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Coverings of finite family of sets

Uniqueness of
minimal

coverings of Deflnltlon
maximal

partial clones Let C = {C17 . Cn} with C, C P for some set P.
Sehbizel Xclisa covermg of Cif J& =UC =UL, Ci.
Introduction A covering X is minimal if JY c J X forall Y c X.

Example

C:={X\Z,Y\Z,(XUZ)\Y,(YUZ)\ X}
X ={X\Z,Y\Z (XU2Z2)\Y}

X is a minimal
covering of € because
X cCand
U&x=xuyuz=<¢C
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minimal
coverings of
maximal

partial clones .
o The BIG Question
ocholze!

Is there a unique minimal covering for the set of maximal
partial clones in k-valued logic?

Introduction

Why is the BIG Question interesting?

m better criterion for Sheffer partial functions

m learn more about the structure of maximal partial
clones



Maximal clones of boolean functions

U:;%Zﬁi}:azls: An n-ary boolean function (") is a function
maximal f(M . {0,1}" — {0,1}. Let P, be the set of all finitary
partial clones . . ip iy r
boolean functions. C C P is a boolean clone if it is closed

under composition and contains all projections.

|
The set € = {To, T1, M, S, L} is the set of maximal clones of
P> with
mTy:={fePs|f(O,...,0) =0},
mT={feP|f(1,...,1) =1},
m M are all monotone functions of Ps,
[ ]
[ ]

Scholzel

S are all selfdual functions of Ps,
L are all linear functions of Ps.



Maximal clones of boolean functions

Uni f
" inimal - : ,
coverings of Lemma (Minimal covering of boolean maximal clones)

imal
pa?t]i:i(groies

X = {Ty, Ty, S} is the unique minimal covering of C.

Scholzel

Covering.
If f ¢ X, then £(0,...,0) =1, f(1,...,1) = 0 and there
are ay,...,ap € Ex with f(ay, .. a,,)_f(a1, .., 8 ) This

implies fgz! Mand f ¢ Landthus Ux=U¢, |e Xisa
covering of C.

XCC|sacover|ng oan‘U)( UC UL 1 C
A covering X is minimal if Y < |J X for all Y C X



Maximal clones of boolean functions

Uniqueness of

inimal 0-q 0
coveringsof il Minimal and unique.
maximal

partial clones Deﬁne fO, f1, fS by

Scholzel

x y|fhixy) f(xy)
s 0 O 0 1

01| o0 1

1 0| 1 0

1 1] o0 1

| 0 if(x,y,Zz)has at least 2 entries equal to 1,
fs(x,,2) := { 1 otherwise.

Then fy € To\ (1 UMUSUL), f; § T\ (ToUMUSUL),
and fs € S\ (ToU Ty UMUL), i.e. X' is minimal and the only
minimal covering of C. Ol



Uniqueness of

inimal .
coveringsot | The BIG Question

maximal

Sl s there a unique minimal covering for the set of maximal
Sendleel partial clones in k-valued logic?

m k = 2: YES given by Haddad and Rosenberg in 1991
(4 maximal clones in the minimal covering out of 8)

m k = 3: YES given by Haddad and Lau in 2006
(26 out of 58)

m k = 4: YES given by Schélzel in 2008
(449 out of 1102)

m k > 5: Left to show, but we get to it right away "



Why do we have to show uniqueness?

Uniqueness of
minimal
coverings of
maximal
partial clones

X=AUBuUD

Y=BuUuCuUD
Z=CUAUD
C={X,Y,2}

Minimal coverings of C:
{X, Y} {X,Z},{Y,Z}

n

i

X c Cis acovering of C if | J ¢c="
U Xforally C X.

x=U
A covering X is minimal if Y < |

-
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Why do we have to show uniqueness?

Uniqueness of
minimal
coverings of
maximal
partial clones

X=AuBuUD
Y=BUCUD
Z=CUAUD
C={X,Y,Z}
Minimal coverings of C:
{X, Y} AX, 2}, {Y.Z}

X c Cis acovering of € if |J
U

X
A covering X is minimal if |

-




Why do we have to show uniqueness?

Uniqueness of
minimal
coverings of
maximal
partial clones

M=AUB

N=AuUD
L=BucC
C={M,N,L}

Minimal coverings of C:

{N; L}

xcd is a covering of C |fU)( UC UL 1 C
A covering X is minimal if Y ¢ |J X for all Y C X



Why do we have to show uniqueness?

Uniqueness of
minimal
coverings of
maximal
partial clones

M=AUB
N=AuD
L=BucC
C={M,N,L}

Minimal coverings of C:

{N; L}

xcd is a covering of C |fU)( UC UL 1 C
A covering X is minimal if Y ¢ |J X for all Y C X



Why do we have to show uniqueness?

Uniqueness of
minimal
coverings of
maximal
partial clones

M=AUB
N=AuD
L=BuUC
C={M,N,L}

Minimal coverings of C:

{N; L}

xcd is a covering of C |fU)( UC UL 1 C
A covering X is minimal if Y ¢ |J X for all Y C X



Why do we have to show uniqueness?

Uniqueness of
minimal
coverings of
maximal
partial clones

M=AUB
N=AuD
L=BuUC
C={M,N,L}

Minimal coverings of C:

{N; L}

xcd is a covering of C |fU)( UC UL 1 C
A covering X is minimal if Y ¢ |J X for all Y C X



Some sets

Ex == {0,1,....k—1}
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Pe = {fOf"): Ep— En>1}

pefinions Let DC Ef,n>1and f(") : D — Ey. Then fis called a
n-ary partial function on E, with domain D. We also write
dom(f) = D. Let P be the set of all n-ary partial functions
on Ex withn> 1.



Partial clones

Uniqueness of
minimal 0 and
coverings of Definition

maximal

ZUEEEN  The set A C Py is a partial clone iff it is closed under
Seholzel composition and contains all projections.

The composition f[gy,...,gn] € ﬁl((m) with f & ﬁ;in) and
1., gn € P{™ is defined by

f(g1 (X)7 s 7gn(x))
flo, ..., gn](X) = if x € N/, dom(gy),

not defined otherwise.

Definitions



Maximal partial clones

Uniqueness of
minimal 0 and
coverings of Definition

maximal

LS  Aclone A # ﬁk is called maximal, if there is no clone A’ with

Scholzel

AcC A cC Py
Let p.#y be the set of all maximal partial clones.
Definitions For further investigations p.#j is split into

ptt =UUAUQyU O USUL.



Uniqueness of
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coverings of
maximal

partial clones m Define directed graph G = (V, E) with

Scholzel - V — p%k
mEC V2
m XY & E iff for every f € X there is some g € X with
g¢Yand
VZ epty(f¢Z—=— g¢&2).
Ur)iqueness of
e m show that G is acyclic

m if X € p# is asink in G then X is in every minimal
covering of p.#y

m X is covered by its successors in G, i.e. X C [J S(X)
with S(X) :={Y € p.# | XY € E}



General shape of G

Uniqueness of G b h fth f ” . h
inimal
coTe'?i'égi o IS a subgrapn o e 1oliowing grap
maximal EA

partial clones /
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maximal

partial clones Gm/’( — (A’ EA) with E ; = {XY c E | X, Y e ./Zt} is a
Schélzel subgraph of

A E— 4@ % =50

where A" .= {X € A | ar(X) = h} for some function ar
il (arity of a correspnding relation given by the Theorem of

CEIE Haddad and Rosenberg [1989,1992]).

Lemma
GnN S looks like GN A.



The beast Q1 (Act 1)

Uniqueness of

minimal Let pp X be a certain relation corresponding to X € Q1 and

coverings of

maximal argy X the arity of pp X.

partial clones

Scholzel

Lemma

Gn Q4 is a subgraph of

e —

Q2 —— Qi3 ) Q1:k—1

Uniqueness of
minimal U U U

where Oy, := {X € Q1 | ars(X) = h}.

Lemma

G N Q. is a subgraph of (Q1., E') with
E':={XY € (Q1.n)? |ppY CppX}.

coverings



The beast O (Act 2)

Unigueness of Let X € Q1 be arbitrary

minimal

coverings of and M(X) :={Y e Q1 |

maximal

partial clones ) Y =pp X}

Scholzel

Lemma
Gn M(X) is acyclic.

Theorem (Conclusion)

Uniqueness of A j .
minimal Gn Q4 Is acyclic.

coverings

28



Answering the BIG Question

Uniqueness of

inimal .
coveringsot | The BIG Question

maximal

il s there a unique minimal covering for the set of maximal
Seholel partial clones in k-valued logic?

Theorem (YES, it is unique!)

The sinks of G are in every minimal covering of p.#y. The
graph G is acyclic and therefore there is a unique minimal
covering of p.#y for each k > 2.

Result

BUT

The proof for uniqueness does not give all members of the
unique minimal covering of p.Z.
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Thank you for your attention.

Result
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