Rostock. Math. Kolloq. 50, 9–18 (1997) Subject Classification (AMS)

34A40 45J05

S. G. Hristova S. I. Kostadinov

Integral inequalities for piecewise – continuous functions of many variables

1 Introduction

There exist various generalizations of Bellman – Gronwall – Bihari inequalities [1] – [6]. These generalizations have been widely quoted by many mathematicians inproving uniqueness, boundedness, continuous dependence and stability.

In this paper we establish integral inequalities for piecewise – continuous functions of many variables. These generalizations are motivated by specific applications to the theory of impulsive partial differential equations.

2 Preliminaries

Let x^{(k)} ∈ R^n, x^{(k)} = (x^{(k)}_1 , x^{(k)}_2 , . . . , x^{(k)}_n ), k = 0, 1, . . . are fixed points so that for i = 1, n the inequalities x^{(k)}_i < x^{(k+1)}_i , k = 0, 1, . . . hold and lim_{k→∞} x^{(k)}_i = +∞

Define the sets

D_k = { x = (x_1, . . . , x_n) : x_i ∈ [ x^{(k)}_i , x^{(k+1)}_i ] , i = 1, . . . , n } , k = 0, 1, 2, . . . , Ω = ∞⋃ k=0 D_k.

Let x, y ∈ R^n, x = (x_1, . . . , x_n), y = (y_1, . . . , y_n). We say that x ≥ (≤ y) if for i = 1, n the inequalities x_i ≥ (≤)y_i hold.

Let x, y ∈ R^n, x ≤ y. Denote

B(x, y) = [x_1, y_1] × · · · × [x_n, y_n] ,

y_1∫

x_1 y_2∫

x_2 . . . yn∫ xn ds_nds_{n−1} . . . ds_1 = ∫ ds B(x,y) , ds^′ = ds_n . . . ds_{k+1}ds_{k−1} . . . ds_1 ,

B_k(x, y) = [x_1, y_1] × · · · × [x_{k−1}, y_{k−1}] × [x_{k+1}, y_{k+1}] × · · · × [x_n, y_n] ,

where k : 1 ≤ k ≤ n is an arbitrary natural number, (y_k, x^′) = (x_1, x_2, . . . , x_{k−1}, y_k, x_{k+1}, . . . , x_n). We will use the following lemmas:

Lemma 1 /theorem 1 [5]/. Let for s ∈ B(x0, x) and x0, x ∈ R^n, x > x0 the following

conditions be fulfilled:

1. The functions u(x), v(x) : R^n → R and μ(x, s) : R^n × R^n → R are nonegative and continuous.

2. The inequality

u(x) ≤ a + β ∫ B(x_0,x) v(y)u(y) + ∫ B(x_0,y) μ(y, s)u(s)ds dy

holds, where a and β are nonnegative constants. Then for x ≥ x_0 the inequality

u(x) ≤ a exp β ∫ B(x_0,x) v(y) + ∫ B(x_0,y) μ(y, s)ds dy

holds.

Lemma 2 /theorem 2 [6]/. Let the functions u(x) : R^n → R^1 and f(x) : R^n → R^1

are continuous and nonnegative for x_0 ≤ x, x_0 ∈ R^n. Let the inequality u(x) ≤ c + ∫ B(x_0,x) f(s)ϕ(u(s))ds

holds, where c = const > 0,

F (t) = t∫ c dτ ϕ(τ ) , t ∈ (c, σ) , ∫ B(x_0,x) f(s)ds ⊂ Dom(F^{−1}) and the function ϕ(·) : R → R is positive and increasing. Then for x ≥ x_0 the inequality

u(x) ≤ F^{−1} ∫ B(x_0,x) f(s)ds

holds, where F^{−1}(·) is the inverse function of F (·).

3 Main results

Theorem 1 Let the following conditions be fulfilled:

1. The function u(x) : R^n → R^1 is defined, nonnegative, and piece – continuous for x ≥ x^{(0)} with points of interruption in the points x^{(k)}, u(x^{(k)}) = u(x^{(k)} − 0) and for k = 1, 2, . . . the inequalities u(x^{(k)} + 0) − u(x^{(k)}) < ∞ hold.

2. The functions v(x) : R^n → R and w(x, y) : R^n × R^n → R are continuous and nonnegative for x, y ≥ x^{(0)} and the equalities v(x) = 0 for x ∈ R^n|Ω and w(x, y) = 0 for x, y ∈ Ω hold.

3. The constants a, β and γ_k (k = 1, 2, . . . ) are nonnegative.

4. For x ∈ Ω the inequality

u(x) ≤ a + β ∫ B(x^{(0)},x) v(s)u(s) + ∫ B(x^{(0)},s) w(s, ξ)u(ξ)dξ ds + ∑ k:x^{(k)}<x γ_ku(x^{(k)}) (1)

holds.

Then for x ∈ Ω the inequality

u(x) ≤ ∏ k:x^{(k)}<x (1 + γ_k) exp β ∫ B(x^{(0)},x) v(s) + ∫ B(x^{(0)},s) w(s, ξ)dξ ds (2)

holds.

Proof. Let x ∈ D_0. Then the inequality (1) can be written in the form

u(x) ≤ a + β ∫ B(x^{(0)},x) v(s)u(s) + ∫ B(x^{(0)},s) w(s, ξ)u(ξ)dξ ds . (3)

According to Lemma 1 for x ∈ D_0 the inequality

u(x) ≤ a exp β ∫ B(x^{(0)},x) v(s) + ∫ B(x^{(0)},s) w(s, ξ)dξ ds (4)

holds.

We assume the inequality (2) holds for x ∈ D_{k−1}. We will prove the inequality (2) holds for

x ∈ D_k. According to the condition 2 of the theorem 1 for x ∈ D_k the inequality (1) can be

written in the form

u(x) ≤ α + β ∫ B(x^{(0)},x) v(s)u(s) + ∫ B(x^{(0)},s) w(s, ξ)u(ξ)dξ ds , (5)

where

α = a + β ∫ k−1S_{i=0 Di} v(s)u(s) + ∫ B(x^{(i)},s) w(s, ξ)u(ξ)dξ ds + k∑ i=1 γ_iu(x^{(i)}) . (6)

By the assuming the inequality

α ≤ a + β k−1∑ i=0 ∫ Di v(s)a i∏ j=1 (1 + γ_j) exp β ∫ B(x^{(0)},s) v(y) + ∫ B(x^{(0)},y) w(y, ξ)dξ ds +

+ ∫ B(x^{(i)},s) w(s, ξ)a i∏ j=1 (1 + γ_j) exp β ∫ B(x^{(0)},s) v(y) + ∫ B(x^{(0)},y) w(y, η)dη dy dξ ds +

+ k∑ i=1 γ_ia i−1∏ j=1 (1 + γ_j ) exp β ∫ B(x^{(0)},x^{(i)}) v(s) + ∫ B(x^{(0)},s) w(s, ξ)dξ ds ≤

≤ a + aβ k−1∑ i=0 ∫ Di [ v(s) i∏ j=1 (1 + γ_j) · i−1∏ j=1 f_j · g_i(s)+ (7)

+ ∫ B(x^{(i)},s) w(s, ξ) i∏ j=1 (1 + γ_j ) · i−1∏ j=1 f_j · g_i(ξ)dξ ds +

+ a k∑ i=1 γ_i i−1∏ j=1 (1 + γ_j) · i−1∏ j=0 f_i , holds, where

γ_0 = 0 ,

f_j = exp β ∫ Dj v(s) + ∫ B(x^{(j)},s) w(s, ξ)dξ ds ,

g_j (x) = exp β ∫ B(x^{(j)},x) v(s) + ∫ B(x^{(j)},s) w(s, ξ)dξ ds , x > x^{(j)} , j = 0, 1, . . .

and the symbols^0 ∏ i=1 (1 + γ_i) and^{−1} ∏ i=1 f_i denote the number 1.

From the inequality (7) and the monotonicity of the exponential function we obtain the inequality α ≤ a { 1 + k−1∑ i=0 [_i ∏ j=1 (1 + γ_j ) · (_{i−1} ∏ j=1 f_j ) · (g_i(x^{(i+1)}) − 1) ] +

+ k∑ i=1 γ_i (_{i−1} ∏ j=1 (1 + γ_j) ) · (_{i−1} ∏ j=0 f_j )} =

= a k∏ j=1 (1 + γ_j ) · (_{k−1} ∏ j=0 f_j ) .

(8)

From the inequalities (5), (8) and Lemma 1 we obtain the inequality

u(x) ≤ α exp β ∫ B(x^{(k)},x) v(s) + ∫ B(x^{(k)},s) w(s, ξ)dξ ds ≤

≤ a k∏ j=1 (1 + γ_j) · exp β ∫ B(x^{(0)},x) v(s) + ∫ B(x^{(0)},s) w(s, ξ)dξ ds .

Remark 1. For n = 1 and w(s, ξ) ≡ 0 theorem 1 yields one result of [7].

Theorem 2 Let the following conditions be fulfilled:

1. Condition 1 and 2 of the theorem 1 are satisfied.

2. The function g(x) : R^n → R is continuous, positive and non–decreasing for x ∈ Ω.

3. For x ∈ Ω the inequality

u(x) ≤ g(x) + β ∫ B(x^{(0)},x) v(s)u(s) + ∫ B(x^{(0)},s) w(s, ξ)u(ξ)dξ ds + ∑ k:x^{(k)}<x γ_ku(x^{(k)}) , (9) holds, where the constants β and γ_i (i = 1, 2, . . . ) are nonnegative. Then for x ∈ Ω the inequality

u(x) ≤ g(x) ∏ k:x^{(k)}<x (1 + γ_k) · exp β ∫ B(x^{(0)},x) v(s) + ∫ B(x^{(0)},s) w(s, ξ)dξ ds (10)

holds.

Proof We devide the both sides of the inequality (9) by the function g(x) and use the condition 2 of the theorem 2. We obtain

u(x) g(x) ≤ 1 + β ∫ B(x^{(0)},x) v(s) u(s) g(s) + ∫ B(x^{(0)},s) w(s, ξ) u(ξ) g(ξ) dξ ds + ∑ k:x^{(k)}<x γ_k u(x^{(k)}) g(x^{(k)})

. (11)

From the inequality (11) and the theorem 1 it follows the inequality (10).

Theorem 3 Let the following conditions be fulfilled:

1. The condition 1 of the theorem 1 is satisfied.

2. The function v(x) : R^n → R is continuous, non–negative, and v(x) ≡ 0 for x ∈ R^n\Ω.

3. The function g(t) : R → R is continuous, positive and non–decreasing for t > 0.

4. The functions f_k(t) : R → R (k = 1, 2, . . . ) are positive and non–decreasing for t > 0.

5. For every natural number k there exists a constant M_k > 0 so that for t ≥ s > 0 the inequality G(τ_k(t)) − G(τ_k(s)) ≤ M_k [G(t) − G(s)] holds, where

τ_k(t) = t + f_k(t) , G(t) = t∫ t_0 dξ g(ξ) , t > t_0 , t_0 > 0 .

6. For x ≥ x^{(0)} the inequality u(x) ≤ a + ∫ B(x^{(0)},x) v(s)g(u(s))ds + ∑ k:x^{(k)}<x f_k(u(x^{(k)})) . (12)

holds, where the constant a is positive. Then for x ∈ Ω_1 the inequality

u(x) ≤ G^{−1} G(R(x)) + ∫ B(x^{(0)},x) ∏ s<x^{(j)}<x M_j v(s)ds (13)

holds, where R_0(x) ≡ a for x ∈ D_0, R(x) ≡ R_k = τ_k(R_{k−1}) for x ∈ D_k,

Ω_1 = sup x ≥ x^0 : G(R(y))+

+ ∫ B(x^{(0)},y) ∏ s<x^{(j)}<y M_j v(s)ds ∈ Dom (G^{−1}) , y ∈ B(x^{(0)}, x) .

Proof Let x ∈ D_0. Then the inequality (12) can be written in the form u(x) ≤ a + ∫ B(x^{(0)},x) v(s)g(u(s))ds . (14)

According to Lemma 2 for x ∈ D_0 ∩ Ω_1 the inequality

u(x) ≤ G^{−1} G(a) + ∫ B(x^{(0)},x) v(s)ds , holds.

We assume the inequality (13) holds for x ∈ D_{k−1} ∩ Ω_1. We will prove that this inequality holds for x ∈ D_k ∩ Ω_1. According to the condition 2 of theorem 3 the inequality (12) can be written in the form u(x) ≤ a + k−1∑ i=0 ∫ Di v(s)g(u(s))ds + ∫ B(x^{(k)},x) v(s)g(u(s))ds + k∑ i=1 f_i(u(x^{(i)})) ≡ w(x) .

The function w(x) satisfies the inequality u(x) ≤ w(x). Then w(x) ≤ a + k−1∑ i=0 ∫ Di v(s)g(w(s))ds + ∫ B(x^{(k)},x) v(s)g(w(s))ds + k∑ i=1 f_i(w(x^{(i)})) . (15)

We fix an arbitrary natural number j : 1 ≤ j ≤ n. Then the inequalities ∂ ∂x_j w(x) ≤ ∫ B_j(x^{(k)},x) v(x_j, s^′)g(w(x_j, s^′))ds^′ , (16)

w(x^{(k)}_j + 0, (x^{(k)})^′) ≤ w(x^{(k)}_j − 0, (x^{(k)})^′) + f_k(w(x^{(k)}_j − 0, (x^{(k)})^′)) = = w(x^{(k)}) − f_k(w(x^{(k)})) = τ_k(w(x^{(k)})) ,

(17)

hold.

From the inequalities (16) and (17) and Bihari’s lemma [1] it follows that the inequality

w(x) ≤ G^{−1} G(w(x^{(k)j} + 0, (x^{(k)})^′)) + x_j∫

x^{(k)}_j ∫ B(x^{(k)},x) v(x_j, s^′)ds^′ds_j =

= G^{−1}

G(w(x^{(k)}_j + 0, (x^{(k)})^′)) + ∫ B(x^{(k)},x) v(s)ds (18)

holds.

From the properties of the function G(x) and the inequalities (17) and (18) it follows that the inequality

G(w(x)) ≤ G(τ_k(w(x^{(k)}))) + ∫ B(x^{(k)},x) v(s)ds (19)

holds.

If the inequality w(x^{(k)}) ≤ R_{k−1} holds then from (18) it follows the inequality (13). Otherwise we obtain G(τ_k(w(x^{(k)}))) − G(R_k) ≤ M_k [ G(w(x^{(k)})) − G(R_{k−1}) ] ≤ ≤ M_k ∫ B(x^{(0)},x) ∏ s<x^{(j)}<x M_j v(s)ds . (20)

According to inequalities (19), (20) and the condition 2 of theorem 3 it follows that the inequality G(w(x)) ≤ G(R_k) + ∫ B(x^{(k)},x) v(s)ds + M_k ∫ B(x^{(0)},x) ∏ s<x^{(j)}<x M_j v(s)ds =

= G(R_k) + ∫ B(x^{(0)},x) ∏ s<x^{(j)}<x M_j v(s)ds

holds.

Theorem 4 Let the following conditions be fulfilled:

1. The conditions 1, 2 and 5 of theorem 3 are satisfied. 2. For x > x^{(0)} the inequality u(x) ≤ a + ∫ B(x^{(0)},x) v(s)u^m(s)ds + ∑ i:x^{(i)}<x β_i u(x^{(i)}) , (21)

holds, where m > 0, m ≠ 1 and β_i ≥ 0 (i = 1, 2, . . . ) are constants. Then for x ∈ Ω_2 the inequality

u(x) ≤ a ∏ k:x^{(k)}<x (1 + β_k)

1 + (1 − m) ∫ B(x^{(0)},x) ∏ s<x^{(k)}<x a(1 + β_k)^{m−1} v(s)ds (22) holds, where

Ω_2 = sup x ≥ x_0 : (m − 1) ∫ B(x^{(0)},y) ∏ s<x^{(k)}<y a(1 + β_k)^{m−1} v(s)ds < 1 ,

y ∈ B(x^{(0)}, x) } .

Proof Define the functions g(s) = s^m, τ_k(s) = (1 + β_k)s, R(x) = a ∏ x^{(i)}<x (1 + β_i), G(t) =^{t1−m}_{1−m} + σ, (σ > 0).

Then M_i = (1 + β_i)^{1−m}. According to (21) and theorem 3 the inequality (22) holds.

References

[1] Bihari, L. : A generalization of lemma of Bellman and its applications.. Acta Math.

J. 10, 643-647 (1943) [2] Beckenbach, E. F. and Bellman, R. : Inequalities.. Springer – Verlag, Berlin / Heidelberg 1961

[3] Lakshmikantham, V. and Leela, S. : Differential and Integral inequalities.. Academic Press, New York/London 1969

[4] Beesack, P. R. : Gronwall inequalities.. Carleton Math. Lecture Notes No. 11 (May, 1975)

[5] Hristova, S. G. and Bainov, D. D. : Some integral inequalities.. Glasnik Matematićki, vol. 13 (33), 249-253 (1978) (in russian)

[6] Hristova, S. G. and Bainov, D. D. : A generalization of Bihari’s inequality.. Izv. AN Kaz. SSR, No. 5, 88-89 (1978) (in russian)

[7] Samoilenko, A. M. and Perestyuk, N. A. : Differential equations with impulsive effect.. Vista skola, Kiew (1987), pp. 284 (in russian)

received: January 21, 1994

Authors:

S. G. Hristova University of Plovdiv ” Paissii Hilendarski“ Math. Fac. Zar Assen 24 4000 Plovdiv Bulgaria

S. I. Kostadinov University of Plovdiv ” Paissii Hilendarski“ Math. Fac. Zar Assen 24 4000 Plovdiv Bulgaria