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Aim

® Find a Galois connection between partial clones on finite sets and specific
sets of relations (partial co-clones)
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® Characterize the partial co-clones without use of the Galois connection
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Aim

® Find a Galois connection between partial clones on finite sets and specific
sets of relations (partial co-clones)

® Characterize the partial co-clones without use of the Galois connection

® Use the techniques known from the case of (total) clones and (total) co-clones
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Total clones and co-clones

Functions on A Relations on A
Pa Ra

Clone(X) = Pol Inv X and CoClone(Y) = Inv Pol Y
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Partial clones |

Let A be a finite set and oo a symbol with oo ¢ A
LetA:= AU {0}

f: A" = A— n-ary partial function on A

ﬁf\”) — set of all n-ary partial functions on A

ﬁA = Unzl ﬁﬁ\n)
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Definition (partial clone)

Aset C C P4 which is closed with respect to the composition and contains the
projections is called a partial clone.

projection: e (xq,. . ., xn) := X;
composition:

f(gl(Xl, s 7Xm)7 e 7gn(X17 s 7Xm))

if gi(x1,.. ., Xm forall /,
f(glv"'vgn)(xla"'axm) = 00 g(Xl X )#Oo I

otherwise.
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Relations

o0 C A" — h-ary relation on A
R*ﬁ\h) — set of all h-ary relations on A
R*a:= Uh21 R*Eé\h)
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Preserving of relations

f € P{") — n-ary function on A
0 € R*Y) — h-ary relation on A

Definition (f > o — f preserves o)
f > pholds iff for all tuples r; = (r1;, r2iy ..., rhi) € owithi € {1,2,...,n}
the statement fF(rit ..., rn)

f(r,...,m):= flr, s n) €0

f(l’hl, ey rh,,)
holds. )
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pPol — plnv

X CPaYCR
pPol, Y :={f € Pa|VoeE Y : : fo}
plnvy X :={o e R*a |Vf e X: frp}
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pPol — plnv

XQ,BA,YQR*&
pPol, Y :={f € Pa|VoeE Y : : fo}
plnvy X :={o € R*a|VfeX:f>p}

Problem: pPol , Y may be no partial clone.

Letp = <2 ;).Because
)
@ (0 2\ _[&7(0,2))_(0
° (1 oo)‘<e£2>(1,oo) RCTA

we have e£2) & pPol {0}
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Solution |

Restrict the set of relations: R4 := plnv A{e§2)}.
Redefine pPol and plnv;

X CPaYCRa_

pPol, Y :={f € Pa|VYoeE Y : : f1o}
pnv, X :={p € Ra|VFeX: frp}

LetY C Ra. Then pPol, Y is a partial clone.
For every partial clone X the statement X = pPol 4 pInv 4 X holds.
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Total co-clones

A set R C R 4 which is closed with respect to the operations ¢, 7, pr, X, A, and

contains 0 is called (total) co-clone

Co = {(ax,as,...,an a1) | (a1, a0,
70 = {(a2,a1,33,...,an) | (a1, a,
pro = {(ag,...,ah)|331€A2(31,32,-~
oxo = {(a1,.-,am b1,..., b)) | (a1,
oNo = pNo
§ = {(a,a, ) €A |a = a}

UNIVERSITAT ROSTOCK | MATHE
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.-, an) € 0}
... an) € 0}

.,an) € 0}

,ap) € 0,(b1,...,by) €0}

TLICHE FAKULTAT, INSTITUT FUR MATHEMATIK




Universitat
Rostock

Traditio et Innovatio

Total co-clones

A set R C R 4 which is closed with respect to the operations ¢, 7, pr, X, A, and
contains 0 is called (total) co-clone

Co = {(a,a3,-..,ana) | (a1,32,...,a) € 0}
70 = {(a2,a1,33,...,an) | (a1, 3,...,3p) € 0}
pro = {(a,...,ap)|Far € A:(a1,a2,...,an) € 0}
oxo = {(a,...,an,b1,....b.) | (a1,...,an) € 0,(b1,...,b,) € 0}
oNo = pNo
§ = {(an,an,a3) €A |a =a)

Problem for partial co-clones: Therea Y C R 4 which are closed with respect to
the operations ¢, T, pr, x, A, and contain ¢, but for which Y = plnv 4 pPol, Y
holds.
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Partial co-clones — the new operation #

AsetR C R a Which is closed with respect to the operations ¢, 7, pr, X, A, & and
contains ¢ is called partial co-clone

o U {oo},
if o = 0 or o is unary,

ko = ~
e oU{(a1,a2,a3,...,ap) € A" | a; = a» = o0},
if o is h-ary with h > 2.
g = {(31, an, 33) S 23 | a = 32}

14. Februar 2011 11 UNIVERSITAT ROSTOCK | MATHI




Universitat
Rostock

Traditio et Innovatio

Partial co-clones — the new operation #

AsetR C R a Which is closed with respect to the operations ¢, 7, pr, X, A, & and
contains ¢ is called partial co-clone

o U {oo},
if o = 0 or o is unary,

ko = ~
e oU{(a1,a2,a3,...,ap) € A" | a; = a» = o0},
if o is h-ary with h > 2.
g = {(31, an, 33) S 23 | a = 32}

LetX C P,. Then plnv, X is a partial co-clone.
For every partial co-clone Y the statement Y = pPol 4 pInv 4 Y holds.

14. Februar 2011 1 UNIVERSITAT ROSTOCK | MATHEM, LICHE FAKULTAT, INSTITUT HEMATIK



Universitat
Rostock

Traditio et Innovatio

Galois connection

Theorem

LetIL(Pa) be the set of all clones of P and letL(R.») be the set of all co-clones
of R a. Then the mappings

pinv, - L(Pa) — L(Ra), X 5 plnv, X

and
pPol, : L(Ra) — L(Pa), Y — pPol, Y

are bijective mappings, which reverse the partial order C.
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Possible applications

® New, extended and more readable proof of the Definability Lemma of Romov
(1981), which is essential for the classification of the maximal partial clones
by Haddad and Rosenberg.

® Determining some intervals of boolean partial clones.
| I
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Possible applications

® New, extended and more readable proof of the Definability Lemma of Romov
(1981), which is essential for the classification of the maximal partial clones
by Haddad and Rosenberg.

® Determining some intervals of boolean partial clones.

Thank you for your attention.
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