 2.3.1. Let A C P,. Then A is a clone if and only if A is closed with respect to
general composition and Ji C A.

Proof. First let A be a clone. Then A is closed with respect to {, 7, A, V and *, and
(2)

contains e1 .

Since e = ("I AT ( ) for n > 2 and egl) = Aef) we have J, C A. Furthermore
flg1,--.,gn) for functlons ), g(m), ...,g%™ can be expressed by x, A and permuting

variables. Thus A is closed with respect to general composition and J; C A.

Now let A be closed with respect to general composition and J, C A. Let f(") ¢(m) ¢ A.
Since

Cf = fleS e, . elm (M),

o= fles e e e),
Af = f(eg" 1) (ln 1),e§n_2),...,e(i 1)) ifn>2,
Af = fifn_l7
Vf = f(e§n+1),egn+1),...,esfll)), and
m+n—1 m4n— m—+n—1 m+n—1
frg = Flo(e™ T ey el e )
and el ) € J, we have that A is a clone. O

2.4 Partial Functions via Domains

The set of partial functions can also be described with the help of the domain. Let £ :
A — Ej, with A C E7. Then f is called an n-ary partial function f on Ej. The set A is
called the domain of f and we write dom f := A. For the specification of a partial function
in this style we consequently need to specify the domain of the function explicitly.

Let (ﬁ,?om)(") be the set of all n-ary partial functions in the sense defined here, i.e.,
(Plem)™ =Ly s A~ By | AC B}
and

ﬁgom — U (Pdom)(n)

n>1
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2.5 One-Point Extension

We can translate this definition into the language of the previous chapters. Let f(™ e 13,?"‘“.
Then define fj_") € Py by

Folor ) = { fler-oea) i (@, 20) € dom f,

otherwise.

For F C Pom let Fy .= {fy | f € F}.
Similar let ¢(™) Pi.. Then define g&m) : B — Ej by

B:={(z1,...,2m) € B | g(x1,...,2m) # o0}
and
g—(x1, . xm) = g(x1, .. T
for all (z1,...,2,) € B. For G C Py let G_ :={g_ | g € G}.
We consider ]Bk as a subset of Pyy;. Let H := [(Jg)+] C Pry1 and U := [(}?’Igom)Jr} C

Piy1. Then the following theorem states that we can use either convention to denote partial
functions.

Theorem 2.5.1 ([61], [8], [4]; also in [40]; (without proof)).

(a) For every partial clone F C P3™ we have F = ([Ftlp)--

(b) For every clone G C P11 with H C G the set G_ is a partial clone of 15,30“1 with the
property G = ([G_]p)+

(¢) The mapping ¢ : L(H;U) — L(Jg; ]S,fom), G—G_
is a lattice isomorphism between the lattices L(H;U) and L(Jy; PA°™) where o= (F) =
[F] holds for every F € L(Jy; Pom).
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Chapter 3

(Galois Theory

Clones are infinite objects since the set Jj is infinite and is a subset of a clone. Furthermore
to every function f in a clone C' the set of functions {V'f,A'f | I € No} is a subset of C
and contains functions of all arities. Since it is often more complicated to deal with infinite
objects compared to finite objects, it is reasonable to look for a characterization of the
functions in a clone by other means, either finite or at most countably infinite.

Several different approaches are used to characterize clones. For example

e by Galois connections to relation algebras;
e by functional terms [12];
e by forbidden subfunctions [74]; and

e by hyperidentities [11].

We use the first approach using an antitone Galois connection to relation algebras. Especially
this helps with big clones, e.g., the maximal clones, since the corresponding relation algebras
are small and can often be described by only one relation.

For the total clones, i.e., clones in Py, this was shown by Bodnarchuk, Kaluzhnin, Kotov
and Romov in 1969 [2]. An improved proof can be found in [49] or Lau’s book [40]. We use
it as main guidance and sometimes take it verbatim for this chapter. An interesting paper
connected to the task of this chapter is by Borner [5].

Galois connections for partial clones have been developed for example by Romov [52] and
Rosenberg [59]. They proved very fruitful in the study of partial clones. Yet these studies
lack a concrete characterization of the Galois closed sets on the relational side without using
the Galois connection. This chapter is devoted to this task and we give a characterization
similar to the one for total clones with the help of elementary operations on relations.

3.1 Relations

Relations are useful to describe the partial clones of 15k We often write the elements of
relations as columns and a relation can then be given as a matrix. For example the relation
0=1{(0,1,2),(1,2,0),(3,4,5),(2,3,1)} can also be written as

U~
Il
N = O
(el O
U W

2
3
1
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Let EZXb be the set of all (a X b)-matrices on E,.

Let a matrix be given by C = (¢;j)n,n € E‘ZX" Then ¢;, are the rows of the matrix with
i€ {l,...,h}, e, cix = (ci1,¢2,...,Cin), and c,; are the columns of the matrix with
je{l,...,n}, ie, cuj = (c1j, 25 -, cnj) T

Denote ﬁ;h) the set of all h-ary relations on Ek, ie.,
R = {A|ACE}} forh>1,
and let

R = |JRY.
h>1

For a relation o € ﬁk we write o™ to indicate that o € ﬁl(ch), i.e., that g is an h-ary relation.

Similarily, R,(Ch) denotes the set of all h-ary relations on Fj and let

Rk = U R](Ch).

Definition 3.1.1. Let f(") € ]Sk and ry1,...,Ten € E,’; with o > 1 and 74 = (14, .., Thi)
for all i € {1,...,n}. Then

e Tin flrin, - m1n)
f(?”*h ‘7r*n) L f r21 ... Ta2pn - f(7“21,...,’l“2n)
Th1 -+ Thn f('f'hl,...,rhn)

Remember that we use f in place of (f°°) in this context (see Definition 2.1.2) since the
elements 7;; belong to Ey, i.e., r;; = oo is possible for some 4 and j.

3.2 Preserving of Relations; pPol, pInv

We say a function f(™ e Isk preserves the relation ¢ € ﬁ](gh) (or ¢ is an invariant of f), if
Vri,...stn €0 f(r,...,mn) € 0.
By
pPol; o

or, briefly, pPol ¢ we denote the set of all functions f € IBk which preserve the relation g.
For @ C Ry we put

pPol, Q = ﬂ pPol,, o.
0€Q

pPol; ¢ and pPol,, @ are short-cuts for polymorphisms of ¢ and @, respectively. The set of
all relations p € Ry that are preserved by the function f € Py is called

plnv,, f.

The set of all invariants of A C ng is called

plnv, A := ﬂ plnv,, f.
feA
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For the study of total clones one defines Pol, and Invy by
Poly, @Q := (pPol;, Q) N P, and Invy A := (pInv, A) N Ry
for Q C ﬁk and A C 13;@. Then the following identities hold
Pol; @ = Polx(Q NRy) and Invy A = Invi (AN Py).
Definition 3.2.1. Let o™ C E,@ Then g is called co-strict if
652) € pPol,, o,

or equivalently

Vr,s € p: 652)(7"78) € 0.

Since we want to describe clones with the help of relations and the function 652) belongs to
every partial clone, we can restrict to co-strict relations.
Denote ﬁéh) the set of all h-ary oo-strict relations on Ek and let

ﬁk = U ﬁl(ch).
h>1

If Q C Ry, then let QM) := QN R,

3.3 Diagonal Relations

Definition 3.3.1. Let ¢ be an arbitrary equivalence relation on Ej. Define
Sh) =ho| (s os o
Opee 1= {(ao,...,ah_l) € Ey ‘ (1,j) ee =>a; —a]}.

If h or k can be deduced from the context we just write gg or ggh) or Sk;s. If the relation e

- . . . F(h (h
is given by the non-singular equivalence classes €1, ..., &, then we write 51(6,6)1 e or 551,)___,5,‘

X € Ek}

These relations are called diagonal relations. Especially E{CL for any h is a diagonal relation.

or ggl,m’gr instead of gzihg For example g,ihj)gh = {(m, Xy...,x) € E,?

Additionally define 5,?2 = g](cha) N E! and use similar notations as above.

3.4 Elementary Relations on ﬁk

In this section we define some operations ¢, 7, pr, X, A and & on ﬁk which can be used
to define more complex operations later. We call the operations ¢, 7, pr, X, A and £ the
elementary operations on Ry.

Let o™, 0 € R}, with ¢ # () and o # (. Then let
>h
L4 CQ?TQ € Rka

. prgGﬁZ‘l for h>2, and pro=0for h =1,

° QXUERZ—W,
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. Q/\O'G']/?\,Z (only for h = p),

® ko€ ﬁﬁ
defined by
Co = {(az,as,...,an,a1)] (a1,as,...,ap) € o}
(cyclical exchange of the rows),
To = {(az,a1,as,...,an) | (a1,a2,...,an) € 0}
(exchange of the first two rows),
pro = {(az,...,an)|3a1 € Ey, : (a1, a2, ...,ap) € o}
(projection onto the rows 2,...,h),
oxo = {(a1,...,an,b1,...,b,) | (a1,...,ap) € g and (by,...,b,) € 0}
(cartesian product of o and o),
oNo = pNo,
ko = poU{oo}
for h=1 or o = 0),
ko = oU{(a1,a9,as,...,a) € B} | a1 = ay = oo}
for h > 2.

Lemma 3.4.1. Let oM o) ¢ ﬁk then (o, T, pro, 0X o, 0\o, ko € ﬁk, i.e., the elementary
operations on Ry preserve the co-strictness.

Proof. Let o € {¢, 7} and r, s € ap be arbitrary.
Then a~'r,a"'s € p and 652)(04717’,04715) € o because g is oo-strict. This implies

ef)(r, )=« (egz) (™', a_ls)) € ap

and thus «p is co-strict.

Let r,s € pro be arbitrary. Then there are 1/, s’ € ¢ with prv’ = r and prs’ = s. Because

0 is co-strict we have 652) (r',s') € p. This implies

(2)

(2)(7", s)=¢e;" (prr’,prs’) =pr (egz)(r’, s’)) Epro

€1

and thus pr g is oco-strict.

Let r,s € o X 0. Then there are 7', s' € p and r”,s"” € o with

r' s’
r= (r”) and s = <s”> .

Because g and o are co-strict we have 652) (r',s') € p and 652) (r",s") € o. This implies

2,0 ot
(2) _ @ (s _ el ()
€1 (7‘,8) =€ (7,// S//) - <e§12)(7"//78”) coxo

and thus p X o is co-strict.

Let h = p and r,s € p A 0 be arbitrary. Because p and o are oco-strict we have e§2) (r,s) €0
and egQ) (r,s) € o. This implies 652) (r,s) € o Ao and thus g A o is oo-strict.
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Let r,s € ko. If r,s € p then e§2)(r, s) € o C ko because g is oco-strict. If r & p then

r = (00,00,73,...,7) and thus

o0 81 00
2 2 52 > =
eg)(r,s):eg) r3 sz | =t | €{(ar,...,an) € E} | a1 = ay = o0} C ko
Th  Sh 123
for some t;. Similarly if s & p. And thus & is co-strict. O

Theorem 3.4.2. The set ﬁk is closed with respect to the application of ¢, T, pr, X, A and
R. O

For any set A denote by P(A) the powerset of A, i.e.,
P(A):={X | X C A}
Definition 3.4.3. Let (") € Ry. Then define Io.(¢) C P({1,...,h}) by

Io(o) ={I €eP{L,....,h}))\ {0} | 3(a1,...,an) € 0Vie{l,...,h} (a; =0 <= i€ I)}.

3.5 Some Operations on ﬁk Derivable from the Elemen-
tary Operations

A list of derivable operations follows. Let o™, o) € Ry.

(A) Permutation of coordinates (or permutation of rows) ol
Let Sy, be the full symmetric group on {1,...,h} and let 7 € S, be an arbitrary

permutation. Let r = (r1,72,...,7ry) € E,’j be arbitrary. Then define
7,,[71'] = (Tﬂ'(l)a Tr(2)y-- > rﬂ(h))
and
oM = | re o)

= {(Tﬂ(l)ﬂn‘n'(Q)u e 77n7r(h)) | (rla T2,y... 7Th) S AQ}

This operation is derivable from ¢ and 7 since the permutations (12 ... h) and (12)
(written with cycle notation) constitute a generating set of Sj,.

(B) Projection onto the ay-th, ..., az-th coordinates (or deleting of rows)
Let _
Play o, = {00y, s00,) | Fa1,...;an € By : (ay,...,apn) € 0}
Additionally we define a short notation: if 1 < ag < -+- < ay and A = {ay,...,a;}
then let pr, := pr

Q10,00 "

(C) Identification of coordinates Ay
Let I := {21,,Zl}§{1,,h}w1thzl <9 < --- <1 Let
{1y gm} = {1,..., A\ T) U {i1} with j; < jo < -+ < jm. Now we can define

Aro:={(a;,,a;,,...,a;5,) | Ja1,...,an € Ey: (a1,...,an) € 0}.

If |[I] <1 then Ao = o. We define one special identification operator Ag := Ay 210



3.5 Some Operations on Ry Derivable from the Elementary Operations 15

(D)

(E)

()

Doubling of coordinates (rows) v;
Let i € {1,...,h}. Define v; by

vi(0) :={(a1,...,ai-1,0:, 05,0511, ..., an) | (ay, ..., an) € o}.

Adding of fictious coordinates V and unpr”t
Let _ _
VQ = {(al,ag, c. ,ah+1) S EZ+1 | (ag, c. ,ah+1) S Q} = Ek X 0.

Similar one can add a fictious variable at the i-th coordinate with V; defined by
Vio := (Vo)™
with the prermutation m; = (ii —1 ... 21).
Let {j1,...,ju} = J C{1,...,h} and |J| = p. Define unpr” by
unpt (o) := {(a1,...,a1) € B} | (aj,,a4,, ... ,a;5,) € o}
Then pr; unpr? o =0 and unpr§ pryo 2 o.

General composition (relation product) o,
Let 1 <t < min(h, u). Define o; by

POt 0 = { (a17"'aah+u—t) S EZJFI—Lit |
(a1,...,an) € o and (apt1—t,- -+, Qhgp—t) €0}

and let poo :=po;j 0.

General co-extension K
Let I C{1,...,h} and I # (. Then define

mg::gu{(ah...,ah)eﬁ,?|Vi€[:ai:oo}.

For I = {1,2} and h > 2 we have x; = &. With permutations of coordinates one gets

,,,,,

for |I| > 3 we have

K10 = ﬂ Kjo-.

JCI
|J]=2

Full co-extension k

Define k by
HQ::QU{(al,...,ah)EE,’;|E|ie{1,...,h}:ai:oo}.
Then ko = K{1}Kq2) - - K{n}O-

Partial co-extension &
Define & by

Ro:=oU{(a1,...,an) € E} | AT € Iu(0) Vi€ I : a; = co}.
If Io(0) ={I1,...,I;} for some [ > 1 then ko = K1, K1, ... K1,0-

General co-subextension Kk
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Let I C{1,...,h} and I # (. Then define
ki0:=o0U{(a1,...,ap) € El| (Viel:a;=oco)A
(3(byy...,bpn) €EoVi g I:a; =b;)}.
Then
rp = (k10) N(Vj ... V3, V) pry o)
with {j1,...,5i} ={1,...,h}\ T and j; < jo < ... < j.

(K) Full co-subextension k*
Define k* by

K0 1= K[1}K]a} - - - K{p} 0-
We can characterize the tuples in k*p by

(a1y...,ap) € k"o <= 3(b1,...,bp) € pVie {1,...,h}:a; € {b;,0}.

Example 3.5.1. The oco-extensions are some new operations on relations which are needed
at a few places in this chapter. Let ¥ € R, defined by

0
|1
e 2
3
Then
OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO
’% — 1 00 00 00 00 00 00 00 00 00 00 00 00 00 00 00 00 00 OO 00 0O 0O OO OO OO OO
= 12000001 1111222223333 3 0000000000 |
3012 3000123001230 0012300T1?2 3o
0 oo
1 o~
k1230 = 19 o |-
3 3
and

H{1,2,3}%1,2}9 =

W R Y

00 00 00 00
00 00 00 00
00 00 00 00
o 1 2 3

88388

wWw N = O

Furthermore F;Ii?l 00 = /o in this special case.

3.6 Subfunctions and Strong Clones

Let f g(™ e P,. Then g is a subfunction of f (short: g < f) iff
(domg C dom f) and (Vo € domg: g(z) = f(z)).

Alternatively g < f iff
Vr € By : g(x) € {f(x), 00}

A partial clone C' C P, is called strong iff it contains all subfunctions to functions in C| i.e.,

VfeCVge P (9g< f=g€C)



3.7 Relation Algebras and Co-Clones 17

holds.

The strong partial clones play a very important role and for these it is good to define pPOL,,
for any relation o € El' by
pPOL;, ¢ := pPol, (ko).

3.7 Relation Algebras and Co-Clones

The algebra
(,R’k; 5](5%1’2}7 Cv T, Pr, A, X, /%)

is called the full partial relation algebra on Ej. Every subalgebra @ of R (written @ < ﬁk)
is a partial relation algebra on Ej.

Let Q C Ry. Then [Q]p is the universe of the smallest partial relation algebra, which
contains Q).

If [Qp =Q C Ry we say that Q is closed or Q is a co-clone of Ry.

The algebra
(Rk; 5](3%172}3 Cv T, P, A\, X)

is called the full total relation algebra on Ej.

3.8 Galois Connection

The following theorem describes certain properties of a Galois connection which can already
be proven in the setting of general Galois connections between two powersets.

Theorem 3.8.1. For arbitrary A, B C I?’k and arbitrary S, T C ﬁk, it holds:

(a) AC B= plnvB C plnv 4,
S CT = pPolT C pPol S;

(b) A C pPolpluv A,
S C plnvpPol S;

(¢) pInvpPolplnv A = plnv A,
pPol pInv pPol S = pPol S;

(d) ACpPolS <= S Cplav 4;

(e) pPol(SUT) = pPol SNpPol T,
pInv(A U B) = pPol A N pPol B.

Proof. The statements (a), (b), (d), and (e) follow directly from the definitions of pPol and
plnv.

Now we show (c). Let S := pInvA. From (b) follows pInvA = S C plnvpPolS =
pInv pPol pInv A. On the other hand A C pPolpInv A by (b) and this implies together with
(a): pInvpPolplnv A C plnv A. Therefore pInv pPolpInv A = pInv A. Similarly we can
show pPol pInv pPol S = pPol S. O
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Theorem 3.8.2. For every A C Py, and every @ C Ry the sets plnv A and pPol @ are
closed (in respect to the operations defined above, respectively); i.e., pPol Q is a partial clone
of Py and pInv A is a partial co-clone of Ry.

Furthermore, it holds:
pInv [A]p = pInv A and pPol [Q]p = pPol Q.

Proof. Let o™, o) € pInv A and f(") € A be arbitrary.

e Let a € {¢,7}. Because f(r1,...,m,) = af(a"try,...,a"'r,) = ar and a~1r; € o for
all r1,...,r, € ap, we have r € g and thus f(r1,...,7,) = ar € ap, i.e., f preserves
ao.

e Letry,...,r, € pro. Thentherearer],...,r,, € pwithr; = pre} foralli € {1,...,n}.
Then

fri,...,rn) = f(prry,...,prr,) =pr f(ry,...,7.) € pro,

i.e., f preserves pro.

e Let u=hand r,...,7, € pAo. Then f(ry,...,7,) € o because f preserves g and

f(r1,...,mn) € o because f preserves o. Thus f(r1,...,7,) € 0 Ao, i.e., f preserves
oNoO.
e Let rq,...,7, € 0 X 0. Then there are 7} € p and 7/ € o for all i € {1,...,h} with

Then , ) , ,
Frs ) =f(7"}, - ,,) - (jfglg) €oxo,

i.e., f preserves o X o.

o Let ri,...,7 € Ro. If r1,...,7, € o then f(ry,...,7r,) € 0 C kp. Otherwise there is
some r; with
00
00
Ty = | T34
Thi

and then there are bs,...,b, € Ek such that

flo. 00,..0) 00
flo. 00,...) 00
f(rl,...,ri,...,rn) = f(...,’l"gi,...) == b3
o) \w
€ {(a1,...,an) € B} | a1 = ay = o0} C ip.

Thus f preserves <o.

This implies pInv A is closed.

Now let f(™ g™ e pPol@ and g € Q be arbitrary. It is clear that the functions (f, 7f,
Af and V f also preserve g. Furthermore the relation g is also an invariant of f x g, because
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(f*g)(r1y .y rman—1) = f(g(r1,. s Tm)sTmt1s .-« s Tmen—1) holds for all r1,... ,rpmin_1
since g(r1,...,7m) € 0. Thus pPol @ is closed.

Now we show pInv [A], = pInv A.

e Because A C [A]p and Theorem 3.8.1 (a), we have pInv [A], C pInv A.

e By Theorem 3.8.1 (b), we have A C pPolplnv A. Since pPolplnv A is closed, this
implies [A]p C pPolpInv A. By Theorem 3.8.1 (c) and (a) we obtain the other direction
pInv A = pInv pPol pInv A C plnv [4]p.

Thus plnv [A]p = pInv A.
Analogously, one can prove pPol [Q], = pPol Q. O

3.9 The Relations x,, and G,(A)

For arbitrary n € N and k € N, k > 2 denote xy., (or short x,,) the k™-ary relation, whose
rows are just all (z1,...,2,) € E}} that are arranged lezicographically.

For example

X2;:3 =

[l i i en B en B an B an)
= OOk FEOO
O = O = OO

Obviously, there is exactly one function f, € ﬁ,g") with f,.(xn) = r for every column r € E,ljn

The relation
Gn(A) :={re EF' | f, € AM},

is called the n-th graphic of A C B.

The following theorem summarizes elementary properties of the relation G,,(A).

Theorem 3.9.1. Let A C ﬁk be an arbitrary partial clone. Then

(a) Vn e N: G,(A) € pInv 4;
(b) F € AW s £ € pPol G (A);
(¢c) AC...CpPolG,(A) CpPolG,_1(A) C ... CpPolGy(A) C pPol G1(A);

(d) A= (") pPolG,(A);

(¢) {0,{oc}, Ex} € [{Gn(A) | n = 1}]p;
(f) Ve e plnv A g € [{Gn(A) [n = 1}]p;
(9) plnv A = [{Gn(A) [ n = 1}]p.
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Proof. (a): Let g™ € A and 71,...,7, € G,(A) be arbitrary. Then

g, osrm) = g(fry (Xn)s 5 Jr (X)) = 9(fras oo o5 fr) (Xn) = R(xn)

with b = g(fr,,-.., fr,,). Since A is partial clone we have h € A and h is n-ary. Thus
h(xn) € Gn(A) by definition of G,,(A), and G, (A) € plnv A.

(b): If f(") € A then we have f € pPol g for every ¢ € pInv A. Consequently, f € pPol G,,(A)
by (a).

On the other hand, f(™ € pPol G,,(A) implies the existence of a certain r € G,,(A) with
f(xn) =r; thus f = f, € A™ is valid.

(¢): Let n € N be arbitrary. We have {G,,(4)} C pInvA by (a) and we get A C
pPolplnv A C pPol{G,,(A)} = pPol G,,(A) by Theorem 3.8.1 (b) and (a).

Now let n > 2, f(™) € pPol G,,(A) and r1,...,7m € Gp_1(A).
Define 6 : Ef" — E,’jnfl by

0t = (Afi)(xXn-1)
with ¢ € E,’jn.

Let t € G,(A) be arbitrary. Then 6t = (Af,)(xn_1) € Gn_1(A) because f, € A™ and
Afy € A=Y Thus §(Gp(A)) C G,_1(A).

Then
ri = fr.(Xn—1) = 0((V fr,)(xn))
for all i € {1,...,m}. Since Vf,, € A™ we have (Vf.,)(xn) € Gn(A). Thus

frisee s mm) =0f (Vs s Vi, ) (Xn) = 0(g(xn)) € 0(Gn(A)) € Gn1(A)

with g™ € pPol G,,(A). This means that f € pPolG,,_;(A) and therefore pPol G,,(A) C
pPol G —1(A).

(d): We have A C ﬂ pPol G, (A) by (c) and A D ﬂ pPol G, (A) by (b), i.e.,

n>1 n>1

Fm e () pPol G (A) = f™) € pPol Gy (A) = f™) € AT,

n>1

(e): We have §) = prpr; G1(A), {oo} = &0 and E, = & pr; Gr(A) for some i; choose i such
that the i-th row of xx equals (0,1,2,...,k —1).

(f): We show a construction of g from the relations G, (A) by induction over the arity h.
Because of (e) we can assume o & {0, {cc}}.

We start with arity h = 0. Then o = () is constructable.

Thus let A > 1 be arbitrary and assume that o € [{G,(A4) | n > 1}]p for every relation
o) € pInv A with p < h.

Let o™ € pInv A be arbitrary. Let g := o N E,iﬂ i.e., the columns of ¢ without any oo, and
let ¢ := |g|.

There are two cases to consider

e 0 # (). Then we first construct

@ZZ {f(’f‘l,...ﬂ“t) |7"1,...,’I“t Eé,fEA(t)}.
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As g C p and g € plnv A we get ¢ C p. Moreover
ONE} =0NE}

because Jlit) C AW and g = oN EP.

Since Ji C A we have x; C G¢(A) and for every row i of g there is some row «; of i,

le.,
0="Dry, . an Xt
Then
o6 = {fCri,....m) |71, re €0, o, Xen f € AV}
= Doy oap S ) [T i EX fE A}
= DPlay,..a, Gt(4)

Thus ¢ is constructable.

e o = (. Then there is some r := (r1,...,7,) € pand I := {i € {1,...,h} | r; = o0}
with I # (. Without restriction we can assume I = {1,...,|I|}.
Then 6 := {co}!!l x Pri7|41,..,n © Is constructable by induction because prj, . 50 €
(pInv A)® for some o < h. Furthermore, § C o because g is co-strict, i.e., for all s € o
we have egz)(s,r) €g,and NEr =0 =pNEN.

Let H :={1,...,h}. Let o1 := 9, {I1,...,[1_1} := I(0) and construct for 1 < j <[1-—1
the relations g;41 recursively.

Let I :=1I; and gj11 := (krg;) N (E,LI‘ X pryp gy 0) where we assume w.l.o.g. I ={1,..., ||}
(otherwise we can permute the rows of g;, ¢ and I first, and then permuting back the rows
of pj1+1). Otherwise let pj41 := g;.

Then 0; C 0541, 0j+1 ﬂE;CL = QHEQ,

Vs =(s1,.o,80) €0 ((si=00 <= i€l) =5 € 0;11)
and 0j+1 C o.
Then o = g1 € [{Gn(A) | n > 1}]p.

(g): By (f) we have Inv A C [{G,,(A) | n > 1}]p. Furthermore, because of (a) and Theorem
3.8.2, we have Inv A D [{G,,(4) | n > 1}]p. O

3.10 The Operator I'y4

For arbitrary A C Py, denote 'y a mapping from Ry into ﬁk, which is defined for o) € ﬁl(ch)

by
Ta(o) ::ﬂ{geﬁk ‘ QEpInvA/\UQQ}. (3.1)

Theorem 3.10.1. Let A C Py be an arbitrary partial clone and n € N arbitrary. Then
(a) T a(xn) € plnv A;

(b) FA(Xn) = Gn(A)7
(C) A(n) = {ff’ | (S FA(Xn)}'
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Proof. (a): follows from [pInv A], = pInv A by Theorem 3.8.2 and the definition of " 4 (x»).
(b): Since every projection egn) belongs to A™), we have x,, € G,,(A).

Let ¢ be an arbitrary k"-ary relation of Ry with Xn C 0. If o € pInv A, then f(x,) € o for
every f € A ie., G,(A) C p. Consequently, we have shown that G,,(A) € T'4(x,) holds.
T'a(xn) € Gn(A) follows from G,,(A) € pInv A (see Theorem 3.9.1 (a)).

(c) follows from (b) and the definition of G, (A). O

3.11 Galois Theory
for Partial Function- and Relation-Algebras

Theorem 3.11.1. Let A be a partial clone of By.. Then

A = pPolplnv A.

Proof. By Theorem 3.8.1 (b) we have A C pPol pInv A.

To prove pPolpInv A C A let () € pPolplnv A be arbitrary. Because G, (A) € pInv A by
Theorem 3.9.1 (a) we have f € pPol G,,(A) and then we have f € A by Theorem 3.9.1

(b).
Thus A = pPol plnv A. O

Lemma 3.11.2. Let 8™ € Ry, fO € Py and r1,...,re € B with f(r1,...,7) & 5.
Then there is a relation 3™ € [{B}]p C Ry and 71, ...,7 € BN EM with f(71,...,7) € B.

Proof. Let M := {1,...,m}. Let (rj,...,r}") == rj and I; := {i € M | r} = oo} for all
j €{1,...,t}. Moreover let s := (s',...,s™) = f(r1,...,m) and I := {i € M | s* = oo}.
By definition of function application we know [ := U;:1 I; C I, C M.

If I = M then I, = M, and thus s = (00,...,00) € 8 because r1,...,7 € 3 and f is
oo-strict. But this contradicts s = f(r1,...,7:) € B.

Thus M\ I # 0. Let m := |M \ I|, 5™ := prang B € [{B}p and 7j = pryp 75 € 3 for all
jeA{l,...,t}. Since I; C I we have 7; € E}".

We now assume w.lo.g. that I = {1,...,[I[}. Suppose pryp;s = f(71,...,7) € B =
prang 3. Then s € {oo}'l| X prM\Iﬁ C [ because 3 is oo-strict in contradiction to the
assumption. Thus f(7y,...,7:) &€ 3. O

Theorem 3.11.3. Let Q be a partial co-clone of Ri. Then
@ = plnv pPol Q.

Proof. Let A := pPol Q. By Theorem 3.8.1 (b) we have @ C pInv A. To prove that pInv A C
@ it is sufficient to show that I'4(x:) € @ for all ¢ € N, since [Ut21 {FA(Xt)}}P = plnv A
by Theorem 3.9.1 (g) and Theorem 3.10.1 (b).

Now let t € N with ¢ > 1 be arbitrary and set

vi=({e€Q|x: Co}.
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The intersection is not empty because E,’jt € @. Since @ is closed with respect to A = N,
we have x; C 7, v € @ and < is the smallest relation in @) which contains y;, with respect
to cardinality. Because v € Q C pInv A we have I'4(x:) C 7. Consequently, our theorem is
proven, if we can show I'4(x:) = 7.

Suppose T 4(x:) C 7. Then there is a column 7 € v\ T 4(x;). Since A® = {f, s € Ta(x:)}
by Theorem 3.10.1 (c) we have f, ¢ A® = pPol(t) Q. Thus there is some m-ary relation
0 € @ with f,. ¢ pPolg and certain columns r1,...,r; € § with f(r1,...,7) € 5. By
Lemma 3.11.2 we can assume 71, ...,r; € E™ because 8 € [{8}p C @, i.e, 3 € Q. Thus
every row of the matrix (r1,...,7,,) is also a row of the matrix x;. Let i; be the number of
the row of x; which agrees with the j-th row of (r1,...,r¢) for all j € {1,...,m}. Let now

ra_ (k*+m)
Y = Prio, .kt (yxp)N 5{1'1,kt+1},{i2,kt+2},...,{z‘m,kt+m}'

Since Q is closed, 7/ belongs to @, and by construction of 7" we have x; € 7' C 7. Fur-
thermore, we have r € v\ 7/, since r1,...,1¢ € B, fr(r1,...,7) € B and f.(x¢) =7 € 7.
But with 7/ we received a contradiction to the choice of v. Thus v = I'4(x;) and therefore
plnv A C Q. O

Theorem 3.11.4. Let ]L(]Bk) be the set of all partial clones of Py and let L(ﬁk) be the set
of all partial co-clones of Ry.. Then the mappings
pInv : L(Py) — L(Ry), A — plnv A
and B _
pPOl : ]L(Rk) — L(Pk), Q — pPOlQ
are bijective mappings, which reverse the partial order C, i.e., it holds
VA,B € ]L(ﬁk) :ACB=— plnvB Cplnv A
and _
VS, T € L(Ry): S CT = pPolT C pPol S.

In other words: _ B
The lattices (L(Py), C) and (L(Rk),C) are antiisomorphic.

Proof. By Theorem 3.8.2 the mappings pInv and pPol are mappings from IL(ISk) (or ]L(ﬁk))
to L(Ry) (or L(Py)), respectively.

Let A € I[,(]Bk) Then A = pPol pInv A by Theorem 3.11.1 and plnv A € L(ﬁk) by Theorem
3.8.2. Thus pPol is surjective. Let S,T € ]L(ﬁk) with pPolS = pPolT. Then S =
pInv pPol § = pInvpPolT = T by Theorem 3.11.3. Thus pPol is injective. Therefore pPol
is a bijective mapping. Analogously, pInv is a bijective mapping.

In Theorem 3.8.1 (a) it was shown that pPol and pInv reverse the partial order C. O

Theorem 3.11.4 implies the long known result for total clones and co-clones:

Theorem 3.11.5 (Theorem of V.G. Bodnarchuk, L.A. Kaluzhnin, V.A. Kotov and B.A. Ro-
mov; [2]). Let L(Py) be the set of all clones of P and let L(Ry) be the set of all co-clones
of Ry. Then the mappings

Inv:L(P,) — L(Rg),A—InvA

and
Pol: L(Ry) — L(Fx),Q — Pol@
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are bijective mappings, which reverse the partial order C, i.e., it holds

VA, BeL(P,):ACB=InvBCInvA
and
VS, T € L(Rg): S CT = PolT C PolS.

In other words:
The lattices (L(Py), C) and (L(R),C) are antiisomorphic.



4 Representation Lemma of Romov 25

Chapter 4

Representation Lemma of Romov

In the last chapter we have shown the Galois theory for partial clones. Now we extend this
topic and give some further results. These allow us to describe all partial clones with a
subset of the relations used before. These relations have some useful properties needed later
on.

Furthermore if we only consider strong partial clones then we obtain even better results and
a new proof of the Representation Lemma of Romov (Theorem 4.5.9 in this chapter; see also
[52]). This characterizes the subset relation between two strong partial clones by means of
homomorphisms between the relations describing those clones. The Representation Lemma
of Romov was a substantial basis of the characterization of all maximal partial clones by
Haddad and Rosenberg [14, 22, 24].

4.1 Definitions and Properties

Definition 4.1.1. Define 7%2 - ﬁk by
Ri:={o€ Ry |ko=0} (fork see p. 15)
The following relations belong to R}:

e all relations in Ry, since & can not change a relation if there is no oo in it;

The relation

0 oo

oo oo| ER
00 00

does not belong to R} since fxa = X1 # Xa-

Lemma 4.1.2. Let f™ ¢ Py, and oM ¢ 7%2 Then f € pPoly g if and only if

Vst vesTan € QﬂE,?:f(T*l,...,’l"*n) € 0.
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Proof. Let f(™ € pPol, o and 7,1, ...,74m € 0N Efg be arbitrary. Then f(r.1,...,74n) € 0
because of the definition of pPol, and o N E,}; Co.

Now let f(") be arbitrary such that
VTst, vy Tan € QDE,? S f(re1, o, Ten) € 0
We want to show f € pPol, g, i.e.,
Vrats s Tan € 05 f(Paty- oy Tan) € 0

Let r41,...,7«n € 0 be arbitrary. If {r.1,..., 7} C QﬂE,’j then we have f(r.i,...,7m) € 0
by choice of f. Thus we can assume {r.1,...,7.,} € oN E}, wlo.g. r.a & El. Let
s$:=1(81,.--,81) = f(rs1,---,7sn). Then r;; = oo implies s; = oo and thus s € ko = p. O

Lemma 4.1.3. Let o™ € RE, I € Io(9) and J C {1,...,h} with 1 C J. Then J € I.(0).

Proof. Since I € I(p) there is some (aq,...,a) € ¢ with a; = oo if and only if ¢ € I. By

definition of %o all tuples (by,...,bp) € E,’j with b; = oo for all ¢ € T belong to Ko, especially
the tuple (by,...,b) withb; = o0 if j € Jand b; =0if j & J. Thus J € I(0). O

Definition 4.1.4. Let g € 7%2 Then define I (p) by
I2%(0) == {1 € Io(0) | VT € Lc(o) \ {1} : J Z I}
For every relation g € 7%2 the set I, (o) is fully determined by I'X"(p) because of Lemma
4.1.3.
Lemma 4.1.5. Let o) € 7%; Then there is some x" € 7%2 with pPol;, o = pPol;, x and

VI € I™™(x) 3r™ e pPol, X Iro € X Iruts ...y Tan € X N EP
Teo = f(Pets- s Tan) A(rig = 00 <= i € I).

Proof. Let X' := (0 N EM) U{f(ru1y- sTun) | TatyoooyTun € 0N ER} and x == &Y' € 75,;
Then pPol, o = pPol;, x follows from x N E,? =poN E,? and Lemma 4.1.2. The rest follows
from the construction of y. O

Example 4.1.6. Define o®, y®) e 7%‘5 by

0 oo
o:=x1and x:=x3:= [0 o0
1 oo

Then pPol;, o = pPol;, x and Lemma 4.1.5 holds for them.
Definition 4.1.7. The relation o) € Ry, is called irredundant, iff it fulfills the following
two conditions:
(a) o has no duplicate rows, i.e., for all i,7 with 1 < ¢ < j < h, there is a tuple
(a1,...,an) € o with a; # a;;

(b) o has no fictious coordinates, i.e., there is no i € {1,...,h}, such that (a1,...,an) € 0
implies (a1,...,4i—1,%,Gi41,...,a) € p for all x € E}.
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4.2 Forcing Relations

Definition 4.2.1. Let A, B C Ey and A, B # (). Then define the co-forcing relation )\542;3
by
AM=B = (A X B) @] (Ek X {OO})

Let ") € Ry. Then define the special co-forcing relation )\;(‘”1) by

)\;k< = KoK3 ... Iiu+1(Ek X X).

Let Ay be the set of all co-forcing relations in ﬁk, ie.,

Ak = {)\AéB|AngEkaAvB7é®}U{)‘;|X€Rk}

Let A}, be the set of all irredundant co-forcing relations in ﬁk, ie.,

wi={Ma=p | A, BC B, A, B# 0} U{X] | x € Rg and y is irredundant }.

We see that Aamp = KAa=p and A} = KA} by construction, i.e., Aa=p, A} € 7%2 Thus
A, C R}

Lemma 4.2.2. Let A, B C Ey and A, B # 0. Then f € pPol, Aa— p if and only if

(a) whenever there are some ay,...,a, € A with f(ay,...,a,) € A
then f(by1,...,b,) =00 for allby,...,b, € B; and

(b) f € pPol, kB
hold.

Proof. Let f(™ € pPol, Aa—p and ay,...,a, € A with f(ay,...,a,) € A. Let by,...,b, €
B be arbitrary. Then (a;,b;) € Aa=p for alli € {1,...,n} and

P ) e raem N (BN A Bu) = (B 4) ¢ ()

Thus f(b1,...,b,) = oo and the implication holds. Since kB = pryAa—p we have f €
pPol, kB.

Let £ € pPol, kB and (a1,b1),...,(an,b,) € Aa=p be arbitrary. Because of Lemma
4.1.2 we can assume (a;,b;) € Aamp N E,% = A x B. Since f € pPol, kB we have by :=
f(b1,...,by) € BU{0} =kB. If ap := f(a1,...,a,) € A then (ap,bp) € A x (BU{cx}) C
A=p. If ag & A then by = oo by (a) and thus (ag, by) € Aa=p. Therefore f € pPol, Aasp
holds. O

Lemma 4.2.3. Let x") € Ry,. Then f™ ¢ pPoly, A} if and only if

(a) whenever there are some ax, ..., an € Ey with f(a1,...,a,) =00
then f(b1,...,by) € B\ E} for allby,...,b, € x; and

(b) f € pPol, kx

hold.
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Proof. Let £ € pPol, Ay and ai, ..., a, € B with f(a1,...,a,) =o0. Let by,..., b, € x
be arbitrary. Then (a;,b;) € A} for all i € {1,...,n} and

a ... a ~ " ~
PG ) e N (ood x (B \ B = (o0 x (BE\ L)
Thus f(b1,...,bn) € E‘g \ E}; and the implication holds. Since kx = pry .1 A} we have
f € pPol;, kx.
Let f(") € pPol, kx and (a1,b1), ..., (an,by) € Ay be arbitrary. Because of Lemma 4.1.2 we
can assume (a;, b;) € A% ﬁE,’:Jrl = E), x x. Since f € pPol, kx we have by := f(by,...,by,) €

XU (EZL\E,’:) = rx. If ag := f(ay,...,a,) # oo then (ag,by) € By, x (kx) C Ay If ag = o0
then by € E’,: \ B} by (a) and thus (ag,bo) € A;. Therefore f € pPol;, A% holds. O

Lemma 4.2.4. Let A, B,C,D C E, with BNC # 0. Then
pPOlk;{/\AﬁB7 >\C¢D} C pPol, Aa=p.

Proof. Let ™ € pPol,{\a=p,A\c=p} be arbitrary.
By Lemma 4.2.2 we have f € pPol, kD.

Let ay,...,a, € A with f(a1,...,a,) € Aand ¢1,...,¢, € BNC. Then f(c1,...,¢,) = 00
by Lemma 4.2.2 and thus we have f(di,...,d,) = oo for all d,...,d, € D by Lemma 4.2.2
again.

Applying Lemma 4.2.2 once more we get f € pPol, Aa=p. O
Example 4.2.5. Let k =3, A={0,1} and B = {1,2}. Then
A\ (0 0 1 1 0 1 2 o0
AB= 11 2 1 2 o0 o oo o)

Let f(") ¢ pPols Aa— g be arbitrary such that there are ay,...,a, € A with f(a1,...,a,) =
oo. Let by,...,b, € B be arbitrary. Then (a;,b;) € A4 p and thus

ao L a1 e QAp,
<b0> =1 (b1 bn> € Ad=p
implies by = oo. That means
Vbi,...,bp € B: f(by,...,b,) = o0.
The forcing relations Ag, = p and Aa= g, play an important role in subsequent proofs. For

instance
pPOll€ )‘Ek:>Ek =P, UCy.

Lemma 4.2.6. Let A,B C Ey, and A,B # (). Then
pPOlk K{lyg}(A X B) = pPOlk{/\A:B, )\BﬁA}.

Proof. Let x := kf123(A x B). Then x = (A x B) U {(c0,00)}.

Since x = Ap=p N{AB=A, Ap=B = K{2}X and Ag— 4 = K{2}TX We obtain the equality. [
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4.3 Representations

The following theorem shows that we do not need all relations in Ry but only the relations
in R} to classify all partial clones. These have a simpler structure and therefore they are
easier to reason about.

Theorem 4.3.1. Let o™ € Ry and R:= {kpr;o|J C{1,...,h}} C ﬁ; Then

pPol, o = pPol, R.

Proof. Since R C [g]p we have pPol, o C pPol,, R. We now show ¢ € [R]p.
For h € {0,1} we get R = {o} since ko = p and thus ¢ € [R]p.
Let h > 2. We show that ¢ = ¢ where

o= (k)N ()  (wpr&pr;o). (4.1)
Iel(0)
T={L,. b \I

We first show o C p. Let r € p be arbitrary. Then r € Fp since p C ko. Let I € I(p)
be arbitrary and J := {1,...,h} \ I, wlo.g. I = {1,...,1}. Then r € E. x (pr o) C
E! x (Rpr; ) = unpr’t & pr; ¢ and thus ¢ C g.

Now we show ¢ D p. Let 7 := (r1,...,7ry) € p be arbitrary and set I, := {i € {1,...,h} |
r;=o0} and J, :={1,...,h} \ L.

(a) I, = 0.
Then r € E} and thus r € g since (ko) N El = o N EP.

(b) I # 0 and I, € Io(0).

Then pr; r € (Rpr;, 0) ﬂE,’;_l and this implies pr; r € pr; o as in the previous case.
Because there is some s € p with I, = I,. and p is co-strict we know that

0N ({oo}! x EF7") = {oo} x (prpy,.. 5 0) = unpry pr; .
Thus r € o.
(¢) I 20 and I & Io(0).

(i) VI€Io(o): I £ I,.
Then r ¢ Ko since

Fo=(eNEMU U {(a1,...,ap) € E} |VieI:a; = o).
Ielx (o)

But this contradicts r € p.
(if) 3 € Ic(o) : I C I,.
Let H := {1,...,h} and 7" := pry, ;7 and ggh/) = pryy o Then r € o if and
only if 7’ € ¢'.
Since I # 0 the relation ¢’ has smaller arity than g, i.e. h’ < h, and since
I;Ir C{1,...,h} we have I/ > 1.
Then B B B
Io(0) = {{i—l ‘ ieli> z} ‘ Telo(o)IS I}
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holds, and since I,, = {i — 1 | i € I,,i > I} we have I,, # 0 and I, & I.(0).
But by induction over the arity we know that r’ € o’ if and only if I, = () or
I € Ino(0'). Thus ' & o and consequently r ¢ o C g in contradiction to the
assumption.

So r € p and thus ¢ = p implying ¢ € [R]p. O

Lemma 4.3.2. Let o € 7%2 with C' := pPol;, 0 C Py. Then there is some o' € 7%2 with
pPol, o' € P, and C = pPol, {¢', Ex} = (pPol;, ¢') N Py.

Proof. Let ¢’ := rp. The statement follows from (pPol; kp) N P, = (pPol;, 0) N Py and
Cw C (pPoly, o)\ Py. O

Lemma 4.3.3. Let o) ¢ 7:52 and C := pPoly, ¢ such that the h-th row of oN E} is fictious.
Then there are (o)=Y € RY and L C {0/, By} U Ay with

C = pPol,, L.
Proof. There are the following cases

e h=1.
Then Fy, C o. If o = F}, then we set L = {Ey}. Otherwise ¢ = Fj, and we set L = ().
We get pPol,, o = pPol;, L.

o h=2.
Then oN E? = A x Ej, =: x for some A C E},. Since Ko = o there are four cases

— If o = x then we get pPol, o C pPoly(pry 0) = pPoly, Ex, = Py and pPol, o C
pPol,(pr; o) = pPol;, A. Let L := {A, E}. Since o = A x E}, we have pPol; L C
pPol;, o.

—Ifo= K{2yX = A= g, then set L = {/\A=>Ek}'
— If o= K1y X = Th{yTX = TAE, >4 then set L = {Ag,— 1}
— If o = K10y x thenset L = {M=E,, \E,>}. By Lemma 4.2.6 we have pPol;, p =
pPol, L.
We obtain pPol;, o = pPol, L.

e h>3.
If Io(0) = 0 then o = o N E} and thus C' C pPol, pr), o = pPol,, By = Py.

If C C Py then let ¢ := pr;_ ,_,(0N E}). Since C = pPol,{g, Ex} = pPol,{oN
Eh Ei} C pPol, {0, Ex} and 0N EM = ¢/ x Ej, we can set L := {¢, E}} and obtain
C = pPol;, L.

We can now assume C'\ Py # () and consequently I, (o) # 0.

Let ¢ == (kpry__ 1(eNER) N (pry s 1 0) € RE.

We first show C' C pPol, o', Let f(™ € C and ry1,..., 7%, € ' N E,ib_l be arbitrary.
Let 740 := f(Ts1y- -y Tan)-

We have 7.9 € pry_ 5, 0 since ry; € (’fpr17...,h—1(9 N E,QL)) N E,’;*l = prl)”_7h_1(g N
E})Copry. p_i0and f€C CpPol(pry 5 ;0)

If roo & El};_l then r.o € Kpry  ,_1(0N E}) since (kpry  p-1(0N Ep)\ EZ_l =
E,i“l \ El’fl by definition of k. Thus r, € o'
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If ryo € E,?il then ri; € Ey for all i € {1,...,n} and

f<7"*1 T*n) EQHEQ

11 . T1in

since f € C. Thus 7.0 € pry__j,_1(eNE}) Ckpry ;1 (0N EP) implying r. € 0.
Thus C C pPol,, o'.
We want to show the following property of o:

VIeI™(g):(hgTor{hy=TorI={l,...,h}). (4.2)

We assume otherwise. Then there is some I € 12" (o) with h € I, I # {h} and
I # {1,...,h}. By Lemma 4.1.5 we can assume that there are (") € C, r,o € o,
TalyeroyTan € gﬁE,? with 7.0 = f(re1,...,74n) and 70 = oo iff ¢ € I. Since I #
{1,...,h} there is some j € {1,...,h} \ I with rjo # co. Then j # h and

S1 11 N T1in
S = = 0.
Sh—1 Th—1,1 .- Th—1,n
Sh, 51 N Tjmn

Since s, = s; # 0o and s; = 10 for all § < h — 1 we have s; = oo iff ¢ € I'\ {h}. But
then I\ {h} € I.o(p) in contradiction to I € I™"(p). Thus (4.2) holds.

Now there are the following cases.

— I:={1,...,h} € I®n(p).
Then I, (0) = {I} and
0= (eNEp) U ({oo}").

With Lemmas 4.2.6 and 4.2.4 we get

¢ C pPOlk(prl,h 0) = pPOlk{/\prl Q:>Ek7)\Ek:>pr1 g}
Q pPolk‘.AE‘kﬁEk :PkUC'OO

Furthermore we have o = QIO(H{LQ}E]%) and Ii{lyg}Eﬁ = Ap,»pr, NTAE, > E,. Let
L:={¢,Ag,=g,} Then follows C' = pPol,, L.

— {n} € I (o) and {1,...,h} & I2™(0).

Then ¢ = ¢’ x E} since for every I € I™"(p) with I # {h} we have h ¢ I. Thus
pPol, o' C pPol;, o = C and this implies C' = pPol,, L with L := {¢'}.

— {h} AL ... k) £ T2 (0) and I* == N IX™ (o) # 0.

Let ¢« € I* be arbitrary, w.lo.g. ¢ = h — 1. Then C C pPoly Ag, ~pr, , and
0= 0 0o (TAE,=pr, o). Thus C = pPol;, L with L := {0, \g, = pr, o}

— Let {h},{1,...,h} & I"(o) and (I (9) = 0. Then let x := o' N E~* and
L := {¢',\}}. Since \} NEY =pNE!and p C Ay we get C' C pPoly A} by
Lemma 4.1.2 and therefore C' C pPol;, L. Furthermore o = (¢’ x Ek) N A} implies
pPol, L C C and we get C' = pPol;, L. O

Lemma 4.3.4. Let x'") € Ry, and the p-th row is fictious. Then

e pPol; A} = pPol; AS e or

e n=1and X}, = g, =g, -
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Proof. 1f ;=1 then x = E, since the first row is fictious. Thus A} = Ag, =g, -

Let 1 > 2. Then the (u+1)-th row of /\;ﬁE,’:'Irl is fictious and {p+1} € II2™(\%). Applying
Lemma 4.3.3 and the case distinction in that proof yields L = {¢'} = {(xpr;__,(A} N
Eg“)) N(pry,. A= 1A - ) and pPol, A} = pPol; L = pPol;, Af, X O

7777 Pry, ..., eem—1 X

Lemma 4.3.5. Let o) € 7%2 such that o N E,’g has two duplicate rows v and j with v < j.

Then
pPol;, o = pPol, (A, ;0).

Proof. Let x"=Y = A; ;0 and ¢ := (V,;x) N SYZ)J} We have pPol;, o C pPol, x C pPol,, ¢

and o' = oN g{i,j} by construction. Since the rows ¢ and j are duplicate we have pPol;, o =

pPol, (e N g{i,j}) by Lemma 4.1.2. Thus pPol;, x = pPol,, . O

Lemma 4.3.6. Let A} € Ay \ A} for some X" € Ry. Then there is some X' € Ry, with
pPol, A}, = pPol; A

and A\, € Aj.

Proof. 1f =1 and x has a fictious row then x = Ey and A}, = Ag, = g, € A, in contradiction

to the assumption. Thus we can assume p > 2.

If x has duplicate rows then Lemma 4.3.5 applies to A} and pPol, A} = pPol, /\*A”_X for
some i and j. Let x' := A; ;x.

If 4 > 2 and x has a fictious row, w.l.o.g. the p-th row is fictious, then Lemma 4.3.4 applies
to A} and pPoly AT = pPoly AL, . Let X =Dry -1 X

If x is not irredundant then pPol, A} = pPol; AL, and X’ has smaller arity than .
Iterating these steps yields some x’ with X’ irredundant or Y’ = Ej. Then Ay € Aj and
pPol; A}, = pPol, AY. O
Theorem 4.3.7. Let o™ € ﬁ; and C := pPol,, o.

Then there is some Y € 7%2 and some
L C{x,Ex}UA]
with p < h, such that x N E,’: is irredundant and
C = pPol;, L.

Proof. Let gg := g and Lo := {0o}. Then C = pPol,, Ly.

Let L; C {0;,Ex} U A} for some ¢ > 0 be given. We show that L; is the L we search

for or there is some L;y; with pPol, L;y; = pPol, L; and some ;41 € 7~€2 such that
Liy1 € {0iy1, Ex} UAS.

(a) g(hi) n Eg is irredundant. Then let L := L;, x := ¢; and we are done.

(b) gghi) N E,? has a fictious row. Then Lemma 4.3.3 applies and we get some L' C
{0, Ex} U Ay with pPoly, 0; = pPol, L', o’ = R’ and the arity of ¢’ is less than the
arity of p. Because of Lemma 4.3.6 we can assume L' C {¢/, B} } U A}.

Let gi41 := ¢ and Lipq == L; \ {0} UL C {0i41,Ex} U A}. Then pPol L;1; =
pPol,, L;.
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(¢) Otherwise gghi) N E,};L has duplicate rows. Then Lemma 4.3.5 applies and we get with

pPol,, 0; = pPol;, A, y0; for some a,b.
Let 941 := Agpo; and Liyq := (L; \ {0:}) U{0i+1}. Then pPol, L;11 = pPol;, L;.

Since h;11 < h; as long as g; N E,};“ is not irredundant, and h is finite, there is some finite [
with g; N E,C” irredundant. Let x := ¢; and L := L;. Then pPol, ¢ = pPol, L and x has all
required properties by construction. O

4.4 Implications

Lemma 4.4.1. Let oM € Ry. Then there is some irredundant relation X" € Ry with
pPOL, o = pPOL, x or pPOL, o = P.

Proof. If ¢ has two duplicate rows i and j then we set y(*~1) = A;jo. Then ky = A; jko €
[{ro}lp and ko = Ko 1. ir1yVi(kx) € [{rx}]p. Thus pPOL, x = pPOL, ¢ and x has
smaller arity than g.

If h =1 and p has a fictious coordinate then ¢ = Ej and thus pPOL, o = pPol, kE), =
pPol,, Ey = P,. Let h > 2. If o0 has a fictious coordinate i then we set x("~1) = A;jo
for some j # i. Then kxy = A;jro € [{ko}]lp and ko = kV;(kx) € [{kx}]p. Thus
pPOL,, x = pPOL,, ¢ and x has smaller arity than p.

Iterating these steps yields an irredundant relation y or pPOL, ¢ = Py since h is finite. O

The following result by Romov can now be proven

Lemma 4.4.2 ([52]). Let C C Py, be a strong partial clone. Then there is a certain non-
empty set M C Ry, of irredundant relations with C' = ﬂgeM pPOL, o.

Proof. By Theorem 3.9.1 (d) we have C' =, pPol;, G,,(C).

Let n > 1 and J C {1,...,k"}, I C {1,...,|J|} be arbitrary. Since G, (C)N Ef" # 0,
egl) = id € C and C is strong, there is some (r1,...,7 ) € pry G,(C) with r; = coiff i € I.
Thus

kpr; Gp(C) = kpr; G,(C) (4.3)

Let T, := {pr; G (C) | 0 C J C{1,...,k"}}, N :={xNE | x € T,,} and M,, = {x €
Ry | x irredundant, o € N,,, pPOL;, x = pPOL,, 0 # Py}
Then

pPol, G,,(C) = pPol{kx|x € T,} (by Theorem 4.3.1)

— pPol, {x | X € Tu} (by (4.3))
pPOL;, N,, (by definition of pPOL,, and &)
= pPOL; M, (by Lemma 4.4.1)

Let M =J,,>; M». Then

C=1{) () pPOLyo= () pPOL; 0. O

n>1 oM, oEM



4.5 Representation Lemma of Romov 34

4.5 Representation Lemma of Romov

Let
Ao = {(z1,22,...,21) € 0| T1 = 32}
and
/IQ:: {(x17x27"'axh) €o | V{Zm]} QII'L :Ij}

for p € ﬁ(h) and I C {1,...,h} with |[I| > 2. Obviously A" = A, := A{l oy and A’ are
derivable from the elementary operations. For completeness A0 := o for every i.

Furthermore we define a special projection pr; which removes the i-th row by

I)Arig(h) =PIy 141,00 ¢"pr¢tTlo.

In the following lemma the variables 7,5 € N and I, J C N are arbitrary for each expression.
If there is some I’ in an expression then this means it can be chosen depending on I such
that equality holds. The roles of I and I’ can also be exchanged, i.e., I’ freely chosen, and
I depending on I'.

Lemma 4.5.1 (without proof). Let g € 7~Z,(€h) and o' € ﬁfch/), Then the following holds

(a) ox o = (C"V¥ o)A (V);
(b) O =pr" o,

(¢) ¢(pro) = pr(¢((0))),
7(pro) = pr(¢"1(7(¢(0)))),
A'(pr o) = pr(¢" 1 (A'(¢(0)))),

i
V(pro) = pr(r(V(0)));
(d) if h =R then alo A o) = (ap) A (') for all a € {(,7,A",V,pr,k, Kk};
(e) A'(Ro) = K(A0),

&(V(ko)) = &(Vo);

(f) a(ke) = K(ag) for a € {¢, 7},
k(A'(ko)) = K(A'0),
k(V(ko)) = k(Vo);

(9) pr(ro) = pr(kqiy0) = B~ = V'=Y(pr" o);

(h) VZ-V]-Q = ijlvig fOT”i <7,
v Vz+19 - VQQ}
ViMo=AV,0ifigl,
AT A=A A’Ig,'
AjByo = Apy0 i 10T #0;
Vioiprgo if g <i,
(i) PryVio = 0 if g =1,
Vipt o ifg>i;
(1) P} V0= (A7)0~ f {i,j} C 1,
pr Ao = Al prio ifi ¢ I;
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(k) pr;Co = Cf)\riJrlgf
f)\rlTQ = TI/)\TQQ7
pATQTQ = TI/)\rle
pr;70 = Tp1,0 fori > 2;

(1) ACo= (AL,
ANyro=T1A0;

(m) V¢o=(rVo,
Vro € Vol .

Theorem 4.5.2 (without proof). Let Q C Ri. Then the following holds
(a’) [Q]P = [Q](:,T,A’,V,pr,k,/\"

() Qcrar-wrion = [[@erarwons]

Lemma 4.5.3. Let o; € R,(;”) fori=1,...,n and 8 € RL. Then

[ pPOL, o; € pPOL, 3

i=1
if and only if there are 1, ..., v € Uiy [KQil¢ - ar g prs for which
!
KB = ﬂ KYj-
j=1

Proof. Let Q := {ka; | i € {1,...,n}}. Since pPOL,, o = pPol,(kp) for all p we have

ﬂ pPOL, a; = ﬂ pPol, (ka;) = pPol, Q
i=1 i=1

and
pPOL;, 3 = pPol, (xp).
Thus
() pPOL, o; € pPOL, 3
i=1
= krBe[Qlp
— Kﬂ € |:[Q]§,T,A’,V,pr,k:|/\
1
= I, N EQl AT s BB = ﬂ V;
j=1
n l
<~ dy,....,m€ U (Kl e o Ar v pri P BB = ﬂ v;
i=1 j=1
The statement follows from k8 = kK3 = Kﬂé-:l v = ﬂé-:l K;. O

Let h > 1and I C{1,...,h} be arbitrary. Then we define

L {(al,...,ah)eﬁg Vie[:ai:oo}_
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Then k7o = o™ U Lgh). If I =0 then Lgh) = E,’g

Lemma 4.5.4. Let o™ € Ry, x € 7%;, wiy...,w €{¢, 7, AV, pr} and

Then there is some I C {1,...,u} such that x € pInv By, or
X =KWy ...wo.

Proof.
X = wi...wWko

= wl...wl(QULglL?g})
— (wl...wlg)U(wlu-WlLi?z})
= (m---MQ)UL/

with L' C E,‘: If L” := L'NE}; # 0 then L"” = 5&‘) for some equivalence relation £ and
(wi...w0)NE} C L" by construction since wy, .. .,w; are applied in the same way to g and

LF{};)?}’ i.e., if two rows in L” are duplicate rows, then these rows are also duplicate rows in

wi...w0)NEY. Thus x = L' :5&‘) € plnv P, since X € RE.
k k

If L' = ( then L' = Lg”) for some I C {1,...,u} and |I| # 0 since x € 752 Thus
X = KIwq - .. wQ- O

Lemma 4.5.5. Let oM ¢ ﬁk, X e 7%2, and

X € [Cv T, A/7 v7 pr, "2‘7] (Q)

Then x € plnv B, or there are

X €[¢, AV, pr] (o)

and I, ..., I, C{1,...,u} such that
X=FK.---kR1,,X -

Proof. We can write
X = 91/%92/% . Gm/%ﬁmﬂg

with m >0, 0; = w; 1 ... wi ) and {wi 1, ..., w6} € {7, A%V, pr}. Then

X = (010 i) (6102 0,L8))
=1

L

/
J

-

I
—

= (9102 e 0m+19) @]

J

for some h; > 1 and L;-. Exactly like in the proof of the previous lemma we can conclude
that either x € plnv P, or for all J there is some I; C {1,...,u} with I; # () and L = Lg’;).

Thus we have x € plnv ﬁk or

_ !
X=FKr.---kR1, X

with X/ = 9192 S 9m+1@ € [C? 7, A/a va pI'] (Q) O
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Theorem 4.5.6. Let QQ C ﬁk and Q(h) € 75,; Then

'S Kﬂp

if and only if there are y1,...,v € [Q]C,T,A’,V,pr and I, ..., I, € {1,...,h} withm >0
such that

l
0= K[ ---Rp,, ﬂ’yj
j=1
holds.

Proof. <=: Since k7 is derived from the elementary operations we know that this direction
holds.

= Let ¢ € [Q]p. Then
!
o=
j=1

for some v1,...,7; € [Ql; ; Ar v pr.z Dy Theorem 4.5.2.
Therefore Lemma 4.5.5 applies and either v} = k1 ... /i)y or 7; = 7; holds for some
Y € Qe r.ar v pre (3) = 0and I C {1,...,h}. Thus

l l i(4) l
Q:mHI];...KI;(J‘)'Yj:m 'YjUULi = ﬂ’)’j urL
j=1 i=1

Jj=1 Jj=1

for some L' :=C E,’; \ El. Since ¢ € 752 we have L; C p for every I C {1,...,h} where
there is (ai,...,ap) € L' with a; = 0 iff i € T.

Thus there are some I4,..., I, with
1 l l
0= ﬂli[j’}/j: m’}/j UL[IU-'-UL[W =K, ---K1,, ﬂ’yj. O
j=1 j=1 j=1
Lemma 4.5.7. Let oM € ﬁk, wi,...,w €{¢, 7, AV, pr} oand xW = kwy ... wiko.
Then x € plnv, ]Sk or X = KW1 ...WwQ.
Proof. Assume x & plnv,, Pi. Then Lemma 4.5.4 applies and
X = KKW1 . .. Wk = KKKJW1 ... W0 = KW1 . . . W0 O
Lemma 4.5.8. Let o € R;Ch), v E R;Ct) \ (Invg, Py) and v has no duplicate rows. Then
w7 € [[0lerarvpms] (44)
if and only if there is some ¢ : {1,...,h} — {1,...,t} with
Y= {(glv s 7gt) € EIZ ‘ (gtp(l)v cee 7ggo(h)) € O{}. (45)

Proof. First let there be some ¢ : {1,...,h} — {1,...,¢} such that (4.5) is true.
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For every o € Ry and I == {i1, ..., i} withdy; <y <--- <y wehave Ajo = pr,, ... pr;, Alo.
Thus

(7]

KY =K (vt—\?’({l,...,h})‘A¢71(1)Atp71(2) .. Aw—l(t)ﬁa) € {[KQ]C,T,A’,V,pr,R}

for some 7 € Sy, i.e., (4.4) is true.
Now let (4.4) be true. Then

RY = KWiWs . . . Wik
with @; € {¢,7,A", V,pr,k} for alli e {1,...,1}.

By Lemma 4.5.7 we can assume w; # & for all ¢ € {1,...,l} since ky € plnv,, P, implies
v € Invg P,. By Lemma 4.5.1 (f), (k) — (m) we can move ¢ and 7 to the front and obtain

KY = W) ...w) KW ... WK
with wi,...,w}, € {(,7} and wq,...,w; € {A},V,,pr; |1 € N,T CN,|I| > 2}. That means
wy €[],

with k' ¢ pInv,, Py, and
/
7 € [kalay, v, lien 1o 1122} -
ie., kY = Kkwi ...wka.

From pr, koo = E,’C’*l € plnv ]Sk we conclude w; # pr; for all ¢ € N. Now we consider the
remaining cases for wj.

e w; = A for some I C N. Let w, := A’ and look at w,—1. We show that we can move
A’ leftwards, i.e., switch w, and w,_1, or we have w,_1 = pr; with ¢ € I. Assume
Wa—1 # pr; for some i € I.

— wg—1 = V,; for some j € N. Then w,—1w, = V;A, = ALV, with I' = {i | i €
Ii<jlUu{i+1]|ieN,i>j},ie., replace wg_1w, with A}, V; and call I’ the
new I. (Lemma 4.5.1 (h))

— we—1 = A’ with JNT = 0. Then w,_1w, = A A} = ATAY, ie., replace we—1w,
with A7A’;. (Lemma 4.5.1 (h))

— we—1 = A with JN T # 0. Then w,—1w, = A A, = A5, ie., replace wy_1w,
with A%, ; and call I U J the new I. (Lemma 4.5.1 (h))

— wa—1 = pr; with j & I. Then w, 1w, = pr;A = ApLpr; with I' = {i i€ [,i <
jyuli—1]iel,i>j}, ie., replace wa 1w, with Af,pr; and call I’ the new I.
(Lemma 4.5.1 (j))

The I never decreases in size in this process. If we get a = 1 at the end then « has
duplicate rows in contradiction to the assumption. Thus there is some a > 1 such that
Wa—1 = pr; for some i € I.

If |I| > 3 then let {i1,...,47} := I and i; = 4. Then
ﬁfiA/I = Iﬁ"iAll\{i}A/{il,zz} = AII\{i}IS\riA/{il,ig}
and we can deal with A}\ (i the same way as before.

Thus we can conclude that if w, = A’} then a > 2, |I| = 2 and w,_1 = pr; for some
i €1,1ie., A} only occurs in combination with pr;.

e w; =V, for some i € N. We show that we can either move the V; to w; or V; collapses
with some pr; or A}. Let w, := V; and look at w,—1. We show that
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— we can move w; leftwards, i.e., switch w, and w,_1, or
— Wag—-1 = Ppr;, Or

— Wg—2Wgq—1 = ﬁjA/] with {Z,j} el
Now consider the following cases for w,_1

— Wg—1 = Vj. Then wy_1w, = VJVZ = ViVj, i.e., replace w,_1w, with ViVj.

— We—1 = pr;. Then w,_1w, = pr;V; = 1id, i.e., we can remove wq_1wq.

— wq—1 = pr; for some j # i. Then w, 1w, = pr;V; = Vipr; with ¢ =i — 1 if
j <iand i =iif j >4, 1ie., replace w, 1w, with Vypr; and call i’ the new 1.

— wg—1 = A’} with i ¢ J. Then we_1w, = A}V, = VAL with J' ={j|je Jj<
yU{j—1|j€Jj>i},ie., replace w, 1w, with V;Aj.

— wg—1 = A/, with ¢ € J. Then we can assume by the case discussion about
we = A’y that J =2 and w,—o = ﬁrj for some j € J. Let o := Watl - - - WKQ.
Then wy_swa—_1we0 = pArjA'JVZ-Q = ol™ for some 7 € Sy Thus we—oswa—1we
can be replaced by a combination of ( and 7 characterizing 7. Since these can

be moved leftwards we can assume that w,_ow,_1w, can be removed from the
sequence.

Thus V; either vanishes or can be moved leftwards. Because we permute the variables
with W] ...w), afterwards, we can assume that v = V¥w;...wke with w, € {pr;, A} |
i e I,] CN,||I| > 2} forall @ € {1,...,l} and ¢ > 0. Furthermore we can assume
we € {pr;,A} | i € I,I CN,|I| =2} and if w, = A} then w,—1 = pr; with i € I. We
have pr;Ao = (Arp) [7] for some permutation 7 and because we permute the variables with
W ...w), afterwards we can assume 7 = id. Thus we can replace these pairs pr; A} with Aj.

Therefore we can write v/ = V¥w; ... wika with w, € {pt;, A7 | i € N,I C N}.

Let w, = pr; for some a € {1,...,l}. Then we discuss the following cases
e a=1 _ _
Then +/' € [pr;kalp = [E,Zhl} = plnv,, Py in contradiction to v & Invy Pj.
P

e a <[ and a is the maximal one.
Then w1 = Ay

— i # minJ. Then wow,y1 = pr;Ay = Aypry, ie., pr; can be moved rightwards.
— i =minJ. Then w,way1 = pr;A; = pr;, ...pArjm with {j1,...,j1s} = J, ie,
Ay can be removed and more pr added.

Since [ is finite there are only finitely many A ; to the right which are moved to the left
or removed. Therefore we finally get to the case a = [ and this yields a contradiction.

Thus w, # pr; for all a € {1,...,1} and we can write

KY =K (Vt/Ah ...AIZKJO() .

for some m € S; and I,...,I; € N. That means we first identify rows, then add fictious
rows and at last bring the rows in the right order. Thus every row of ko is mapped to
one 7. Since (ko) N E,@ =an E,’; this mapping also works for « and . The mapping
v:{1,...,h} — {1,...,t} is obtained by looking at the rows. If the a-th row of « is mapped
to the b-th row of v then let ¢(a) = b. We see that ¢(a1) = ¢(as) if and only if the a;-th
row and the as-th row of « are identified in the construction.

Thus we obtained ¢ and (4.5) is true. O
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Theorem 4.5.9 (Representation Lemma of B. A. Romov). Let «; € R;Chi) fori=1,....n
and 8 € RY, an irredundant relation. Then

() pPOL,, a; € pPOL;, 3 (4.6)
i=1
if and only if there are ®; C {p: {1,...,h;}} for alli € {1,...,n} such that
B={(b1,....,bs) € Ef |Vie{l,....,n}Vp € ®; : (by1)s--.,byn)) € a;}

and

ey Y st

Proof. By Lemma 4.5.3 we know that (4.6) holds if and only if there are v;,...,v €
Uizt [’iaz]g 7 A pr.i for which

1
KB = ﬂ K-

Jj=1

Because k7y; = k(y; N EL) we can assume v; € Ry for all j. Since (3 is irredundant the
relations 7y; can not have duplicate rows. Furthermore 7; & Invy Py because Invy, P, consists
only of diagonal relations, i.e. they have duplicate rows or v; = E}, which can be ignored
for the intersection because v; C Ef by definition.

Then v; € [keilc ; ar g pr.s fOr some 4, and ry € [HQ]C,T,A’,V,pr,R} . By Lemma 4.5.8 there
K
is some ¢ : {1,...,h;} — {1,...,t} with

V= {(g17'-'7gt) € Eltc | (gtp(l)a"'?g@(h)) € Oéi}.

Combining these we have

Vie (L. 33 e {L . nd 3y {1 b} — {1, )
Vi =191, 29) € EL | (9p;(1)> -+ - 9y (h)) € i, }-

Thus there are ®; C {p: {1,...,h;}} for all i € {1,...,n} such that

= ﬂ n{glw"agt)eEli|(g¢(1)7"~7gtp(h))€ai}

= {(b1,....by) € EL | Vie{l,....n}Vp € ®; : (by(1),-- -, b)) € s}

Because f is irredundant it has no fictious coordinates, i.e., for every coordinate a there is
some 7; such the a-th row is not fictious. Then a € ;({1,...,h;,}) and thus

CJU h}). O

€ed;
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Chapter 5

Characterization of Maximal
Partial Clones

An important question in the theory of clones concerns the completeness of a set A of
(partial) functions, i.e., can we write all (partial) functions in terms of the functions of A
together with the elementary operations and projections?

For the further studies we need to define maximal (partial) clones. Let C' C Py be a partial
clone. Then C is called a maximal partial clone iff

e there is no partial clone M that properly contains C' and is properly contained in ﬁk,
and

e (C is not the full clone ]Bk

That means C € L(P;) is maximal iff
C # Py and YM € L(P,) \ {C, P} : C € M.

In a similar fashion one can define the maximal clones of Pj.

The first result in this direction was by E.L. Post in 1921 [47, 48] for the Boolean total
functions. He showed that a set of Boolean function is complete if it is not contained in any
of the five maximal clones of P5. Later Rosenberg generalized this result in 1965 [55, 56] to
arbitrary finite & and described all maximal clones of Pj.

The partial case was solved around 1980 starting with papers by Lau [37], Romov [51, 52]
and others, and concluded by Haddad and Rosenberg by the characterization of all maximal
partial clones [14, 22, 24]. Independently Romov [54] and Zhukai [73] presented results about
the completeness problem and the maximal partial clones.

We present the results of Haddad and Rosenberg but first we show that the special clone
P, UCy is maximal in Py.

5.1 The Maximal Partial Clone P. U (C

Lemma 5.1.1. Let C C ]Bk be a partial clone.
Then C' = pPoly, R for some R C Ry \ (pInvk ﬁk)

Proof. The lemma holds for R := (pInv,, C) \ (pInv, Py). O
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Lemma 5.1.2. Let C C ]Bk be a partial clone.
Then there is some partial clone M with C C M C Pk and M = pPol;, o for some o €

R\ (pInvy, Pr).
Proof. C = pPol,, R C pPol, o =: M with ¢ € R C Ry, \ (pInv,, Py) by Theorem 3.11.4. [

Lemma 5.1.3. Let C = pPol, o) C Py. Then

e P.CC, or
e C CpPOL, o C P,.
Proof. Let P, € C. Then there is some f € P, with f & C' = pPol, p. Because f is a total

function and N E = (ko) N E} we have f ¢ pPol, (ko) = pPOL,, o. Since ko € [{o}]p we
have C' C pPol, (ko) C P. O

Lemma 5.1.4. Let C C ﬁk be a partial clone with P, C C'. Then C' = P, = pPol, £}, or
C = P, UCy = pPol, /@{172}E£. Furthermore P U Cy is a maximal partial clone of Pj.

Proof. Let P, C C C ﬁk

Let f(™ ¢ Pk \ (Px UCx). Then there are a,b € E}' with f(a) € Ej, and f(b) = co. Now
let (™ € Pk be arbitrary. Then there is some function ¢’ € Py such that ¢ is a subfunction
of ¢’. Furthermore there are functions h1 ... A € Py, with

(@)oo = { O <5

The function g can now be written as

g= e (g, f(hn,.. b)) € [P U{fHp
and thus [P, U{f}]p = Py and f ¢ C.

Let f(", g§m), e ,gr(zm) € P, be arbitrary.

Since cgol)(gl,...,gn) =™ and f(cg?),gg,...,gn) = ™ we see that P, U Cl is closed

and C' = P, UCw. O

5.2 Definitions

Definition 5.2.1. Let for all h with 1 < h <k

o1 :={(a,a,b,b),(a,b,a,b) | a,b € Ey},
02 :={(a,a,b,b), (abab) (a,b,b,a) | a,b € Ei},
up={(z1,....xn) € EY | {1, .. an}| S h — 1}

Definition 5.2.2. Let o C E!. Then we write o(0) := o\ ¢} and §(p) := 0Nl = o\ o (o).
If § = 6. for some equivalence relation &’ then we write £(p) := ¢’
Definition 5.2.3. Let o™ C E,}c‘ Then p is

e areflexive, if h > 2 and 6(p) = 0, i.e., for each (z1,...,25) € 0 we have x; # z; for all
1<i<j<h.
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e quasi-diagonal, if o(p) is a non-empty areflexive relation, §(p) = . with ¢ # (7 an
equivalence relation on Ej,.

For each m € N let n,,, := (0,1,...,m —1)T.
Definition 5.2.4. Let o/") C E}', 0 := 0(p) and § := ().
Let

r,:= {776 S ‘ o Nol 7&0}
be the symmetry group of the relation o.

The model of g is the h-ary relation M (p) on Ej, defined by

M(p) := {n,[f] ‘ TE FU} U(§NED.

The relation g is coherent, if the following conditions hold:

(a) o # El, 0 #0,
(b) (i) ois a unary relation, i.e., h = 1, or
(ii) o is areflexive with 2 < h < k, or

(iii) p is quasi-diagonal with 2 < h <k, or

(iv) §:LZWith3§h§k,or

(v) 6 = p; with i € {1,2} (see Definition 5.2.1) and h = 4,
)
)

(¢) (i) if 6 =} and h > 3 then T, = S,
(ii) if 06 = p1 then I', = ((1342),(23)), i.e., the permutation group generated by the
cycles (1342) and (23),
(111) if 6 = 02 then FJ = 54.

(d) " e g for all r € o and all 7 € T',,,

(e) for every o’ with ) # ¢’ C o there is a relational homomorphism ¢ : Ey — Ej, from ¢’
to M (p), such that ¢(r) = ny, for some r € o', i.e., (¢(10),...,0(rn—1)) = (0,...,h—1)
for some r = (rg,...,7p_1) € 0/,

We remark that all non-empty non-diagonal totally reflexive, totally symmetric relations are
coherent.

5.3 Characterization by Haddad and Rosenberg

Let ﬁglax be the set of all coherent relations with pPOL,, o # pPOL,, x for all g, x € ﬁglax
and ¢ # x. Let

pMly, = { P, UCox} U {pPOL,C 0 ‘ o€ 75}3“”‘} .

Theorem 5.3.1 (of Haddad and Rosenberg; [22, 24]). Let k > 2. For each A C P, with
A = [A]p there is a mazimal partial clone My with A € My. A clone M is a mazimal

partial clone of f’k if and only if M € p#y, i.e., pMy is the set of all maximal partial
clones of Pj.

Theorem 5.3.2 (Completeness criterion for Py; [24]). Let C C Py. Then [Clp = P, if and
only if C € M for all M € p.#,.
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Example 5.3.3. The following relations ¢ = o(p) U d(p) are all coherent:

kKl o(o) 5(0) | To(o) M(o)
3 {0,1} 0 {id} {0
2|
3) &

A0 (39) | o [0 | (38) Ui,
5 1] 09 Sy 02N Efll

224466 3 3
GHRED] 4 | s | B

Example 5.3.4. The following relations are not coherent:

k=2, 0={0,1}. Then o = E» is trivial.
k=2,0=(39). Then 6(0) = (9) # 5 for all e.

k=4, 0=(913). Then Ty, = ((12)) but ()" = (3) ¢ 0.

k=4,0= % g é) U 5[(;_)"{)0‘1}. Then there is no relational homomorphism ¢ : E, — Ej
from (2 é) Co(p) to M(p) = ((21)) U(Yé‘?’{)o 1y as required. If »((0,1,2)) =(0,1,2) =n3
then ¢((1,0,3)) = (1,0,2) ¢ M(p). On the other hand if ¢((1,0,3)) = (0,1,2) = n3
then ¢((0,1,2)) = (1,0,2) ¢ M(p). Thus p is not coherent.
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Chapter 6

Number of Maximal Partial
Clones

The maximal partial clones have been determined for k¥ = 2 by Freivald [13], for k = 3
independently by Lau [37] (see also [39]) and Romov [51] (actually in the second paper
three were missed), and for kK = 4 by Haddad and Simons [26] (some clones were counted
twice). Especially the last case inspired the author to write a computer program that lists all
coherent relations and counts them effectively determining the maximal partial clones due to
Theorem 5.3.2. Another motivation was the search for more examples of coherent relations
to test hypotheses about members and non-members in minimal coverings (defined in the
next chapter) since the cases k € {2,3,4} are quite restricted (nonetheless complicated).

So we want to determine all coherent relations for some k and count the maximal partial
clones in this chapter. First we have to show that coherent relations which differ in more than
just a permutation of the rows correspond to different maximal partial clones. Then we want
to generate all coherent relations but only once for each maximal partial clone. Consider we
start with small relations and use a backtracking algorithm to get every possible relation.
We could get a search tree like the one in Figure 6.1, where the two stars represent relations
which determine the same maximal partial clone. These should be detected, and one of them
should be thrown away. The most straightforward way would be to generate all relations
and then check for duplicates. But this does not scale and occupies too much space and
time on the computer even for small k£ since we effectively have to compare each element of
the tree with each other.

o/.\o
AN

Figure 6.1: Example of a search tree

So we want to be able to detect a duplicate without looking into the list of all coherent
relations which were generated before, i.e., a property of the relations to check for. We
introduce the notions of a minimal relation and of a quasi-minimal relation which accom-
plishes a bit more and also puts isomorphic clones together, i.e., clones which look the same
if we permute the elements of the base set Ej. In the example tree this is symbolized by the
box, i.e., the clones corresponding to the stars and the box are isomorphic.
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This method avoids isomorphism tests and is similar to the methods shown by Read and
others in [50, 43, 29, 30].

6.1 Different Relations — Different Clones

Lemma 6.1.1. Let o™ " € Ry and © € Sy, with oI™ = x. Then pPOL,, ¢ = pPOL;, x.

Proof. Because ky = k(0l™) = (ko)l™ € [kg]p holds by Lemma 4.5.1 (f) we have pPOL, ¢ =
pPol, (ko) C pPol,(kx) = pPOL, x by Theorem 3.8.1 (a).

Since o = x[™ T we also obtain pPOL,, x € pPOL,, 0. O

Thus we call two coherent relations o) and x™ equivalent, if there is some 7 € S}, with

o™ =x.

If two clones or the corresponding relations are compared, it suffices to choose one rep-
resentative of each equivalence class. Let o™ and x™ be two h-ary relations. If o Ny
is considered, then let y be one of the relations x[™ with = € S, such that loN X[ﬁ]‘ is
maximal. Thus x is chosen such that

X € {x’ es ‘ lonx'| = maX|QﬂX”|}
X" €S

holds with

Let

S — {x[’”

’iTGSh}.

Wi i={o1,00,11 | 3<h <k} C R,

Lemma 6.1.2. Let o™, x(") € R\ Wy, with o & [x]¢.+-
Then pPOL,, ¢ # pPOLy, x holds.

Proof. We consider three cases:

o < h: Let s = (s1,...,8,) € x \ ¢ and v = (v1,...,v,) € E}\ x be arbitrary.

Then define a function f € ]3,51) by f(s;) :==wv; for all i € {1,...,u} and dom(f) :=
{s1,...,s,}. Then f is well-defined, because s; # s; holds for i # j. Additionally
f ¢ pPOL,, x follows from f(s) =v ¢ x and s € .

Assume f ¢ pPOLy o. Then there is some r € g with f(r) € E \ o. But f is defined
only at p different values, thus r can only have p different entries. That means, we
have r € §. with £ equivalence relation on Ej, and € # (7. Then follows §. C o by
definition of a coherent relation. Then r; = r; = f(r;) = f(r;) implies f(r) € 4. C o,
in contradiction to the assumption, i.e., f € pPOLy o.

h < p. Because the case h < p is symmetrical to the case above we have pPOL,, o #
pPOL,, x for u # h.

1 = h. We can assume that the rows of x are permuted such that |0 N x| is maximal,
as motivated by Lemma 6.1.1. Then the following cases need to be checked:
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—oNx =10. Let s = (s1,...,8,) € x \ ¢} and v = (v1,...,v5) € EI \ x be
arbitrary. Then define a function f € ﬁ,gl) by f(s;) :==wv; for all ¢ € {1,... h}
and dom(f) := {s1,...,s,}. Then f is well-defined because s; # s; holds for
i # j. Additionally we have f ¢ pPOL, x because f(s) =v ¢ x and s € .

Assume f ¢ pPOL, o. Then there is some r € ¢ with f(r) ¢ 0. The tuple r
has less than A different entries. Otherwise r would be a permutation of s and
thus there would be a permutation of rows of x such that ¢ N x # (. But then a
contradiction follows as in the case u < h above, i.e., pPOL,, o # pPOL,, x holds.

—onNx#0,0¢Z x. Let s=(s1,...,8,) € X\LZ and v = (v1,...,vp) € o\ x be
arbitrary. Define a function f € ]3,51) by f(s;) := v; for all i € {1,...,h} and
dom(f) := {s1,...,sn}. Then f is well-defined, because s; # s; holds for ¢ # j.
Additionally we have f ¢ pPOL,, x because f(s) =v ¢ x and s € .

Assume f ¢ pPOL,, o. Then there is some r € o with f(r) ¢ p. If r has less than
h different entries then a contradiction follows as in the case u < h above. Thus
r has exactly h different entries, i.e., r = s[® holds for some « € [5(p)- Because
o is coherent we also have

7o) =f(s17) = vl e o
This is a contradiction to f(r) ¢ o. Thus f € pPOL, ¢ holds and this implies
pPOL; ¢ # pPOL, x.

— The case ¢ C x is the same as above if the roles of x and p are exchanged. O
Lemma 6.1.3. Let o") € W, and x® € ’ﬁg‘a" \ Wy.
Then pPOL,, ¢ # pPOLy, x holds.

Proof. Let s = (s1,...,s,) € x \ ¢, and v = (v1,...,v,) € E}\ x be arbitrary. Define a
function f € ﬁ,gl) by f(si) :=wv; for alli e {1,...,u} and dom(f) := {s1,...,5,}. Then f
is well-defined because s; # s; holds for ¢ # j. Additionally we have f ¢ pPOL,, x because
f(s)=v ¢ x and s € x.

Assume f ¢ pPOL, . Then there is some r = (r1,...,7,) € o with f(r) € EI \ 0. From
o= U 0. where F is a set of equivalence relations on Ej, follows r € . for some ¢ € F.

eek
From r; = r; = f(r;) = f(r;) follows f(r) € d. C p, in contradiction to the assumption.
Thus f € pPOL,, 0. O

Lemma 6.1.4. Let 3 <y < h < k. Then pPOL i} # pPOL, .I' holds.

Proof. Define the function f by

Tx1 T 52 T %3 Txh f(x)
0 0 0 0 0

0 1 1 1 1

1 1 2 2 2

2 2 2 3 3

h—-3 h—3 h-—3 h—2|h-—2

h—2 h—2 h-2 h—2|h-1
otherwise 00

We have f ¢ pPOL,, ¢}, because the columns z.; to ., are in ¢}, but f(z) is not.
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Assume f & pPOLy ¢f. Then there are c,1,...,cen € th With f(cir,...,con) =1 d € tf. If

the rows ciy,...,cu. are all pairwise different then there is a column c,; with p different
elements, in contradiction to ¢,; € ¢f. Thus two rows are equal, i.e., two entries of d are
equal in contradiction to d & /. Thus f € pPOL, ¢} O

Lemma 6.1.5. Let ¢ = o; for some i € {1,2} and x = ¢} for some p € {3,4,...,k}. Then
pPOL, ¢ # pPOLy, x.

Proof. Define the function £ by

— -0 O
—_ o = O
—_0 O O

and not defined otherwise. Then f ¢ pPOL,, o because
(0,0,1,1),(0,1,0,1) € o
but (0,0,0,1) & 0. Because |{0,1}| = 2 we get f € pPOL, x. O

Lemma 6.1.6. pPOL, 01 # pPOL;, 02.

Proof. Define the function ) by

— -0 O
_— 0 = O
O~ = O
_ o oo

and not defined otherwise. Then f ¢ pPOL, g2 because
(Oa 07 17 1)’ (Oa 17 07 1)’ (07 17 17 O) € 02

but (0,0,0,1) & 5. Because {(0,0,1,1),(0,1,0,1),(0,1,1,0)} Z o/ for all 7 € S we have

Theorem 6.1.7. The relations in ﬁfc’"ax describe distinct mazximal partial clones.

Proof. Combining the Lemmas 6.1.2, 6.1.3, 6.1.4, 6.1.5 and 6.1.6 implies the theorem. [

6.2 Shortcuts for Finding Coherent Relations

We want to find all coherent relations ﬁg‘ax, and determine |p.#|. The trivial approach
is to enumerate all subsets of Eg for h € {1,...,k}, check if they are coherent and remove
duplicates with respect to equivalence of the relations, see page 46. But this approach needs
to much memory and time because all coherent relations have to be in memory at the same
time, all have to be checked for coherence, and relations generating the same clone have to
be identified. Thus we try to do better.

Definition 6.2.1. Let v := (vq,...,v,) € B, w = (wy,...,wp,) € B, We write v < w if
Fe{l,2,...;h}: (Vj<i:v;=w;)Av; <w.

Thus < defines a lexicographical order on E,’CL Let v<wifv <worv=w.
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LetV:{Vl,...,Vm}gE,}; andW:{Wl,...,Wn}QEZ with V; < V; and W; < W for
all 1 < j. We write V < W if

Fe{l,2,...,min(m,n)}: (Vj<i:V;=W;) AV, <W,,
or
m<nAMe{l,2...,m}:V;=W,).

Thus < defines a lexicographical order on the subsets of E,}g Let VW ifV < W or
V = W. Then < is a total order.

Let mingy V=2 €V withae Jyforally e V.
Definition 6.2.2. Let o™ ¢ ﬁglax. Let S; be the set of all bijective functions on Ej, i.e.,

Sy=A{f¢€ P,gl) | f is bijective }.

Define the quasi-relation-class qclass(p) by

qclass(e) = {{f(v) [v € o} | f € S¢}

and we call o a quasi-minimal relation if o = min qclass(p).

Define the relation-class class(p) by

class(0) := {{(f ()™ | v e o} | f € Sk, 7 € 2(0)}
where
E(o) :={m € S [ m(e(0)) = e(0)},

i.e., all permutations which leave 6(p) fixed.
We call ¢ a minimal relation if ¢ = min class(p).

Every minimal relation is a quasi-minimal relation because gclass(p) C class(p).
The general idea to find all coherent relations o) in reasonable time is to

e traverse over all models M (p) where £(p) is given in such a way, that all equivalence
classes are continuous intervals and sorted in decreasing order of size. The areflexive
relations are represented by €(g) = (). The relations in S are treated in a special way
and no equivalence relation is given.

e For a given model M(p) check all relations x with M(x) = M(p), i.e., traverse over
all x C E with M(x) = M(o). Let

Ay = {min {v[”] ‘ TE I‘a(g)} vE (T(EZ’)} ,

the set of all areflexive h-ary tuples on Ej modulo the group associated with the
model M(p). Then any subset of A, uniquely identifies a relation with the given
model M(p). The subsets are determined recursively starting at A, = {n,} (since
Ny, € o if o = min class(p)) and adding tuples v1,vs,... to A, such that v; < v; for
all i < j. Thus every subset of A, is given exactly once and we can make cut offs with
the help of the following lemmas.

e We only print a relation g if it is a minimal relation in the sense given above, and the
size is given by

{pPOLy x | x € class()}| = [{min qclass(ol™) | m € £(0)}.
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Because there is exactly one minimal relation in each class(p) we can deduce the
number of all coherent relations.

Lemma 6.2.3. Let o € ﬁ‘knax. Let x C o with

(a) D Co(x) Colo),
(b) M(x)= M(o), and

(c) Vr € Ty Vo € 0(X) - o™ e a(y).
Then x € ﬁg’a".

Proof. Because of (a) the relation y is non-trivial. Because of (¢) we only have to show,
that for every § C o’ C o(x) there is a relational homomorphism ¢ : Fy — Ej from ¢’ to
M (x), such that ¢(r) = n, for some r € o/, ie., (¢(ro),...,0(rn-1)) = (0,...,h — 1) for
some r := (rg,...,Th—1) € o’. But this follows from ¢’ C o(x) C o(p), (b) and o coherent.
Thus x is coherent. O

Lemma 6.2.3 for a fixed model M (g) means that we can cut off the subset tree if we encounter
a relation x which is not coherent, since x ¢ Rp®* implies X’ & Ry for all x’ D x with
M(X') = M(x)-

Lemma 6.2.4. Let g, x € ﬁfcn"“‘. Let x C o and x < o with

(a) D Co(x) Cale),
(b) M(x) = M(e), and
(c) o is a quasi-minimal relation.
Then x is a quasi-minimal relation.
Proof. Let ¢ =: {v1,...,v)o} with v; < v; for all i < j. Then x = {v1,...,v}y|} because

x < oand x C po.

Assume y is not a quasi-minimal relation. Then there is some x’ € qclass(y) with x’ < x,
i.e., there is some f € Sy with f(x) < x. Thus there are a € {1,...,|x| — 1} and w € f(x)
with v4-1 < w < v, and {v1,...,v,-1} C f(x). Then {vi,...vo—1,w} C f(p) implying
f(o) < p, i.e., o is not a quasi-minimal relation, in contradiction to the assumption. O

Lemma 6.2.4 for a fixed model M () means that we can cut off the subset tree if we encounter
a relation x which is not quasi-minimal, since

e x not quasi-minimal implies x’ not quasi-minimal for all x’ D x with M (x') = M(x),
and

e every minimal relation is also quasi-minimal.

We can not cut off the subtree if we encounter a relation which is not minimal but only
quasi-minimal. For example

0 1
o= 1 0
2 2
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is quasi-minimal, but not minimal because

0 0
1 2 | = minclass(p).
2 1 A
On the other hand
0 0 1 1
1100
2 3 2 3
is minimal and is found in a subtree starting with p.

6.3 Other Completeness Criteria

The number of coherent relations is quite large and it is computationally difficult to find all
of them. The next theorem gives a sufficient condition for completeness.

Theorem 6.3.1. Let C = {fl(hl),...,fl(h’)} C P, @1,eesom € Sk, Uy = {nk}, and
Uj:={pW)|veUj_1,p € {p1,...,p5)} forje{1,...,m}.

If

((1) <9013 . 790m> = Sk;

(b) there are i € {1,...,l} and v1,...,vn, € Uj_1 with fi(vi,...,vn;) = @;(nx) for all
je{l,...,m},

(c) there arei € {1,...,1} and vy,... v, € Uy, with fi(vi,...,vp,) € 5% for some non-
trivial equivalence relation £ such that there is some x € Ey with (z,y) & € for all
y € Ey \ {a}, i.e., € has a singular equivalence class,

(d) for all x € Wy, there is some f € C with f &€ pPOLy, x, and
(e) there is some f € C with f & P, U Cx,

then [Cp = Py.

Proof. Assume [C]p # Py. Then there is some M € p.#, with C C M. Because of (e) there
is some coherent relation o™ € R with M = pPOL;, o.

e We first consider o(9) = . Then ¢ € W and thus there is some f € C with
f €pPOL, g,ie. CZ M.

e Now we see that there is some v € o(p) and we can assume v = n,. That means
{v} = pr, U := pro 1, n_1Uo and by (2) there is some function f € C such that
v1(v) = f(v,...,v) € o because f € pPOL, 0. Doing this repeatedly we get pr, U; =
{o) e elp} So
By iteration we get prj, Ua,pry Us,...,pr, Uy C o. Thus o(E!) C o(p) because
(@1, -+, pm) = Sk and therefore U, = U(E’,j). This implies that G, (p) = Sh, i.e. ¢is
totally-symmetric.

If h = 1 then o(E!) = E) and thus o = Ey, ie. o ¢ ﬁg‘ax, in contradiction to the
assumption.
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For h > 2 we know by (3) that §(¢) # 0. This means that d(p) = ¢} because o is
coherent. But then o = Eg in contradiction to the assumption that o is coherent.

For h > 3 we even know that d(p) # 0. for all ¢ without singleton class. Assume
d(0) = d. and € has at least one singleton class. But then there is some 7 € S, with
§(0)I™! + 6(p) in contradiction to ¢ coherent.

Thus 6(0) € {t}', 01,02} If h = 4 then 6(0) # g; for i € {1,2} because of (3), i.e.,
filv1, ... vp,) = (z,2,y,2) € 8(EY) \ ;- Thus we see that 6(g) = (f = §(E!). But
then o = () Ud(0) = E} contradicting o coherent.

Thus we can conclude that C € M for all M € p.#), and by Theorem 5.3.2 we get [C]p =
Py. a

6.4 Conclusion

The lists of all coherent relations for k& € {2,3,4,5,6} can be found at
http://www.math.uni-rostock.de/ schoelzel/papers/numbers/

together with the source code of the program used to generate them. The source code is
also printed in Appendix A.1. The program is written in Haskell, is single-threaded and
needs about 52 hours on a SunFire V490 to compute all coherent relations for & = 6. In
Table 6.1 we show the number of maximal partial clones |p.#}| compared to the number of
maximal total clones |.#};| as given in [40]. The number of coherent relations is given in the
following tables. A recursive formula for the number of maximal total clones has been given
by Rosenberg [57]. Further investigations in this area might look into deriving a similar
formula for the number of maximal partial clones.

k || \p#y|
2 5 8
3 18 58
4 82 1102
5 643 325722
6 15182 | 5242621816
7 7 848 984 ?
8 | 549761933169 ?

Table 6.1: Number of maximal (partial) clones
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Chapter 7

Uniqueness of Minimal Covering
of Maximal Partial Clones

In the last chapter we have shown that the number of maximal partial clones increases very
fast if k increases. If we want to check if a set A of partial functions is complete we have to
check all maximal partial clones if A is not a subset of any them. One special situation is
the case that A consists of only one function.

A function f € ]Sk is called a Sheffer partial function (or partial Sheffer function) if it
generates the partial clone P of all partial functions, i.e.,

f is a Sheffer partial function <= [f]p = Py.

The name “Sheffer function” is named after H.M. Sheffer who proved in 1913 that the Boolean
function NAND (not and) and its dual NOR (exclusive or) suffice to generate all Boolean
functions; see [68]. They are defined by the following table.

z y | NAND(z,y) | NOR(z,y)
0 0 1 0
0 1 0 1
1 0 0 1
1 1 1 0

The first known work to deal with such functions dates back to 1880 and is due to C.S. Peirce
but only published in 1933 [46]. In 1935 D.L. Webb showed that Py can be generated by one
binary function for every k > 2 generalizing the result of Sheffer; see [72]. Then in 1967 and
1969 a general and minimal characterization of all Sheffer functions was given by Rousseau
and Schofield [62, 65| just a few years after Rosenberg had characterized all the maximal
total clones with his completeness theorem [55, 56]. Most Sheffer functions can be redefined
on some places of their domain in an arbitrary way. This was considered by Rosenberg [58]
and Romov [53]. Both of them use the notion of a partial Sheffer function but different from
our one. So we can not use their results.

The notion of a minimal covering of the maximal clones of Py has been introduced. This
is a subset of the set of all maximal clones, such that for a single function f it suffices to
check if f is in any member of the minimal covering to know if f is a Sheffer function. It
is minimal in the sense that no clone can be removed from the minimal covering without
destroying the previous property. For the maximal total clones it was shown that there is a
unique minimal covering for every k > 2 and all members were identified.
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Considering this, it is interesting to investigate the same route for Sheffer partial functions,
i.e., try to show that the minimal covering of the maximal partial clones for some k is unique
and determine all its members. The the characterization of the maximal partial clones (see
Theorem 5.3.2) due to Haddad and Rosenberg [14, 22, 24] has been done about twenty years
ago and the question about minimal coverings is still not solved in the partial case. So it
seems to be really more difficult than the total case.

For small k& the problem is solved; for & = 2 in 1991 by Haddad and Rosenberg [23], for
k = 3 in 2007 by Haddad and Lau [17], and for k£ = 4 in 2008 by the author in his diploma
thesis [66] (published in [67]) based on the concrete list of the maximal partial clones given
in [26]. That means there is a unique minimal covering p%} of p.#, for k € {2,3,4} and the
members are determined. The following table lists their sizes in comparison to the number
of all maximal partial clones |p.Z|.

k| lp# | lp6il
2 8] 5
3| 58] 26
4| 1102 | 449

Furthermore some results are included in these papers that give members and non-members
of minimal coverings for all £ > 2. For example

e every maximal partial clone pPOL, ¢ with ) C ¢ C Ej belongs to every minimal
covering [17];

e every maximal partial clone pPOL, < is in no minimal covering if <C E,% is a reflexive
and anti-symmetric relation such that there is some element ¢ € Ej comparable to
every other element, i.e., ¢ < a or a < ¢ for all a € Ey; [66, 67];

e if the maximal partial clone C' can be generated by a single function f, i.e., C' = [f]p,
then C belongs to every minimal covering [17].

In this chapter we show that there is a unique minimal covering of the maximal partial
clones. The ultimate goal to determine all the members of the minimal covering for every
k > 2 seems still to be far away since the characterization of the maximal partial clones is
considerably more difficult than the one for the maximal total clones.

7.1 Minimal Covering
Definition 7.1.1. A set 2" C p.#}, is a minimal covering of p.#},, iff

e for every f € P, _
flp=P, <= VBe Z :f¢B

holds, and
e for each C' € 2 there is some f¢ € P, with

[felp # Py and (YBe 2 \{A}: fc ¢ B).

Lemma 7.1.2. Let C be a maximal partial clone and there is some f € C with f € B for
all B € p i, \{C}. Then C is in every minimal covering of p.#j;.
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Proof. Let f € C € p#y, with f ¢ B for all B € p.#}, \ {C}. Assume there is a minimal
covering 2" of p#y, with C ¢ 2. Then [flp CC C Py, and f ¢ A for each A € 27 C
pMy, \ {C}, in contradiction to the first condition of a minimal covering. O

Lemma 7.1.3. Let C € p#y and € C py \ {C} such that every C' € € is in every
minimal covering of p.#), and for all f € C there is some Cy € € with f € Cy. Then C is
in no minimal covering of p.H.

Proof. Assume C is in some minimal covering 2~ of p.#.. Then there is some fc € P, with
[fclp # P and fo & B for all B € 2\ {C}. From ¢ C & follows fc ¢ C. Thus f ¢ B

for all B € 2, and [f]p # P, contradicting the assumption that 2" is a minimal covering
of p#y.. Thus C is in no minimal covering. O

7.2 Some Definitions

Definition 7.2.1. Let w(v) be the set of entries of v = (v1,...,v,) € EF. That means we
let

w) =w((vy,...,0p)) :=q{v1,..., 08}

Additionally let
w(e) = [Jw(v).

vEP

Definition 7.2.2. The set of coherent relations 7%2““ can be divided into the following sets:

U = {x"Weryr>|u=1}
(non-trivial unary relations)
A = {x"W e RP= | 1> 2 and y is areflexive},

(areflexive coherent relations)
Q = {x® eRP™|u>2and y is quasi-diagonal},
(quasi-diagonal coherent relations)
{(x" e Rp™ | >3 and 5(x) = i)},
(totally symmetric, totally reflexive coherent relations)
£ o= [ e RP | pu=dand 6(x) € {01,021}

(quasi-linear coherent relations)

©»
|

Definition 7.2.3. Let o™ € Q be arbitrary and

0" == pro(e(e) \ ¢i);

i.e., the elements of Ej, which are in no singleton class of (g). We define

ppo = DPr, o,
lell = lo",
Qy = {X(“) € 9| e(x) has no singular equivalence class}

(= XWeglppx=x}={K"eQl|xl=un}),
9 = Q\Qoo



7.3 A Product of Functions 56

If o € Q; then define

Qg = {XG Ql

(Ixll < llell) or }

(IIxll = llell and ppx Z pp o)

Because pPOL;, ¢ = pPOL,;, Q[W] for all m € S, we use the convention that ppo = Prg,, @
for all p € O.

The relations in Q; are exactly the coherent quasi-diagonal relations ¢ where £(p) has at
least one singular class.

Example 7.2.4. Let k£ = 10 and

0 5
1 6 )
=12 7 Ua{o,l},{273}€Q'
3 8
49
Then
e(o) = 01 23012 3 4
= \103201234)
- = {0,1,2,3},
0 5
16 (4)
ppe = 9 7 |Yo%uqzap
3 8
el = 4

Then p € Oy and ppo € Qp.

7.3 A Product of Functions

Definition 7.3.1. Let D’ € EZXb be an (a, b)-matrix on Fy, i.e.,

d11 dlb
D/ — .

with d;; € Ej, for all 4, 7.
If a function f™ € P is defined by

f(D):=v= (vl,...,va)T

then
n = b,
domf:=D := {(dpn,...,dw)|1€{Ll,...,a}},
f(dih SN 7dib) = U
for alli € {1,...,a}. If the domain D := dom f is given then D’ is a matrix whose rows are

the entries of D in lexicographical order.
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Let Y™ € Ry and f(") ¢ P be defined by f(x) = v then assume y be given as a matrix as
explained before, i.e., n = [x| and v € E}'.

Definition 7.3.2. Let f(™ ¢ P, with D = dom f and ¢(™ € P, with E = dom g. Then
D' € E\P™" and E' € E)P™

Let N :=n-m. Define D' @ E' € E{/PITEDN 1y

D,®E,_<D;1 ... D, D, ... Dy .. D, .. D;n)'

E, ... E, E, ... E, ... E, . FE,
Define F(V) .= (f®g) € f’,gN) by

o my = (D) - (HE1).

We assume E’ has no constant rows so F' is well-defined. Then

domF = {(a1,...,01,. - QiyeeyQiyeeylp,... a,) | (a1,...,a,) € D}
—— —— ——
m times m times m times

] {(bla---;bmabla---7bma~--;b17-~-abm) | (bl,...,bm) EE}

Let ¢ = (c1,...,cn) € dom F. Then we say it is from the E-part or g-part of F if ¢ =
pr;(E',E',..., E") for some i. Otherwise we say it is from the D-part or f-part of F.

Likewise we inductively set f® g1 ® - ®¢-1 Q@9 = (fQ@n @ - - ®gi—1) ® g, with g; € ﬁk
for all i € {1,...,1}.

Example 7.3.3. Let x(®) be the relation given by
(0 0
X=\2 1)

If we define f by

then we mean

Let g € By, be given by

Q
7 N
N O
SN )
Ut W
~~_
Il
7N

with £ = domg = {(0,2,3),(2,4,5)}. Then

(f®g)

(Sl =] N i)
ol o
gl Wl o
N Ol o
S ol o
oW~ o
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and

dom(f ®g) = {(07 07 07 O’ 07 0)7 (27 2’ 2) 17 17 )7
(0,2,3,0,2,3),(2,4,5,2,4,5)}.

7.4 Some Simple Cases

For the rest of this chapter we assume k£ > 3 as the case £ = 2 would complicate things a
bit and is already solved:

Lemma 7.4.1 ([23]). The set

PpEs = {pPOLQ{O},pPOLQ{l},pPOL2 <(1) (1)> ,PouU C’OO}

is the unique minimal covering of p# 5.

Lemma 7.4.2 (Lemma 4 [17]). The mazimal partial clone P,UCx belongs to every minimal
covering of p#y.

Lemma 7.4.3 (Lemmas 5, 7 [17]). Let o € U, i.e., § C o C Ey. Then pPOL, o belongs to
every minimal covering of p.y,.

Lemma 7.4.4. Let g(h) S ﬁglax with h > 2 and f(") S ]Sk Let cy1,Ch2, ..., Con, € 0 with
Cliy -+ Chx € dom(f) and ¢y = ciny for some 1 < i’ < i’ < h. Then d:= (dy,...,dy) :=
f(c*la Cx2y - -y C*TL) € 0.

Proof. Because two rows are equal we have c,; € §(9) C ¢} for all i € {1,2,...,n}.
Because p is coherent there are the following cases for ¢ := 6(p):
e § =10, 1i.e., ois areflexive. Then c,; € o contradicting the assumption.

e ) = {. for some equivalence relation € # L}%. Then cy1,¢49,...,Cen € 0 and thus
d€d. Co.

§ =t Then dy = f(cire) = flcini) = din, ie., d € 12 C .

e § =pq,ie, 0 ={(a,a,a,a) | a € Ex} U{(a,a,b,b) | a,b € Ey,a # b} U{(a,b,a,b) |
a,b € Ey,a # b}.

— If i/ =1 and ¢ = 2 then

cxj €0\ {(a,b,a,b) | a,b € Ey,a # b} = 10,1} (2,3}

for all j € {1,2,...,n} and thus d € d;0,1},{2,3) C 01 € 0. The case i’ = 3 and
1" = 4 is analoguous.
— If / =1 and ¢ = 3 then

cxj €0\ {(a,a,b,b) | a,b € Ey,a # b} = d10,2},{1,3}

for all j € {1,2,...,n} and thus d € 0g02},{1,33 C 01 € 0. The case i’ = 2 and
1" = 4 is analoguous.

—If #/ = 1 and i = 4 then c,; € {(a,a,a,a) | a € Ex} = 650,1,2,3) for all j €
{1,2,...,n} and thus d € 01233 C 01 € 0. The case i’ = 2 and i = 3 is
analoguous.

e § = oo is done analoguously. O
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Lemma 7.4.5. Let o(") € S with either

h>4, or (7.1)
h=3 and Iz € 0(E3)Va € By, \ w(z) Iy € (o) : w(x) U {a} = w(y). (7.2)
Then
Vf e pPOL, oIy eUUU{x}: f € pPOL, v (7.3)
with

X = {IGE]};_l | {z} x E}, C o} .
Furthermore pPOLy, x € p.#}. holds.

Proof. The definition of x implies that x is totally symmetric and totally reflexive. We have
to show that x is non-diagonal. x # (2 for h = 3 because of (7.2). Assume y = E,}fl. Since
o F E,’j there is an = := (z1,22,...,2p) € E,}c’ \ 0. This contradicts the construction of y,
because (z1,xa,...,zp—1) € x and = ¢ p hold. Thus y is a non-diagonal totally symmetric
totally reflexive relation and thus pPOL, x € p.#.

Let f(") € pPOL,, ¢ be arbitrary. Assume, f ¢ pPOL,, v for all v € /U {x}. Then there are
Cily -y Can € X With ¢ := f(Cu1,. .., Cun) € El}fl \ Xx. This means,
Jg € B \w(c)Vy € 0(0) : w(c) U{q} # w(y).

Because of f ¢ pPOL(Ex \ {¢}) there are some q1,...,q, € Ex\{q} with f(q1,...,¢n) = ¢.

Thus follows
Csl ... Cxn c
= =t
)= ()

with |w(t)] = h, and therefore ¢ ¢ (. Because of w(t) # w(y) for every y € o(p) by

Csxei

construction, t ¢ p holds. But ¢,1, ..., ¢, are chosen with ( ) cpforallie{l,...,n}

%

contradicting f € pPOL,, o. Thus (7.3) holds. O
The set S’ consists of all relations in S which do not fulfill the conditions of Lemma 7.4.5,
e, S :={x" |x €S, u=23and (7.2) is not fulfilled by x}.

Lemma 7.4.6. Let Q(h) € Qy with h =2 and

EIxEEkEWESQ:{x}xEkgg[”].

Then pPOLy, o is in no minimal covering of p.#;.

Proof. Let f™ ¢ pPOL,, o be arbitrary. Assume f ¢ pPOL, 6 for all 8 € U.

Let A C Ej be a maximal set with A x E, C ol"l. Let y € Ej be arbitrary. Because
f ¢ pPOL, A and f & pPOL,, (Ex \ {y}) there are rows c4 € E}' and ¢, € E}' \ {y} with
f(ca) =ta € Ex \ A and f(cy) = y. Thus (a,y) € o™ and because y is arbitrary we get
(AU {a}) x Ej C o™ contradicting A maximal.

Thus the assumption is wrong and f € pPOL,, 6 for some 6 € Y. This implies pPOL,, p is
in no minimal covering because pPOL,, 0 is in every minimal covering of p.#) by Lemma
7.4.3. O

The set Q) consists of all relations in Qg which do not fulfill the conditions of Lemma 7.4.6.
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7.5 Sorting the Minimal Coverings

Definition 7.5.1. Let o, x € ﬁrknax with o # x, i.e., pPOL,, 0 # pPOL, x by definition of
Rpex. We write o < x iff

Vf € pPOL, odg € pPOL, o
(9 # PPOL,x) and (Vo € Ry (f ¢ pPOLy ¥ = g & PPOL v))

Lemma 7.5.2. Let X = pPOL, o € p ), f € X, and ¥ C py, with f Y forallY € &
and
# = {pPOL, ¢ | ¥ € RP™ and o < ¥} C p.t.

Then there is some F' € X with F €Y for allY € % U Z.

Proof. Let {pPOL ¢1,...,pPOL, ¢} := 2 and fy := f.

Let f; € X with f; ¢ Y for all Y € # and f; € pPOL, %; for all j < i. Because ¢ < ¥;41
there is some f;11 € X with fiy1 €Y forall Y € & and f;41 € pPOL, v, for all j <i+1
by definition of <.

Thus by induction there is some F := f; € X with F ¢ Y forall Y € & and F ¢ Z for all
ZeZ e, FgY foralY e U Z. O

Remark 7.5.3. With the help of < we can define a directed graph G = (p.#}, E) such
that (X,Y) ¢ E for all XY € p#), with X = pPOL, o, Y = pPOL, ¥ and o < ¢. We
show that G is acyclic and conclude that there is a unique minimal covering of p.Z;.

If X € p#), is a sink in G then X is in every minimal covering of p.#}. Assume this is false.
Then there is a minimal covering % of p.#}, with X ¢ % and

VieX3dY e&:feY.

Since X is a sink, i.e., (X,Y) & E, we have o < ¢ for all Y = pPOL, ¢ € # and thus by
Lemma 7.5.2 there is some F' € X with FF' ¢ Y for all Y € & contradicting % is a covering
of p.#),. Thus X is in every minimal covering of p.Zj,.

If X € p#); is not a sink in G then X is covered by its successors U(X) := {Y € p.#}, |
(X,Y) € E}, ie.,
xc |J ¥
YeU(X)

Assume this is false. Then there is some f € X with f ¢ X’ for all X’ € U(X). By Lemma
7.5.2 there is some F € X with F ¢ X' for all X’ € U(X) and F ¢ Z for all Z € p.#}, with
(X,Z2)¢E. Thus F¢Y forallY € 2\ {X}. But then U(X) = 0 because of the existence
of F,ie., X is a sink. Thus X is covered by U(X).

Then we show in following sections that G is acyclic. This implies if X is not a sink then X
is covered by sinks since G is transitive and finite, i.e., X is in no minimal covering. Thus
there is only one minimal covering.

Remark 7.5.4. Sometimes we write y C o to mean x C ol™ for some 7 € Sj. Because
pPOL, 0 = pPOL, ol™ we can assume 7 = id in most cases.

Similarly if we write y Z o then x € ol™ for all 7 € Sj,.
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Lemma 7.5.5. Let o™ € AUQ)U L and x'™) € (QULUS)\ {o}. Then o < x.

Proof. Let o := o(p) and ¢ := §(0). Let f € pPOL, ¢ be arbitrary. If f ¢ pPOL,, x then
g := f fulfills the conditions of ¢ <« x. Thus assume f € pPOL, x.

First case: y < hor xy € S.
Let go(x) := v (see Definition 7.3.1) for some v € ol™ \ y if x C o™ for some 7 € S},
(w.lo.g. m=1id) and v € EJ \ x otherwise. Then gy ¢ pPOL;, x.

We have to show gy € pPOLj, 0. Assume g(()") ¢ pPOL, po. Then there are some rows

Clay -y Chx With ¢i1,...,Cen € 0 and go(cs1,...,Cen) =: d € 0. Because of Lemma
7.4.4 all rows have to be different. Thus if 4 = h then {c.1,...,can} C X[’T] for some
e Sh.

e Let i < h. Because gg is only defined on p different rows Lemma 7.4.4 applies
and we have d € p.

e Let 4 = h and x C o. Then 7" € I',(,) because ™ ¢ p and x C o. Thus
d=vl"l¢ o because v € p.

o Let u=h and x Z o™ for all 7 € S. Thus there is some j € {1,2,...,n} with
c+j € o contradicting the assumption.

e Let Y € S and x> h. Then E} = pry = {cs1,...,can} C o contradicting o
coherent.
Thus ¢go € pPOL,, 0.
Let Go := f ® go and L = 0. By construction Gog ¢ pPOL,, x.

Second case: > hand x € S.
Let og := o and define o1, 09,...,07, 0141 recursively until ;.17 = () holds with () &
{0‘0, T1y... ,0’[}.
Let ) C 0; C o be given. Because g is coherent, there is a relational homomorphism
i : By, — Ej from o; to M(p) and an s; € o; with ¢;(s;) = np. Let o441 =
{s€a;|pils) €NE!}. From p;(s;) =, & 6 N E} follows |o;41| < |o;|. Because
|o| is finite there is an [ € N with o;41 = 0 and 0 ¢ {0¢,01,...,01}.
Define ¢, : Ep, — Ex by ¢«(nr) := so. Then define for ¢ € {0,1,...,1} the function
q; : By, — Ej with g;(x) := @.(¢i(z)). Then ¢; is a relational homomorphism from o;
to o. For v := (vo,v1,...,vm—1) € B and m € {1,2,...,k} let Q_1(v) := 0% ,

Qi(v) == Qi—1(v)U

{(@ogs @y o s 20, ) € B | @ila) = ¢i(b) = 20 = 2}

and Q;(v) =: Qi4,(v) for all j > 1. Because of |¢;(Ex)| = h we have |w(z)| < h for all
z € Q;(nw)-
Let

Vie{0,1,2,...,0} : gi({metUQizi(mk)) == qi(n),
Vie{1,2,. B} g ({mF U Qi) = wy,

where {wy, ws, ..., wpr} = Ef. Let L:=1+|E}|

We now show ¢g; € pPOL, ¢ for ¢ € {0,1,...,L}. Assume ggn) ¢ pPOL, 0. Then
there are Tows i, . .., Chy With cu1,..., Cun € 0 and g;(Cut, ..., Cun) =1 d € EF \ p. By
construction of g; we can w.l.o.g. assume that ¢’ := c,; = DTy, . p, Tk With pairwise
different coordinates p1,...,pr. Thus ¢ € o(p).
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o If ¢ € g; (ie., i <1 because o711 = 0) then d = g;(¢/,cu2,...,Can) = qi() € 0
because ¢; is a relational homomorphism from o; to o.

e Now let ¢ € ¢\ ;. Then there is some j < ¢ with ¢’ € 0 and ¢ € 0j41. Then
©j(c) € o(E}). Thus

Ep = Q;() CQi—a(c)) =pry,  p Qic1() = {cua, ... can} C o0,
ie, o= E,}; in contradiction to ¢ coherent.
Thus g; € pPOL, o for all i € {0,1,...,L}.
Let G = fRgo®g1®---®g; fori € {0,1,...,L}.
We show G, € pPOL; x.

o If g; ¢ pPOL,, x for some i € {0,1,..., L}, then G & pPOL;, x.

e Otherwise Q;(v) C x for some v € x by construction of Q;(v) and g; € pPOL,, x
for i € {0,1,...,L}. Then g;4;({v}U 6%/" UQi(v)) € x for all j € {1,2,...,|EF|}
and thus EJ' C y in contradiction to x coherent. Thus G & pPOL,, x.

Let Gy = f and ¢ = G. Now we show that ¢ € pPOLj ¢ by induction over i €
{-1,0,1,...,L}.

The basis G_1 = f € pPOL,, ¢ is given by choice of f.

The induction goes from ¢ — 1 to ¢ for ¢ € {0,1,...,L}. Let G;—1 € pPOL; 0. We want
to show G; = Gi—1 ® g; € pPOL, ¢o. Let D := domG,_1, E := domg; and D', E' the
associated matrices (see Definition 7.3.1).

Assume G; € pPOL,, p. Then there are some rows ci, ..., Cps from D’ @ E’ with

C1x S1
F =: =:s¢p (7.4)
Chx Sh,
and
Vie{l,2,...,N}: e €0 (7.5)

By Lemma 7.4.4 all the rows ¢;, are pairwise different.

Because G;,_1 € pPOL, ¢ and g; € pPOL, ¢ some rows have to be from the D-part and
some from the E-part of D' ® E’.

Assume w.l.o.g. ¢, is from the D-part and cp, is from the E-part.
From 6(x) # 0 and x coherent follows

) ={(w1,.. @) € B |z =ma =+ =3,} CI(X) C x-

e 90 € A Because Ey C Q;(z) C cps for some x € Ej there is some column j with
c1j = cp; in contradiction to o areflexive.

e o€ Q. If h =2 then {z} x E) C p in contradiction to g € Qf, i.e., o does not fulfill
the conditions of Lemma 7.4.6.

Let h >3 and ¢ € {2,...,h — 1} be arbitrary. Because ¢, # ¢;« there is some column
j with (15, ¢ij,cnj)T = (z,y,y)T and z # y. Because i is arbitrary and §(g) = 6. for
some equivalence relation € we get that (0,a) & € = £(p) for all a # 0, i.e., £(p) has a
singular equivalence class contradicting o € Q.



7.5 Sorting the Minimal Coverings 63

e o0 € L. If ¢14, o4, 3. (which are pairwise different) from D and ¢4, from E, then
there is a column c.; = (z,y,z,w)’ & o with [{z,y,z}| > 2 and |{z,y,z,w}| =
3 in contradiction to (7.5). Otherwise there is ¢,; = (z,y,y,y)" € o with = # y
contradicting (7.5).

Thus G, € pPOL, ¢ and by induction ¢ = G, € pPOL, p. Because g € pPOL,, x we get
o< X O

Lemma 7.5.6. Let o™ € Q, US’ and X € S\ {o}. Then o < x.

Proof. Let f(™ € pPOL,, ¢ be arbitrary. If f ¢ pPOL,, x then g := f fulfills the conditions
of <. Thus assume f € pPOL;, x.

Let g;m)(x) :=v for some v € g\ x if x C p and v € E}\ x otherwise. Then g, € pPOL;, o
and let F(V) .= f ® gy with N =n-m. We get g & pPOL,, x because g, & pPOL, x. Let

D :=dom f and E := dom g, as in Definition 7.3.2, n = |D|, m = |E| and N = |D| - |E].

It suffices to show F' € pPOL,, o.

Assume this is false. Then there are some rows ci.,...,cps from D ® E with s; := F(c),
s:=(s1,...,sn) ¢ oandc,; € pforallje{1,2,...,N}. By Lemma 7.4.4 all the rows c;,
are pairwise different.

Because f € pPOL,, ¢ and g, € pPOL,, ¢ some rows have to be from the D-part and some
from the E-part of D’ ® E’. Then w.lo.g. o is given such that ¢y, is from the D-part
and cp. is from the E-part. Let c; «,..., ¢+ With ¢ < h be the rows of the E-part. Then

o 0 € Qp. Let ¢+, Ciys, Chs be three different rows. There are columns j; and js
with (Chjlvcizjlvchh)T = (:C’y,z)T, (Ciljwcizjzvchjz)T = (Ivyvy)T and = # y. Thus
(i1 — 1,49 —1),(i1 —1,h —1),(ia — 1,h — 1) € €(p). Because iy # iz # h are arbitrary
it follows that d(p) = 55? ) = E! in contradiction to g coherent.

h

e 0 € 8. Ifonly ¢, is from D, then {z} x Ef C p for some z € cy., and thus
(r,9)T x Ej, C o with @ # y. If only cps is from E then (z,y)T x Ex C o with z # v,
T € c14 and y € co,. Thus Lemma 7.4.5 applies in both cases contradicting o € §’. [

Lemma 7.5.7. Let o™ € Q; and x") € Q,. Then o < x.

Proof. Let f(™ € pPOL,, ¢ be arbitrary. If f ¢ pPOL,, x then g := f fulfills the conditions
of <. Thus assume f € pPOL;, x.

Let g;m)(x) := v for some v € E}f \ x and let FV) := f® g, with N = n-m. We get
F ¢ pPOL,, x because g, & pPOL}, x.

It suffices to show

FWN) .= (f ® g) € pPOLy, p. (7.6)
Let D :=dom f and F := dom g as in Definition 7.3.2.
Assume (7.6) is false. Then there are ciy,...,cp from D ® E with s; := F(ci), s :=

(81,-.-,8n)T € 0and ¢,j € p for all j € {1,2,...,N}. By Lemma 7.4.4 all the rows c;. are
pairwise different.

If all rows ¢;. are from the D-part of DQF, then f(Ci1m, Cx2m, Cxnm) = S € 0 in contradiction
to f € pPOL, p. Thus at least one row is from the E-part.

Let [ :=||o||. Let w.l.o.g. pp o be the first I rows of go. Assume there is some row ¢; . with
1 <43 <l such that ¢;,« is not from the part of E representing pp x. Let iy # ¢; with 1 <
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iz < I be arbitrary. Then there are columns j; and ja with (c;,j,, Cipjis Chjr) T = (z,y,2)T
(Civjos CingasChin) T = (z,y,y)" and @ # y. Thus (ia—1,i; —1) € (o), i.e., there is a singleton

class in g(pp o) in contradiction to pp g € Q.

)

So we need pp x € pp ¢ in contradiction to the definition of Q,. ]

For the proof of Theorem 7.5.13 some lemmas are needed using the following condition on
(h)
o\ € A.

Ap e PollY oV € {1,2,...,h — 1} VD C o(EL) Vo € o(E!M )
Vre S, Im>0:D x {p™w)} ¢ o™, (7.7)

Proposition 7.5.8. Let o) € A and o fulfills (7.7). Then there is some @' € Polg) 0
which suffices the conditions in (7.7) and ¢’ &€ pPOL {x} for all x € E}.

Proof. There is some ¢ € Pol\") g which fulfills (7.7). Let

(@) = y  for some y € E \ {z}, if v € E \ w(o),
PAI= p(z) otherwise.

Let 2 € E), \ w(o). If z € w(D)Uw(v) then D x {(¢")°(v)} = D x {v} Z o™ for all . Thus
¢’ fulfills the conditions of (7.7) because it coincides with ¢ on w(p).

Let x € w(p). Then there is some D C o(Ep~"') with D x {2} C ol for some 7 € Sj,. But
there is some m > 0 with D x {(¢')"(z)} Z ol™ because of (7.7). Thus ¢'(z) # x. For
x & w(p) follows ¢'(x) # = by definition of ¢’. O

Lemma 7.5.9. Let o") € A and o fulfills (7.7). Then pPOL,, o is in every minimal covering
of pM.

Proof. Because of Lemma 7.5.5 we just have to find a function f € pPOL,, ¢ with

Vx € UUA)\{o}: f & pPOL; x.

Then there is some function g € pPOL,, o with

Vx € R\ {0} : g ¢ pPPOL,, x

and by construction also g € P U Cs. Thus pPOL,, ¢ is in every minimal covering of p.#j
by Lemma 7.1.2.

We now construct the function f mentioned above.

We can assume 7 = id € S}, in (7.7) because pPOL,, o = pPOL,, ol™. Because of Proposition
7.5.8 we can assume ¢ &€ pPOL,{z} for all x € E},.

Let fo := ¢ and define f; := f;_1 ® fy, recursively with
X ={x1,--,xn}:={x€eUUA|p € pPOL, x}.
Let y® .= X; € X. There are two cases:

p<h: Let fy(x) =z with z € o\ x if x C g and z € E}/\ x otherwise. Then f, ¢ pPOL;, x
and by construction f, € pPOL,, 0.



7.5 Sorting the Minimal Coverings 65

1> h: Because p is coherent there is a relational homomorphism 6y : Fy, — Ej from g to
M (o). Let 01 : Ey, — Eji with 01(n,) = v1 for some v1 € p. Then § € pPOL,, ¢ for
0 : Ek — Ek with 9(33) = 91(90(1‘))
Let v € x be arbitrary and let f,(x) = 6(v). Because |w(f(v))] < h < p we have
0 € pPOL,, x, and thus f,, € pPOL, x.

By construction @ is a relational homomorphism from g to ¢. Thus f, € pPOL,, .

Because f; = fj_1 ® fy, and f,, € pPOL; x; we get f; & pPOLy x;.

Assume f;") ¢ pPOL; p. Then there are rows cis,...,Che With cu1,...,cen € 0 and
flesty. o ycun) = d € Eﬁ \ 0. Then the rows ¢;, are pairwise different and some rows
belong to the f;_; part of f; and some to the f, part. The rows can w.l.o.g. be sorted
in a way such that the first [ rows for some [ € {1,2,...,h — 1} are from the f;_; part of

fi=fi-1® fy,-

Let D := pry  ; i{ce1,---sCen} and W := pr; ; 1{cCs1,...,Cen}. Because the rows
Clss Clg1xs - -+, Ch—1x are from the f, part and f, is only defined on x we obtain W =
, X for pairwise different p;. Let v € W be arbitrary. Then there is some
V"o Thus {¢™(v) | m > 0} € W because ¢ € pPOL, x, i.e.,

prpl,plﬂw--,phf
v’ € x with v = pr
PisPi+1,5--Ph—

{e™ (V') [m =0} € -
But then D x {¢™(v) | m > 0} C g in contradiction to (7.7). O

Lemma 7.5.10. Let o™ € A, YO CEL x#0, VCEX V#0,1€{1,....,h—1} and
XXV Co. LetT' :={m €Tp(p | Vo € E,\E; 1 m(z) = 2} and X' == {cI" | c € X,m€lg}

Then X' is coherent and x' x V C p.

Proof. From the definition of IV and o coherent follows ¥’ x V C o.

We now show x’ is coherent.

e If x' = E! then there is some (z1,72,...,2,) € X' x V C p with 21 = x; for some
j > 2 contradicting ¢ € A. Thus x' # EL.

o X' Co(EL), ie., x is areflexive and 1 <[ < k,

o r[l € x/ for all v € ¥’ and m € T'ys because m € I for any m € I'ys, and because g is
coherent.

o M(Y) = {nl[”] |meTy =T} Let 0 C ¢ C X" and w € V be arbitrary. Because
o is coherent there exists a relational homomorphism A : By, — Ej, from ¢ x {w} to

M (o) with
c

i.e.,, A(c) = n, for some ¢ € . For any ¢’ € ¢ we have
¢ ]
A w GM(Q):{% |W€Fo(g)}
and because A(w) = (I,...,h —1)T we get
C’ (] /
A5 ) ol imem)

and thus A(¢') € M(x').



7.5 Sorting the Minimal Coverings 66

Let ) : E}, — E; be defined by

o Me) ifzew()),
N(z) = { 0  otherwise.

Then ) : Ey, — Ej is a relational homomorphism from y’ to M (x’) with X' (¢) =, for
some ¢ € Y.

Thus Y’ is coherent, i.e., ¥’ € U U A. O

Lemma 7.5.11. Let o™ € A and o does not fulfill (7.7).
Then for all f € pPOLy,, o there is some x*) € U U A with i < h and f € pPOL,, x.

Proof. We want to show by an indirect proof that

Vf € pPOL, 03X e UUA: (u < h and f € pPOL, x).

Let (™ € pPOL, p be arbitrary with

VW eUUA: (n<h= f¢&pPOL, ). (7.8)

Let ¢(z) := f(x,...,z). Then ¢ € pPOL,(Cl) 0 and by (7.8) we have ¢(z) € Ej \ {z} for all
x € Ey, implying ¢ € Polg) 0. Because (7.7) is false, there are I, D = {D,1,...,Dyp|} C
o(EL), v € a(EM") and m € S), with 0 < I < h and

Ym > 0:D x {™(v)} C o™,
Because pPOL,, o = pPOL,, o™ we assume w.l.o.g. ™ =1id, i.e.,

Ym>0:D x {¢™(v)} Co. (7.9)

We show ¢™(v) € o(Ef™") for all m > 0. Assume otherwise. Then

( ﬁib ) € u

for some m, but this contradicts (7.9) because o C o(E}).

Because o(E; ") is finite, there are 0 < m; < mq such that o™ (v) = ¢™2(v). Let V :=
{1 ™ (v) | m > 0}. Then for any w € V there is some w’ € V with p(vw’) = w.

Let x € {1/)(“) ceUUA ‘ w= l} with x X V' C p. Then there are rows cix,...,c with
CalyrvoyCon € X aNd f(Ci1y...,Can) = d € EL\ .

Let w' € V arbitrary and w = ¢(w’) € V. Then x x {w'} C p and
Csl ... Cxn d
f(w’l w’):<w>6E’?’
d S
w o

because f € pPOL, o. Thus (xU{d}) x V C p. This also implies x U{d} C o(E}) as shown
before.
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Let I' := {mr €Ty(p | V2 € B, \ By : m(z) = 2} and x' := {c[™ | ce xU{d},7 € Il b

By Lemma 7.5.10 with ¥ = x U {d} we get x’ coherent, i.e., x¥' € U U A, and x C x’' with
X' xV Co.

Now let xo := {D.1} then yo is coherent and xo X V' C p. By the argument above there is
an infinite chain xo C x1 C x2 C ... with x; e YU A and x; x V C p for all i € N. But
this contradicts |/ U A| < co and thus the assumption (7.8) is wrong.

Thus for any f € pPOL, o there is some x*) € U U A with u < h and f € pPOL;, x. O

Lemma 7.5.12. Let o™ € A and o does not fulfill (7.7).
Then pPOLy, o is in no minimal covering of p.#;.

Proof. Let f € pPOL, o be arbitrary. Let xé”o) = p and pg := h.
Let [ > 0.

o If x; € U then pPOL, x; belongs to every minimal covering by Lemma 7.4.3.

e If y; € A and x; fulfills the conditions in (7.7) then pPOL,, x; belongs to every minimal
covering by Lemma 7.5.9.

e If y; € A and x; does not fulfill the conditions in (7.7) then by Lemma 7.5.11 there is
some Xl(_’f_ll“) e UU A with 11 < py and f € pPOLy x741-

Since pog = h is finite and po > g1 > -+ > > 0 the last case can only a finite number

of times. Thus there is some [ > 0 such that xl(‘”) ce UU A, f € pPOL,, x; and pPOL, x
belongs to every minimal covering of p.Zj.

Thus pPOL,, ¢ is in no minimal covering of p.#}, by Lemma 7.1.3. L
Theorem 7.5.13. Let o™ € A. Then pPOL, o is in any minimal covering of p.#, if and
only if o fulfills (7.7).

Proof. If o fulfills (7.7) then pPOL, ¢ is in every minimal covering by Lemma 7.5.9. If o
does not fulfill (7.7) then pPOLy, ¢ is no minimal covering by Lemma 7.5.12. O

7.6 Uniqueness of Minimal Coverings

Lemma 7.6.1. Let Z°,% be different minimal coverings of p.#i. Then
pPOL, 0 € 2 if and only if pPOL; 0 € ¥ for all p € U U A.

Proof. By Lemma 7.4.3 we have pPOL, ¢ € 2 and pPOL, ¢ € % for all p € U. By
Theorem 7.5.13
Yo e A(pPOL o€ & <= pPOL,p € ¥). O

Lemma 7.6.2. Let Z°,% be different minimal coverings of p.#i.. Then
pPOL, o € Z if and only if pPOL, 0 € ¥ for all p € Qo U L.
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Proof. Assume this is false. Then there is some p € Qy U £ with X := pPOL,p € 2"\ #.
Because X is in some minimal covering of p.#}, we get o € QjUL. By Lemma 7.5.5 we have

% .= {pPOL, ¢ | 1 € RE and ¢ < ¢} D {pPOL, ¢ [ € (QULUS) \ {o}}.

Since 2" is a minimal covering there is some f € X with f ¢ X’ for all X' € 27\ {X}. By
Lemma 7.5.2 there is some F € X with F ¢ X' forall X' € 2 U% and X’ # X. Since & is
a covering there is some Y € & with FF € Y. But then Y e #\ (2 U Z) = (Z\ )\ Z =
(# N{pPOL, x | x eUUA})\ 2 =0 by Lemma 7.6.1. This is a contradiction. O

Lemma 7.6.3. Let Z° C p#y, be a minimal covering of p#y. Then
pPOL, o & Z forallpe S\ S'.

Proof. Assume X := pPOL, o € 2 for some p € S\ §’. Then there is some f € X with
feYforallY € 2"\ {X}. Applying Lemma 7.4.5 recursively on X implies f € pPOL, x
for some x € YUQUS'. By Lemmas 7.4.3, 7.5.5 and 7.5.6 there is some g € pPOL,, x with
ggY foral Y € 2 in contradiction to 2  minimal covering. O

Lemma 7.6.4. Let & ,% be different minimal coverings of p.#y. Then pPOL, o € 2 if
and only if pPPOL, o € & for all p€ S.

Proof. Assume this is false. Then there is some p € S with X := pPOL,p € 2\ #.
In particular ¢ € S’ by Lemma 7.6.3. Then there is some f € X with f € X’ for all
X' e Z\{X}.

Then f €Y forall Y € & with Y = pPOL, x and x € YU AU Qy U L by Lemmas 7.6.1
and 7.6.2. Thus there is some Z € % with Z = pPOL, ¢ and v € Q; US’ and f € Z. By
Lemma 7.5.6 there is some g € Z with g ¢ X and g ¢ X’ for all X' € 2"\ {X}, ie, g X’
for all X’ € 2. This contradicts 2" minimal covering because g € Z € ¥'. O

Theorem 7.6.5. Let Z°,% be different minimal coverings of p.#,.
Then '\ % C {pPOL, ¢ | ¢ € Q1}.

Proof. The theorem follows from Lemmas 7.6.1, 7.6.2 and 7.6.4, and Lemma 7.4.2 for the
partial clone P, U Cw. L

Lemma 7.6.6. Let 2, % be different minimal coverings of p#y,. Let X := pPOL, o €
Z\Y for some o0 € Q1. Then there is some x € Q1 with Y := pPOL, x € # \ £ and

PP X = PP 0.

Proof. By & # % and Theorem 7.6.5 we have ) C 2"\ % C {pPOL, ¢ | ¢ € Q;}. Let
X :=pPOL, 0 € 2"\ # be arbitrary with ¢ € Q1. Then there is some f € X with f & X’
for all X' € 2"\ {X}. Then f € Y with Y := pPOL, x € # \ £ for some x € Q;.

Assume ppx # ppo. Then x € Q, or p € Q,.. If x € Q, then there is some g € X with
g & X' forall X’ € 27\ {X} and g ¢ pPOL,, x by Lemma 7.5.7. Thus ¢ € Q, has to be
true. But then there is some G € Y = pPOL,, x with G ¢ X’ for all X’ € 2" by Lemma
7.5.7 again contradicting 2  minimal covering. O

Definition 7.6.7. Let Q(h) € Q1. We call ¢ irreducible iff
VO C AC E,Vv e U(EZflAl) Vr e Sy (pryo) x {v}  ol™.

Otherwise we call it reducible.
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Example 7.6.8. Let £k =4 and h = 3. Let

0 0 )
o=1|1 2 U(S{O 1}
2 3

We show that g is irreducible.

e Let |[A] = 1. Then pry o = E4 and v = (v1,v2) € 0(E?). Assume (pr, 0) x {v} C ol™
for some 7 € S3. Then (vy,v1,vs), (v2,v1,v2) € ™. Thus 5‘({%)1}U5$)2} C ol™ because
o is coherent. But this contradicts o € Q;.

o Let A ={0,1}. If 7 # id then 6% C o with X C Es, |X| = 2 and X # {0,1} in
contradiction to ¢ € Q1. Thus 7 = id.

Because for all v € Ey,

S = O
< NN O

0 0 2
Z o and PYAQ:<1 2)U5~([0),1}

we get (pry o) x {v} Z o.

o Let |[A| = 2 and A # {0,1}. Then pr, o = E7. Assume (pry o) x {z} C o™ for
some x € Ey. Then (z,y,z),(y,z,2),(y,y,z) € o™ and thus 3 C ol™ because g is
coherent. But this contradicts o € Q;.

Thus p is irreducible.

Now let
0 1 "
0= 1 0 JU 5{0 1}
2 2
Then p is reducible because
01 0 1 2 3
(prag)x{o}=[1 00 1 2 3 | Co=,"
2 2 2 2 2 2

holds with A = {0,1}, v =2 and 7 = id.

Lemma 7.6.9. Let o) € Q; be reducible. Then for every f € pPOL,, ¢ there is some
x€X, ={{a}|ac E,}U{y®™ c Q|pp=ppo and u < h}

with f € pPOLy, x.

Proof. Let o := o(p). Assume there is some f(") € pPOL,, p such that f ¢ pPOL, x for all

X € X,. Then f(z,...,x) € E \ {z} for each x € E},.

Because g is reducible there are some A with ) C A C Ep, and 7 € S, and v € O’(EZ_‘A‘)
such that
(prao) x {v} C .

Because pPOL,, o = pPOL,, o™ we assume w.l.o.g. ™ = id.

We show that pppryo = ppe. If |A] = 1 then pry o = Ex and thus Ep x {v} C p.
This implies 5%)1.} C g for all i € Ej \ {0} contradicting ¢ € Q. Let |A4] > 2. We know
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so = (0,...,0),s1 = (1,...,1) € 6(pry 0). Then {sg,s1} x {v} C (o), ie., for all i € E},
and j € Ep \ (AU {i}) we get (i,5) & €(p). Thus all non-singular classes of £(p) are covered
by A, i.e., the projection pr, preserves them, and this implies pppr4 ¢ = pp 0.

We show that (pry o) x {v} C 0. Assume otherwise, then there is some s € pry o with
{s} x {v} € d(p). But this contradicts pr, 6(¢) N pryo = 0 because pppry ¢ = ppo. So
s & pry 0(p) in contradiction to the assumption. We proved (pr, o) x {v} C o, and thus
w(pry o) Nw(v) = 0.

Now we show that v := pryeo € Q, ie., that it is coherent. Let 6 € T';(,) and w € v
arbitrarily. There is some w € v with @[? € 4. Then {w,%”!} x {v} C p, i.e., § € ', and
thus {w, w1} x {v} C . This implies w!?! € .

M () = pr4 M(o) because pppr4 ¢ = pp o-

Let v/ C o(7). Then v’ x {v} C o. Thus there is a relational homomorphism ¢ : Ej, — Ej,
from 7' x {v} to M(p) and some w € v with ¢ ( 15 ) = 1. Let ¢ : B}, — Ej4) be given
by

oy Joel) i p(z) € Elay,
Pla) = { 0 otherwise.

Then ¢ is a relational homomorphism from +' to M(y) with $(w) = 7). Thus v is a
coherent relation and v € X, because ppy = pp ¢ and |A| < h. Since f ¢ pPOL,, x for all

X € &, there are rows cix,...,cjajx With ca1,...,con € v and f(cs1...Con) =d € E,LA‘ \ .
Then
(5 et

v v

ie., f € pPOL,, o contradicting the assumption. O

Proposition 7.6.10. Let o), x") € Q with n > 3, f,g € pPOL,, x with g(0) € E} and g
is not defined anywhere else, and F(") := f ® g & pPOL,, x.

Then there are rows Cix, ..., Cux

a) With ce1,...,Cen € X and F(cs1 ... Con) =d € EF\ x, and
(a) X E\X
(b) there is some j with c.; € o(EY), and
c) the Tows Cix, ...,y |« belong to the g-part of F', and
[l

(d) if ppo = pp X the rows cix,...,c|y|« belong to the first ||x|| rows of the g-part of F'.

Proof. Statement (a) follows directly from F' ¢ pPOL, x. Choose some rows ciy, ..., Cpux
such that (a) holds.

(b) Assume (b) is false. Then {c.1,...,cwn} € 0(X) = do(y) contradicting all rows c; are
pairwise different by Lemma 7.4.4. Thus for any two rows there is a column in which
they differ, i.e. there is some column c,; € x \ §(x).

(c) Because ¢ € Q we have (5%2) C p. Because g € pPOL,, x there is at least one row from
the f-part of F' and because f € pPOL,, x there is at least one row from the g-part of
F. Let cj;« be an arbitrary row from the f-part and ¢; . be an arbitrary row from the
g-part. Because p > 3 there is a third row ¢;/, different from Cipx and Cigx- Let ¢;/4 be
arbitrary with this condition.

There are two cases to consider:
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e The row c;, is from the f-part. Then there is some column j in which the rows
ci;« and cy, differ, ie., ¢;;; = z, ¢yj = y and © # y. By construction and

(5(Ehh) C p, we can choose j more specifically such that

Cifj x
Citj = Yy
Cigj Yy

e The row c¢;/4 is from the g-part. Then there is some j with

Cifj x
Ci/j = y
Cigj Yy

and x # y by construction and églh) C o.

Thus (iy,ig), (if,i") & €(x). Because iy, i, and ' are chosen arbitrarily any row c; .
from the f-part belongs to a singular class of €(x). Because the first ||x|| rows of x
belong to non-singular classes of £(x) the first |[x|| rows ci«,...,¢|y« belong to the
g-part of F. Thus (c) is true.

(d) Let ppo = pp x. Assume one of the rows cy., ..., ||« does not belong to the first ||x/|
rows of the g-part of F', w.l.o.g. let this be the row ¢;,. As shown before ¢y, belongs
to the g-part of F'. Because pp ¢ = pp x the row ¢y, belongs to a singular class of £(p).
Now let c;, «, ¢i,« be two arbitrarily chosen different rows.

o If ¢;,. and c¢;,. are both from the f-part then they differ at some point and by
construction we get columns c,;, c,;s with

Cij  Ciy’ r y
Cirj  Cirj’ = Y
Cizj  Cigj’ Yy vy

and x # y.

o If ¢;. is from the f-part and c¢;,. from the g-part then by construction and
because c¢1, belongs to a singular class of €(p) there is some column c¢,; with

C1j x
Ciyj = Yy
Ciyj Yy

with z # y.

o If ¢;,. and ¢;,. are both from the g-part then because c;. belongs to a singular
class of £(p) there is some column ¢,; with

C1j X
Cirj = Y
Cisj Yy

with z # y.

Thus for all cases (1,41),(1,42) & €(x). Because i1 and iz are chosen arbitrarily the
row c1, belongs to a singular class of £(x) in contradiction to the convention that the
first || x|| rows of x belong to the non-singular classes of €(x), see Definition 7.2.3. Thus
(d) is true. O
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Definition 7.6.11. Let o € Q. Define 7, C ﬁ‘,;‘ax by
T, :={¢ € Q1 |pp?¥ =ppo}.
Lemma 7.6.12. Let p€ Q1,7 CT,, |T|>2 and f € Py, with
(\w € R\ T . f ¢ pPOL, 1/)) and (3x € T : f € pPOL, X).
Then
(a) there are xo € T and F € pPOL, xo with

Vi) € R\ {xo} : F ¢ pPOL,, ¢,
or

(b) there are F € Py, and T' C T, T' # 0 with
(W) € R\ T’ F ¢ pPOL, z/1> and (3x € T' : F € pPOL, x) .

Proof. Assume (a) is false. By assumption there is some 11 € 7 with f € pPOL, ;.
Then there is some ¢y € R\ {¢1} with f € pPOL, 92 because (a) is false. Because

f & pPOL, v for all ¢ € ’ﬁg‘ax \ 7 we get 1o € T. Thus there are 1/1§“1)7¢§”2) € 7T with
1 # 9 and f € (pPOL, ¢1) N (pPOL, 12). We can choose v such that p is minimal.
This implies

Vx € {{a} |a € B} U{¢" € Q| ppy =ppoand pu < p1}: f ¢ pPOL, x.

Thus ), is irreducible because f € pPOLj 91 and Lemma 7.6.9.
Furthermore 1 < po. If po = pg then 1o is also irreducible by the same argument.

We construct a function F(") := f® ¢ (where g is given for each case seperately) such that
F € pPOL, ¥ and F' ¢ pPOL, ¢ holds (or the other way round). We consider some cases

(a)—(f):

(a) W ACE, vea BN 3res,  (pravs) x {v} C¥T (wlog 7=id).
Assume pp(pry ¢n1) # pp¢r. Then [[(pry¢) x {v}]| = [pra¢nll < [[¥all = [[¢2]l
in contradiction to §(pry ¥1) x {v} C & ((pry o) X {v}) C 6(h2). Thus pp(pry¢1) =
PP 1 = pp Y.

Let g(pryvn) :=d € E,LA‘ with g(pp(pryv1)) € E,!%” \ pp¥2. Then F & pPOL, 1)y
because

F( Prf;)% ) c (E]!wzu \pp¢2) % Engﬂll’z” c E];Ctz \1/)2

Cyo

We have g € pPOL, ¢ because g is defined on less than p; rows. Assume F ¢
pPOL,, ¢1. Then there are rows cix, ..., ¢y« With ¢u1,..., ¢ € Y1 and the first [[9); |
rows belong to the g-part of F, and a column c,; € o(E}") by Proposition 7.6.10. Let
w.l.o.g. the rows ci, ..., ¢« belong to the g-part of F' and ¢j41+«, ..., Cpu,« to the f-part
of F with ||x|| <1< p1. Then let

Cl+1j

Curj
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and
/
c = Pfl,z,...,l{c*h ey Can b

Then ¢ = pry, ¢ for some ) € A" C A C E,, by construction of g. By construction
of F we get

(prar 1 x {v}) = ¢ x {v} S {eur, .., cm} S
contradicting 1, irreducible.
Thus there is some 7”7 with {1} C 7' C T \ {¢2} and

(\w € R\ T . F ¢ pPOL, w) and (3y € T': F € pPOL,, x).

pi=prand 0 C ACE,, Jv e U(E,’C‘hlA') dr e S, (pryva) x {v} C wr].

This is a restriction of the previous case with the roles of 1 and 9 switched. Thus
there is some 7’ with {19} C 7' C T \ {1} and

(\w € R\ T . F ¢ pPOL, w) and (3y € T': F € pPOL, x).

i < pz and Fv € o(EM2 M) 3r € 8,y 1 by x {v} ST (wlog 7 =id).

Because v is coherent there is some relational homomorphism ¢ : E, — £, from
o(11) to M(¢1) and some s € o(11) with ¢(s) = n,,. Define ¢* : E,, — Ej by
©* (M) = s

Let

(o) x o) uata)) = di= o (¢ 3 ).

Then g € pPOL, 91 by construction.

Assume g € pPOL, t2. Then d € §(1)2) because |w(d)| = |w(s)| = p1 < p2. But
|<u(prEHw2H d)| = ||¥2]| in contradiction to the assumption that the first |[¢)2] rows
belong to the non-singular classes of e(12). Thus g ¢ pPOL, 12 and this implies
F ¢ pPOL, 1)».

Because (1) x {v} C 19 and the first ||31]] rows belong to the non-singular classes
of e(1h2) we get o(¢1) x {v} C o()2) and thus w(v) Nw(o(v1)) = 0. Assume F ¢
pPOL, ¢1. Then there are cix,..., ¢y With ¢, ..., Con € Y1 and F(cs1, ..., Cn) €
E" \ ¢1. By Proposition 7.6.10 the rows ci, ... s Cllypy ||+ are the first rows in the
definition of g. Thus the other rows can not belong to the last (ug — 1) rows in the
definition of g because w(v) Nw(o(¢)1)) = 0. Thus this part of the definition of g can
be ignored here, and thus F' € pPOL, ¢ because v, is irreducible.

Thus there is some 7”7 with {1} C 7' C T \ {¢2} and

(Vz/} € R\ T/ . F ¢ pPOL, w) and (3y € T': F € pPOL, x).

w1 = po and Ir € Sy, 1P C @bgr] (w.lo.g 7=id).

Let g(12) = d € EI? \ 1. Because prytyr C pry¢ for all 0 € A C E,,, i1
irreducible and g € pPOL, ¢ we get F' € pPOL, ¢;. Furthermore g ¢ pPOL, 1
implies F' & pPOLy, 15.

Thus there is some 7’ with {11} C 7' C T \ {¢2} and

(\w € R\ T . F ¢ pPOL, u)) and (3 € T’ : F € pPOL, y) .
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(€) p1 =pe and I € S, 12 C @[Jgﬂ] (w.lo.g 7=id).
Analogous to the previous case because 15 is irreducible in this case. Thus there is
some 7’ with {42} C 7' C 7T\ {¢1} and

(\w € R\ T . F ¢ pPOL, w) and (3 € T’ : F € pPOL, y) .

(f) Otherwise we have

VO C ACE,, Yoea(E M vre S, (prav) x {v} € ol

i < pz or Y0 C A C By, Vo € 0B ™) v € S, 1 (pry i) x {v} € 917,
j1 = iz or Vo € 0(EL MYV € S, 1 x {v} € T,

[ < pip or ¥ € S,y sy € 7

j < piz or Y € Syt by L7,

Let g(¢1) = d € E{* \ ¢1. Then g € pPOL, vy because p1 < pp and if py =

1o then 1o & zbgﬂ] for all 7 € S,,. Assume F") = f® g ¢ pPOL, . Then
there are ciu,...,Cuy« With cu1,...,con € P2 and F(cs1, ..., Cin) & Y2 and the rows
Clxs - - -5 C||yss ||+ Delong to the g-part of F' by Proposition 7.6.10, i.e., one of the following
cases apply

o thereissome A C F,,, andv € U(E,’:T‘Al) with (pr4 1) x{v} C 15 contradicting
the first assumption, or

e 111 < uo and there is some v € a(E,’;rIA‘) with ¢ x {v} C 95 contradicting the
third assumption.

Thus F' € pPOLy, 1. Furthermore F' ¢ pPOLy, 11 because g € pPOL,, ¢;.
Thus there is some 7”7 with {2} C 7' C T \ {1} and

(vw € Riax\ T’ . F ¢ pPOL, w) and (3y € T': F € pPOL, x).

Thus in every case there is some 7’ C 7 with
(vw € RIax\ T’ F ¢ pPOL, ¢) and (3y € T': F € pPOL, ).,

i.e., (b) is true. O
Theorem 7.6.13. For every k > 2 there is exactly one minimal covering of p.#j,.

Proof. For k = 2 this statement is given by Lemma 7.4.1. Thus we can assume k > 3. As-
sume the statement is false. Then there are pairwise different minimal coverings 27, ..., Z;

with [ > 2. Choose p € ﬁg‘a" with pPOL,, 0 € 27 \ 23 arbitrarily. Then ¢ € Q; because of
Theorem 7.6.5. Let

T:={¢ € Qi |ppy=ppeand (3a,be{l,....1}: pPOLy ¢ € 2o\ Z3)} € Tp.
Then ¢ € T and |T| > 2 by Lemma 7.6.6. Additionally there is some f € Py \ (P U Cso)

with
(Vip € R\ T : f ¢ pPOL, ) and (Iy € T : f € pPOL,, x). (7.10)

Otherwise pPOL,, ¢ would be in no minimal covering contradicting the assumption.
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Now we can assume that 7 C 7 has minimal size |’j\'| > 2 and fulfills (7.10) (with 7 instead
of T).

By Lemma 7.6.12 there are two cases:

(a) there are xo € 7 and F € pPOL;, xo with

Vi € Rip™\ {xo} : F & pPOLy ¢,

Then pPOL;, xo is in every minimal covering of p.#}, by Lemma 7.1.2 in contradiction
to the definition of 7 and the assumption.

(b) there are F € Py, T’ with ) ¢ 7' € 7 with
(Vi) € R\ T' : F & pPOL,, ) and (3x € T' : F € pPOL,, x).

Because 7 is minimal under the condition 17| > 2 we conclude |T’| = 1. Then
T'={xo0}, F € pPOL; xo and

Vip € R\ {xo} : F & pPOLy, 9.

Thus pPOL;, o is in every minimal covering of p.#}, by Lemma 7.1.2, in contradiction
to the definition of 7 and the assumption.

Thus there are no two different minimal coverings of p.#},. O

Let p%), be the unique minimal covering of p.#},. Using the uniqueness of minimal coverings
we can improve the statements of Lemmas 7.1.3 and 7.1.2.

Lemma 7.6.14. Let C € p#ly, and € C py, \ {C} such that for all f € C there is some
C' e € with f € C'. Then C & p%y.

Proof. Assume C' is in the minimal covering p%y, of p.#j,. Let % := (p%), \ {C}) U%. Then
% is a covering of p.#}, because for all f € X € p.#, there is

e some Y € p%; \ {C} with f €Y, or
e f € C and then there is some Y € € with f €Y.

Then there is some minimal covering Y C U of ply. But ¥ Npé, C p%, and thus
% +# p6y contradicting Theorem 7.6.13. O

Lemma 7.6.15. Let C € p.#),. Then
Ceptr — (3feCVBept# \{C}: f¢&B).
Proof. We split the proof into two directions:

< Follows from Lemma 7.1.2 and Theorem 7.6.13.

= Let C' € p%). Assume,
VfeC3IBepty \{C}: feB.

By Lemma 7.6.14 with € = p#), \ {C} follows C ¢ p% in contradiction to the
assumption. O

Lemma 7.6.16. Let o) € Q; be reducible. Then pPOL,, ¢ is not in the minimal covering
Pk of pMy.

Proof. This follows directly from Lemma 7.6.9 with the help of Lemma 7.6.14. O
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7.7 Conclusion

Now we know that there is exactly one minimal covering pé) of p.#) and the last three
lemmas show that this can help in determining some members and non-members of p%y.
Additionally the technique of the product of functions ® proved to be a very good tool in
the solution of this problem and might be used for solving other questions regarding partial
clones, not necessarily the maximal ones. It is a operation not possible in the realm of total
clones since the size of the domain of f ® ¢ is the sum of sizes of the domains of f and g,
i.e., the domain of f ® g is not the full domain in nearly every case.
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Chapter 8

Intervals of Partial Clones

In the previous two chapters we were concerned about the maximal partial clones on a k-
element set with & > 2. Now we go down in the lattice of partial clones L(Py) below the
maximal partial clones. Then we can use the structure of the lattice of all total clones L(Py)
(see Figure 8.1 for the case k = 2) to determine parts of the lattice L(P). Since Py is a
subset of Pj, we can look at C'N P for a given partial clone C' € L(ﬁk) and try to get some
information about the partial clones from the knowledge about the total clones.

First note that C'N Py, is a total clone, i.e., we can find it in the lattice L(P}). One possible
way to capture this is by the notion of an interval.

Let A,C € L(P;). The interval between A and C' is the set of all partial clones which
contain A and are contained in C, i.e., the set

[A,C]:={BeL(F,)|ACBCC}.
Specifically we take A € L(Py) and C' € L(P;;) with A C C. Then the interval is not empty
and we can try to determine the size and the structure of sublattice [A, C] C L(F).
Since A and C might be taken arbitrarily, studies in this direction concentrate on different
questions with respect to C:
e Let C = P, i.e., one looks at the interval [A,ﬁk} for some total clone A; see e.g.
27, 28, 15].

e Let A be a total clone which is finitely generated with order n (see e.g. [40] Chapter
11), ie., if A= [A™)] holds for some n € N. Then A = Pol, G,,(A).

Let C := pPOL, G1,(A) and consider the interval [C,pPOL; G, (C)]; see e.g. [19].

The second interval type naturally occurs in the study of partial clones where A € L(Py) is
a fixed total component, i.e., if we study the set

me:{Beuﬂmem:A}

These sets were first studied by Alekseev and Voronenko in [1], by Strauch in [69, 70, 71], and
others in [6, 16, 18]. Some results already follow from the determination of the submaximal
partial clones [38].

Theorem 4 in [19] (see also Theorem 2 in [71]) states that

). (A) = [A,pPOL;, Gy (A)]
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holds for every finitely generated total clone A € L(Py) with order n.

Therefore the sets Zy (A) are also called intervals and we only consider some of this type
of interval in this chapter. Additionally we stick to the Boolean case, i.e., we take k = 2.
Then all A € L(P,) are finitely generated as shown by Post in [48]. Thus there is always a
maximal element in 7, (A).

In this chapter we show that the interval Zo (S N T) is finite and then we identify all partial
clones in that interval. The clone SNT is the clone of all selfdual and idempotent functions.
This concludes the investigation of all the finite intervals on the 2-element set.

8.1 Definitions

We need to define some clones of P, now.

T
0 1
S = Poly (1 O>’
L := Polyps
T.: = Poly(Ei\ (Bs\{a})") forac By, i>1
T, = T,1 =Polx{a} for a € Es,
T = TyNT,
Thoo = ﬂTa,i for a € Es,
i>1
V = [V,e,c1],
A = [Aco,al,
[77].

Example 8.1.1.

0 01
TO’QZPOIQ (0 1 O)

Theorem 8.1.2 (Post’s Theorem; [47, 48]). The set of clones in Py is countably infinite.
The clones of Py are

o Py, T, T,
o M, MNT,, MNT,
o Tup, TopNT, Ta N M, To, A MNT,
« S, SNT, SNM,

« L, LNS, LNT, LNT,

o [PV], [PV] s,

o A, ANT,, ANT,

eV, VNT, VAT,

e ANV, ANV NT,, ANV NT

where a € {0,1} and p € {2,3,...,00}.
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Figure 8.1: Post’s lattice

There are numerous new proofs of Theorem 8.1.2; see for example [40, 12, 74].

Theorem 8.1.3. Let A C Py be a total clone. Then Iy (A) is finite if SNToNTy C A or
MNTyNT, CA.

Furthermore it holds:

Al (A)]

P, 3

T, (a € {0,1}) 6

M| 6

S| 6

T| 30

MNT, (ae{0,1})| 15
MAT| 101

SNT| 380

Proof. The finiteness of the set Z (S N T) is shown in Theorem 8.2.3 in the following section.
The statement |Z(S NT')| = 380 is the result of Section 8.3 and a computer program.

The proofs of the remaining statements can be found in [13, 1, 71, 69, 19, 28, 15]. O

Theorem 8.1.4. Let A C Py be a total clone with
A g B e {L, V, A, TO,ooa Tl,oo}-

Then the set Ts (A) has the cardinality of the continuum.

Proof. The theorem has been proven in [70] for B € {V, A, Tj.c0, 1,00}, in [1] for A = L,
and is a conclusion of [1] for A€ {LNTy,LNTy,LNS,LNTyNS}. O

Theorem 8.1.5. Let A C P, be a total clone with SNToNTy € A and M NTyNTy € A.
Then the set Ty (A) is infinite.

Proof. The theorem has been proven in [41]. O
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8.2 The Interval Z, (SN T)

Let s : Ey — E5 with s(0) = 1 and s(1) =0,

o 0 1
57\ o)
0 0
. 1 1
QS A 0 1 Y
1 0
01
Smaz = pPOL, (1 0),
0
Tmaz = DpPOL, 1 , and
(ST)maz := pPOL, 0s.

Furthermore, for {ag, a1} C EQ define

Ulag,a1) := U {f(") € b ’ Vo € {0,1} : f(z,z,...,2) :am}.

n>1

Obviously, for all
(aOaal) € {(a,oo), (O0,0(), (O0,00) | o€ E2}

we have
Ulag,a1) < (ST)maz,
U,1) Z (ST)mas
Smaz NV Tmaz C (ST)maz,
(ST)maz NP, = SNT, and
(ST)maz = (Smaz N Trmaz) U U Ulao, a1). (8.1)

(ao,a1)€E§\E§

Lemma 8.2.1. The partial clone (ST )mas is the mazimal element of the set o (SN T).

Proof. Assume (ST)pmqy is not the maximal element of the set Zo (SN T). Then there is
some function f € Py \ (ST)mas with [{f}U(SNT)pNP=SNT.

Then there are ay,...,an,b,...,b3 € Fy with
0 0 0 bo
1 1 1 | 4
f aq a9 . Qanp o b2 < E2 \ 02
s(ar) s(a2) ... s(ap) bs

There are binary functions gi,...,9, € SNT with ¢;(0,0) = 0 and ¢;(0,1) = a; for all
1€ {1,...,n}. We define the binary function g by ¢ := f(g1,92,-..,9,). Then

0 0 0 0 ... 0 bo
11| 1 11| w y

g 0 1 =/ a1 a2 Qap | b GEQ\QS'
10 s(ar) s(a2) ... s(ap) bs
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Thus g € P, but g ¢ Poly ps = SNT in contradiction to [{f} U(SNT)]pNP,=5SNT. O

For every () € 8,00 N Thas set

x(f) :=A{(f(a), f(s(a))) | a € E5}

where s(a) = (s(a1),...,s(an)) for a = (a1,...,a,) € E¥. For (ap,a1) € (2L TX)

and some R C E3 with (ag,a;) € R, let

UR(aO,al) = {g S Smax N Trmaz | X(g) c Rag(o) = ang(l) = al} .

Since x(f) is symmetric by definition, we can assume that R is symmetric. Furthermore we
note that U(ag,a1) = Uég(ao,al).

Obviously,
Smam N Tmaz = U U UR(GO, al) (82)
ag,a E R ~
(ao, I)E{(O’l)}U(Eg\Eg)(ao,al)eRgEg
holds.

Let V,, := {(0,az,...,a,) € Ef'}. Because f(s(a)) = s(f(a)) for all f(") € S the functions
in S NT are fully determined by the values on the tuples in V,.

Lemma 8.2.2. Let f € P, with (f(0), f(1)) = (a, B).

(a) If f € (ST)maz \ (Smaz N Tmaz) then U(e, ) C {fU(SNT)]p.
(0) If f € Smae N Tnae then Uypy(a, B) C{fU(SNT)]p.

Proof. (a): Let f@ € (ST)maz \ (Smaz N Tinaz)- Then (o, B) € E2\ E2. We can assume
a = 0o. Furthermore there is some tuple (a1, ...,a,) € V,, \ {0} with

(a,b) := (fla,...,an), f(s(ar),...,s(a,))) € E3\ s°.

Let G'™ € U(a, B) be arbitrary. We want to show that G € [{f} U (SN T)]p.

There are functions

m) L fm) ) @) e 9T

with the properties

o fi(v)=ua;forallie{l,...,n} and all v € V,,, \ {0},
e r(v) =0 for all v € V;, \ {0}, and

(3)=0)

q(m) = t(r7f(f17---7fn)) € [{f} U (SQT)]Pa

o for some ¢ € Ey with (¢, 8) & s°

Thus

where
a for x =0,

g(x)=<¢ B forx=1,
¢ otherwise.
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Let
U (a, B) == U {9 € U(a,B) | ¥x € E5*\ {0,1} : g(x) € Es}.

m>1
Let g™ € U*(a, ) be arbitrary. There is some function h(™+1) € SN T with
h(B,1,1,...,1) = 8 (for 8 = oo this is true for any partial function)
and
Y(x1, ..., xm) € EF\{0,1} : h(c, 21, ..., Zm) = g(T1, .., Tm)-
Since h,q € [{f}U(SNT)|p and

Vx € Eg" : g(x) = h(q(x),x%)
we have g € [{f}U(SNT)]p, ie., U (a,B) C{fIUSNT)]p.
Let d € EZ*\ {0,1}. There are functions pgm), i e U*(a, B) with

pi(x) = a foralxe EJ\{0,1,d}.

Then we can set uq := f(p1,...,pn) € [{f}U(SNT)]p and we have

(d) = f(0,...,0) =a=o0,
©0) = «a
ua(l) = f,
(x) = fla1,...,an) =a € Ey forall x € E5" \ {0,1,d}.

Now we take the arbitrary function G(™ € U(a,3). Then there is some function ¢(™ €
U*(a, B) with G(x) = g(x) for all x € EJ* with G(x) € E5. Let

{dy,...,d;} :={x € EF*\ {0,1} | G(x) = c0}.

Then l
1
G = eg + )(gvud1a"'7udl)7

ie, Ge[{ftUu(SNT)]p and thus U(a, ) C {f1U(SNT)]p.

(b): Let G € U,(s)(a,3) be arbitrary. Then for every v € Vj, there is some by :=
(bv1,---sbvn) € Vi such that (G(v),G(s(v))) = (f(by), f(s(by))) holds. It is easy to
(m

check that there are functions ggm), ooy gn 0 € SNT with g;(v) = by, for all v € V,,, and
all i € {1,...,n}. Then we have G = f(g1,...,9n), i.e. (b) holds. O

Theorem 8.2.3. The set Iy (SNT) is finite.

Proof. This follows from (8.1), (8.2), Lemma 8.2.1 and Lemma 8.2.2. O

8.3 The Partial Clones of 7, (SN T)

Now we determine the elements of Zo (S N T).

Since x(f) is symmetric by definition we only need consider symmetric R in the sets
Ug(ag,a1). Because we want to save space we omit the symmetric equivalents of pairs;

e.g., we write (0,00) and omit (00,0). That means we only need to consider subsets of

(0010 1 oo

0019 L ). As exception we write E2 where we do not omit the symmetry.
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Lemma 8.3.1. Let C € Zy (SNT) and Ur(ag,a1) C C for some
Rg (O Qs 00)7 ag, a1 and (0,00) € R.

1 oo co >

Then Ugs(ag,a1) C C with R := RU (2 L ).

o0 oo oo

Proof. If (0,1) € R then let (co,c1) := (0,1). Otherwise let (co,c1) := (0,00). Let f®)
SNT and g§4),gé ) e UR(ao, a1) as defined below belong to C' and since it is a clone also
the function h(¥) := f(e} ) 62 ,eé4),e§14)7g§4),g£4)) belongs to C.

r1 T XT3 Ty Ty Te f(l‘l, . 7336)

0o 0 0 0 0 O 0

o o o0 o0 1 1 1

0 0 0 1 0

0 0 1 0O 1

0 0 1 1 1

0 1 0 O 0

1 0 1 1 1

1 1 0 O 0

1 1 0 1 0

1 1 1 0 1

1 1 1 1 0 0 0

11 1 1 1 1 1
1 X9 T3 X4 gl(a:l,...,x4) QQ(Il,...,$4) h(xl,...,x4)
0 0 0 0 ag ap ap
0 0 0 1 0 0 0
0O 0 1 O 0 0 1
0 0 1 1 0 00 00
0 1 0 0 Co Co Co
1 0 1 1 C1 C1 C1
1 1 0 O o0 0 o0
1 1 0 1 00 00 00
1 1 1 0 %) 00 00
1 1 1 1 aq aq aq

Since x(h) = RU(2 L ) = R’ we have Up/(ag,a1) C C by Lemma 8.2.2. O

By Lemma 8.3.1 and Lemma 8.2.2 we know that for Ug(ag,a1) the set R can only be (9),
(2), (92), (90 L ooy (0 1 9)or F2. Furthermore (ag,a;) € R implies that the only

1 oo 1 0o 0o oo 00 00 00
possible combinations for Ug(ag, a1) are

UR(GO,GI) € {UT(O,1)|T€{(?),(?£),( oooolo
T)
1

{UT(ao,Ch) ’ (ag,a1) € (L L' ¥
(

{Urec0) | Te{(2).(02) (2 42). (08 L) B3}
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Lemma 8.3.2. Denote by foy.a,,r € Ur(ao,a1) and fo,b,,s € Us(bo, b1) arbitrary functions.
Then

fao,ar,R* fo1,s € Urss(ao,a1)
fao,al,R*fO,oo,S S UR*S(a07OO)
famal,R*fl,OOaS € U UR*S(C7OO)
CEEZ
fao,al,R*foo,l,S S UR*S(OO,CLl)
faarR* foo0,s € |J Uras(o0,0)
CEE‘Z
fao,a1,R* foo,00,5 € Upss (00, 00)

where R S is given by

r*° (%) (02) (B2 (e B ()
(%) (%) (12) (20 (=X B (X)
(93) (93) (02 (e Qo) B (X)
e (22 (202 (262 (LaX) EF ()
(202 | (22 Qa2 (222 Qo2 B (X)
E3 E3 B3 B3 (LX) B (X)
(%) (%) (%) (%) (2) (%) (2)

PT’OOf. Let f = fao,tn,R and g := fbo,bl,S-
We first look at the values ¢y := (f % ¢)(0) and ¢1 := (f * g)(1).

e (bog,b1) = (0,1). Then

(2) =t ()= () 9)=r( 2)=r ()= ()

e (bg,b1) = (0,00). Then

() )8 912 92

where ¢ € Eg.

e (bp,b1) = (00,1). Then

(@) =20 (9) =7 (49 =1 (5 9)=(2)
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where c € EQ.

Let f(nt1) g(m) ¢ ﬁg and x € EJ*, y € EJ be arbitrary. We now look at the possibilities
for Rx S, i.e. x(f *g) depending on x(f) and x(g).

Then let
(ZD =F*9) (sf;) s&):f(gfs(@) s(yy>>:f (52 sgn)

where (w1, w2) € x(g).

o If (w1, w2) = (00,00) then (u1,uz) = (f(o0,y), f(00,5(y))) = (00,00).

o If (w1, wse) = (a,00) for some a € Ey then
(ulau2) = (f(a7y)7f(oovs(y))) = (C,OO)
for some ¢ € Eg.

o If (wl,wg) = (0, 1) then
(u1,u2) = (f(0,¥), f(1,5(y))) = (f((0,¥)), f(s(0,¥))) € x(f)-

o If (whw?) = (070) then (u17u2) = (f(O»Y)7f(078(y))) Since f(oay) and f(ovs( ))

can be chosen independently the values (u1,u2) can be anything from E? unless x(f) =

{(00,00)}.
The table for R xS can now be deduced from this. O

The implications in Lemma 8.3.2 are strict, which the following Lemma shows.

Lemma 8.3.3. Let C € Zy (SNT) with Ug(ag,a1) U Us(bg,b1) C C.
Then

Proof. Note that Ur(co,c1) = 0 if (co,c1) € T. This applies in the case that R = () or

S§=(X). Then RxS = () and therefore |J . g, Urss(c, 00) = U(oo)(oo,oo).

Furthermore if R = () (i.e., we know (ag,a;) = (00,00)) or S = (L) (i.e., we know

(bo,b1) = (00,00)) then Rx S = () and nothing is left to show since Ugr,g(00,00) =
Ugr(00,00) C C or Ugks(00,00) = Ug(00,00) C C. Thus we can assume that R # () and
S # (%) holds in the rest of the proof.



8.3 The Partial Clones of Zo (SN T)

86

Let f® € Ugr(ao,a1), g € Us(bo,b1) and h{¥ 1§ € SN T be defined by the following
table. We can define G®) := f(hq, ho, g). Let Gay- = G(x,y,2) for any z,y,z € Es.

1 me x3 | f(xX) | h(x) ho(x) g(x)
0 0 0 ap 0 0 bo
1 1 1 ay 1 1 b1
0 0 1 Co
1 1 0 c1
0 1 0 (7)) 0 1 Vo
1 0 1 a1 1 0 U1
1 0 0| B 1 0 wo
0 1 1| g 0 1w

The values for (ag, 1), (8o, 31) € R and (vo, v1), (wo,w1) € S are chosen according to the

tables below.

R S
4 ap a1 By B g w v we w
(") 0 1 0 1 0
0 0o _ (0 (%) 0 1 0 1
(12) |=@()0 1 oo o 0 00
0 0 1 0 1 (100) 0 1 o0 o0
#(1) 00 1 oo
)]0 1 0 oo
(OO 100) 0 1 0 0o 1 o0 00 oo
(6 0 e 0 - (L1x) [0 o 0 o
TRz 0 0 0 0 E3 0 0 00
2

The values of (¢, c1) depend on (b, by).

i (b07 bl

) = (1,00) let ¢ € Ey be arbitrary. Then we can set ¢ := ¢ since R # ().
Thus (G0007G111) = (C, OO)
)

o (bo,b1) = (00,0) let ¢ € Ep be arbitrary. Then we can set ¢; := ¢ since R # ().
Thus (Gooo, G111) = (00, ¢).

e Otherwise, the values (co,c1) are irrelevant.

Then (Gooo, G111) coincides with the possibilities in the statement of this lemma.

Then the following table shows the values of the tuple (Go10, G101, G100, Go11) depending

on R and S.
) (1) (1) Tewex) (LX) E3

R

(9 (0,1,0,1) (0,1,00,00) (0,1,0,00) (0,00,0,00) (0,0,0,0)
(922) |(0,1,00,00)

(0,1,00,00) (0,1,0,00) (0,00,0,00) (0,0,0,0)
(?(21 01;3 z) (07 1707 CXD) (O’ 17CXD7 CXD) (0’1 07 m) (0’ Cx>7 07 m) (0707 O’ 0)
(a0 2) |(0,00,0,00) (0,00,00,00) (0,00,0,00) (0,00,0,00) (0,0,0,0)
E22 (0,0,0,0) (0,0,00,00) (0,0,0,00) (0,00,0,00) (0,0,0,0)

Then we know that {(G()lo, GlOl)a (Gloo, GOll)} - X(G) By Lemmas 8.2.2 and 8.3.1 we can
conclude that Ur(Gooo, G111) € C holds with T' determined by the following table.

(Go10, G1o1)  (Groo, Gor1)

(0,1) (0,1)

(0,1) (00, 00)
(0,1) (0,00)
(0,00)

(0,0)

—~

8080

O
=
~—

)
)

)

8~9.83

E3
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This proves the statement. O
The computer program in Section B.1 in the Appendix implements the implications and
generated the list in Section B.2 in the Appendix. This yields the following theorem.
Theorem 8.3.4. There are 380 different partial clones in the interval Zo (SNT).

Part of the interval Zo (SNT) is shown in Figure 8.2 where each node represents the

union of all the nodes below it and the node name at that label. For example the node

U( 01 oo)(l7 o0) represents the partial clone
oo o0 o0

(SQT)UU(O 1 oo)(l,OO)UU(o 1 oo)(0,00)UU(o 1 oo)(O0,00)UU(oo)(O0,00)

00 00 00 0 00 00 00 00 00 o)

This result concludes the search of the finite intervals in ﬁg. An interesting question persists,
if the intervals 7, (C') with

Ce{MnNSU{TopTo), "M, T,, NT, T, "NMNT |ac{0,1},n e N,u>2}

are countably infinite or have the cardinality of the continuum.
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Appendix A

Coherent relations

A.1 Program to generate the list of coherent relations

{—# OPTIONS —fglasgow—exts #—}

module Main
where

import IO

import List

import Maybe

import Data.Set (Set)

import qualified Data.Set as Set
import System

import Monad (foldM ,msum)

Permutations are written as lists of integers on the set Ej, where the i-th entry determines
where to map . For example, [0,2,3,1,5] symbolizes a permutation 7 on E5 with 7 =
(123). The function allperm generates all permutations on the set Ej, where allperm’ is
a helper function which works on any set of integers.

type Perm = [Int]

type SPerm = Set Perm

allperm’ :: [Int] —> [Perm]

allperm’ [x] = [[x]]

allperm’ xs = concat [ map (\ys —> x:ys) (allperm’ (xs \\ [x])) | x <— xs |

allperm :: Int —> [Perm]
allperm h = allperm’ $§ [0..h—1]

In the program we need all subgroups of S;, at one point. To generate all these groups we
need to multiply two permutations a,b : £, — FEp and this can be done by multperm. If
¢ = multperm a b then ¢ is a permutation with ¢(x) = b(a(x)) for all x € Ej. Given two
sets of permutations py, pp, C S, we can form the set of all binary products

Pab := prodperm p, pp = {multperma b | a € p,,b € pp}.

multperm :: Perm —> Perm —> Perm
multperm a b = map (b !!) a
prodperm :: SPerm —> SPerm —> SPerm

prodperm pa pb = Set.fromList . concat $ map (\b —> map (\a —> multperm a b) (Set.
toList pa)) (Set.toList pb)
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We generate a group G = [A] from a set A C S}, recursively. Let Ag := A and A,y :=
AU (prodperm A A,) for n > 0. Since G < S}, is a finite group we get A, 11 = A,, for some
n € N and this process terminates. The function closure’ implements the recursion and
closureS is the interface for sets of permutations and closureL is the interface for lists of
permutations.

closure’ :: SPerm —> SPerm —> SPerm
closure’ p0 ps = if ps = px then ps else closure’ pO0 px
where

px = Set.union ps (prodperm p0 ps)

closureS :: SPerm —> SPerm

closureS ps = closure’ ps ps

closureL :: [Perm] —> [Perm]|

closurel = Set.toAscList . closureS . Set.fromList

The following code generates all subgroups of S;,. The algorithm is not very efficient but

works. Starting with Py := {X1,...,X;} = {[{z}] | = € Sn} we generate P, := P,_1 U
{{XnUX]| X € Py_q} forned{l,... I}
allgroups’ :: [SPerm] —> Set SPerm —> Set SPerm
allgroups ' [] pss = pss
allgroups’ (x:xs) pss = allgroups’ xs $! Set.union pss pn
where
pn = Set.map (closureS . Set.union x) . Set.filter (not . Set.isSubsetOf x) §
pss
allgroups :: Int —> Set SPerm
allgroups h = allgroups’ ps pss
where
ps = nub . map (closureS . Set.singleton) $ allperm h

pss = Set.fromList $! ps

The following functions deal with partitions representing the equivalence relations ¢ used
in the description of coherent relations in the terms J.. Since we can permute the rows
of relations without affecting the corresponding clone we sort each partition such that the
longest equivalence class comes first. The function alllinpart generates all such partitions
on Fy,.

The functions vecinpart and vecinmultipart test if a given vector v belongs to dpa and
Upaepas 5pa, respectively.

lencomp :: [a] —> [a] —> Ordering
lencomp a b = compare (length a) (length b)

longest :: [ [a] | —> [a]
longest = maximumBy lencomp
type Partition = [[Int]]
alllinpart > :: [Int| —> [Partition]|
alllinpart > [i] = [ [[i]] |
alllinpart > (i:is) = concat [ [[i]:(cO:cs),(i:cO0):cs]|] | (cO:cs) <— alllinpart’ is |
alllinpart :: Int —> [Partition]|
alllinpart h = sort
filter (\p —> (reverse . sortBy lencomp . reverse $ p) =— p )

alllinpart > $ [0..h—1]

vecinpart :: Partition —> [Int] —> Bool
vecinpart [|] _ = False
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vecinpart pa v = all (\(il:is) —> and [ (v !! il) = (v !! i2) | i2 <— is | ) pa
vecinmultipart :: [Partition] —> [Int] —> Bool
vecinmultipart pas v = any (\pa —> vecinpart pa v) pas

The function filtergroupprevpart gs pa gets all groups g from gs such that all permu-
tations m € g preserve the partition pa, i.e., 6}[;}}1 = dpa. Additionally map Set.toAscList

enforces that the identity permutation [0,1,...,h — 1] is the first element in the list presen-
tation of a group.

applypermtopart :: Perm —> Partition —> Partition
applypermtopart pi pa = sort . map (sort . map (\x —> pi !! x)) $ pa

piprevpart :: Perm —> Partition —> Bool
piprevpart pi pa = (pa == (applypermtopart pi pa))

groupprevpart :: SPerm —> Partition —> Bool
groupprevpart g pa = all (\pi —> piprevpart pi pa) $ Set.toList g

filtergroupprevpart :: Set SPerm —> Partition —> [[Perm]]
filtergroupprevpart gs pa = sortBy lencomp . map Set.toAscList . Set.toList . Set.
filter (\g —> groupprevpart g pa) $ gs

The function applyperm takes a permutation p and applies it to a vector x.

applyperm :: Perm —> [Int] —> [Int]

applyperm p x = map (x !!) p

applygroup :: [Perm] —> [Int]| —> [ [Int] |
applygroup g x = [ applyperm p x | p <— g |
listmodgroup :: [Perm| —> [ [Int]| | — [ [Int] |
listmodgroup _ [] = []

listmodgroup [a] = [a]

listmodgroup g (a:as) = a : (listmodgroup g (as \\ (applygroup g a)))

We need to have all tuples from E,}j \ LZ which are generated by allareflvec. The tuples
in ' are handled differently as the Theorem of Haddad and Rosenberg suggests.

allareflvec ’ [Int] —> Int —> [ [Int] |

allareflvec’” = 0 = [ []

allareflvec ’ [] _ = |

allareflvec ’ xs h = concat | map (x:) (allareflvec’ (xs \\ [x]) (h=1))| x <— xs |

allareflvec :: Int —> Int —> [ [Int] ]
allareflvec k h = sort $§ allareflvec’ [0..k—1] h

The definition of coherent relations includes the use of relational homomorphisms from g to
M (p). Candidates for these relational homomorphisms are all surjective functions ¢ from
Ej to E}, since there shall be an v € ¢ with ¢(v) = 7. The function allsurjfunc generates
all of them.

allfunc’ :: [Int]| —> [Int]| —> [ [Int] |

allfunc’ [_| ys = [ [y] | v <= vys |

allfunc’ (_:xs) ys = [ y:r | y <— ys, r <— allfunc’ xs ys |

allsurjfunc’ :: Int —> Int —> [ [Int] |

allsurjfunc’ k h = filter (\f —> h == length (nub f)) (allfunc’ [0..k—1] [0..h—1])
transfunc :: Int —> [Int]| —> (Int —> Int)

transfunc _ fi x = fi !! x

allsurjfunc :: Int —> Int —> | Int —> Int |
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allsurjfunc k h = map (transfunc k) ( allsurjfunc’ k h )

The function testhom checks if a given function £ maps the tuple r into the model of p
and additionally returns information if the tuple is not in ¢'. If the last bit is true and
f is a relational homomorphism, then there is some £’ with £’(r) = 7. The relation
0 = sigmaUd(p) is encoded in gsigma = G, and the function patest representing §(p). By
the way we represent relations and permutations we have gsigma = M (p) \ :!'. Additionally
patest does not change when switching to the model of p.

The function ishomwitheta then checks if f is a relational homomorphism such that some
T € g exists with £(r) = 7. existrelhom tests all surjective functions if they are relational
homomorphisms, and iscoherent does this test for all subsets of o(p), i.e., checking if o is
coherent, since g is constructed such that the condition on G, is fullfilled.

testhom :: [Perm| —> ([Int] —> Bool) —> (Int —> Int) —> [Int] —> (Bool, Maybe [Int
D

testhom gsigma patest f r = case ( fr ‘elem‘ msigma, patest fr) of
(True, ) —> (True, Just r)
(_,True) —> (True, Nothing)

() —> (False, Nothing)
where
fr = map f r
msigma = gsigma —— model of sigma equals G _sigma because of representation of
gsigma

ishomwitheta :: [ [Int] | —> [Perm]| —> ([Int] —> Bool) —> (Int —> Int) —> Maybe | |
Int] |

ishomwitheta sigma gsigma patest f = case (and inMrho, catMaybes mappedtoeta) of
(True, []) —> Nothing

(True, ls) —> Just Is
(False, ) —> Nothing
where
(inMrho, mappedtoeta) = unzip . map (testhom gsigma patest f) $ sigma

existrelhom :: | Int —> Int | — | [Int]| | —> ([Int] —> Bool) —> [Perm| —> Maybe (|
[Int] ])
existrelhom ksurjh sigma patest gsigma = msum . map (ishomwitheta sigma gsigma

patest) $ ksurjh

iscoherent :: [ Int —> Int | —> [ [Int] | — ([Int] —> Bool) —> [Perm| —> Bool
iscoherent _ [] _ = True
iscoherent [ | = = True
iscoherent ksurjh sigma patest g = value mrs
where
mrs = existrelhom ksurjh sigma patest g — wectors mapped into Model(sigma)
value :: Maybe ([ [Int] ]) —> Bool
value Nothing = False
value (Just rs) = iscoherent ksurjh (sigma \\ rs) patest g

The type RelInfo stores all kinds of information and is used and updated in the recursive
search. rel stores only the tuples such that

fullrel = o(p) = U rell™
regsigma

with gsigma = G,. This is used in the function iscoherent to reduce the number of checks
at that point.

The entry pa takes the partition corresponding to the equivalence relation ¢ for areflexive
and quasi-diagonal relations. The function patest is the test used in iscoherent and parep
is the entry which will be displayed in the list of relations representing (o).

The function isgood is used to decide if the given relation is non-trivial, i.e., check that
pPOL, 0 # Py
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The entries ksurjh, allbij, k and h are parameters of the relation and added to this record
to avoid recalculation of them at every step, i.e., reducing computations.

Let G’ be the set of permutations that preserve 6(p). Then gsigma < G’ and there are
cosets of gsigma in G’. The list coreps contains the coset representatives of the left cosets
of gsigma in G’; see also cosetreps. It is useful to use coreps instead of G’ since o™l = lm
if ©’ € mgsigma, i.e., if pi’ and 7 are in the same coset of gsigma.

Let allbij =: [f1,..., fi] and coreps =: [m1,...,mp]. The entry xclass is a list of lists of
relations, where

e xclass = [Ly,..., L], indexed by the functions in allbij;
o L, =[ri1,...,rp|, where i € {1,...,1};

e rij = {f;(v) | v € fullrell™l} i.e., the relation generated from fullrel = o(g) by
applying the permutation 7; € coreps and then mapping by the bijection f; € allbij.

Let r,r" € L; for some i € {1,...,l}. Then pPOL, r = pPOL,, v’ since we can write
' = f;(fullrell™) = f(fullrel)™] = f;(fullre1)lr™ =1 = plv'r],

Thus every L; describes exactly one maximal partial clone. Since the first element in
coreps is the identity permutation (see filtergroupprevpart) the first element in L;
is fi(fullrel). Therefore quasiclass generates the quasi-relation-class qclass(p). The
relation-class relclass yields a list of the minimal representatives for a given maximal
clone. These coincide if and only if the corresponding maximal clones are equal. Thus we
can count the maximal partial clones with a given minimal relation by counting the different
relations in relclass.

data Rellnfo a = Rellnfo {

rel :: [[Int]],

fullrel :: [[Int]],

gsigma :: [Perm],

pa :: [[Int]],

patest :: [Int] —> Bool,

parep :: |a],

coreps :: [Perm],

xclass :: [[ [[Int]] ]],

ksurjh :: [ Int —> Int ],

allbij :: [ Int —> Int |,

k :: Int,

h :: Int,

isgood :: Rellnfo a —> Bool
}
quasiclass :: Rellnfo a —> | [[Int]] |
quasiclass = map head . xclass
relclass :: Rellnfo a —> [ [[Int]] ]
relclass = map minimum . xclass
checkQuasiMin :: Rellnfo a —> Bool
checkQuasiMin ri = all ( >= (fullrel ri)) (quasiclass ri)
checkMin :: Rellnfo a —> Bool
checkMin ri = all ( >= (fullrel ri)) (relclass ri)

The function preInitRelInfo initializes a RelInfo structure for an empty relation with
given gsigma and

cosetreps :: [Perm| —> [Perm| —> [Perm]
cosetreps g subg = nub . map (\pi —> minimum . map (multperm pi) $ subg) $ g
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prelnitRellnfo :: Int —> Int —> [ Int —> Int | —> [ Int —> Int | —> (b,[Perm] ,[Perm
,[ [Int] |) —> Rellnfo a
prelnitRellnfo k’ h’ allbij ’ allksurjh’ (_,gofpa’,g’, ) = Rellnfo {

rel = [], fullrel = [],

gsigma = g’ ,

coreps = coreps ’,

xclass = [ | [] | pi <— coreps’ | | f <— allbij’ ],

ksurjh = allksurjh ’, allbij = allbij’, k = k’, h = h’

pa = [|, patest = \_ —> True, parep = [], isgood = \_—> True
where

coreps’ = cosetreps gofpa’ g’

The representative of the relation class and the size of the relation class are used for the
output of coherent relations with computeRelRep and printGetSize. printGetSize only
prints output and returns non-zero class size, if the relation is really a coherent relation (i.e.,
isgood is true) and the relation is a minimal relation. The check iscoherent done before,
does not check these criteria.

The output consists of a tuple (length, parep, rel) where

e length is the size of relation class;
e parep is

— [1 if the relation is areflexive,
— the partition pa as a list representing ¢ if the relation p = o UJ. is quasi-diagonal,
— iota_k~h if the relation is totally symmetric and totally reflexive,

— rho_1 or rho_2 if 91 C g or g2 C p for the relation g;

e rel are the tuples of o(p) for the relation class representative p.

The function checkCoherent lifts the iscoherent function to the RelInfo type.

checkCoherent :: Rellnfo a —> Bool
checkCoherent ri = iscoherent (ksurjh ri) (rel ri) (patest ri) (gsigma ri)
computeRelRep :: Show a => Rellnfo a —> (Int, [a], [[Int]])
computeRelRep ri = (length rc, parep ri, head rc)
where
rc — map head . group . sort . relclass $ ri
printGetSize :: Show a => Rellnfo a —> IO Integer

printGetSize ri =
if isgood ri ri && checkMin ri
then (print 3! relRep) >> return sizeRep
else return 0

where
relRep = computeRelRep ri
sizeRep = tolnteger $ (\(s, , ) —> s) relRep

The function insertNew inserts an element v into an ordered list if it is not included yet.

The function relInfoAddVec v ri updates the structure ri by adding v to rel, fullrel
and xclass. The term gv = {v[™ | 7 € gsigma} is used for fr and xclass. The new
xclass is generated from the old one by by replacing r;; by r;; U {wl™ | 7 € gsigma} where
w = fi(v)ml,

insertNew :: Ord a
insertNew v []
insertNew v (r:rs)
LT — v:r:rs
EQ — r:rs

> a —> [a] —> [a]

[v
case compare v r of
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GT —> r:(insertNew v rs)

rellnfoAddVec :: [Int] —> Rellnfo a —> Rellnfo a
rellnfoAddVec v ri = ri { rel = rn, fullrel fr, xclass = xc }
where

rn = insertNew v (rel ri)

fr = foldr insertNew (fullrel ri) gv

xc = map yc $ zip (xclass ri) (allbij ri)

yc (c¢,f) = map (\(d,pi) —> foldr (insertNew . map f . applyperm pi) d gv) $ zip
¢ (coreps ri)

gv = map (\pi —> applyperm pi v) (gsigma ri)

coherentSubsetsWith is the central function traversing the tree of coherent relations for
given initialisation with the root at o(9) = 0. If the current relation is not quasi-minimal
then the rest of this subtree can be omitted. Thus the function returns 0. The sub-nodes
are created in aav’ and then checked to be coherent. If the relation is not coherent for some
v then we can not add v anywhere in this subtree. Therefore aavn are the tuples from aav
which are allowed in the subtrees. Since we only want to generate a given relation once we
allow in the subtree to v only tuples greater than v, see aavngtv in recurse.

The foldM line traverses all pairs (v, rj) and sums up the number of maximal partial clones.

coherentSubsetsWith :: Show a => Rellnfo a —> [ [Int] | —> IO Integer
coherentSubsetsWith ri aav =

if not (checkQuasiMin ri)

then return 0

else do
size <— printGetSize ri
let aav’ = map (\v —> (v,rellnfoAddVec v ri)) (aav \\ (fullrel ri))
vrjs = filter (\(_,rj) —> checkCoherent rj) $ aav’
aavn = map fst vrjs

foldM (recurse aavn) size vrjs

recurse :: Show a => [[Int]] —> Integer —> ([Int], Rellnfo a) —> IO Integer
recurse aavn s (v,rj) = coherentSubsetsWith rj aavngtv >>= strictAddToS
where
strictAddToS x = return $! (s + x)
aavngtv = filter (>v) aavn

The function isEkh is used for areflexive and quasi-diagonal relations to check if o = E,?
There are the following cases

e h=1; then o= E} if |o(0)| = k;

e h=2; then o= E} if §(p) = 6‘({?1} =2 and |o(p)| = (g) =k-(k—1);

e for every h > 2 we have o # EJ.

A relation is a valid candidate for a maximal partial clone if ¢ # EI and o(0) # 0 (see
isgood definition in findcoherent).

findcoherent takes a tuple i consisting of the partition pa’, the group preserving pa’, the
group gsigma’ and a list of tuples av. The tuples in av represent all tuples in o(E}), but
reduced with respect to gsigma’. Let {Vi,...,V,} := {{vI" | 7 € gsigma’} | v € o(E})}.
Then av = {vy,...,v,} where v; € V; for all ¢ € {1,...,n}. This is done in getpgvs or more
specifically in 1listmodgroup.

getpgvs takes all groups preserving pa (denoted by ga0) and emits all the tuples for
findcoherent. printcoherent just sums the number of different maximal partial clones
over all different partitions for a given h and returns this sum.
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isEkh :: Int —> Int —> Partition —> [ [Int] ]| —> Bool

isEkh k 1 _  rel = length (rel) — k

isEkh k 2 pa rel = pa = [[0,1]] && length (rel) =— kx(k—1)

isEkh _ h _ | h > 2 = False

findcoherent :: Int —> Int —> [ Int —> Int | —> [ Int —> Int ]| —> (Partition ,[Perm

],[Perm] ,[ [Int] ]) —> IO Integer
findcoherent k’ h’ allbij’ allksurjh’ i@(pa’,gofpa’, gsigma’,av) = do
let ri0 (preInitRellnfo k> h’ allbij’ allksurjh’ i) {
pa = pa’, patest = vecinpart pa’, parep = pa’,
isgood = \ri —> not (isEkh (k ri) (h ri) (pa ri) (fullrel ri)) && fullrel
ST

coherentSubsetsWith ri0 av >>= (\x —> return $! x)

getpgvs :: Set SPerm —> [[Int]] —> Partition —> [ (Partition ,[Perm],[Perm],[ [Int]
Do
getpgvs gs aav pa — map (\g —> (pa,longest ga0,g,listmodgroup g aav)) ga0
where

ga0 = filtergroupprevpart gs pa

printcoherent :: Int —> Int —> IO (Integer)
printcoherent k h = do
let pts [1: ((alllinpart h) \\ [[[x] | x <— [0..h—1]]])

allbij = allsurjfunc k k

allksurjh = allsurjfunc k h

gs = allgroups h

aav allareflvec k h

pgvs = concatMap (getpgvs gs aav) pts

mapM (findcoherent k h allbij allksurjh) pgvs >>= (return . sum)

The totally reflexive, totally symmetric relation ¢ is not E if |o(0)| # |o(EM)| =k -k —1-
...~k —h+1, the number of h-tuples with pairwise different entries. Thus isgood is defined
that way. Any tuple not in J(E,';) is in LZ and thus in p. Therefore patest is always true.

By the Theorem of Haddad and Rosenberg gsigma = gofpa = .5},.

prod :: [Int] —> Int
prod xs = foldl (%) 1 xs

findIota :: Int —> Int —> [ Int —> Int | —> [ Int —> Int | —> (a,[Perm] ,[Perm] ,[ [
Int] |]) —> IO Integer
findIota k’ h’ allbij’ allksurjh’ i@(_, , ,av) = do
let ri0 = (prelnitRellnfo k> h’ allbij’ allksurjh’ i) {
pa = [], patest (\_ —> True),
parep = "iota " 4+ (show k’) 4+ "°" 4+ (show h’),
isgood = \ri —> length (fullrel ri) /= prod [k’—h’+1..k’]

coherentSubsetsWith ri0 av >>= (\x —> return $! x)

printlotakh :: Int —> Int —> IO (Integer)
printlotakh k h = do
let g = allperm h
aav = allareflvec k h
pg0 = ([] ,g,g,listmodgroup g aav)
allbij = allsurjfunc k k
allksurjh = allsurjfunc k h
findlota k h allbij allksurjh pg0

The quaternary relations with g; C p for some ¢ € {1, 2} are generated next where rhoiparam
gives the group G, the set of partitions of g;, and the output string. Since any such relation

(which is generated in this program) is a valid coherent relation, we have isgood always be
true.

rhoiparam :: Int —> ([Perm]|,[Partition], String)

rhoiparam 1 = (closureL [[2,0,3,1],[3,1,2,0]], [[[0,1],[2,3]],[[0,2],[1,3]]]
Hrhoiln)

rhoiparam 2 = (allperm 4

[[[0.,1],12,3]],[10,2],[1,3]],[[0,3],[1,2]]], "rho_2")
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printRhoi :: Int —> Int —> IO (Integer)
printRhoi k i = do
let h = 4
(g, pas, delta) = rhoiparam i
aav = allareflvec k h
pg0 = (pas,g,g,listmodgroup g aav)
allbij = allsurjfunc k k
allksurjh = allsurjfunc k h
findRhoi k h allbij allksurjh pg0 delta

findRhoi :: Int —> Int —> [ Int —> Int | — [ Int —> Int | —> ([Partition] ,[Perm],|
Perm| ,[ [Int] ]) —> String —> IO Integer
findRhoi k’ h’ allbij’ allksurjh’ i@Q(pas’, , ,av) parep’ = do
let ri0 = (prelnitRellnfo k’ h’ allbij ’ allksurjh’ i) {
pa = [], patest = vecinmultipart pas’, parep = parep’,
isgood = \_ —> True

coherentSubsetsWith ri0 av >>= (\x —> return $! x)

Print the list of coherent relations in the following order:

the areflexive and quasi-diagonal relations,

the totally symmetric, totally reflexive relations with A > 3,

the quaternary relations with g; C ¢ for some i € {1,2},

PLUC.

In the end the numbers are printed grouped as above, and a grand total.

The k for which to generate the list of coherent relations is given as a command line param-
eter.

runPrint :: Int —> IO ()
runPrint k = do
sizes <— mapM (printcoherent k) [1..k]
sizes2 <— mapM (printlotakh k) [3..k]|
sizes3 <— mapM (printRhoi k) [1,2]
putStrLn ("(1,P_" ++ (show k) ++ " \\cup C \\infty)")

sizes4 <— return [1] — P_k |cup C |infty

print (sizes, sizes2, sizes3, sizes4d , sum (sizes ++ sizes2 ++ sizes3 ++ sizesd))
main = do

x <— getArgs

let k :: Int = read (head x)

runPrint k
return 0
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Appendix B

The interval Zo (S NT)

B.1 Program to generate the interval 7, (SN T)

import IO
import Data.List ((\\),intersect ,elemIndex, findIndex,inits ,union)
import Data.Maybe (fromJust)

The type C represents the constants in EQ = {0, 1,00} and the type Chi represents the sets

(01),...,(90 1oy p2

1 oo oo oo

Finally the type F a b chi represents Ucpj(a,b).

data C = C0 | C1 | CE deriving Eq
data Chi = FO1 | FEE | FOIEE | FOEIEEE | FO10EIEEE | U deriving Eq
data F = F C C Chi deriving Eq

instance Show C where

show CO = "0"
show Cl1 = "1"
show CE = "\\notdef"
instance Show Chi where
show FO01 = "\\ROI"
show FEE = "\\REE"
show FOlEE = "\\ROIEE"
show FOE1EEE = "\\ROE"
show FO10E1IEEE = "\\ROIOE"
show U = "\\pE_2"2"
instance Show F where
show (F CO Cl1 F01) = "S \\cap T"
show (F a b U) = "U(" ++ show a ++ "," ++ show b ++ ")"
show (F a b r) = "U {" 4+ (show r) 4+ "}(" 4+ show a ++ "," 44 show b ++ ")"

inlist lists all possible combinations for the sets Ug(a, b).

inlist =
[ FCoClr | r<— [FO1, FOIEE, FOIOEIEEE| | ++
[ F a0 al r | (a0,al) <— [(CO,CE),(C1,CE),(CE,C1),(CE,C0)]|, r <— [FOE1EEE,
FO10E1EEE, U] | ++
[ FCECE r | r <— [FEE, FOlEE, FOEIEEE, FO010E1EEE, U] |
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Given Ug(ao, a1) and Ug(bg, b1) the function cget returns the list C' of possible pairs (cg, ¢1)
such that Ur(ag, a1) * Us(bg, b1) C U(CO,cl)ec Ug+s(c0,cl) holds. chiwin computes R % S.

cget i1 (C,C) — (C,0) — [(C,0)]

cget ( _, _) (CE,CE) = [(CE,CE) |

cget (a0,al) (CO0,Cl) = [(a0,al)]

cget (a0, ) (CO,CE) = [(a0,CE)]|

cget ( _, _) (C1,CE) = [(C0,CE), (C1,CE), (CE,CE)]
cget ( _,al) (CE,Cl) = [(CE,al)]

cget ( _, _) (CE,C0) = [(CE,C1), (CE,C0), (CE,CE)]
chiwin :: Chi —> Chi —> Chi

chiwin FEE = FEE

chiwin _ FEE = FEE

chiwin _ U =U

chiwin _ FOE1EEE = FOE1EEE

chiwin U _ =U

chiwin FOEIEEE = FOE1EEE

chiwin FOIOEIEEE = FOlOE1EEE

chiwin _ FO10E1EEE = FOl0E1EEE

chiwin FO1IEE _ = FO1EE

chiwin _ FOlEE = FO1EE

chiwin F01 F01 = Fo1

gen returns the list of possible combinations U x V' where U,V € fs. If these are already
contained in 1 then the sets are closed with respect to , see isstarclosed.

gen’ :: F —> F —> [F]

gen’ (F a0 al r) (F b0 bl s) = [ F ¢c0 ¢l (chiwin r s) | (c0,cl) <— cget (a0,al) (bO
b1) |

gen :: [F] —> [F]|

gen | = intersect inlist $§ concat | gen’ a b | a<— 1, b<—1 ]

isstarclosed :: [F] —> Bool

isstarclosed 1 = (gen 1) ‘isSubsetOf ¢ 1

The inclusion Ug(ag,a1) C Us(bo,b1) holds if (ag,a1) = (bp,b1) and R C S. This is
implemented in subFs. In subsetlclosed it is checked if the subsets are included in the
clone C =J+s+ and if SNT = FCOC1F01 C C.

subChis :: Chi —> [Chi]

subChis FO01 [

subChis FEE [
[FO1,FEE]

subChis FOlEE

subChis FOEIEEE |FEE]

subChis FO10E1EEE = [F01,F0l1EE,FOE1EEE|

subChis U = [FO01,FEE,FO01EE,FOEIEEE, FO10E1EEE |

subFs :: F —> [F]|
subFs (F a0 al r) = map (\s — F a0 al s) (subChis r)

subsetlclosed :: [F] —> Bool
subsetlclosed s = F CO Cl1 F0l1 ‘elem‘ s && (intersect inlist . concatMap subFs $ s)
‘isSubsetOf ¢ s

Print a IXTEX table of the interval. If some Ug(ag, a1) is SNT or a superset of it is included
in the clone C then print a dot (-), otherwise a cross (x); see showElemsTic.

printTableHead :: IO ()
printTableHead =
putStrLn "\\begin{center}" >>
putStrLn "\\begin{longtable}{r||c@{}c@{}c|c@{}c@{}c|c@{}c@{}c|c@{}c@{}c|c@{}c@{}c
[c@{}c@{}c@{}c@f{}c}" >>
putStrLn ("Nr. " 4+
"& \\multicolumn {3} {|c|}{$U(0,1)$}" ++
"& \\multicolumn {3}{|c|}{$U(0,\\notdef)$}" ++
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"& \\multicolumn {3}{|c|}{$U(1,\\notdef)$}" ++
"& \\multicolumn {3}{]|c|}{$U(\\ notdef ,1)$}" ++
"& \\multicolumn {3}{]|c|}{$U(\\ notdef ,0)$}" ++
"& \\multicolumn {5} {|c}{$U(\\ notdef, \\notdef)$}" +
AT >
putStan (
& $R_1$ $R_2% $R_3% " ++

& &
& $R_4$ & $R_3% & $\\pE_2°2$ " 4+
" & $R”4$ & $R_3$ & $\\pE_2°28 " 4+t
& $R_4S & $R_3$ & S$\\pE 2728 " 4+
& $R_4S & SR_38 & S\\pE 2728 " i
" & $R5$ & $R_2$ & SR_4$ & $R_3$ & $\\pE_2°2% " 4+

"N\ >>
putStrLn "\\ hline \\endhead" >>
putStrLn (

"\\hline \\multicolumn {21}{|r|}{{" ++
"$R_1 =\\ROI$, $R_2 = \\ROIEE$, $R_3 = \\ROIOE$, $R_4 = \\ROE$, $R_5 = \\REES$"

++
"IEOANNT ) >
putStrLn "\\multicolumn {21}{|r|}{{Continued on next page}} \\\\ \\hline" >>
putStrLn "\\endfoot " >>
putStrLn (
"\\ hline \\multicolumn{21}{|r|}{{" ++4
"$R_1 =\\ROI$, $R_2 = \\ROIEE$, $R_3 = \\ROIOE$, $R_4 = \\ROE$, $R_5 = \\REES$"

++
"IN ) >
putStrLn "\\ hline" >>
putStrLn "\\endlastfoot "

printTableFoot :: IO ()
printTableFoot =
putStrLn "\\end{longtable}" >>
putStrLn "\\end{center}"

removeSubsets :: [F] —> [F]
removeSubsets s = s \\ (concatMap subFs s)
showElemsTic :: (Int,[F]) —> String
showElemsTic (i,x) = show i ++ ft ++ "\\\\"
where
xn = removeSubsets x
ft = concatMap ft’ inlist
ft” e | e ‘elem‘ xn = " & $\\times$"
| e ‘elem‘ x =" & $\\cdot$"
| True =" & "
printTable :: [[F]] —> IO ()
printTable gs = do
printTableHead
mapM  (putStrLn . showElemsTic) $ zip [1..] gs
printTableFoot

Generic functions working on lists. subsets generates all sublists of a given list. Since the
input list is repretition-free we call subsets.

isSubsetOf :: Eq a => [a] —> [a] —> Bool
isSubsetOf u 1 = all (\x —> x ‘elem‘ 1) u
subsets :: [a] —> [[a]]
subsets [] = [[]]
subsets (first : rest) =

let partial = subsets rest

in map (first:) partial +4 partial

Take all subsets of inlist, check if they are

e closed with respect to subsets and include F CO C1 FO1 = SNT, and

e closed with respect to *.
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goodsets :: [[F]]
goodsets = filter isstarclosed . filter subsetlclosed . subsets $ inlist
main = do

let gs = goodsets
printTable gs
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B.2 List of elements of 7, (SN T)

The following list includes all partial clones in the interval Zy (S N T'). The crosses x deter-
mine a partial completely by the union of the sets thus marked. A dot - marks a set which
is included because it is a subset of some set marked with a cross.

For example let C' be the partial clone with the number 38. Then
C = URg(O, 1) @] URg(O, OO) @] UR4(1,OO) @] UR4(OO,OO)

holds and Ug, (0,1) = SNT, Ug,(0,1), Ug, (0,00) and Ug, (00, 00) are all subsets of C.

Z

U(0,1) | U(0,00) | U(1,00) | U(oo,1) | U(c0,0) U (00, 00)

RiRoRs | RyR3E2 | RyR3E2 | RyR3E2 | RyR3E2 | RsRyRyRsE2
. . . . . . X . . X . . X . . . .

X

X
X
X

0 O Ui Wi
X X X X X X

QW WWWWWhNDNDNDNDNDNDNDDIN N = = = = e
YT W N O OO Uk Wi O OO0 UL WD = OO
X X X X X X X X X X X X X X X
X X X X X X
X X X X X X X
X X X X X X
X X
X X X X
X
X X X X X X X X
X X X X X X X X X X X X X X

w
3

X

X X X X X X X X X X X X X X XX XX XX XX

X X X X X X X X X X X X X X X X

w
oo

. X
g),RBZ(go‘lég)’&L:(g;g), R5:(£)
Continued on next page

[N
=
~IX XX X X X XXX XXX XXX XXXXXXXXXXXXXXXXXXXX XX

:U .
—_
I
= O
~
:U .
)
I
—~
= O
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U(0,1)
R RyR3

U(0,00)
R4R3E2

U(1,00)
R4R3E2

U(co,1)
R4R3E?

U(o0,00)
RsRyRyR3 2

39
40
41
42
43
44
45
46
47
48
49
50
ol
52
53
54
99
96
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
(0]
76
(i
8
79
80
81
82
83
84
85
86
87

X

X

X X X X X X X X X X X X X X X X X

XXX XXX XXX XXX XXXXXXXXXXXXXXXXX XX

X X X X X X X X X X X X X X X X X X

X X X X X

X X X X X X

X X X X X X X

X X X X X X

X X X X X X X

X

X

X

X
X
X

X
X

X

X
X

X XXX XXX XXX XXXXXXXXXXAXXXXXXXXXXXXX XX XXX XXXXXXX XXX

:U .
—
I
= O

:_/
=]
)
|
—
=O|

0102)7}{4:(

LR B = (%)

[ elie olie o}
Continued on next page
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U(0,1)
R RyR3

U(0,00)
R4R3E2

U(1,00)
R4R3E2

U(co,1)
R4R3E?

U(o0,0)

R4R3E2 | RsRyR4RsE2

U (o0, )

88

89

90

91

92

93

94

95

96

97

98

99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136

X

XX XXX XXX XX XXX XXXXXXXXXXXXXXXXX XX

X X X X X X X X X X X X X X X X

X X X X X X X

X X X X X X X

X X X X

X X X X X X X X X

X X X X X X X X

X

X

X
X

X X X X X X X X X X X X X X

X

X X X X X X X X X X X X X X X X

=O|
88

= -
Il

), Rz = (

00 Ty R = (0 L

1 co oo

oo o0 o0

Continued on next page

)7 R5:(£)
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U(0,1)

U(0,0)

R3E2

U(1,0)

U(o0,0)

U(o0,00)
Ry E2

137
138
139
140
141
142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169
170
171
172
173
174
175
176
177
178
179
180
181
182
183
184
185

RiRsR3
- X

X X X XXX XX XXX XXXXXXXXXXXXXXXXXXXXXXXXXXNXNXNXNXNXNXXXXXX

Ry

X X X X X X X X X

X

XX XXX XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

R4R3E2

X X X X X
X

X X X X X X X X X X X X X X X X
X X X X X X

X X X X X X

X X X X X X X X X

X X X X X

X X X X X

RyR3E?

X

X

RsRoR4

X

X

X X X X X

X

:U .
—
I
—~
= O

&
I
=
2

83

)7 R4 = (o% olo g
Continued on next page
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U(0,1)

U(0,00)
R4R3E2

U(1,00)
R4R3E2

U(co,1)
R4R3E?

U(c0,0)
R4R3E2

U (o0, )

186
187
188
189
190
191
192
193
194
195
196
197
198
199
200
201
202
203
204
205
206
207
208
209
210
211
212
213
214
215
216
217
218
219
220
221
222
223
224
225
226
227
228
229
230
231
232
233
234

RiRsR3
- X

X X X XXX XX XXX XXXXXXXXXXXXXXXXXXXXXXXXXXNXNXNXNXNXNXXXXXX

XXX XXX XXX XXX XXX XXXXXXXXXXXXXXXXXX XX

X X X X X X X X X X X X

X X X X X X X X

X X X X X X X

X X X X X X X X

X X X X

X X X X X X X X X

X X X

X

X X X X

X

X

RsRoR4R3E2
. . . . X

X

X
0000102)7}{4:(

Continued on next page
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Nr. | U(0,1)
R RyR3

U(0,00)
R4R3E2

U(1,00)
R4R3E2

U(co,1)
R4R3E?

U(c0,0)
R4R3E2

U(o0,00)
RsRyRyR3 2

235
236
237
238
239
240
241
242
243
244
245
246
247
248
249
250
251
252
253
254
255
256
257
258
259
260
261
262
263
264
265
266
267
268
269
270
271
272
273
274
275
276
277
278
279
280
281
282
283

X

X X X X X X X X X X X X X X X

X X X X X X X X X X X XXX XXXXXXXXXXXXXXXX X X X
X X X X X X X X X X X X X X XX

X X X X X X X X X X X X X X X X X

X X X X X X X

X X X X X X

X X X X X X X X X X X

X X X X X X X X X

X

X X X X X

X X X X X X X X X X X X X X

X
X X X X X X

X P 4
X L. 0 X
X . X
X

o) Ba=(3 &%) Bs = ()

[ elie olie o}
Continued on next page
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U(0,1)

=
&
&

U(0,00)
R4R3E2

U(1,00)
R4R3E2

U(co,1)
R4R3E?

U(c0,0)
R4R3E2

RsRoR4R3E2

U (o0, )

284
285
286
287
288
289
290
291
292
293
294
295
296
297
298
299
300
301
302
303
304
305
306
307
308
309
310
311
312
313
314
315
316
317
318
319
320
321
322
323
324
325
326
327
328
329
330
331
332

X X X XXX XXX XXX XXXXXXXXXXXXXXXXXXXXXXXXXXNXNXNXNXNXNXXXXXX

X

X X X X X X X X X X X X X X X X XX XX XX

XX X XXX XXX XX XXX XXXXXXXXX XXX

X X X X

X X X X X X X X X X X X X X X X X X X X X

X X X X X

X X X X X X

X X X X X X X

X X X X X X X X

X

X X X X

X
X

X
X

X
X
X

o)
—
I
—~
= O

~—

§)7R4:(0 L

oo o0 o0

), Bs = ()
Continued on next page
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U(0,1)

=
&
&

U(0,00)
R4R3E2

U(1,00)
R4R3E2

U(co,1)
R4R3E?

U(c0,0)
R4R3E2

U (o0, )

RsRoR4R3E2

333
334
335
336
337
338
339
340
341
342
343
344
345
346
347
348
349
350
351
352
353
354
355
356
357
358
359
360
361
362
363
364
365
366
367
368
369
370
371
372
373
374
375
376
377
378
379
380

X X X XXX XXX XXX XXXXXXXXXXXXXXXXXXXXXXXXXNXNXNXNXNXNXXXXXX

X X X X X X X X X X X X X X X X XX

X X X

X X X X X X X X

X X X X

X X X X X X X X X

X X X X X X X X X X

X X X X

X

X X X X

X
X

=
=
Il
—~
— O
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Zusammenfassung

deutsch

In der Theorie der partiellen Funktionen auf endlichen Mengen ist die Kenntnis der par-
tiellen Klone, der abgeschlossenen Mengen, und deren Verhéltnis zueinander von grundle-
gender Bedeutung. Es wird eine neue Galois-Verbindung zwischen partiellen Klonen und
Relationen-Algebren erarbeitet. Mit deren Hilfe werden Aussagen zur Bestimmung der ma-
ximalen partiellen Klone neu bewiesen. Danach werden alle maximalen partiellen Klone fiir
hochstens 6-elementige Mengen bestimmt. Hauptergebnis der Arbeit ist der Nachweis, dass
beziiglich der maximalen partiellen Klone genau ein optimales Vollstéandigkeitskriterium fiir
Sheffer-Funktionen existiert. Zum Abschlufl werden mit einem Program alle 380 partiellen
Klone des letzten endlichen Intervalls auf einer 2-elementigen Menge bestimmt.

englisch

In the theory of partial functions the knowledge of the closed sets, called clones, on finite
sets and the relations between them play a very important role. A new Galois connection
between clones and relation algebras is established. This is used to proof statements for the
determination of the maximal partial clones in a new way. Then all maximal partial clones
for at most 6-element sets are determined. Main result of the thesis is the proof that only
one optimal completeness criterion for Sheffer-functions exists with respect to the maximal
partial clones. Finally a program determines all 380 partial clones of the last finite interval
for a 2-element set.



