Rostock. Math. Kolloq. 50, 89–94 (1997) Subject Classification (AMS)

47H09

Manfred Krüppel

On the nearest point projection in Hilbert spaces with application to Nonlinear Ergodic Theory

ABSTRACT. Let P be the nearest point projection of a Hilbert space H onto a closed and convex subset K and Σλ_ix_i any convex combination of the points x_i in H. We give an estimate for ||P (Σλ_ix_i) − Σλ_iP x_i||. A consequence of this estimate is the following: Let T be a nonexpansive selfmapping of a bounded, closed and convex subset C of H, let F (T ) denote the fixed point set of T which is nonempty, closed and convex, and for x ∈ C let be S_nx = (x + T x + . . . + T^{n−1}x)/n. Then the sequence {Proj_{F (T )}S_nx} converges to a fixed point p, which is the weak limit of the sequence {S_nx} too.

Keywords and phrases: Nearest point projection, nonexpansive mapping, inequalities, Nonlinear Ergodic Theorem, Hilbert space

Let K be a nonempty, closed and convex subset of a (real) Hilbert space H. Then it is well known that for any x in H the nearest point projection p = Proj_Kx is well defined as the unique point of K which is nearest to x, i.e. ||x − p|| ≤ ||x − z|| for all z in K (cf. [4]). Further it is known that the nearest point projection in Hilbert space is nonexpansive. In this note we shall apply the identity ||λx + (1 − λ)y||^2 = λ||x||^2 + (1 − λ)||y||^2 − λ(1 − λ)||x − y||^2 (1) for all x, y in H and 0 ≤ λ ≤ 1. For any n points x_1, x_2, . . . , x_n in H the following generalized identity holds | | | | | | | | n∑ i=1 λ_ix_i | | | | | | | | 2 = n∑ i=1 λ_i||x_i||^2 − ∑ i<j λ_iλ_j ||x_i − x_j||^2 (2)

where λ_i ≥ 0 and Σλ_i = 1.

Lemma 1 If P is the nearest point projection of H onto the closed convex subset K,

then holds it for all z in K ||x − P x||^2 + ||z − P x||^2 ≤ ||x − z||^2.

Proof: Let z be any point in K. Since K is convex the point [λz + (1 − λ)P x] lies in K

too. By (1), we have ||x − [λz + (1 − λ)P x]||^2 = λ||x − z||^2 + (1 − λ)||x − P x||^2 − λ(1 − λ)||z − P x||^2. Because of ||x − P x|| ≤ ||x − [λz + (1 − λ)P x]|| it follows λ||x − P x||^2 ≤ λ||x − z||^2 − λ(1 − λ)||z − P x||^2. Dividing by λ and let tends λ → 0 the lemma is proved.

Theorem 2 If P is the nearest point projection of the Hilbert space H onto the closed

convex subset K, then it holds for any convex combination of points x_1, x_2, . . . , x_n in H | | | | | | | | | | n∑ i=1 λ_iP x_i − P (_n ∑ i=1 λ_ix_i )| | | | | | | | | 2 ≤ ∑ i<j λ_iλ_j ⟨P x_i − P x_j , (I − P )x_i − (I − P )x_j⟩.

Proof: Let be x = Σλ_ix_i. By lemma 1, we have ||x − P x||^2 + || ∑ λ_iP x_i − P x||^2 ≤ ||x − ∑ λ_iP x_i||^2 = || ∑ λ_i(x_i − P x_i)||^2. From (2) it follows || ∑ λ_i(x_i − P x_i)||^2 = ∑ λ_i||x_i − P x_i||^2 − ∑ i<j λ_iλ_j ||(x_i − P x_i) − (x_j − P x_j)||^2.

Again by lemma 1 it is ∑ λ_i||x_i − P x_i||^2 ≤ ∑ λ_i||x_i − P x||^2 − ∑ λ_i||P x_i − P x||^2. Because of the identity (2) we have ||x − P x||^2 = || ∑ λ_i(x_i − P x)||^2 = ∑ λ_i||x_i − P x||^2 − ∑ i<j λ_iλ_j ||x_i − x_j||^2

and || ∑ λ_iP x_i − P x||^2 = || ∑ λ_i(P x_i − P x)||^2 = ∑ λ_i||P x_i − P x||^2 − ∑ i<j λ_iλ_j ||P x_i − P x_j||^2.

Altogether, we obtain 2|| ∑ λ_iP x_i − P x||^2 ≤ ∑ i<j λ_iλ_j (||x_i − x_j||^2 − ||P x_i − P x_j||^2 − ||x_i − x_j − (P x_i − P x_j)||^2).

By definition of the inner product the theorem is proved.

Corollary 3 If P is a nearest point projection in a Hilbert space onto a closed and

convex subset K, then for any two points x and y in H it holds ⟨P x − P y, (x − y) − (P x − P y)⟩ ≥ 0. From this one can conclude several properties of a nearest point projection P in a Hilbert space, e.g. P is nonexpansive (cf. [5], [6]). Since P is nonexpansive, it is by the inequality of Schwarz ⟨P x − P y, (x − y) − (P x − P y)⟩ = ⟨P x − P y, x − y⟩ − ||P x − P y||^2 ≤ ||P x − P y|| ||x − y|| − ||P x − P y||^2 ≤ ||x − y||^2 − ||P x − P y||^2. So from theorem 2 the inequality of Zarantonello | | | | | | | | | | n∑ i=1 λ_iP x_i − P (_n ∑ i=1 λ_ix_i )| | | | | | | | | 2 ≤ ∑ i<j λ_iλ_j (||x_i − x_j||^2 − ||P x_i − P x_j||^2) follows which is valid for each nonexpansive mapping in Hilbert space.

Corollary 4 Let be P the nearest point projection in a Hilbert space onto a closed and

convex subset K, then for any convex combination of points x_1, x_2, . . . , x_n in H and any p in K ||P ( ∑ λ_ix_i) − ∑ λ_iP x_i||^2 ≤ d n∑ i=1 λ_i||P x_i − p|| where d = sup_{i,j} (||x_i − x_j|| − ||P x_i − P x_j||). Proof: By theorem 2 we get ||P ( ∑ λ_ix_i) − ∑ λ_iP x_i||^2 ≤ ∑ i<j λ_iλ_j (⟨P x_i − P x_j , x_i − x_j⟩ − ||P x_i − P x_j||^2) ≤ ∑ i<j λ_iλ_j ||P x_i − P x_j|| (||x_i − x_j|| − ||P x_i − P x_j||) ≤ d ∑ i<j λ_iλ_j ‖P x_i − P x_j‖ ≤ d ∑ i<j λ_iλ_j (||P x_i − p|| + ||P x_j − p||) ≤ d ∑ i<j λ_i||P x_i − p||.

Corollary 5 The nearest point projection P in a Hilbert space onto a closed and convex

subset K is demiclosed,i.e. if x_n ⇀ x (weakly) and P x_n → p then P x = p.

Proof: To given ε > 0 there exists an integer n_0 with ||P x_n − p|| ≤ ε for n ≥ n_0. Because of

a theorem of Mazur there exists a finite convex combination of the points x_n(n = n_0, . . . , m)

so that | | | | | | | | | | m∑ i=n_0 λ_ix_i − x | | | | | | | | | | < ε. Since P is nonexpansive, we obtain by corollary 4 ||P x − p|| ≤ | | | | | | | | | | P x − P (_m ∑ i=n_0 λ_ix_i )| | | | | | | | | + | | | | | | | | | | P (_m ∑ i=n_0 λ_ix_i ) − m∑ i=n_0 λ_iP x_i | | | | | | | | | | + | | | | | | | | | | m∑ i=n_0 λ_iP x_i − p | | | | | | | | | | ≤ | | | | | | | | | | x − m∑ i=n_0 λ_ix_i | | | | | | | | | | + d m∑ i=n_0 λ_i||P x_i − p|| + m∑ i=n_0 λ_i||P x_i − p|| ≤ 2ε + √ dε. Since ε > 0 is arbitrary, the corollary is proved.

Corollary 6 Let P be the nearest point projection in a Hilbert space onto a closed and

convex subset K, let (x_n) be a bounded sequence with P x_n → p. For any regular matrix

(a_{nk}), i.e. a_{n,k} ≥ 0, ∞∑ k=0 a_{n,k} = 1, lim_{n→∞} a_{n,k} = 0 (3)

let be

y_n = ∞∑ k=0 a_{n,k}x_k Then P y_n → p.

Proof: By corollary 4, we have ||P y_n − p|| ≤ ||P ( ∑ a_{n,k}x_k) − ∑ a_{n,k}P x_k|| + || ∑ a_{n,k}P x_k − p|| ≤ √ d ∑ a_{n,k}||P x_k − p|| + ∑ a_{n,k}||P x_k − p||. Now the conclusion follows by a limit theorem due to Toeplitz (cf. [6]).

Remark: Theorem 2 is not valid in an arbitrary Banach space X, as the following example

shows: Let be X = l^p_3, x_1 = (1, 0, 0), x_2 = (0, 1, 0) and K = {x = t(1, 1, 1) : |t| ≤ 1}.

Let P be the nearest point projection of X onto K, then P x_1 = P x_2 = y where y = (2^{1/p−1} + 1)^{−1}(1, 1, 1) but P ((x_1 + x_2)/2) = 2^{−1+1/(p−1)}y = y if and only if p = 2. Finally we give an application for the ergodic theory of nonexpansive mappings in Hilbert space. Let C be a nonempty bounded closed and convex subset of a Hilbert space H and T : C → C a nonexpansive mapping, i.e. ||T x − T y|| ≤ ||x − y|| for all x, y in C. In 1975 Baillon [1] has proved the first ergodic theorem for nonexpansive mappings, namely that for each x in C the sequence of CESARO-means S_nx = x + T x + . . . + T^{n−1}x n converges weakly for n → ∞ to a fixed point of T . Brezis and Browder [2] generalized Baillons result to the more general summation method A_nx = ∞∑ k=0 a_{n,k}T^kx, where (a_{n,k}) is any strongly regular matrix, i.e. it holds (3) and additionally

s_n = ∞∑ k=0 |a_{n,k+1} − a_{n,k}| → 0 for n → ∞. Theorem 7 Let C be a bounded, closed, convex subset of a Hilbert space H, let T :

C → C be a nonexpansive mapping and for x ∈ C let A_nx be a summation method with any strongly regular matrix. Then the fixed point set F (T ) is nonempty, closed, convex and there exists a fixed point p in F (T ) such that holds:

(i) Proj_{F (T )}T^nx converges to p.

(ii) Proj_{F (T )}A_nx converges to p.

(iii) A_nx converges weakly to p.

Proof: 1. That the fixed point set F (T ) is nonempty, closed and convex is firstly proved by Browder [3].

2. Point (i) is proved by Baillon [1] and Pazy [7]. 3. By point (i) and corollary 6 it follows (ii).

4. Point (iii) is the mean ergodic theorem in the form of Brezis and Browder [2].

References

[1] Baillon, J. B. : Un théorème de type ergodic pour les contractions nonlinéares dans un espace de Hilbert. C.R.Acad.Sci. Paris 280, 1511–1514 (1975)

[2] Brezis, H. and Browder, F. E. : Nonlinear Ergodic Theorems. Amer. Math. Soc.

vol. 82, no. 6, 959–961 (1976)

[3] Browder, F. E. : Fixed point theorems for noncompact mappings in Hilbert space.

Proc. Nat. Acad. Sci. U.S.A. 53, 1272–1276 (1966)

[4] Goebel, K. and Kirk, W. A. : Topics in metric fixed point theory. Cambridge University press (1990)

[5] Goebel, K. and Reich, S. : Uniform Convexity, Hyperbolic Geometry, and Nonexpansive Mappings. New York 1984

[6] Fichtenholz G. M. : Differential- und Integralrechnung II. p.337, Berlin 1964

[7] Pazy, A. : On the asymptotic behaviour of iterates of nonexpansive mappings in Hilbert space. Israel J.Math. 426, no. 2, 197–204 (1977)

received: June 17, 1996

Author:

Manfred Krüppel Universität Rostock Fachbereich Mathematik Universitätsplatz 1 18051 Rostock Germany