Rostock. Math. Kolloq. 51, 5–24 (1997) Subject Classification (AMS)

35B40, 35J25, 35J55

Vladimir A. Kozlov; Vladimir G. Maz’ya; Jürgen Roßmann

Spectral properties of operator pencils generated by elliptic boundary value problems for the Lamé system

Dedicated to the professors of mathematics G. Maeß, H. Poppe, and G. Wildenhain

0 Introduction

The present paper is concerned with the spectral properties of operator pencils generated by boundary value problems for the Lamé system

ΔU + 1 γ grad div U = F (1)

in a cone K. Here U = (U_1, U_2, U_3) denotes the displacement vector and γ is a positive constant which is related to the Poisson ratio ν via the equality γ = 1 − 2ν. The study of the spectrum of these operator pencils is of great importance for the description of the behaviour of the solutions near conical points. It is well-known (see e.g. [3], [9], [12]) that the solutions of elliptic boundary value problems in a neighbourhood of a conical point x^{(0)} asymptotically behave like a linear combination of terms of the form r^λ s∑ k=0 1 k! (log r)^k u^{(s−k)}(ω), (2)

where r = |x − x^{(0)}| and ω are coordinates on the sphere |x − x^{(0)}| = 1. Here the exponents λ are the eigenvalues of some operator pencil which arises from the operators of the boundary value problem applying the Mellin transform r → λ. Thus, the question of conic singularities is reduced to the spectral analysis of the mentioned operator pencil. This is, in fact, the subject of the present paper. Since we consider solutions which have square integrable derivatives of first order in a neighbourhood of the conical point, we are especially interested in the eigenvalues situated in the half-plane Re λ > −1/2.

Let σ(U) = {σ_{i,j}(U)} be the stress tensor connected with the deformation tensor { ε_{i,j}(U) } = {1 2 (∂_{xj} U_i + ∂_{xi} U_j) }

by the Hooke law σ_{i,j} = 2μ ( 1 − γ 2γ (ε_{1,1} + ε_{2,2} + ε_{3,3}) δ_{i,j} + ε_{i,j} ) , where μ is the shear modulus and δ_{i,j} denotes the Kronecker symbol. In the present paper the following boundary conditions for the system (1) are considered:

(i) U = 0,

(ii) U_n = 0 and σ_{n,τ} (U) = 0,

(iii) U_τ = 0 and σ_{n,n}(U) = 0.

Here n = (n_1, n_2, n_3) denotes the exterior normal to ∂K\{0}, U_n = U · n is the normal component of the vector U, U_τ is the tangential component of the vector U on the boundary (i.e., the projection of U onto the tangent plane to ∂K\{0}), σ_{n,n}(U) = 3∑ i,j=1 σ_{i,j}(U) n_i n_j is the normal component of the vector σ_n(U) = σ(U) · n, and σ_{n,τ} (U) is the tangential component of the vector σ_n(U).

The following assertions are the main results of the present paper:

1. The strip | | |Re λ + 1 2 | | |^2 ≤ (3 2 + γ )_2 + γ^2 (3)

contains only real eigenvalues of the pencil (λ).

2. There are no generalized eigenvectors corresponding to eigenvalues in the interior of the strip (3).

3. We derive a variational principle for the eigenvalues of .

In the case of the Dirichlet problem the results of the present paper are contained in the paper [5] of V. A. Kozlov, V. G. Maz’ya and C. Schwab. Furthermore, we refer to the paper [10] of V. G. Maz’ya and B. A. Plamenevskiĭ who proved that the strip | |Re λ + 1 2 | | ≤ (2γ + 1) Λ Λ + 2γ + 4 + 1 2 does not contain eigenvalues of the operator pencil generated by the Dirichlet problem. Here Λ is that positive number for which Λ(Λ + 1) is the first eigenvalue of the Laplace-Beltrami operator −δ on the domain Ω which is cut out from the unit sphere by the cone K. In particular, the strip −1 ≤ Re λ ≤ 0 is free of eigenvalues. For the case of the Neumann problem it was shown by V. A. Kozlov and V. G. Maz’ya [4] that this strip contains only the eigenvalues λ_0 = 0 and λ_1 = −1.

Without proof we give a consequence of our results. Let U be a solution of the system (1) in a domain of polyhedral type satisfying one of the boundary conditions (i), (ii), (iii) on every face of the domain. We suppose, for simplicity, that the vector-function F on the right of (1) vanishes in a neighbourhood of the singular boundary point x^{(0)}. Then U has the asymptotics U = ∑ k c_k r^{λk} u^{(k)}(ω) + o(r^α)

near x^{(0)}, where α = √ 2γ^2 + 3γ + 9/4 − 1/2 − ε, ε is an arbitrary small positive number, λ_k are the eigenvalues of the corresponding operator pencil in the interval (−1/2, α], and u^{(k)} are eigenfunctions.

1 Formulation of the problem

Let K be the cone {(x = (x_1, x_2, x_3) ∈ R^3 : x/|x| ∈ Ω}, where Ω is a domain on the unit sphere with Lipschitz boundary ∂Ω = γ_1 ∪ · · · ∪ γ_N and γ_1, . . . , γ_N are pairwise disjoint open arcs. Then

∂K = Γ_1 ∪ · · · ∪ Γ_N ,

where Γ_k = {x : x/|x| ∈ γ_k}. We divide the set of the indices 1, . . . , N into three subsets I_0, I_n, I_τ . The homogeneous system (1) can be written in the form 3∑ j=1 ∂σ_{i,j}(U) ∂x_j = 0 for i = 1, 2, 3, (4)

where {σ_{i,j}(U)} denotes the stress tensor. Throughout the paper it will be assumed that 0 < γ < 3 or, what is the same, −1 < ν < 1/2. Our goal is to find generalized solutions of the system (4) satisfying the boundary conditions

U = 0 on Γ_k for k ∈ I_0, U_n = 0, σ_{n,τ} (U) = 0 on Γ_k for k ∈ I_n, U_τ = 0, σ_{n,n}(U) = 0 on Γ_k for k ∈ I_τ . (5)

The notion of generalized solutions will be introduced by means of the Green formula ∫ K 3∑ i,j=1 σ_{ij}(U) · ε_{ij}(V ) dx = − ∫ K 3∑ i,j=1 ∂σ_{ij}(U) ∂x_j · V_i dx + ∫ ∂K\{0} 3∑ i,j=1 σ_{ij}(U) n_j · V_i dσ (6)

which is satisfied for all U, V ∈ C^∞_0 (K\{0})^3. If U is a formal solution of problem (4), (5) and V ∈ H^1(K)^3 is a vector-function vanishing for small and large |x| which satisfies the conditions

V = 0 on Γ_k for k ∈ I_0, V_n = 0 on Γ_k for k ∈ I_n, V_τ = 0 on Γ_k for k ∈ I_τ , (7)

then (6) implies 3∑ i,j=1 ∫ K σ_{i,j}(U) · ε_{i,j}(V ) dx = 0. (8)

For this reason, it is natural to define generalized solutions by means of this equality. Let H be the space of all vector-functions u ∈ H^1(Ω)^3 such that

• u = 0 on γ_k for k ∈ I_0,

• u_n = 0 on γ_k for k ∈ I_n,

• u_τ = 0 on γ_k for k ∈ I_0,

where u_n = u · n, n denotes the exterior normal to ∂K\{0}, and u_τ is the projection of the vector u onto the tangent plane to ∂K\{0}.

Definition The function U(x) = r^{λ0} s∑ k=0 1 k! (log r)^k u^{(s−k)}(ω), u^{(s−k)} ∈ H, (9)

is said to be a generalized solution of problem (4), (5) if the integral identity (8) is valid for all V ∈ H^1(K)^3 with compact support in K\{0} satisfying the boundary conditions (7).

2 The operator pencil generated by the boundary value problem

In what follows, we will systematically use the spherical coordinates r and ω = (θ, φ) which are connected with the Cartesian coordinates x = (x_1, x_2, x_3) by the relations

x_1 = r sin θ cos φ, x_2 = r sin θ sin φ, x_3 = r cos θ.

We write the integral identity (8) in terms of the spherical components (U_r, U_θ, U_φ) of the displacement vector, i.e., U_r U_θ U_φ = J U_1 U_2 U_3 , J = J(θ, φ) = sin θ cos φ sin θ sin φ cos θ cos θ cos φ cos θ sin φ − sin θ − sin φ cos φ 0 .

For this we need the following representation of the components of the stress tensor in the spherical coordinate system:

ε_{rr} = ∂_rU_r , ε_{φφ} = 1 r sin θ

∂_φU_φ + U_r r + cot θ U_θ r ,

ε_{θθ} = 1 r ∂_θU_θ + U_r r , ε_{rφ} = 1 2 ( 1 r sin θ ∂_φU_r − U_φ r + ∂_rU_φ ) ,

ε_{rθ} = 1 2 (1 r ∂_θU_r − U_θ r + ∂_rU_θ ) ,

ε_{θφ} = 1 2 (1 r ∂_θU_φ − cot θ U_φ r + 1 r sin θ ∂_φU_θ )

(10)

(see, for example, [7]). Furthermore, the Hooke law has the following representation in the spherical coordinate system: σ_{rr} = 2μ ( 1 − γ 2γ Θ + ε_{rr} ) , σ_{φφ} = 2μ (1 − γ 2γ Θ + ε_{φφ} ) , σ_{θθ} = 2μ ( 1 − γ 2γ Θ + ε_{θθ} ) , σ_{rφ} = 2 μ ε_{rφ} , σ_{θφ} = 2 μ ε_{θφ} , σ_{rθ} = 2 μ ε_{rθ} , where Θ = ε_{rr} +ε_{θθ} +ε_{φφ}. Written in terms of the spherical components, the integral identity (8) has the form ∞∫ 0 ∫ Ω ( σ_{rr}(U) ε_{rr}(V ) + σ_{θθ}(U) ε_{θθ}(V ) + σ_{φφ}(U) ε_{φφ}(V ) + 2σ_{rθ}(U) ε_{rθ}(V )

+2σ_{rφ}(U) ε_{rφ}(V ) + 2σ_{θφ}(U) ε_{θφ}(V ) ) r^2 dω dr = 0, (11) where dω = sin θ dθ dφ. We introduce the sesquilinear form

a(u, v; λ) = 1 4μ | log ε| 1/ε∫ ε ∫ Ω ( σ_{rr}(U) ε_{rr}(V ) + σ_{θθ}(U) ε_{θθ}(V ) + σ_{φφ}(U) ε_{φφ}(V ) +2 σ_{rθ}(U) ε_{rθ}(V ) + 2 σ_{rφ}(U) ε_{rφ}(V ) + 2 σ_{θφ}(U) ε_{θφ}(V ) ) r^2 dω dr

= 1 2 | log ε| 1/ε∫ ε ∫ Ω ( ε_{rr}(U) ε_{rr}(V ) + ε_{θθ}(U) ε_{θθ}(V ) + ε_{φφ}(U) ε_{φφ}(V ) + 2 ε_{rθ}(U) ε_{rθ}(V ) + 2 ε_{rφ}(U) ε_{rφ}(V ) + 2 ε_{θφ}(U) ε_{θφ}(V ) + 1 − γ 2γ Θ(U) Θ(V ) ) r^2 dω dr, (12) where U = r^λ u(ω), V = r^{−1−λ} v(ω), and ε is a positive real number less than 1. It can be easily verified that the expression on the right side is independent of ε. Using the formulas for the stress and deformation tensor in spherical coordinates given above, we obtain

a(u, v; λ) = [u_ω, v_ω] + 1 2 ∫ Ω ( ∇_ωu_r · ∇_ωv_r + (λ + 2)(1 − λ) (1 + γ γ u_r v_r + u_ω · v_ω )

+ 1 − γ γ (∇_ω · u_ω) ∇_ω · v_ω + (1 − γ γ (λ + 2) + 2 ) u_r ∇_ω · v_ω + (1 − γ γ (1 − λ) + 2 ) (∇_ω · u_ω) v_r − (1 − λ) u_ω · ∇_ωv_r

− (λ + 2) ∇_ωu_r · v_ω ) dω, (13) where

[u_ω, v_ω] = ∫ Ω ( ∂_θu_θ · ∂_θv_θ + ( 1 sin θ

∂_φu_φ + cot θ u_θ ) · ( 1 sin θ

∂_φv_φ + cot θ v_θ )

+ 1 2 ( ∂_θu_φ + 1 sin θ

∂_φu_θ − cot θ u_φ ) · ( ∂_θv_φ + 1 sin θ

∂_φv_θ − cot θ v_φ ) ) dω, (14) ∇_ωv = ( ∂_θv (sin θ)^{−1} ∂_φv ) , u_ω = ( u_θ u_φ ) , ∇_ω · u_ω = 1 sin θ

∂_θ(sin θ u_θ) + 1 sin θ ∂_φu_φ. We set

Q(u_ω, u_ω) = ∫ Ω ( |∂_θu_θ|^2 + |∂_θu_φ|^2 + | | | 1 sin θ

∂_φu_θ − cot θ u_φ | | |^2 + | | | 1 sin θ

∂_φu_φ + cot θ u_θ | | |^2 ) dω (15) and define the space h^1(Ω) as the set of all vector-functions u_ω for which the quantity

‖u_ω‖_h1_{(Ω)} = ( Q(u_ω, u_ω) + ∫ Ω |u_ω|^2 dω )_{1/2} (16)

is finite. Furthermore, let^∘h^1(Ω)^2 be the closure of (C^∞_0 (Ω))^2 with respect to the norm (16). It can be easily shown (see [5]) that the Cartesian components of the vector-function u belong to the Sobolev space H^1(Ω) if and only if u_r ∈ H^1(Ω) and u_ω ∈ h^1(Ω). Analogously, the Cartesian components of the vector-function u are in the space^∘H^1(Ω) if and only if u_r ∈^∘H^1(Ω) and u_ω ∈^∘h^1(Ω).

Lemma 1 1)The inequalities

[u_ω, u_ω] ≤ Q(u_ω, u_ω) , (17) [u_ω, u_ω] ≥ 1 2 ∫ Ω |∇_ω · u_ω|^2 dω (18)

are valid for arbitrary vector-functions u_ω ∈ h^1(Ω).

2) Every vector-function u_ω ∈^∘h^1(Ω) satisfies the equality

[u_ω, u_ω] + 1 2 ∫ Ω |u_ω|^2 dω = 1 2 Q(u_ω, u_ω) + 1 2 ∫ Ω |∇_ω · u_ω|^2 dω. (19)

Proof: 1) The inequality (17) follows from the estimate | | |∂θuφ + 1 sin θ

∂_φu_θ − cot θ u_φ | | |^2 ≤ 2 ( |∂_θu_φ|^2 + | | | 1 sin θ

∂_φu_θ − cot θ u_φ | | |^2 ) , while (18) follows from

|∇_ω · u_ω|^2 ≤ 2 ( |∂_θu_θ|^2 + | | | 1 sin θ

∂_φu_φ + cot θ u_θ | | |^2 ) . 2) It can be easily verified that [u_ω, u_ω] − 1 2 ∫ Ω |∇_ω · u_ω|^2 dω = 1 2 Q(u_ω, u_ω)

+ Re ∫ Ω ( ∂_θu_φ ( 1 sin θ

∂_φu_θ − cot θ u_φ ) − ∂_θu_θ ( 1 sin θ

∂_φu_φ + cot θ u_θ )) dω.

Integrating by parts in the last integral, we get the equality (19) for u_ω ∈^∘h^1(Ω). The lemma is proved.

We introduce the space H_s which consists of all vectors (u_r, u_ω) such that their Cartesian components belong to the space H. It is evident that H_s is a closed subspace of H^1(Ω)×h^1(ω) and ∘ H^1(Ω)×^∘h^1(Ω) ⊂ Hs ⊂ H^1(Ω) × h^1(Ω). (20)

Using the estimates (17), (18), it can be shown that the form a(·, ·; λ) is continuous on H_s × H_s for every complex λ. Therefore, this form generates a continuous operator

(λ) : H_s → H^∗_s (21)

which is defined by the equality ( (λ) u , v ) L_2(Ω)^3 = a(u, v; λ) , u, v ∈ H_s. Clearly, (λ) depends polynomially on λ. Furthermore, there is the following connection between the eigen- and generalized eigenvectors of the pencil (λ) and the solutions (9) of the equation (8).

By the definition of the sesquilinear form a(·, ·; λ), the following assertion is true.

Lemma 2 The integral identity (8) has a solution of the form (9) if and only if λ0 is

an eigenvalue of the pencil and the vector-functions u^{(0)}, . . . , u^{(s)} form a Jordan chain corresponding to this eigenvalue.

3 Basic properties of the pencil A

Theorem 1

1) The operator (λ) is Fredholm for all λ ∈ C .

2) The operator (−1/2 + it) is positive definite for all real t.

3) The spectrum of the pencil (λ) consists of isolated eigenvalues with finite algebraic multiplicities.

4) The number λ_0 is an eigenvalue of the pencil (λ) if and only if −1−λ_0 is an eigenvalue of this pencil. The geometric, algebraic, and partial multiplicities of the eigenvalues λ_0 and −1 − λ_0 coincide.

Proof: 1) We prove that there exists a constant c_1(λ) such that |a(u, u; λ)| ≥ c_0 ( ‖u_r‖^2_H1_{(Ω)} + ‖u_ω‖^2_h1_{(Ω)} ) − c_1(λ) ∫ Ω (|u_r|^2 + |u_ω|^2) dω (22) for arbitrary u ∈ H_s.

Using (18) and the fact that (2γ)^{−1} (1 − γ) > −1/3 for γ < 3, we get ∫ Ω 1 − γ 2γ |∇_ω · u_ω|^2 dω ≥ − 2 3 [u_ω, u_ω] .

Furthermore, we have | | ∫ Ω u_r ∇_ω · u_ω dω | | ≤ ε ∫ Ω |∇_ω · u_ω|^2 dω + 1 4ε ∫ Ω |u_r|^2 dω

≤ 2ε [u_ω, u_ω] + 1 4ε ∫ Ω |u_r|^2 dω

and | | ∫ Ω u_ω · ∇_ωu_r dω | | ≤ ε ∫ Ω |∇_ωu_r|^2 dω + 1 4ε ∫ Ω |u_ω|^2 dω,

where ε is an arbitrary positive number. Let ε be sufficiently small. Then (13) yields |a(u, u; λ)| ≥ 1 4 ( [u_ω, u_ω] + ∫ Ω |∇_ωu_r|^2 dω ) − c(λ) ∫ Ω (|u_r|^2 + |u_ω|^2) dω

with a constant c(λ) depending only on λ and γ. From this, by means of the twodimensional Korn inequality, we obtain (22). This proves the Fredholm property of the operator (λ) for arbitrary λ ∈ C .

2) Now let Re λ = −1/2. Then, by (12), the expression a(u, u; λ) can be written in the form 1 2| log ε| 1/ε∫ ε ∫ Ω ( |ε_{rr}(U)|^2 + |ε_{θθ}(U)|^2 + |ε_{φφ}(U)|^2 + 1 − γ 2γ | |ε_{rr}(U) + ε_{θθ}(U) + ε_{φφ}(U) | |^2

+ 2 |ε_{rθ}(U)|^2 + 2 |ε_{rφ}(U)|^2 + 2 |ε_{θφ}(U)|^2 ) r^2 dω dr, where U = r^λu(ω). Since 0 < γ < 3, we have

|ε_{rr}(U)|^2 + |ε_{θθ}(U)|^2 + |ε_{φφ}(U)|^2 + 1 − γ 2γ | |ε_{rr}(U) + ε_{θθ}(U) + ε_{φφ}(U) | |^2 ≥ min ( 1 , 3 − γ 2γ ) · ( |ε_{rr}(U)|^2 + |ε_{θθ}(U)|^2 + |ε_{φφ}(U)|^2 ) . Hence the form a(u, u; λ) is nonnegative for Re λ = −1/2. Moreover, the equality a(u, u; λ) = 0 implies

ε_{rr}(U) = ε_{θθ}(U) = ε_{φφ}(U) = ε_{rθ}(U) = ε_{rφ}(U) = ε_{θφ}(U) = 0.

Since ε_{rr}(U) = λr^{λ−1}u_r, we conclude from this that u_r = 0. Analogously, by (10), we obtain u_φ = u_θ = 0, i.e, u_ω = 0. Thus, we have proved assertion 2). Assertion 3) is a consequence of the first two assertions (see [1]). Finally, by (13), we have a(u, v; λ) = a(v, u, −1 − λ) and, therefore, (λ) = (−1 − λ)^∗. This implies assertion 4). The proof of the theorem is complete.

In the sequel, the properties of the space H_s given in the next lemma will play a crucial role.

Lemma 3 1)The subspace Hs admits the representation

H_s = H^r_s × H^ω_s , (23)

where H^r_s, H^ω_s are subspaces of H^1(Ω) and h^1(Ω), respectively, such that^∘H^1(Ω) ⊂ H^r_s, ∘ h^1(Ω) ⊂ H^ω_s .

2)The equality ∫ ∂Ω u_n v_r dω^′ = 0 (24)

or, equivalently, ∫ Ω ( (∇_ω · u_ω) v_r + u_ω · ∇_ωv_r ) dω = 0 (25)

is satisfied for all u, v ∈ H_s.

Proof:

1) In order to prove (23) we have to show that (u_r, 0) ∈ H_s if (u_r, u_ω) ∈ H_s. Let (u_r, u_ω) be an arbitrary element of H_s. Then the Cartesian components of the vectorfunction (u_r, 0) are

w = w_1 w_2 w_3 = J^∗ ( u_r 0 ) = sin θ cos φ sin θ sin φ cos θ ur .

If k ∈ I_0 ∪ I_τ , then u_r = 0 on γ_k and, therefore, w = 0 on γ_k. Furthermore, since the vector (sin θ cos φ, sin θ sin φ, cos θ) = x/|x| is orthogonal to n, we have w_n = 0 on γ_k for every k = 1, . . . , N. Thus, w ∈ H and, consequently, (u_r, 0) ∈ H_s.

2) If k ∈ I_0 ∪ I_τ , then v_r = 0 on γ_k, while u_n = 0 on γ_k for k ∈ I_0 ∪ I_n. Hence ∫ γ_k u_n · v_r dω^′ = 0

for k = 1, . . . , N. This implies (24).

It remains to prove that the left sides of (24) and (25) coincide. Using the representation of u_ω by the Cartesian components of u, we get ∫ Ω ( (∇_ω · u_ω) v_r + u_ω · ∇_ωv_r ) dω = ∫ Ω (sin θ)^{−1} ( ∂_θ(sin θ u_θ v_r) + ∂_φ(u_φv_r) ) dω

= ∫ Ω ( cos θ ( cos φ ∂_θ(u_1v_r) + sin φ ∂_θ(u_2v_r) ) − sin θ ∂_θ(u_3v_r) − sin φ sin θ

∂_φ(u_1v_r)

+ cos φ sin θ

∂_φ(u_2v_r) − 2 sin θ cos φ u_1v_r − 2 sin θ sin φ u_2v_r − 2 cos θ u_3v_r ) dω. (26)

Integrating by parts, we obtain 1 log 2 ∫ K 1<|x|<2 ∇_x · (r^{−2}u(ω) v_r(ω)) dx = 1 log 2 ∫ ∂K 1<|x|<2 n · r^{−2} u(ω) v_r(ω) dx^′

= ∫ ∂Ω u_n v_r dω^′. (27)

The integrand ∇_x · (r^{−2}u(ω) v_r(ω)) on the left side of (27) is equal to 1 r^3 ( cos θ cos φ ∂_θ(u_1v_r) + cos θ sin φ ∂_θ(u_2v_r) − sin θ ∂_θ(u_3v_r) − sin φ sin θ

∂_φ(u_1v_r) + cos φ sin θ

∂_φ(u_2v_r) − 2 sin θ cos φ u_1v_r − 2 sin θ sin φ u_2v_r − 2 cos θ u_3v_r ) . Hence the expressions (26) and (27) coincide. The lemma is proved.

By (25), the sesquilinear form a(·, ·; λ) can be written as

a(u, v; λ) = [u_ω, v_ω] + 1 2 ∫ Ω ( (∇_ωu_r) · ∇_ωv_r + (λ + 2)(1 − λ) (1 + γ γ u_r v_r + u_ω · v_ω )

+ 1 − γ γ (∇_ω · u_ω) ∇_ω · v_ω + λ + 2 + 2γ γ u_r ∇_ω · v_ω +

1 − λ + 2γ γ (∇_ω · u_ω) v_r ) dω (28) for u, v ∈ H_s. Let M(λ) be the matrix

λ + 2 + 2γ 0 0 0 1 − λ + 2γ 0 0 0 1 − λ + 2γ .

Then for u, v ∈ H_s we have M(λ) u ∈ H_s, M(λ) v ∈ H_s, and a(M(λ)u, v; −1 − λ) = a(u, M(λ)v; λ). Consequently, for all λ ∈ C there is the equality M(λ) (λ) = (−1 − λ) M(λ). (29) Repeating the proof of Proposition 2.4 in [5], we get the following theorem.

Theorem 2 Let λ0 be an eigenvalue of the pencil (λ) and let u^{(0)}, . . . , u^{(s)} be a Jordan

chain corresponding to this eigenvalue. If λ_0 ∉ {1 + 2γ, −2 − 2γ} or M(λ_0) u^{(0)} ≠ 0, then −1 − λ_0 is also an eigenvalue and the vector-functions

M(λ_0) u^{(0)}, (−1)^k M(λ0) u^{(k)} +

1 0 0 0 −1 0 0 0 −1 u^{(k−1)} , k = 1, . . . , s,

form a Jordan chain to this eigenvalue.

Remark 1 If λ_0 ≠ 1 + 2γ and λ_0 ≠ −2 − 2γ, then the formulas in the theorem determine a one-to-one relation between the eigenvectors and generalized eigenvectors of the pencil (λ) corresponding to the eigenvalues λ_0 and −1 − λ_0.

4 On real eigenvalues of the pencil A

Theorem 3 The strip | | |Re λ + 1 2 | | |^2 ≤ (3 2 + γ )_2 + γ^2 (30)

contains only real eigenvalues of the pencil (λ).

Proof: Let λ be a complex number such that Re λ ≠ −1/2, Im λ ≠ 0. We consider the sesquilinear form q(u, v; λ) = a (( u_r u_ω ) , (cv_r v_ω ) ; λ ) , (31) where

c = λ + 2γ + 2 1 − λ + 2γ .

By (28), we have

q(u, u; λ) = [u_ω, u_ω] + 1 2 ∫ Ω ( c |∇_ωu_r|^2 + (λ + 2) (1 − λ) (1 + γ γ c |u_r|^2 + |u_ω|^2 )

+ 1 − γ γ |∇_ω · u_ω|^2 + 2 Re

(λ + 2 + 2γ γ u_r ∇_ω · u_ω )) dω. (32)

Using the formulas

c (1 − λ) (λ + 2) = |λ + 2γ + 2|^2 − 2γ(3 + 2γ) c,

c = (Re λ + 2γ + 2)(1 − Re λ + 2γ) + (Im λ)^2 + i Im λ (2Re λ + 1) |1 − λ + 2γ|^2 ,

we get

Im q(u, u; λ) = 1 2 Im λ (2 Re λ + 1) ∫ Ω ( 1 |1 − λ + 2γ|^2 |∇_ωu_r|^2

− 2(γ + 1)(3 + 2γ) |1 − λ + 2γ|^2 |u_r|^2 − |u_ω|^2 ) dω,

while the real part of q(u, u; λ) is equal to

[u_ω, u_ω] + 1 2 ∫ Ω ( Re c |∇_ωu_r|^2 + ( (1 − Re λ) (Re λ + 2) + (Im λ)^2 ) |u_ω|^2

+ (1 + γ) (|λ + 2γ + 2|2 γ − (6 + 4γ) Re c ) |u_r|^2 + 1 − γ γ |∇_ω · u_ω|^2 + 2 Re

(λ + 2 + 2γ γ u_r ∇_ω · u_ω )) dω.

This implies Re q(u, u; λ) − Re c |1 − λ + 2γ|^2 Im λ (2 Re λ + 1) Im q(u, u; λ) = [u_ω, u_ω] + ∫ Ω (( (1 − Re λ) (Re λ + 2) + γ (3 + 2γ) + (Im λ)^2 ) |u_ω|^2

+ 1 + γ 2γ |λ + 2γ + 2|^2 |u_r|^2 + 1 − γ 2γ |∇_ω · u_ω|^2 +Re (λ + 2 + 2γ γ u_r ∇_ω · u_ω )) dω = [u_ω, u_ω] + ∫ Ω 1 + γ 2γ | | |(λ + 2γ + 2) ur + 1 1 + γ ∇_ω · u_ω | | |^2 dω

+ ∫ Ω ( (1 − Re λ) (Re λ + 2) + γ (3 + 2γ) + (Im λ)^2 ) |u_ω|^2 dω

− γ 2(1 + γ) ∫ Ω |∇_ω · u_ω|^2 dω.

If the inequality (30) is satisfied, then by (18) the right side of the last equation is positive for u ≠ 0. Hence q(u, u; λ) ≠ 0 for all nonreal λ in the strip (30), Re λ ≠ −1/2, and all u ∈ H_s. From this we conclude the assertion of the theorem in the case Re λ ≠ −1/2. Since the line Re λ = −1/2 does not contain eigenvalues (see Theorem 1, assertion 2), the theorem is completely proved.

5 On the existence of generalized eigenvectors

Now we show that the eigenvectors to eigenvalues in the interior of the strip (30) do not have generalized eigenvectors.

Lemma 4 Let λ0 be a real eigenvalue of the pencil in the interval −1/2 < λ < √ γ^2 + (γ + 3/2)^2 − 1/2

and let u^{(0)} be an eigenvector corresponding to this eigenvalue. Then d dλ a ((u(0)_r u^{(0)}ω ) , (c(λ)u^{(0)}_r u^{(0)}ω ) ; λ )| |_{λ=λ0} < 0, (33)

where c(λ) = (λ + 2γ + 2)/(1 − λ + 2γ).

Proof: Let q(·, ·; λ) be the sesquilinear form (31) with c(λ) as in the formulation of the lemma. Then, according to (32), the left side of (33) is equal to d dλ q(u^{(0)}, u^{(0)}; λ) | | |_{λ=λ0} = ∫ Ω ( c^′(λ_0) 2 |∇_ωu^{(0)}_r |^2 + 1 γ Re ( u^{(0)}_r ∇_ω · u^{(0)}ω )

− 2λ_0 + 1 2 |u^{(0)}_ω |^2 +

1 + γ 2γ ( (λ_0 + 2) (1 − λ_0) c^′(λ_0) − (2λ_0 + 1) c(λ_0) ) |u^{(0)}_r |^2 ) dω, where c^′(λ_0) = (3 + 4γ) (1 − λ_0 + 2γ)^{−2}.

Furthermore, by the first part of Lemma 3, the vector-function (u^{(0)}r , 0) belongs to the space H_s. Consequently,

0 = a ((u(0)_r u^{(0)}ω ) , (u(0)_r 0 ) ; λ_0 ) = 1 2 ∫ Ω ( |∇_ωu^{(0)}_r |^2 +

1 + γ γ (λ_0 + 2) (1 − λ_0) |u^{(0)}_r |^2

+ 1 − λ_0 + 2γ γ (∇_ω · u^{(0)}_ω ) u^{(0)}r ) dω. From this we obtain d dλ q(u^{(0)}, u^{(0)}; λ) | | |_{λ=λ0} = d dλ q(u^{(0)}, u^{(0)}; λ) | | |_{λ=λ0} − 2 1 − λ_0 + 2γ

Re a ((u(0)_r u^{(0)}ω ) , (u(0)_r 0 ) ; λ_0 )

= 1 + 2λ_0 2 ∫ Ω ( 1 (1 − λ_0 + 2γ)^2

|∇_ωu^{(0)}_r |^2 −

2(1 + γ)(3 + 2γ) (1 − λ_0 + 2γ)^2

|u^{(0)}_r |^2 − |u^{(0)}_ω |^2 ) dω.

Since q(u^{(0)}, u^{(0)}; λ_0) = 0, analogously to the proof of Lemma 4.1 in [5], we get − (λ_0 + 2 + 2γ)(1 − λ_0 + 2γ)

1 + 2λ_0 d dλ q(u^{(0)}, u^{(0)}; λ) | | |_{λ=λ0} = q(u^{(0)}, u^{(0)}; λ_0) −

(λ_0 + 2 + 2γ)(1 − λ_0 + 2γ) 1 + 2λ_0 d dλ q(u^{(0)}, u^{(0)}; λ) | | |_{λ=λ0} = [u^{(0)}_ω , u^{(0)}_ω ] +

1 + γ 2γ ∫ Ω | | |(λ0 + 2γ + 2)u^{(0)}_r + 1 1 + γ

∇_ω · u^{(0)}_ω | | |^2 dω

− γ 2(1 + γ) ∫ Ω |∇_ω · u^{(0)}_ω |^2 dω + ( (γ + 3 2 )^2 + γ^2 − (λ_0 + 1 2 )^2 ) ∫ Ω |u^{(0)}_ω |^2 dω.

(34)

Using (18), we obtain that the right side of (34) is positive for −1/2 < λ_0 < √ (γ + 3/2)^2 + γ^2 − 1/2.

Since √ (γ + 3/2)^2 + γ^2 − 1/2 < 1 + 2γ, we get (33).

Theorem 4 The eigenvectors corresponding to eigenvalues in the strip | | |Re λ + 1 2 | | |^2 < (3 2 + γ )_2

+ γ^2

do not have generalized eigenvectors.

Proof: By the fourth assertion of Theorem 1 we can restrict ourselves to real eigenvalues in the interval −1/2 < λ < √ γ^2 + (γ + 3/2)^2 − 1/2.

Let λ_0 be an eigenvalue in this interval and let u^{(0)} be an eigenvector corresponding to this eigenvalue. Furthermore, let u^{(1)} be a generalized eigenvector corresponding to λ_0 and u^{(0)}. Then for arbitrary v ∈ H_s the following equalities are valid:

a(u^{(0)}, v; λ_0) = 0, (35)

a(u^{(1)}, v; λ_0) + d dλ a(u^{(0)}, v; λ) | | |_{λ=λ0} = 0. (36)

We denote by q(·, ·; λ) the same sesquilinear form as in the proof of Lemma 4. From (35) it follows that

q(u^{(0)}, u^{(1)}; λ_0) = 1 1 − λ + 2γ a(u^{(0)} , M(λ_0) u^{(1)} ; λ_0) = 0.

Furthermore, since the form q is symmetric, we have

0 = q(u^{(1)}, u^{(0)}; λ_0) = 1 1 − λ + 2γ a(u^{(1)} , M(λ_0) u^{(0)} ; λ_0).

Hence we get d dλ q(u^{(0)}, u^{(0)}; λ) | |_{λ=λ0} = d dλ 1 1 − λ + 2γ a(u^{(0)}, M(λ) u^{(0)}; λ) | |_{λ=λ0} = 1 1 − λ + 2γ d dλ a(u^{(0)}, M(λ) u^{(0)}; λ) | | |_{λ=λ0} = 1 1 − λ + 2γ ( a(u^{(0)} , M^′(λ_0) u^{(0)}; λ_0) + d dλ a(u^{(0)}, M(λ_0) u^{(0)}; λ) | | |_{λ=λ0} )

= 1 1 − λ + 2γ ( a(u^{(0)} , M^′(λ_0) u^{(0)}; λ_0) − a(u^{(1)}, M(λ_0) u^{(0)}; λ_0) ) = 0.

This contradicts (33). The theorem is proved.

Remark 2 We have proved the results of Theorems 2–4 for the operator pencil generated by the Lamé system (4) with the boundary conditions (5). These results hold also for other boundary conditions provided the assertions of Lemma 3 are true for the space H which determines these boundary conditions. Note that the second assertion of Lemma 3 is not valid for the space H = H^1(Ω)×h^1(Ω), i.e., the Neumann boundary conditions are excluded.

6 A variational principle

We consider the operator A(λ) = M(λ) (λ). For arbitrary λ ∈ R, u ∈ H_s we have ( A(λ)u, u ) L_2(Ω)^3

= ã(u, v; λ)^{def}= (1 − λ + 2γ) q(u, u; λ) = (1 − λ + 2γ) [u_ω, u_ω] + 1 2 ∫ Ω ( (λ + 2 + 2γ) |∇_ωu_r|^2 +

1 + γ γ (λ + 2) (1 − λ) (λ + 2 + 2γ) |u_r|^2

+ (λ + 2) (1 − λ) (1 − λ + 2γ) |u_ω|^2 + 1 − γ γ (1 − λ + 2γ) |∇_ω · u_ω|^2 + 2 (1 − λ + 2γ) (λ + 2 + 2γ) γ Re u_r ∇_ω · u_ω ) dω. The pencil A(λ) has the following properties:

(i) there exist a positive constant C and a function h, continuous on the interval −1/2 ≤ λ ≤ β, β = √ γ^2 + (γ + 3/2)^2 − 1/2, such that h(λ) > 0 for λ ∈ [−1/2, β) and

ã(u, u; λ) + C ‖u‖^2_{L2(Ω)}3 ≥ h(λ) ‖u‖^2_{Hs} for all u ∈ H_s ,

(ii) A(−1/2) is a positive-definite operator,

(iii) if A(λ_0)u = 0 for some λ_0 ∈ (−1/2, β), u ∈ H_s\{0}, then d dλ ã(u, u; λ)|_{λ=λ0} < 0. Indeed, property (i) follows from Lemma 3, Property (ii) follows from Theorem 1, and property (iii) is a consequence of Lemma 4 and of the inequality β < 1 + 2γ.

We denote by {μ_j (λ)} a nondecreasing sequence of eigenvalues of the operator A(λ) counting their multiplicities. From the positivity of (−1/2) (see Theorem 1) it follows that μ_j (−1/2) > 0. As a consequence of Propositions 6.3 and 6.4 in [5], we get the following assertions.

Theorem 5 The spectrum of the pencil (λ) has the following properties in the strip −1/2 ≤ Re λ ≤ β. 1) All eigenvalues of the pencil (λ) are real and may be characterized by {λ_j }_{j=1,... ,J} = { λ ∈ [− 1 2 , β] : μ_j (λ) = 0 for j = 1, . . . , J } , where J is the largest index j for which the function μ_j has a zero in the interval [−^1_2 , β). For every j the function μ_j has not more than one zero in [−^1_2, β).

2) If λ_0 ∈ [−^1_2 , β) is an eigenvalue of multiplicity I, then I is equal to the number of function μ_j which have a zero at λ_0.

If H_s ≠^∘H^1(Ω)×^∘h^1(Ω), then the eigenvalues do not monotonically depend on the domain Ω. However, the following properties are a consequence of the variational principle

μ_j (λ) = max_L min_{u∈L\{0}} ã(u, u; λ) ‖u‖^2_{L2(Ω)3} , where the maximum is taken over all subspaces L ⊂ H_s of codimension ≥ j − 1.

Theorem 6 Let Hs,1, Hs,2 be subspaces of H^1(Ω) × h^1(Ω) such that the assertions of

Lemma 3 are valid. We denote by _1(λ), _2(λ) the operator pencils corresponding to these subspaces. Furthermore, let {λ^{(1)}_j }, {λ^{(2)}_j } be the nondecreasing sequences of the eigenvalues of the pencils _1(λ) and _2(λ) in the interval [−1/2, β) counted with their multiplicities. If H_{s,1} ⊂ H_{s,2}, then the number of the eigenvalues of the pencil _1(λ) in the interval [−1/2, β) is not greater than the number of such eigenvalues of the pencil _2(λ). Furthermore, the inequality

λ^{(2)}_j ≤ λ^{(1)}_j

is valid.

References

[1] Gohberg, I., and Sigal, E.I. : Operator generalization of the theorem on the logarithmic residue and Rouché’s theorem. Mat. Sb. 84, (4) 607-629 (1971). English transl. in Math. USSR Sb. 13 (1971)

[2] Hörmander, L. : Linear partial differential operators. Berlin-Göttingen-Heidelberg 1963

[3] Kondrat’ev, V.A. : Boundary value problems for elliptic equations in domains with conical or angular points. Trudy Moskov. Mat. Obshch.16, 209-292 (1967). English transl. in Trans. Moscow Math. Soc. 16 (1968)

[4] Kozlov, V. A., and Maz’ya, V.G. : Spectral properties of operator pencils generated by elliptic boundary value problems in a cone. Functional Analysis and its Applications 22, 38-46 (1988). English translation in: Functional Anal. Appl. 22, (2) 114-121 (1988)

[5] Kozlov, V.A., Maz’ya, V.G., and Schwab, C. : On singularities of solutions of the displacement problem of linear elasticity near the vertex of a cone. Arch. Rational Mech. Anal. 119, 197-227 (1992)

[6] Kozlov, V.A., Maz’ya, V.G. , and Roßmann, J. : Conic singularities of solutions to problems in hydrodynamics of a viscous fluid with a free surface. to appear in Mathematica Scandinavica

[7] Malvern, L.E. : Introduction to the mechanics of a continuous medium. Prentice-Hall Inc., Englewood Cliffs, New Jersey 1969

[8] Maz’ya, V.G. : Sobolev spaces. Izdat. Leningrad Univ., Leningrad 1985. English translation: Berlin - New York 1985

[9] Maz’ya, V.G., and Plamenevskiĭ, B.A. : Estimates in L_p and Hölder classes and the Miranda-Agmon maximum principle for solutions of elliptic boundary value problems in domains with singular points on the boundary. Math. Nachr. 81, 25-82 (1978). English translation in: Amer. Math. Soc. Transl. 123, 1-56 (1984)

[10] Maz’ya, V. G. , and Plamenevskiĭ, B.A. : On properties of solutions of threedimensional problems of elasticity theory and hydrodynamics in domains with isolated singular points. Dinamika Sploshn. Sredy 50, 99-120 (1981). English translation in: Amer. Math. Soc. Transl. 123, 109-123 (1984)

[11] Maz’ya, V.G., and Plamenevskiĭ, B. A. : The first boundary value problem for the classical equations of mathematical physics on piecewise smooth domains (in Russian). part I and II, Z. Anal. Anwendungen 2, 35-359 and 523-551 (1983)

[12] Nazarov, S.A., and Plamenevskiĭ, B.A. : Elliptic problems in domains with piecewise smooth boundaries. Berlin-New York 1994 received: August 10, 1997

Authors:

Vladimir A. Kozlov; Vladimir Maz’ya Tekniska Högskolan i Linköping Matematiska Institutionen 58183 Linköping Sweden

Jürgen Roßmann Universität Rostock Fachbereich Mathematik 18051 Rostock Germany