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e Show that there is a unique minimal covering of the maximal
Scholzel partial clones for each k-valued logic with k > 2.

Introduction
m k = 2 solved by Haddad and Rosenberg in 1991
(4 maximal clones in the minimal covering out of 8)
m k = 3 solved by Haddad and Lau in 2006
(26 out of 58)
B k = 4 solved by the speaker in 2008
(449 out of 1102)



Some sets

Ec = {0,1,....k—1}
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Definitions Py = {f f(n) : E;,(7 v Ek7 n> 1}

Let DC Ef,n>1and f(") : D — Ey. Then fis called a
n-ary partial function on E, with domain D. We also write
dom(f) = D. Let P be the set of all n-ary partial functions
on Ex withn> 1.
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ZUEEEN  The set A C Py is a partial clone iff it is closed under
Seholzel composition and contains all projections.

The composition f[gy,...,gn] € ﬁl((m) with f & ﬁ;in) and
1., gn € P{™ is defined by

f(g1 (X)7 s 7gn(x))
flo, ..., gn](X) = if x € N/, dom(gy),

not defined otherwise.

Definitions
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Sl A partial function f is called a partial Sheffer function, if

e {1} = Pr.

Definitions



Maximal partial clones
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LS  Aclone A # ﬁk is called maximal, if there is no clone A’ with

Scholzel

AcC A cC Py

Definitions

Let p.#y be the set of all maximal partial clones.

Because for every partial clone A C Py there is some
maximal partial clone M4 with A C M, it holds

f is Sheffer <= VX € p.# : f ¢ X.



Preservation of relations

Uniqueness of

miimal A (partial) function f(") € P, preserves the relation o C EP, if

coverings of

maximal for all r1,...,rp with vy = (ryj, ..., 1) € 0 and
partial clones
ti. = (fi1,- .., fin) € dom(f) holds:

Scholzel

f(r1, M2, .-+, M)

Definitions f(l’21 y 12,00y r2n)

f(Fety ..o Fap) i= : co.
f(rh1)rh2) ceey rhn)

Short: f € pPOLyo.



Haddad-Rosenberg Theorem [Haddad,
Rosenberg, 1989, 1992]
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FalEl elaies If C is a maximal partial clone of I~3k, then
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C = Py U{f € P | dom(f) = 0}

Definitions

or
C = pPOLko

for some relation ¢ € R~
The relations in ﬁ,r(“ax describe only maximal partial clones.

The description of these given by Haddad and Rosenberg is
quite complex and not needed here.



Partition of I?y’,r(”ax with a coarse description
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Scholzel B U unary relations (o e Y < 0 C p C Ey),
m A: areflexive relations,
Definitions m Q: quasi-diagonal relations, i.e. if o € Q then p = o U 0,
with o areflexive and e a non-trivial equivalence
relation.

m Q: ¢ has no singular equivalence classes,
B Q;: ¢ has at least one singular equivalence class,

m S: totally reflexive, totally symmetric relations,
m L: quaternary relations.
Letid := {pPOLxo | 0 € U}, ...

8 = {(x,...,xn) € E[ | (i,)) € e = X = x;}
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SELER A subset X' C p.# is a minimal covering if

Scholzel

Vie P ([{f]=Px <= VAc X :f¢A
VAc X Ifc AVBe X \{A}:f¢ B

Minimal
covering
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e Let X € p.#. Then X is in every minimal covering of p./
Schaizel iff there is some f € X with

VZ e pttx \{X} : f¢gZ.

Minimal
covering

Definition
Let X, Y € p.#. Then X < Y iff for every f € X there is
some g € X with g ¢ Y and

VZepidy: (F¢Z— g¢2).

Let X,Y C p.#. Then X < Y iff X < Y for all
XeX,YeEV.X4Y.



Example for A < Qg
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covering

000000 0
0001 1 1 1
g| 11 1/000 [=]1
00 1/0 0 1 1
1011 0 1 0



The areflexive relations
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GEEIER | of o(N) ¢ A. Then pPOLyo is in every minimal covering of
Sl p.# if and only if there is some ¢ € Polf) o with

YO<I<hVYDCE/\ivweE "\ vres,

1
it 3m>0: D x {M(v)} Z o™. (1
If (1) is false, then pPOLy is in no minimal covering of
pA.
u [’Z = {(V17V27"-7Vh) € EI? | |{V17V27”~7Vh}| <h- 1}’

m S, the set of all permutations on Ep,
m 0 =id, o™(v) = (™ (v)) for m > 1,
| Q(ﬂ') = {(X7r(0)7 e 7X7r(h—1)) ’ (Xo, R ,Xh_1) S Q}.
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Schélzel Ul < < ¥ xXx /

A < € < <€ . .

Qo < <« <« <« @ Qo 30
Minimal QA1 < K \ /
covering S I X

: < < 0— A

£ < < &

The preceding theorem and the table imply

Lemma
Let X,Y C p.#y be minimal coverings of p.#y. Then

X0 (pttic\ &1) =V N (ptti \ D).



Tackling 91
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minimal m define partial order < on Oy similar to <
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i m < implies equivalence relation ~ such that for any
minimal coverings X', ) holds
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VCeXNOVfeCaC eyYnO,:feC AC~C

S m the equivalence classes can now be checked
individually

Lemma

Every C € Oy is either in every minimal covering of p.#) or
none of them.
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SELUER [ et X, ) C p.#y be minimal coverings of p.#. Then
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)’(\:j)’

i.e. there is a unique minimal covering of p.#y for each
k> 2.
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Thank you for your attention.
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