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Sehiloe Give an approach for a Galois connection for partial
hyperfunctions and show

m where it works,
m and where it fails.

Introduction

Why?

The usual preservation of relations for partial functions does
not suffice to describe all partial clones, i.e. does not lead to
a Galois connection for partial clones
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Let A be a fixed finite set and P(A) the powerset of A. Let

Scholzel

Functions t}fA(n) = {f : An - P(A)}’
T = U ,%f}n).
n>1

4 is the set of all partial hyperfunctions on A.

The set of all total functions is

Op = {f") ¢ o5 | Vx € A" |f(X)| = 1}.
The set of all partial functions is
Pp={f"M c 7 | Vx € A" [f(x)| < 1}
with dom f := {x | f(x) # 0}.



Lifting
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B Let (") c 7", Then the lifting of f is the function
f: P(A)" — P(A) defined by

Functions A
f(Xq, Xo, ..., Xp) = U (X1, X, . .., Xn).

(X1 ,Xg,...,Xn)EX1 X Xo XX Xn



Clones
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e The set C C %, is a clone iff it is closed und composition
and contains all projections e(”)
S The composition f[g, ..., gn] € c%ﬂA(m) with f € %,”A(”) and

1., gn € 2™ is defined by

flgr, -, Gnl(X) == F(g1(X), ..., gn(X))-

If additionally C C &4 or C C P4 then C is a (normal) clone
of 04 resp. partial clone of S2,4.
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A = {o|loCPA)
%y = A
h>0

REEUI

be the set of all hyperrelations.



Elementary Operations on %4

cor?r]ggggi:for Let Q(h), U('u) - %A- Then let

partial
hyperfunctions

Scholzel Co = {(X2,X3,...,Xn, X1) | (X1, X2,...,Xp) € 0}
To = {(Xo,X1,X3,...,Xn) | (X1,X2,...,Xn) € 0}
pro = {(X2,X3,...,Xxp) | 3Ixy € P(A): (X1, Xo,...,Xpn) € 0}
retations oxo = {(X, . Xm Vs V) |
(X1,...,Xn) €0 AN (Y1,...,Yu) €0}
oNo = pNo
0, = (¥, x) € P(AP | X1 = o}

The set Q C Z#4 is a co-clone of #Z, iff it is closed under

¢, 7, pr, X, A and contains 5%??2}.



Definition

PO A function £(7) € ") preserves a relation oM € 2" iff

partial
hyperfunctions

A

Schélzel R f(l’11,...,l’n1)
f(r,...,m) = A €
f(l’1h7 .. .,rnh)

Pol— Inv forall r; = (ri1,..., ) € o
Written: f € Polpand ¢ € Inv f.
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A Galois
connection for

partial Le mma

hyperfunctions

Let C be a clone and o" € InvC. Letr = (ry,...
andl:={ie{1,....h} | ri=0}.
Then for each s = (s1,...,Sp) € o there is some

Th) € 0

Scholzel

_ . [0 ifiel
Pol — Inv t= - ) € oWt = { S; otherwise.
Proof.
Take the projection esz) € C,r,seclnvC. Then
e@(s,r)=t ie teo. -

Definition

Call p € #,4 a strict relation iff o € Inv egz), i.e. is an invariant
for some clone. Let 74 := {0 € Za | o is strict}.



Some operations on Z4

A Galois
connzﬁ:gln for Let Q(h) c %A and f € Pol 0. Let
hyper:'functions

Scholzel vep = pU {((Z), e :Q) € P(A)h}
Do = oU{(X1,...,xn) | Ji:x; =0}
KO = {((y1U---Uy,),xg,...,xh)|

/2 1,V] (.y]'aXZa"'vxh)EQ}

Lemma

Let o) € %4 and f € Pol . Then f € Pol{vo, Do, ko}.

Pol — Inv

A derivable operation is v; defined by

vig = oU{(0, ..., 0, X1, Xn) | 3X1, .o X0 (X1, - .0, Xn) € 0}
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A Galois connection for partial functions

A Galois h . . .
IRl Let o) € Z4. Then g is a P4-relation iff

partial

IR m o is strict, i.e. p € ¥4, and

mY(g,....qn) € 0Vi:|g] <1.
Let .74 » be the set of all Z4-relations.
Let Q C Z4 be a #24-co-clone iff

Pol — Inv m Qis aco-clone,

m Qs closed with respect to v and 7,
mQC SN

m {{x}|xe A u{d} € Q.
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i Let.(Z4) (orL(-7a »)) be the set of all clones (or
P p-co-clones) of 2y (or 74 ) respectively. Then the
mappings Inv : L(Z4) — L(~a ») and

Pol : (4, ») — LL(Z4) are bijective mappings, which
reverse the partial order C.

In other words:

The lattices (IL(Z4), C) and (L(-#a »), C) are
antiisomorphic.

Scholzel
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Why does it fail for hyperfunctions? (l)

SR Let o= (o7 [1<i<nju{fesm|vx: |f(x) 1)

hyperfunctions Then C/ isaclone. Let/=2and A= {O, 172} Then
Schélzel o € Inv C; with

0=1{(0,1,2) U{(x1, X2, x3) € P(A)® | |x]| > 2.

But Pol o with o := pry o = {{0}} U {x € P(A)® | |x| > 2} is
not a clone.

Pol — Inv



Why does it fail for hyperfunctions? (ll)

SR  Define (2) by £(0,0) = {1,2}, f(1,1) = £(2,2) = 1 and
WA f(x, y) = A otherwise. Then f € Pol o with

Sl o =prio={{0}} U{xeP(A)||x] > 2}.
But g := Af ¢ Polo because g(0) = {1,2}, g(1) = 9(2) =1
and thus g({1,2}) = {1} € 0. Thus Pol ¢ is not a clone.

Lemma
Pol — Inv

The projection pr can not be used as operation on the
relations.




Some fix!?

A Galois
s Let o) € %2,. Then g is C-strict iff for all (xy,...,xp) € 0

partial

hyperfunctions and i € {1 sy h}
Scholzel D#£yCx

implies

(X17"'5Xi—17y7xl'+17'"7Xh) € Q)

Pol — Inv With C-strict relations the operation pr works,
but some clones can not be described!



Conclusion

A Galois . . . . .
LUl We found a Galois connection for partial functions, but it

partial

wamEes  does not work for hyperfunctions.
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Thank you for your attention.
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