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DIETER SCHOTT

Basic Properties of Fejer monotone Mappings

Summary. We consider certain classes of Fejer monotone mappings and their basic prop-
erties. These properties are the starting point of a convergence theory for corresponding

iterative methods which are widely used to solve convex problems.

1 Introduction

The present paper continues the paper [0] about basic properties of Fejer monotone se-
quences. In the applications such a sequence is often generated by a single Fejer monotone
mapping ¢ or by a sequence (gx) of such mappings which can naturally be derived from
the considered problem with the solution set M. More precisely we investigate set-valued
mappings ¢ : @ — P(Q) with domain @ in a Hilbert space H and range in the power set
of () which reduce the distance between an element of () and each element of the problem
subset M. Then iterative methods

Tit1 € ge(Tr) , 20 € Q

arise converging under slight additional assumptions to any element x* in M (see e.g. [7]
and the references cited there). These methods represent Fejer monotone sequences. In [7]
a theory of strong convergent Fejer methods was developed using some basic properties of
Fejer monotone mappings and sequences given here, in the preceding paper [0] and in the

succeeding paper [7].
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2 Fejer monotone mappings

Let H be a (real) Hilbert space. We consider a nonempty, convex and closed subset @) of H
(set of feasible elements) and set-valued mappings (multioperators) ¢ : Q@ — P(Q) , where
P(Q) contains all nonempty subsets of (). For g we introduce fixed point sets in the weak

and in the strong sense, namely

Fg)={recQ:xecgl)}, Filg)={r e Q:{z} =g()},

where F,(g) € F_(g) . As usual mappings (operators) ¢ : @ — () are integrated as
imbeddings. Here both kinds of fixed point sets coincide with F(g) = {z € Q : = =
g(z)} . Further we introduce some relations and operations between set-valued mappings.
Let g, g1, g2 : Q@ — P(Q) . Then we define for all y € @ :

(cog)(y) :==cog(y) , wCaq : 9y) Caly),
(1N g2) () = aqi(y) Ng2(y) 5 (91U g) () = a1(y) Ugaly),

(giog)y) ={reQ xz€q(2),z€g(y)}.

Now the central concepts are explained.

Definition 2.1 Let M be a nonempty subset of Q. Then g is said to be M-Fejer mono-
tone (g € F(M)) iff

|z =zl <lly—zl| VeeM,VyeQ, Vzeg(y).
It is said to be regularly M-Fejer monotone (g € F,.(M)) iff additionally
yEgly) vyeQ\M (or F.(9)CM).
It is said to be strictly M-Fejer monotone (g € F_(M)) iff additionally
|z =zl <lly—z| VeeM,VyeQ\M, Vzegy).

It is called (regularly, strictly) Fejer monotone (g € F, g € F,, g € F.) iff it is (reqularly,
strictly) M-Fejer monotone for any M.

The set

Clg)={re@: |lz—z] <|y—2|| YyeQ, Vzegy)}

is called the Fejer carrier of g.
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Remarks 2.2 The above definitions are slight modifications of concepts given in [2] and
[1] for special situations. In [2] a strictly Fejer monotone mapping g on R™ is said to be Fejer
monotone. In [I] a strictly Fejer monotone continuous operator g on R" is called paracon-

tractive. But in contrast to our definition C(g) is allowed to be empty.

Remarks 2.3 1. Obviously strictly Fejer monotone mappings g are regularly Fejer mono-
tone and regularly Fejer monotone mappings are Fejer monotone (relative to the same
set M), that is

F.(M)CF,(M)CFM) YM , F.CF,CF.

2. It is evident that

gEF.(M) <= geF(M), 2#y : Yy Q\ M, Vz € g(y) .

In the following [F, stands either for I, or for F.. If F(,) occurs, then the statement holds

choicewise with and without * .

Lemma 2.4 Let (g) be a sequence of (reqularly, strictly) Fejer monotone mappings all
acting on Q . Then the iterative method

To €Q , Tpy1 € gelzy) , keN

generates a (regqularly, strictly) Fejer monotone sequence in the sense given in [0], respec-

tively.

Proof: The definitions of Fejer monotone sequences in [6] and of Fejer monotone mappings
are analogous. The latter are transformed in the first if y and z are replaced by z; and xyy1,

respectively. W

Theorem 2.5 The following properties hold:
a) geF = Cl9#0 <= geF((g),
b) geF(M) = g€eF(C(g),

c) geF(M), 0 #NCM = geF(N),



74 Dieter Schott

d) ge F(M) = M CC(g)CF(g),

e) geF(M) = M=C(g)=Fi(g)=F(g)-

Proof: Let be g € F. Then g is M-Fejer monotone for a certain nonempty set M. Hence
C(g) is nonempty, too. Further C(g) supplies the maximal set for which Fejer monotony
can be reached. This means M C C(g) and g € F(C(g)) . But this statement results
again in ¢ € F . Consequently, the assertions a) and b) hold. Assertion c) is obvious
by definition. Let be ¢ € F(M) such that the estimate |z —z| < |ly — z|| is fulfilled
for x € C(g9) , y € @ and =z € g(y) . Then we can replace there y by x which leads
to z =ua forall z € g(x), thatis = € F,(g) . Therefore assertion d) is true. Finally
we assume g € F.(M) and z € F_(g) . The second assumption implies z € g(z) and
the first x ¢ g(z) for all z € Q\M . So we conclude x € M . Hence, we get the re-
lation chain F, (g) C F_(g) € M , which supplies in connection with d) also assertion e¢). W

Now we introduce critical points of Fejer monotone mappings which play an outstanding
part in addition to the fixed points. Let B(x,r) denote the closed ball with midpoint x

and radius r.

Definition 2.6 The mapping Gy : Q — P(Q) with
Gu(y) = () Bz lly— =)
zeM

18 said to be the Fejer zone of the nonempty set M. The derived mapping OGys , where
0G(y) is the boundary of G (y), is called the Fejer boundary of M. Finally

Py(y) = (9(y) N 0G ) (y))\{y}

defines a mapping P, induced by g € F whose domain D(P,) contains the so-called critical

points of g and whose range R(F,) contains the so-called exposed points of g.

Remarks 2.7 1. Because of F_(M) C F,(M) and Theorem 2.5 e) the reference set
M is uniquely determined for regularly and all the more for strictly Fejer monotone

mappings g. Hence it is not necessary to state M in these cases. Besides we have

geF(M), g¢F (M) = ANCM : geF,(N).

2. Without doubt Gj; € F(M) is satisfied. Moreover, any mapping g € F(M) is

characterized by the relation g C G}, . In so far the Fejer zone G, is the maximal
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M-Fejer monotone mapping. Additionally we obtain in view of this fact, Definition
2.6 and Theorem 2.5 b)

9 C Geg) € G

Obviously the images Gy (y) represent nonempty, bounded and closed convex sets for
all y since they arise from ball intersections and contain y. The Fejer boundary 0G,

has the images
0Gu(y) ={2€Q:FreM : |z—z|=ly—=[} N Guly)

and supplies beside its fixed points the exposed points of the Fejer zone G,;. So
the critical points of g are the arguments which possess image elements on the Fejer
boundary of its Fejer carrier C'(g) being no fixed points. These image elements are just

the exposed points of g.

3. Theorem 2.5 d) shows that Fejer monotone mappings ¢ have fixed points (in the strong
sense). If g is regularly Fejer monotone, all the fixed points ly in M = C(g) by
Theorem 2.5 e). But g can possess critical points (outside of M). If g is strictly Fejer

monotone, then there are no critical points.

Theorem 2.8 The Fejer carrier C(g) of g is convex and closed.
Proof: The verification runs along the same lines as in [0, Theorem 2.6], where the Fejer

carrier C'(z,) of a Fejer monotone sequence (zy) is proven to be convex and closed. The

starting point is the reformulation of C'(g) as

Clg)={zeQ:(y—z,y+z—-22) >0 Vye@, 6 Vzeg(y)}. .1

If we define the sets

Qy,z) ={zeQ : [z =zl <ly — =}
1
2
then the Fejer carrier of g can obviously be described in the form

Clo)= (] QU.=2).

y€Q,z€9(y)

which correspond to halfspaces with normals y — z and elements 5 (y+2) on the boundary,

The geometrical characterization of Q(y, z) follows immediately from the scalar product

representation of the squared defining inequality (compare also with the above reformulation

of C(g)).
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Theorem 2.9 The following properties hold:
a) ge F(M) = ©cogelF(M),
b) ge F,(M) = cogelF, (M),
c) n€FM), 2C 1 = g €F,H(M),
d) g1 €Fy(M), g2 € Fy(M) = g1Ugs € F,)(M).

e) gleF(M)792EF(<)(M) = 91092€F(<)(M)-

Proof: a) Letbe e M, yeQ,z€g(y), 2 € g(y) and A€ (0,1). Then g € F(M)
implies ||z —z| < |ly—z| and ||z' —z| < |ly —z| . Consequently for zy =Az+(1—\)2

the estimate

lzax =zl = A z=—2)+ (1 =2 (" -2
< AMz=zl+ @ =N [ -2
< My =zl + (@ =Ny ==zl = lly ==

holds. Hence cog € F(M) . Now we consider any z € (¢og)(y) . Then there is a sequence
(z,) with z, € (cog)(y) for all n and lim, .. 2, = z . Because of cog € F(M) we have

|zn, — || < |ly — || for all n . So the continuity of the norm supplies
Iz =l = lim_ ||z, — 2| <[ly =],
n—oo

that is cog € F(M) .
b) Let be z € M,ye Q\M, z € g(y), 2 € g(y) and A € (0,1) . Then g € F_(M)
implies ||z —z| < |ly — z|| and ||z’ — z|| < |ly — z|| . Thus we get
lza =zl < Allz =zl + (1= M) [z — |
< Ay —all+ (1= lly - 2ll = ly— ]l

Hence also cog € F_(M) .
Now we assume ¢ € F.(M) . Observing the chain of estimates for |zy — x| in part a) of

the proof the equation ||z) — z|| = ||y — z|| has the consequence

Az=2)+ A =X =2) = Mz—zl+A =N =],
= ly ==l .

The assumptions A € (0,1) , ||z —z| < ||y — 2| and ||z’ —z|| < ||y — x| show that

Iz =zl = [Iz" = zll = [ly — [l .
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Because of y € Q\M and x € M we have y —z # 0 and by the second equation also

z—x#0 and 2z —x # 0. Since the Hilbert space H is strictly convex, which means that
lu+o| =lul|+||v]] = Fec>0:v=cu

holds for elements u # 0, v # 0 of H, the first equation gives 2/ —x = d(z — ) for a
certain d > 0 and therefore |2/ — z|| = d||z — z|| . Paying again attention to the second
equation we obtain d =1 |, 2/ =2z and finally 2y =2. As g€ F.(M) and y € Q\M
leads to z # y , we have for such y also z, # y . But this means cog € F,.(M) .

c¢) , d) Here the assertions follow immediately from the definition of the inclosed concepts.

e) First we suppose ¢; € F(M) and g, € F(M) . Further let be z € M and y € @) . Then
for w € (g1 0¢92)(y) there is an element z € go(y) with u € g1(z) such that the estimates

lu =zl < lz = 2| < [ly — =]

are satisfied. So ¢y 0 gy € F(M) follows. If g5 lies even in F_(M) , then for y € Q\M
arises ||z — z|| < |ly — z|| and consequently |u — z|| < ||y — «|| . Hence in this case
giogp eF(M). R

Remarks 2.10 The results in Theorem 2.9 can be combined to get new results. For in-

stance a) and d) supply
g €F(M), g e F(M) = co(g1Uge) € F(M) .
Further c) leads to
g EFy(M) or g eFy(M) = giNgs € Foy(M) .
Besides e) contains the special case
g €EF (M), go €Fc(M) = g1og €F(M).

By the way, e) induces the question, wether the strict case can be reached also if only the first
term g, is strict. But ¢ 0 go € F.(M) is satisfied for ¢, € F.(M) and ¢ € F(M) only
under additional assumptions. For instance, go(y)NM =0 implies |ju—z| < ||z—z| and
hence |lu—z| < |ly—=z| for uw € (g10g2)(y) since z € go(y) is thenin Q\M . Besides the
question arises what happens in the regular case. Here it does not suffice for g,0gs € F,.(M)
that both g; and go are in F,.(M) . Namely, |lu—z|=|z—z||=|y—=z|, 2#y, u#z

can lead to u=1y .
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Corollary 2.11 If g€ F(M) and X € (0,1), then
n=0=XNI+XgeF(M), (2.1)
where I represents the identity mapping.

Proof: By assumption it is ¢ € F(M) . Obviously we have also I € F(M) . Using
Theorem 2.9 a) and d) we get c¢o(f Ug) € F(M) (see also Remark 2.10). Since g, belongs

to the convex hull of I and g, Theorem 2.9 ¢) shows the assertion. W

Remark 2.12 The above result has an important modification. If ¢ € F,.(M) holds, then

even ¢y € F(M) is true. More precisely, g, turns out to be in the subclass F*(M) of

F (M) with a =12 (for the definition see Example 3.3). This is proven in [7] by a more

detailed investigation.

3 Examples
3.1 General examples of Fejer monotone mappings

Example: 3.1 We start with a well-known class of operators ¢ : Q — () , namely the

nonexpansive operators (g € L) defined by

lo(y) —g(@)| <lly—=|| Vye@,Vre@. (3.2)

Here we have F(g) = F,(g) = F_(g) . We call g regularly nonexpansive (g € L,) if g has
additionally fixed points (F(g) # (). In this case

lg(y) — x|l < |ly — =]

arises for x € F(g) . Hence such an operator g is Fejer monotone relative to M = F(g) .
Observing Theorem 2.5 d) we get also C(g) = F(g) . So g is even regularly Fejer monotone

(L, C F,). Under the following conditions a nonexpansive operator g is for instance regular:

a) @ is bounded (Browder, Gohde, Kirk, e.g. [8, p. 115]) and therefore weakly compact,
b) @ = H and g is linear (0 € F(g) ),

c) g satisfies ||g(y) — g(z)|| < |ly — | forall z,y € @Q with z # y and g is compact
(e.g. [3, p. 46-48], [1, p. 510-512]),

d) g is contractive (Lipschitz-continuous with constant L < 1, Banach).
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In the linear case b) nonexpansivity means

lg@ll < llyll vy et

because of

lg(y) — 9@l = llg(y — 2)| <lly — x| -

This corresponds to Fejer monotony relative to 0 and automatically also relative to F(g),

since

l9(y) —z|| = [lg(y) — g(@)]

holds for all z € F(g) . Hence for linear operators all classes L , L., , F and F,. coincide.

Example: 3.2 A subclass of the regularly nonexpansive operators form the strictly nonez-

pansive operators g (g € L) given by F(g) # () and

lg(y) —g@)|| < lly —=|| Vo,ye@ : gly)—g(x)#y—x. (3.3)

This definition differs from that in [I, p. 306] essentially by the additional demand that
g € L. has to possess fixed points. For x € F(g) and y € Q\F(g) the condition
g(y) — g(x) #y — x is fulfilled. So we get

lg(y) —z|| < |ly—=| VYeeF(g),VWweQ,
lg(y) =zl < |ly—=z[ VreF(g), vy € Q\F(g) .

Hence g is strictly Fejer monotone ( L. C F. ). The mapping g satisfying (3.3) has for
instance fixed points and is therefore strictly nonexpansive under the conditions a) and b)
stated in Example 3.1. The assumptions about g cited there in c¢) and d) lead directly to
strictly nonexpansive operators since (3.3) is then fulfilled automatically.

One simple and important example for a strictly Fejer monotone operator is given in [1].
Let M be a nonempty, convex and closed subset of H and let P denote the metric projector

onto M. Then the relaxed projector
Po=(1-MNI+XP , Xe€(0,2) (3.4)

is strictly nonexpansive ([, p. 307]). In [7] this result will be sharpened (see also the remark
in Example 3.3 below). Observe that the parameter A can vary here in a larger interval than
in Corollary 2.11 for the relaxation (2.1).

If g is strictly nonexpansive and linear (condition b) above), then the defining relations

reduce to

lg)Il <yl Vy & F(g) -
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Hence for linear operators strict nonexpansivity means strict Fejer monotony (L. =F_ in

the linear case).

Example: 3.3 Let M be a nonempty subset of () and « a positive number. Then g is said
to be a-strongly M-Fejer monotone (g € F*(M)) iff it is

ly—zl” —llz—zl* > ally— 2> VeeM,Vye@, Vzegy) (3.5)
and

y¢Eagly) VyeQ\M. (3.6)

It is called strongly Fejer monotone ( g € Fy ) iff it is a-strongly M-Fejer monotone for any
M and any a.

The condition (3.5) in the above definition ensures that the mapping g is M-Fejer monotone.
The condition (3.6) supplies the regularity of g. But g is also strictly M-Fejer monotone
because of z # y for y € Q\M and z € g(y) . Namely, such y, z generate a positive
right-hand side in the inequality (3.5). Hence we have again M = C(g) .

The basic examples of Fejer monotone mappings are strongly Fejer monotone. For instance
the relaxed projector Py in (3.4) turns out to be a-strongly M-Fejer monotone with « =
2-2

== (see [7]). Consequently P itself is 1-strongly AM-Fejer monotone. A further important

example is given by the relaxed operator

., A€(0,2)

_ ) )= :
Ty = 4V A warEt ) i) >e
Y if b(y) <c

where b is a convex and continuously differentiable functional on (). This operator is proven
in [1, p. 308] to be strictly Fejer monotone. But we show in [7] that a generalization of

T\ is even a-strongly Fejer monotone with a = 22 . By the way, in this case we get

)
C(T)) ={z € Q :b(z) < c} for the Fejer carrier.
The subclass Fy is described in detail in the succeding paper [7].

3.2 Fejer monotone mappings on R

We turn to Fejer monotone mappings with H = R. Let ¢g:@Q — P(Q) be such a mapping
on real intervals @ = [a,b] . The reference set M is then a subinterval [c,d]. The norm
inequality for Fejer monotony specializes to |z — x| < |y — x| which is at first considered
for Q = R and fixed z € R . Then the inequality describes the left and right located
domain G, between the straight lines with ascents +1 and —1 through the point (z, z) in the

y — z—plane. If z is allowed to vary in the interval M, then the solution set of the inequality
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reduces to the graph G (R) = (,cps Gz of G (see Definition 2.6) consisting of the two

quarter planes (apart from the vertices)

Gi={(y.2): y<ec,y<z<2c—yj

Gy={(y,2): y>d,2d-y<z<y}

with the half-line boundaries B , By and B, , By , respectively, and the connecting

straight line segment
Gs={(y,2): c<y<d, z=y}.

Hence ¢ : R — P(R) is M-Fejer monotone iff the graph of g is contained in G (R).
Especially, the graph has to coincide with Gz over M. The mapping ¢ is even regularly
M-Fejer monotone iff additionally the graph does not meet B;" U By , and strictly M-Fejer
monotone iff the graph meets no boundary segment of G; and Gs. Finally, the graph of a-
strongly M-Fejer monotone mappings is additionally restricted (see Example 3.3). Namely,
the graph has to be located outside of 3 in angle domains of G; and Gy arising if the legs
with ascent —1 are replaced by legs with ascent g—ﬁ This can easily be derived if you start
with the defining inequality

(y—a)—(z—z)>a(y—2)>,

substitute v =y — 2 , v = 2z — 2z and use the third binomial formula to simplify the
expression for y # z and u # v , respectively.

If @ C R holds, then Gy (R) is reduced to Gy (Q) = {(y,2) € Gu(R) : y € Q} .
Obviously the left and right lying subdomains G, G2 are restricted then in the same way.

Now we present for illustration some simple examples which show the relationship between
the mentioned classes of mappings. All examples apart from the last relate to the special
case g: R —R and M = C(g) = {0} . Since M is fixed, we will omit M in the following
notations. It is easy to modify the mappings in such a way that also the cases @ C R
and {0} C C(g) are reflected. According to Theorem 2.9 it is also no problem to produce
examples with ¢ : R — P(R) . Starting with g1, 9, : R = R and ¢, g» € F(,) the
derived mapping co (g1 U g2) is also in F(,) .

Examples 3.4 1. First we consider the smooth and unbounded function

g(y) =y siny.
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The estimate |g(y)| < |y| shows g € F. But in view of
F(g)={yeR:siny=1}U{0}
we have g ¢ IF, . By the way, the set
D(P)) ={yeR:siny=—1}

of critical points (see Definition 2.6) is infinite, too. Since ¢ is not regularly Fejer
monotone, g can not be nonexpansive. Naturally, this shows also the derivative ¢'(y) =
y cos y+sin y , which increases absolutely over all limits if |y| tends to infinity in such

a way that the zeros of cos y are avoided.

. By a slight modification we get the continuous, but not everywhere differentiable func-

tion
g(y) = —y|sin y| .

Again we have |g(y)| < |y| such that g € F. But because of F(g) = {0} it is even
g € F,., while g ¢ F. in view of

D(P)={yeR:|siny| =1} #0.

Moreover we have |¢'(y)| = |y cos y + sin y| for all y with sin y # 0. Consequently

¢’ is unbounded and ¢ is not nonexpansive.

. The first function with a reducing scalar factor supplies

gly) =~vysiny , 0<|y[<1.

Here we get |g(y)| < |v| |yl < |y| for y # 0. Hence g € F. . In this case |y|—|g(y)|

increases over all limits if |y| tends to infinity. This follows from

lyl =g =yl = vyl = (1 = [vDyl -

Nevertheless g is unbounded. It can be shown that ¢ is strongly Fejer monotone

(g € F* with a = i—m , see [7]). But g is again not nonexpansive (compare with the

first example above).

Examples 3.5 1. First we define g for nonnegative arguments by

if 0<y<2
+1VP -4 if y>2

gly) = {

N N
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Then we extend g by g¢g(—y) = —g(y) to the negative domain. Here we obtain
lg(y)| < |4+ 3+/¥? =l|y| for y>2 and therefore |g(y)| < |y| for all y such that
g € F_ holds. By the way, g is even 3-strongly Fejer monotone (see [7]). Further we

have limy—o (¥ —g(y)) = 0. Because of
: , . 1 ]
lim ¢'(y)= lim —(1+ ) = +o0

y—2+0 y—2+0 2 V2 —4

the function ¢ is far away from being nonexpansive. We get similar examples by
But

observe that the modified functions remain strictly Fejer monotone while they lose the

choosing —¢g or by extending g as an even function to the negative domain.

property of strong Fejer monotony.
2. The smooth and bounded function

g(y) = sin y*

given already in [I, p. 309] satisfies again |g(y)| < |y| for y # 0. Thus g € F.

holds. Moreover, we have even g € Fy (see [7]). On the other hand the derivative

g (y) = 2y cos y* is unbounded. Hence g is not nonexpansive.

3. The simple example ¢(y) = —y shows that a regularly nonexpansive function has

not to be strictly Fejer monotone. Finally it is easy to check that the continuous and

piecewise linear function

) = {n if ye2n2n+1)

— ' , neN |
y—n—1 if ye2n+1,2n+2)

is strictly nonexpansive and consequently strictly Fejer monotone if we use the exten-

sion ¢g(—y) = —g(y) to the negative domain. Moreover, g is obviously 1-strongly

Fejer monotone (see [7]). But observe that the opposite function —g is not strictly

nonexpansive, although it is regularly nonexpansive and a-strongly Fejer monotone

with a certain o <1 (see also [7]).
Example 3.6 We study the function
y i —1<y<1
gly) = ¢ -1 if y<-1
1 if y>1

On the one hand g is {0}-Fejer monotone. On the other hand we have C(g) = F(
[—1,1] . Tt is easy to check that g is even 1-strongly [—1, 1]-Fejer monotone (see [7])
Remark 2.7.2 we obtain g C G_1 1) € Gy . Moreover we can state

9(y) C Groy(y) for [y[>1 . Gray(y) C Guy(y) for y#0

in this case.

9)

By
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