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Introduction

Aim

@ Criterion for partial Sheffer functions in 4-valued logic by
determining a minimal covering of the maximal partial
classes given by Haddad and Rosenberg

@ Show that this minimal covering is unique



Introduction
0000000

Definitions

Some sets

Ex = {0,1,....k—1}
Ek = EkU{OO}
P, = {ff(”):E,fHEk,neNo}

ﬁk = {f

f(n) : E/? — Ek,n € No}
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Definitions

Mal’tsev operations

We consider the algebra (I5k; ¢, T, A, V,*). For functions

(N g(m ¢ Py let

(CH(X1, .-, Xn)
(7H)(X1, ..., Xn)
(Af)(X1,. .. ,Xn_1)
(f=71f=Af
(VH)(X1, .-+, Xny1)

(F*9)(X1, .. s Xmen—1)

f(Xo, X3, ..., Xn, Xq)

f(Xo, X1, X3, ..., Xp)

f(X1,X1,X2,...,Xn_1) ifn>2

f ifn=A1

f(X2,..., Xns1)

{ F(9(X1s -+ Xm)s Xmats - -+ Xman—1)
if g(xq,...,xm) € Ex

oo otherwise
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Definitions

Classes, (partial) clones

Ais called a class, if A= [A]; - v holds.
If Jx € A also holds, A is called a (partial) clone.

el (X1,...,Xn) = X
J« = {ellneN,1<i<n}
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Definitions

Sheffer function

Definition
A (partial) function f is called a (partial) Sheffer function, if

P = [{}].
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Definitions

Maximal partial clones
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Definitions

Preservation of relations
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Definitions

Haddad-Rosenberg Theorem [Haddad, Rosenberg, 1989, 1992]

@ non-trivial unary relations

@ totally symmetric, totally reflexive relations
@ non-trivial partial orders

@ equivalence relations



Number of maximal (partial) clones

1102



Unary relations



Binary asymmetric areflexive relations



Binary symmetric areflexive relations



Binary antisymmetric reflexive relations



Binary antisymmetric reflexive relations



Binary symmetric reflexive relations



Ternary areflexive relations



Ternary relations with § = 5?0‘112}



Ternary relations with § = 5?&1} and G, = {id}



Ternary relations with § = 5?&1} and G, = {id}



Ternary relations with § = 5?0‘1} and G, = {id,(01)}



Ternary totally reflexive, totally symmetric relations




Quartary areflexive relations



Quartary relations with § = 5?0‘1,2‘13}



Quartary relations with § = 6?0,1,2}



Quartary relations with § = 5?0 0



Quartary relations with § = 6?0,1},{2’3}



Special quartary relations



Minimal coverings

Definition
A subset X C p.#j is a minimal covering if

Vi€ Pe: ({f}] = Pc = VAE X : f¢A) (1)
VAc X 3Ifc AVBe X\ {A}:f¢ B )




Minimal covering for k = 4

There is exactly one minimal covering of p.# , and it has 449
elements.

449



Minimal covering

A partial order on p.#

Define o : p.# — N by

a(X) = 1 if X = PxU[{Cx}]:
' h if X = pPOLp and g is an h-ary coherent relation.

| \

Lemma
Let X € p.#y \ {Px U [cx]} and o a coherent relation with

X = pPOLyo.

Then o is unique except for permutation of coordinates. Thus «
is well-defined.




Minimal covering

A partial order on p.#

Let X, Y € p.#x. Then < given by
X<Y < aX)<aY)

is a partial order on p.#.




Minimal covering

Determine a minimal covering

Let O : p.#ty — 2P with
@ O(X) =0, if X € p.#x belongs to every minimal covering,

ie.
Fe XVY epay\{X}:f¢Y,
@ and
VX e paVY € O(X): Y < X.
Then

X = {X € pat|O(X) = 0}

is the unique minimal covering of p.#.




Minimal covering

Some elements of every minimal covering of p.#

@ 0 =0y Uopandthereis A C Ex, A# 0 with o4 c A" and
o2 C E,?\Ah,
@ o€ {1}, 01,00} with

- {(x1,...,xh)eE£ |{x1,...,xh}|§h—1},

Ry = {(a,ab,b),(ab,ab)(ab,b,a)|abec E},
R, = {(a,a,b,b),(a,b,ab)|abec E}.



Minimal covering

Maximal clones not in every minimal covering of p.#

@ h = 2 and the transitive closure of g is a partial order with a
central element, i.e.

dce ExVx € Ex: (x,c)epV(c,x)€o

) O'ULZfOFhZ4

o= {(xo,...,xh_1) € EM|{x0, ..., xn1}] < h—1}



Minimal covering

A binary partial Sheffer function for k > 3

Lemma

The function f, defined by

X+1modk ifx=y,
x+2modk ifx#0andy =0,

fik(x,y) =< 0 ifx=0andy # 0,
0 fxX#Zk—1andy = x+1,
00 otherwise

is a partial Sheffer function for k with k > 3.




Minimal covering

What to do next?

@ generalize the results for all k > 3

@ a formula for the number of maximal partial clones for a
given k

@ determine generating sets (or the cardinality of these) for
maximal partial clones

° ...



Minimal covering
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