Rostock. Math. Kolloq. 48, 00{00 (1994) Subject Classification (AMS)

03G20, 08A40

Dietlinde Lau

Congruences on closed subsets of^~P_k and of P_{k,L}

Let be E_k := {0, 1, . . . , k − 1}, k ≥ 2, P_k := ⋃ n≥1 P^n_k , P^n_k := {f^n|f^n : E^n_k → E_k } and Pk := (P_k ; ζ, τ, △, ∇, ∗), where ζ, τ, △, ∇, ∗ denote the Mal’cev operations on P_k (see [6] or [7]). If the arity n of f^n can be seen from the context, we omit the upper index.

Here we consider the algebras P (i) := (P (i), Ω_i) as a generalization of Pk with i ∈ {0, 1, 2}, P (0) := ~P_k = ⋃ n≥1 ~P^n_k , ~P^n_k := {f^n|f^n : E^n_k → E_k ∪ {∞}}, P (1) = P (2) := P_{k,L} = ⋃ n≥1 P^n_{k,L}, P^n_{k,L} := {f^n|f^n : E^n_k → E_L} for L > k and Ω_i := {ζ, τ, △, ∇, ∗_i}. The operations ζ, τ, △, ∇, ∗_i are defined as follow

(ζf^n)(x_1, . . . , x_n) := f(x_2, x_3, . . . , x_n, x_1), (τ f^n)(x_1, . . . , x_n) := f(x_2, x_1, x_3, . . . , x_n), (△f^n)(x_1, . . . , x_{n−1}) := f(x_1, x_1, x_2, . . . , x_{n−1}), (∇f^n)(x_1, . . . , x_{n+1}) := f(x_2, . . . , x_{n+1}) for n ≥ 2, ζf^n = τ f^n = △f^n = ∇f^n = f for n = 1 (f ∈ P (i)), (f^n ∗ g^m)(x_1, . . . , x_{n+m−1}) := f (g(x_1, . . . , x_m), x_{m+1}, . . . , x_{m+n−1}) (f ∈ P (i), g ∈ P_k).

(f^n ∗_0 g^m) (x_1, . . . , x_{m+n−1}) := f (g(x_1, . . . , x_m), x_{m+1}, . . . , x_{m+n−1}) for g(x_1, . . . , x_m) ∈ E_k , ∞ else , (f, g ∈ ~P_k ), f^n ∗_1 g^m := f ∗ g for g ∈ P_k , f else , and

f^n ∗_2 g^m := f ∗ g for g ∈ P_k , not defined else (f, g ∈ P_{k,L}). In [4] and [5] was proved that the algebras P (i) (i ∈ {1, 2, 3}) have similar properties. For instance, the number of the maximal classes of ~P_k and P_{k,L} is equal and a description of the maximal classes of ~P_k (see [3]) gives also a description of the maximal classes of P_{k,L} and conversely. We show now that there exist substantial distinctions concerning the congruences.

Regarding our terminology we mainly follow [4] and [7]. Only the main notations for this paper are introduced below. Im f denotes the range of f ∈ P (i).

The functions e^n_i ∈ P^n_k (1 ≤ i ≤ n) defined by e^n_i (x_1, . . . , x_n) = x_i are called projections. For any a ∈ E_L ∪ {∞} the symbol c^n_a denotes the mapping E^n_k → {a}, n = 1, 2, . . . . Let be α^1 := α and α^{j+1}f := α(α^j f) for every α ∈ {ζ, τ, △, ∇}, j ∈ N and f ∈ P (i). A congruence κ on P (i) is an equivalence relation on P (i) which is compatible with the operations in Ω_i, that is ∀f, g, s, t ∈ P (i) : (f, g) ∈ κ ∧ (s, t) ∈ κ =⇒ (f ∗_i s, g ∗_i t) ∈ κ ∧ (∀α ∈ {ζ, τ, △, ∇} : (αf, αg) ∈ κ) . (1)

The compatibility property (1) is an obvious condition for introducing an algebraic structure which is inherited from the algebra P (i). We also write f ∼ g (κ) for (f, g) ∈ κ.

It is well–known that each algebra A has two trivial congruences:

κ_0 := {(f, f)|f ∈ A} and κ_1 := A × A.

A.I. Mal’cev showed in [6] that the algebra Pk moreover has only the congruence κ_a := {(f, g) ∈ P^2_k | af = ag} (af denote the arity of f). Beside he proved the following theorem:

Theorem 1 [6]. The algebra P (0) has exactly 4 concgruences: κ_0, κ_1, κ_a := { (f, g) ∈ ~P_k × ~P_k | af = ag } and κ_∞ := { (f, g) ∈ ~P_k × ~P_k | f = g ∨ (∃n, m ∈ N : {f, g} = {c^n_∞, c^m_∞} } . � A generalization of this theorem can be found in [1] and [2].

Obviously, every congruence on ~P_k is isomorphic to a certain congruence on P (1) for L = k+1 and a congruence on P (2) is also a congruence on P (1) but not conversely. In particular, κ_k := {(f, g) ∈ P_{k,k+1} × P_{k,k+1} | f = g ∨ (∃n, m ∈ N : {f, g} = {c^n_k , c^m_k })} is a congruence on P (1) and P (2) for L = k + 1 and κ_a := {(f, g) ∈ P_{k,L} × P_{k,L} | af = ag} is obviously also a congruence on P (2) but not on P (1).

We need some notations for the discription of all congruences on P (i) with i ∈ {1, 2}. Let Z be the set of all partitions of all nonempty subsets of E_L\E_k :

Z := ⋃ A, t A ⊆ E_L\E_k, A ≠ ∅ t = 1, 2, . . . , |A|

{ {A_1, . . . , A_t}|∀i : A_i ≠ ∅ ∧ ∀i ≠ j : A_i ∩ A_j = ∅ ∧ t⋃ i=1 A_i = A } .

With EZ we denote the set of all equivalence relations on sets A ∈ Z. Then for each ε ∈ EZ the relation κ(ε) := {(f, g) ∈ P_{k,L} × P_{k,L} | f = g ∨ (∃(A, B) ∈ ε : Im f ⊆ A ∧ Im g ⊆ B} is a congruence on P (i), i ∈ {1, 2}. Let R be the set

{ϱ | ∃ r ∃A_{ij} ⊆ E_L : ϱ = ∪^r_{i=1}A_{1i} × A_{2i} ∧ (∀i ≠ j : A_{1i} ∩ A_{1j} = ∅ ∧ A_{2i} ∩ A_{2j} = ∅)} and R(i) := {M ⊆ R | < M >_{∘,σ}= M ∧ (∪_{ϱ∈M}ϱ) ∩ X(i) = ∅} , where i ∈ {1, 2}, ∘ denotes the relational product, σ is defined for binary relations ϱ as follows: σ_ρ := {(b, a) | (a, b) ∈ ϱ}, and

X_i := {(a, b) ∈ E_L × E_L | a ≠ b ∧ (a ∈ E_k ∨ b ∈ E_k} for i = 1, {(a, b) ∈ E_k × E_k | a ≠ b} for i = 2. It is not hard to verify that for each M ∈ R(i) (i ∈ {1, 2}) the relation ω(M) := {(f, g) | af = ag ∧ (f = g ∨ (∃ϱ ∈ M : ∀x ∈ E^{af}_k : (f(x), g(x))) ∈ ϱ} is a congruence on P (i).

With the help of the relations of the type κ(ε) and ω(M) now we can describe all congruences on P (1) and P (2).

Theorem 2. The algebra P (i), i ∈ {1, 2}, has only congruences of the type

κ_0, κ_1, κ(ε) (ε ∈ EZ) , ω(M) (M ∈ R(i)), κ(ε^′) ∪ ω(M^′) (κ(ε^′) ∪ ω(M^′) is an equivalence relation and ε^′ ∈ EZ, M^′ ∈ R(i)) , and κ_a (only for i = 2).

It is easy to see that this theorem is a deduction of the following two lemmas. Lemma 1. Let κ be a congruence on P (γ) ∈ {P (1), P (2)}, (f^n , g^n) ∈ κ and T (f, g) := {(α, β) ∈ E^2_L | ∃a ∈ E^n_k : α = f(a) ∧ β = g(a)}. Then the following implications hold: (a) ∀m ∈ N s, t ∈ P_{k,L} : (∀a ∈ E^m_k : (s(a), t(a)) ∈ T (f, g) =⇒ (s, t) ∈ κ. (b) T (f, g) /∈ R(γ) =⇒ (∃u, v : (u, v) ∈ κ ∧ T (f, g) ⊆ T (u, v) ∧ T (u, v) ∈ R(γ)). (c) (γ = 1 ∧ (∃(a, b) ∈ T (f, g) : {a, b} ∩ E_k ≠ ∅ ∧ a ≠ b)) =⇒ κ_a ⊆ κ. (d) (γ = 2 ∧ (∃(a, b) ∈ T (f, g) : {a, b} ⊆ E_k ∧ a ≠ b)) =⇒ κ_a ⊆ κ. Proof: If T (f, g) = {(α_1, β_1), . . . , (α_t, β_t)} there exist a_1, . . . , a_t ∈ E^n_k with a_i = (a_{1i}, . . . , a_{in}) and (f(a_i), g(a_i)) = (α_i, β_i), i = 1, 2, . . . , t. Let be s, t ∈ P_{k,L} with (s(a), g(a)) ∈ T (f, g) for every a ∈ E^m_k . Defining functions h_j ∈ P^m_k by

h_j (x) = a_{ij} iff (s(x), t(x)) = (α_i, β_i) (i = 1, 2, . . . , t; j = 1, 2, . . . n) we obtain (s, t) = (f(h_1, . . . , h_n), g(h_1, . . . , h_n)) ∈ κ. (b): It is sufficient to show that the following implication holds: {(a, c), (a, d), (b, c)} = T (f, g) =⇒ ∃ u, v : (u, v) ∈ κ ∧ T (u, v) = T (f, g) ∪ {(b, c)} . Let be u, v ∈ P_{k,L} with Im u = {a, b}, Im v = {c, d}, u(a_1) = u(a_2) = a, u(a_3) = u(a_4) = b and v(a_1) = v(a_3) = c, v(a_2) = g(a_4) = d for certain a_1, . . . , a_4 ∈ E^n_k . If {(a, c), (a, d), (b, c)} = T (f, g) and (f, g) ∈ κ by (a) we get (u, c^n_c ), (c^n_a , c^n_c ), (c^n_a , v) ∈ κ. Thus (u, v) ∈ κ. (c), (d): Let be f(a) = a ≠ b = f(b). Then (c^1_a, c^1_b ) ∈ κ. If γ = 1, a ∈ E_k and without loss of generality b /∈ E_k we have:

e^1 ∗_1 c_a = c_a ∼ e^1 ∗_1 c_b = e^1 (κ) and c_a ∗_1 t^m = c^m_a ∼ e^1 ∗_1 t^m = t^m (κ)

for every t^m ∈ P_{k,L}. Hence κ_a ⊆ κ.

In case γ = 2 and {a, b} ⊆ E_k we obtain t^m_1 = h ∗_2 c_a ∼ h ∗_2 c_b = t^m_2 , where

h(x_1, . . . , x_{m+1}) := t_1(x_2, . . . , x_{m+1}) for x_1 = a, t_2(x_2, . . . , x_{m+1}) else

and t_1, t_2 denote any functions, which belong to P_{k,L}. Therefore, (d) holds. �

Lemma 2. Let κ be a congruence on P (γ) ∈ {P (1), P (2)}, (f^n, g^m) ∈ κ and n ≠ m. Then (a) ∀a ∈ Im f ∀ p, q : (c^p_a, c^q_a) ∈ κ (b) Im f ∩ E_k ≠ ∅ =⇒ κ = κ_1 (c) f = c^n_a =⇒ ((∀u, v : Im u ⊆ Im g ∧ Im v ⊆ Im g) =⇒ (u, v) ∈ κ) (d) (f /∈ [{c_α | α ∈ E_k }] ∧ n > m) =⇒ (∃a ∃g_1 : a ∈ Im f ∧ (c^n_a , g^n_1 ) ∈ κ ∧ Im g_1 = Im g) (e) ∀u, v : Im u ⊆ Im f ∧ Im v ⊆ Im g =⇒ (u, v) ∈ κ. Proof: Obviously, we have (c^n_a , c^m_b ) ∈ κ for certain b ∈ Im g, if a ∈ Im f and (f^n, g^m) ∈ κ. Consequently, (Δ^{r−1}c^{r−1}_a , Δ^{r−1}c^n_b ) ∈ {(c^1_a, c^1_b ), (c^2_a, c^1_b )} ∩ κ for r := max{m, n}. By this we get {(c^1_a, c^1_b ), (c^2_a, c^2_b ), (c^1_a, c^2_b ), (c^1_b , c^2_a), (c^1_a, c^2_a), (c^2_a, c^3_a), . . . } ⊆ κ, that is (a) holds.

(b): By (a) we get ((P_k × P_k )\κ_a) ∩ κ ≠ ∅. Since P_k has only the congruences κ_0, κ_a and κ_1 and since certain h, h_1, . . . h_{2q} with h ∈ P_{k,L}, {h_1, . . . , h_{2q}} ⊆ P_k and t_1 = h(h_1, . . . , h_q), t_2 = h(h_{q+1}, . . . , h_{2q}) exist for every t_1, t_2 ∈ P_{k,L}, κ = κ_1 follows from this.

(c) is easy to show by the help of (a).

(d): By using of the operations ζ, τ we obtain from (f, g) ∈ κ that there exist functions u^n, v^m with the properties Im f = Im u, Im g = Im v, (u, v) ∈ κ and the (n − m)−th variable of u is not fictitious. Then

Δ(ζ^{m+1}(u^n ∗ e^2) ∗ c^1_0)) =: f_1 ∼ Δ(ζ^{m+1}(v^m ∗ e^2) ∗ c^1_0)) = v (κ)

and f_1 has one fictitious variable more than f. Iterations of this construction yield (d).

(e) follows immediately from (c) and (d) and the symmetry and transitivity of κ. �

Examples:

Let k = 2 and L = 3. Then

1. P (1) has only 3 congruences:

κ_0, κ_1 and κ_2 = κ({({2}, {2})}).

2. P (2) has exactly 20 congruences:

κ_0, κ_a, κ_1, κ_2 and ω(M), where M ∈ { < {a, 2} >_{∘,σ}, < {(a, 2), (a, a)} >, {(a, a), (a, 2), (2, a), (2, 2)}, {(a, a), (a, 2), (2, a), (2, 2), (a, a)}, < {(a, 2), (2, a)} >, < {(a, 2), (2, a), (a, a)} >, < {{(a, 2), (2, a), (a, a)}, {(a, 2), (a, a)}} >, < {{(a, 2), (2, a), }{(a, 2), (a, a)}} > | a ∈ {0, 1}}. The Hasse diagram of the congruences is given in figure 1.

References

[1] Denecke, K. and Lau, D. : Congruences on maximal partial clones and strong regular varieties genereted by preprimal partial algebras I. Wiss. Z. Pädagog. Hochsch. ” Karl Liebknecht“ Potsdam 34, Heft 1, 117 - 122 (1990)

[2] Denecke, K. and Lau, D. : Congruences on maximal partial clones and strong regular varieties genereted by preprimal partial algebras II. Demonstratio Math. 24, 1-2, 105 - 119 (1991)

[3] Haddad, L. and Rosenberg, I. G. : Critere général de completude pour les algébres partielles finies. Sc. Paris t. 304, Serie I, n:17, 507 - 508 (1987)

[4] Lau, D. : Über partielle Funktionenalgebren. Rostock. Math. Kolloq. 33, 23 - 48 (1988)

[5] Lau, D., Miyakawa, M., Rosenberg, I. G. and Stojmenovic, I. : Classifications and basis enumeration of the algebras ~P_2 and P_{2l}. In: Proceedings of the 19th. International Symposium on Multiple-valued Logic, pp. 8-13. Guangzhou, China, May 29-31, 1989

[6] Mal~cev, A. : Iterativnye algebry i mnogoobraziØ Posta. Algebry i Logika 5, 5 – 24 (1966)

[7] Pöschel, R. and Kalužnin, L.A. : Funktionen- und Relationenalgebren. Berlin 1979 [8] Rosenberg, I. G. : Partial algebras and clones via one - point extension. Université de Montreal, Preprint 1988

received: February 21, 1994

Author:

Dr. D. Lau Universität Rostock Fachbereich Mathematik Universitätsplatz 1 18051 Rostock Germany