Rostock. Math. Kolloq. 50, 19–30 (1997) Subject Classification (AMS)

41A10 15A23 15A18

Lothar Berg and Gerlind Plonka

Refinement of Vectors of Bernstein Polynomials

ABSTRACT. For the case of Bernstein polynomials, the refinement mask is calculated recursively, and the refinement matrices are given explicitely. Moreover, the eigenvectors of the transposed refinement matrices are constructed, whereas the eigenvectors of the refinement matrices themselves can be determined by a theorem of Micchelli and Prautzsch.

1 INTRODUCTION

Let n ∈ N and let b^n(t) := (b^n_0 (t), . . . , b^n(t))^T be a vector of uniformly refinable real functions on [0, 1], i.e., there are (n + 1) × (n + 1) matrices A^n_0 , . . . , A^n_{k−1} (k ∈ N; k ≥ 2) such that b^n ( t + m k ) = A^n_m b^n(t) (1.1)

is satisfied for m = 0, . . . , k − 1 and t ∈ [0, 1]. These equations are called refinement equations, and the matrices A^n_m refinement matrices (cf. Micchelli and Prautzsch [5]). It is well–known that the refinement equations (1.1) are closely connected with corresponding subdivision algorithms which provide important techniques for the fast generation of curves (cf. [3, 5]). In [6] and [8], some applications of such equations in the theory of wavelets are discussed.

For polynomials b^n_i (t) (i = 0, . . . , n) spanning the vector space of all polynomials of degree n, the matrices A^n_m in (1.1) always exist and are uniquely determined. Here, we consider these matrices in the case of Bernstein polynomials

b^n_i (t) = ( n i ) t^i (1 − t)^{n−i}, i = 0, . . . , n, (1.2) and study their spectral properties. In particular, we prove a recursion formula for the refinement mask of b^n

A^n(z) := 1 k k−1∑ m=0 A^n_m z^m, z ∈ C . (1.3)

Furthermore, we derive explicit formulas for the entries of the refinement matrices A^n_m as well as for their eigenvalues and corresponding eigenvectors. Note that for the special case k = 2, the corresponding subdivision algorithm is the de Casteljau algorithm (cf. [2]).

2 RECURSIVE COMPUTATION OF THE REFINEMENT MASK

First, we derive a simple recursion formula for the Fourier transform of the vector b^n(t) of Bernstein polynomials b^n_i (t) (t ∈ [0, 1]; i = 0, . . . , n). For convenience, outside of [0, 1] the polynomials are defined by zero. Denoting the Fourier transform of a function f ∈ L^2(R) by

f̂ (u) = ∫_∞ ∞ f(t) e^{−iut} dt, u ∈ R, we have:

Lemma 2.1 For n = 0,

b̂^0(u) = b̂^0(u) = 1 − e^{−iu} iu . (2.1)

For n > 0, the following recursion formula holds: iu b̂^n(u) = C_n(e^{−iu}) ( 1/n b̂^{n−1}(u) ) , u ∈ R, (2.2)

where the matrix C_n(z) with z ∈ C is an (n + 1) × (n + 1)-matrix of the form

C_n(z) := n

1 −1 0 . . . 0 0 1 −1 .. . . . . . .. . .. . .. . 0 0 0 .. . 1 −1 −z 0 . . . 0 1

, n ≥ 1. (2.3)

Proof: We put b^{n−1}_{−1} (t) := δ(t)/n and b^{n−1}_n (t) := δ(t − 1)/n (n ≥ 1), where δ denotes the Dirac distribution. Then the known formula for the derivative of Bernstein polynomials b^n_i (t) (i = 1, . . . , n − 1) Db^n_i (t) = n(b^{n−1}_{i−1} (t) − b^{n−1}_i (t)) can also be used for i = 0 and i = n, in view of the jumps of b^n_0 (t) at t = 0, and b^n(t) at t = 1. Hence, we obtain for the vector b^n(t)

Db^n(t) = n ( b^{n−1}_{−1} b^{n−1}(t) ) − n ( b^{n−1}(t) b^{n−1}_n ) . Taking the Fourier transform, we infer iu b̂^n(u) = n ( 1/n b̂^{n−1}(u) ) − n ( b̂^{n−1}(u) e^{−iu}/n ) = C_n(e^{−iu}) ( 1/n b̂^{n−1}(u) ) .

Remark 2.2 1. Note that det C_n(z) = n^{n+1} (1 − z).

2. The Bernstein polynomials b^n_i (t) (i = 0, . . . , n) on [0, 1] can also be considered as B–splines defined by the multiple knots 0, . . . , 0 n−i+1 , 1, . . . , 1 i+1 . Generalizing this definition, we find that b^n_{−1} is determined by the knots 0, . . . , 0 n+2 and analo-

gously b^n_{+1} by 1, . . . , 1 n+2 . Thus, the above definition of b^n_{−1} and b^n_{+1} according to the distri-

bution theory makes sense, also from this point of view (cf. [7]).

Example 2.3 For n = 0, we have (2.1). For n = 1 and n = 2, we find

b̂^1(u) = 1 (iu)^2 ( 1 −1 −e^{−iu} 1 ) ( iu 1 − e^{−iu} )

= 1 (iu)^2 ( iu − 1 + e^{−iu} 1 − (1 + iu)e^{−iu} ) ,

b̂^2(u) = 2 (iu)^3

1 −1 0 0 1 −1 −e^{−iu} 0 1 (iu)^2/2 iu − 1 + e^{−iu} 1 − (1 + iu)e^{−iu}

= 1 (iu)^3 (iu)^2 − 2iu + 2 − 2e^{−iu} 2(iu − 2) + 2(2 + iu)e^{−iu} 2 − (2 + 2iu + (iu)^2)e^{−iu} .

Now, we shall investigate the refinement equations (1.1) for the vector of Bernstein polynomials. Let k ∈ N, k ≥ 2 be given. After a substitution, we find that (1.1) is equivalent to the equation

b^n(t) = k−1∑ m=0 A^n_m b^n(kt − m), t ∈ [0, 1], since at the right–hand side at most one term is different from zero. Fourier transform yields

b̂^n(u) = A^n(e^{−iu/k}) b̂^n(u/k) (2.4)

with A^n defined in (1.3). The refinement mask A^n can be characterized in the following way:

Theorem 2.4 For n = 0, we have

A^0(z) = 1 k k−1∑ m=0 z^m = 1 − z^k k (1 − z) . (2.5)

For n ≥ 1 and z ≠ 1, the recursion formula

A^n(z) = 1 k C_n(z^k) ( 1 0^T 0 A^{n−1}(z) ) C_n(z)^{−1} (2.6)

is satisfied, where the matrices C_n are given in (2.3), and where 0 is a zero vector of suitable dimension.

Proof: For n = 0, we observe that

b^0(t) = b^0(t) = 1, t ∈ [0, 1],

i.e., we have A^0_m = 1 (m = 0, . . . , k − 1). Formula (1.3) implies that A^0(z) =^1_k ∑_{k−1} m=0 z^m, so that (2.5) is proved.

Now let n > 0. Then from (2.2) and (2.4) we obtain for u ≠ 0 1 iu C_n(e^{−iu}) ( 1/n b̂^{n−1}(u) ) = b̂^n(u) = A^n(e^{−iu/k}) b̂^n(u/k)

= A^n(e^{−iu/k}) k iu C_n(e^{−iu/k}) ( 1/n b̂^{n−1}(u/k) ) . Hence, since C_n(z) is regular for z ≠ 1, ( 1/n b̂^{n−1}(u) ) = k C_n(e^{−iu})^{−1} A^n(e^{−iu/k}) C_n(e^{−iu/k}) ( 1/n b̂^{n−1}(u/k) ) .

On the other hand, (2.4) with n − 1 instead of n implies ( 1/n b̂^{n−1}(u) ) = ( 1 0^T 0 A^{n−1}(e^{−iu/k}) ) ( 1/n b̂^{n−1}(u/k) ) .

In these two equations, all entries are rational functions in u and z = e^{−iu/k}. Since z is a transcendent function in u, the both equations are identities too, if we consider u and z as independent variables. Moreover, the components of the vectors (1/n, b̂^{n−1}(u))^T and (1/n, b̂^{n−1}(u/k))^T are linearly independent in u, and the entries of the matrices can be considered as constants with respect to u. This implies, that the corresponding matrices are equal, i.e., ( 1 0^T 0 A^{n−1}(e^{−iu/k}) ) = k C_n(e^{−iu})^{−1} A^n(e^{−iu/k}) C_n(e^{−iu/k}),

so that also (2.6) is proved.

Remark 2.5 1. For z = 1, the refinement mask A^n(z) can be found by a limiting process z → 1, since the elements of A^n(z) are continuous in z.

2. From the recursion formula in Theorem 2.4 and Remark 2.2, we can easily derive the determinant of A^n(z):

det A^n(z) = ( 1 − z^k k (1 − z) )_{n+1} . 3. For z ≠ 1, the inverse matrix C_n(z)^{−1} is explicitly given by

C_n(z)^{−1} = 1 n(1 − z)

1 1 . . . 1 1 z 1 . . . 1 1 . . ... ... . . . . z z ... 1 1 z z . . . z 1

.

4. For n = 1, (2.6) simplifies to

A^1(z) = 1 k^2 (1 − z)^2 ( 1 −1 −z^k 1 ) ( k(1 − z) 0 0 1 − z^k ) ( 1 1 z 1 ) .

This formula can be generalized in the following way. By means of the direct sum of

two quadratic matrices A ⊕ B := ( A 0^T 0 B ) with a suitable zero matrix 0, and the

ν–dimensional unit matrix I_ν , we define for ν = 0, . . . , n, X^n_ν (z) := I_{n−ν} ⊕ 1 ν C_ν(z^k), Y^n_ν (z) := I_{n−ν} ⊕ ν(1 − z) C_ν (z)^{−1},

where I_0 is dummy. Then (2.6) immediately implies

A^n(z) = 1 k^{n+1} (1 − z)^{n+1}

X^n(z) . . . X^n_1 (z) B_n(z) Y^n_1 (z) . . . Y^n(z) (2.7)

with

B_n(z) := diag ( k^n(1 − z)^n, k^{n−1}(1 − z)^{n−1}, . . . , k(1 − z), 1 − z^k ) . In particular, we have

A^2(z) = 1 k^3(1 − z)^3

1 −1 1 0 1 + z^k −2 −z^k −z^k 1 k^2(1 − z)^2 0 0 0 k(1 − z) 0 0 0 1 − z^k × 1 1 1 2z z + 1 2 z^2 + z 2z z + 1 .

For the matrix product X^n(z), . . . , X^n_1 (z) occuring in (2.7) we easily find

X^n(z) . . . X^n_1 (z) = ( (−1)^{i+j} ( j i ) − (−1)^{i+n} ( j n − i ) ϵ_{jn}z^k ) i,j=0,... ,n , where ϵ_{jn} := 1 − δ_{jn} with the Kronecker symbol δ_{jn}. The product Y^n_1 (z) . . . Y^n(z) has not such a simple explicit representation.

3 EXPLICIT REPRESENTATION OF REFINEMENT MATRI- CES The determination of the refinement matrices A^n_m (m = 0, . . . , k − 1) by means of the refinement mask (1.3) is not quite easy, so that we shall give an explicit representation of them in this section. By A^n_m = (a_{ij}), i, j = 0, . . . , n, (3.1) we introduce the entries a_{ij} of A^n_m, which also depend on n, k and m.

Theorem 3.1 The entries aij (i, j = 0, . . . , n) of A^n_m have the representation a_{ij} = 1 k^n (k − m)^{n−i} m^i j∑ ν=0 ( j ν ) ( n − j ν + i − j ) ( 1 − 1 k − m )_ν ( 1 + 1 m )_{j−ν} . (3.2)

Proof: The equations (1.1) and (1.2) imply ( n i ) ( 1 − t + m k )_{n−i} ( t + m k )_i = n∑ j=0 a_{ij} ( n j ) (1 − t)^{n−j} t^j. (3.3)

In view of 1 − t + m k = k − m k ( 1 − t + ( 1 − 1 k − m ) t ) , t + m = m ( 1 − t + ( 1 + 1 m ) t ) , for m ≠ 0, the left–hand side of (3.3) can be written as ( n i ) ( k − m k )_{n−i} ( m k )_i^{n−i}∑ ν=0 ( n − i ν ) (1 − t)^{n−i−ν} ( 1 − 1 k − m )_ν t^ν

× i∑ μ=0 ( i μ ) (1 − t)^{i−μ} ( 1 + 1 m )_μ t^μ. Putting ν + μ = j, we obtain from (3.3) by a comparison of coefficients ( n j ) a_{ij} = ( n i ) 1 k^n (k − m)^{n−i} m^i ∑ μ+ν=j ( n − i ν ) ( i μ ) ( 1 − 1 k − m )_ν ( 1 + 1 m )_μ , and in view of ( n i ) ( n − i ν ) ( i μ ) = ( n j ) ( j ν ) ( n − j ν + i − j ) , finally (3.2). According to (_{n−j} ν+i−j ) = 0 for ν < j − i, formula (3.2) makes also sense for m = 0, where only the term with ν = j − i remains: a_{ij} = 1 k^j ( j i ) (k − 1)^{j−i} for m = 0. (3.4)

Analogously, for m = k − 1, only the term with ν = 0 remains: a_{ij} = 1 k^{n−j} ( n − j i − j ) (k − 1)^{i−j} for m = k − 1. (3.5)

The formulas (3.4) and (3.5) show that A^n_0 is an upper and A^n_{k−1} a lower triangular matrix. Moreover, we only have one single term in (3.2) in the four cases i = 0 with ν = j,

a_{0j} = 1 k^n (k − m)^{n−j} (k − m − 1)^j , i = n with ν = 0, a_{nj} = 1 k^n m^{n−j} (m + 1)^j,

j = 0 with ν = 0,

a_{i0} = 1 k^n ( n i ) (k − m)^{n−i} m^i, (3.6)

and j = n with ν = n − i, a_{in} = 1 k^n ( n i ) (k − m − 1)^{n−i} (m + 1)^i. (3.7)

Remark 3.2 The equations (3.6) and (3.7) show that the last column of A^n_m equals to the first column of A^n_{m+1} (m = 0, . . . , k − 2). This follows also from the statement (a) of Theorem 5.1 in [5], if one uses the fact that (1, 0, . . . , 0)^T and (0, . . . , 0, 1)^T are eigenvectors of the matrices A^n_0 and A^n_{k−1}, respectively, corresponding to the eigenvalue one. The last fact can easily be seen from a_{00} = 1 for m = 0, a_{nn} = 1 for m = k − 1, and the triangular structure of A^n_0 and A^n_{k−1}.

4 SPECTRAL PROPERTIES OF THE REFINEMENT MATRI- CES The columns of A^n_m (m = 0, . . . , k − 1) possess simple generating functions.

Lemma 4.1 For an arbitrary parameter λ we have for j = 0, . . . , n, n∑ i=0 a_{ij} λ^i = 1 k^n ( k + (λ − 1)(m + 1) )_j ( k + m(λ − 1) )_{n−j} . (4.1)

Proof: From (3.2) it follows that n∑ i=0 a_{ij} λ^i = 1 k^n j∑ ν=0 ( j ν ) ( 1 − 1 k − m )_ν ( 1 + 1 m )_{j−ν}

× n∑ i=0 ( n − j ν + i − j ) (k − m)^{n−i} (λm)^i.

Since (_j ν ) (_{n−j} ν+i−j ) ≠ 0 only for 0 ≤ j − ν ≤ i ≤ n − ν ≤ n, the sum over i equals to n−j∑ l=0 ( n − j l ) (k − m)^{n−l−j+ν} (λm)^{l+j−ν} = (k − m)^ν (λm)^{j−ν} (k − m + λm)^{n−j} with l = ν + i − j, and the assertion follows from j∑ ν=0 ( j ν ) (k − m − 1)^ν (λ(m + 1))^{j−ν} = (k − m − 1 + λ(m + 1))^j .

Corollary 4.2 Equation (4.1) immediately implies that A^{n T}_m has the eigenvalue 1 with

the eigenvector (1, . . . , 1)^T , and the eigenvalue k^{−n} with the eigenvector (1, λ, . . . , λ^n)^T and λ = 1 + (1 − k)/m, so that A^n_m is a stochastic matrix with respect to the rows.

By means of (4.1) it is also possible to construct eigenvectors of all eigenvalues k^{−j} (j = 0, . . . , n), but it is easier to derive them from the eigenvectors of A^n_m, which were found in [5].

Theorem 4.3 The matrix A^{n T}_m has the eigenvalues k^{−j} (j = 0, . . . , n) (where k ≥ 2 is

the dilation parameter in the refinement equation (1.1)) with the corresponding eigenvectors (_j ∑ ν=0 ( i j − ν ) ( n + ν − j ν ) ( m 1 − k )_ν) , (4.2)

where i = 0, . . . , n denotes the row index.

Proof: Let D_n be the diagonal matrix of the eigenvalues

D_n := diag (1, k^{−1}, . . . , k^{−n}),

and G_n, U_n matrices of the corresponding eigenvectors of (A^n_m)^T and A^n_m, respectively. Then

(A^n_m)^T G_m = G_m D_n, A^n_m U_m = U_m D_n

and therefore (A^n_m)^T U^{−T}_m = U^{−T}_m D_n with U^{−T}_m := (U^T_m)^{−1}. Hence, we find

G_m = U^{−T}_m F_m (4.3)

with a diagonal matrix F_m. According to Theorem 7.1 in [5] we have (after a correction of a misprint)

U_m = U_0 T_n ( m 1 − k ) with

U_0 = (( n j ) ( j i ) (−1)^{i−j} ) , T_n(a) = ( (−a)^{i−j} ( i j )) . Here and in the following matrices, we always denote the row index by i and the column index by j (i, j = 0, . . . , n). It is easy to see that T^{−1}_n (a) = T_n(−a) and

U^{−1}_0 = ( (_j i ) (_n i ) ) . In order to obtain a simple result, we choose

F_m := diag (( n 0 ) , ( n 1 ) , . . . , ( n n )) , so that (4.3) and U^{−T}_m = U^{−T}_0 T_n(−^m_{1−k} )^T imply

G_m = ( (_i j ) (_n j ) ) · (( m 1 − k )_{j−i} (j i ) ( n j )) .

The entries of the matrix product on the right–hand side are n∑ l=0 (_i l ) (_n l ) ( m 1 − k )_{j−l} ( j l ) ( n j )

and in view of (_j l )(_n j ) (_n l ) = ( n − l j − l ) = ( n + ν − j ν )

with ν = j − l, these are exactly the entries of (4.2).

Remark 4.4 1. For j = n the components of the vector (4.2) are n∑ ν=n−i ( i ν + i − n ) ( m 1 − k )_ν = ( 1 + m 1 − k )_i ( m 1 − k )_{n−i}

= ( m 1 − k )_n ( 1 + 1 − k m )_i .

Thus, for the eigenvalue k^{−n} we get, up to a constant factor, indeed the same eigenvector as in Corollary 4.2.

2. Eigenvectors for matrices composed by binomial coefficients are also determined in [1] and [4].

ACKNOWLEDGEMENT The second author was supported by the Deutsche Forschungsgemeinschaft.

References

[1] L. Berg and K. Engel : Spectral properties of matrices with products of binomial coefficients as entries. In: J. M. Rassias (ed.), Functional Analysis, Approximation Theory and Numerical Analysis, World Sc., Singapore 1994, pp. 9–17

[2] P. de Casteljau : Outillage méthodes calcul. Andre Citroe̋n Automobiles, SA, Paris, 1959

[3] R. N. Goldman and D. C. Heath : Linear subdivision is a strictly polynomial phenomenon. Comp. Aided Geom. Design 1:269–278 (1984)

[4] K. Engel and C. Rommel : The Jordan normal form of matrices with products of binomial coefficients as entries. Z. Angew. Math. Mech. 76 (5), 302-304 (1996)

[5] C. Micchelli and H. Prautzsch : Uniform refinement of curves. Linear Algebra and Appl. 114/115:841–870 (1989)

[6] C. A. Micchelli and Y. Xu : Using the matrix refinement equation for the construction of wavelets on invariant sets. Appl. Comput. Harmonic Anal. 1:391–401 (1994)

[7] G. Plonka : Two–scale symbol and autocorrelation symbol for B–splines with multiple knots. Advances in Comp. Math. 3: 1–22 (1995)

[8] G. Plonka : Spline wavelets with higher defect. In: P. J. Laurent, A. Le Méhaute, L. L. Schumaker (eds.), Wavelets, Images and Surface Fitting, A K Peters, Boston 1994, pp. 387–398 received: February 2, 1995

Authors:

Lothar Berg Fachbereich Mathematik Universität Rostock D-18051 Rostock Germany

Gerlind Plonka Fachbereich Mathematik Universität Rostock D-18051 Rostock Germany