Rostock. Math. Kolloq. 55, 73–88 (2001) Subject Classification (AMS)

35J60,35J20,35A05

A. Bechah

Nontrivial Positive Solutions for Systems with the p-Laplacian in IR^N Involving Critical Exponents

ABSTRACT. In this paper we give some results for the existence of positive solutions of p-Laplacian systems in IR^N involving critical exponents. These solutions can be obtained by variational methods, more precisely by the mountain pass lemma and the concentration compactness lemma.

1 Introduction

In this paper we are interested in the existence of nontrivial positive solutions for Systems of q and p Laplacian involving critical exponents in IR^N . Our study follows several works for the case of a simple equation which take their origin in the paper of Brézis and Nirenberg [2] concerning a semilinear equation of the following form

(EC)

−Δu = u^{2∗−1} + λu in Ω ⊂ IR^N , u = 0 on ∂Ω, where Ω is a smooth bounded domain and 2^∗ is the Sobolev exponent. We recall that for 1 ≤ p < +∞, p^∗ =^{Np}_{N−p} .

They give existence of positive solutions when N ≥ 3 and λ ∈ (0, λ_1), where λ_1 is the first eigenvalue for the Laplacian operator.

Recently, several authors were interested by this type of problems in the case of the p- Laplacian (i.e. Δ_pu = div(|∇u|^{p−2}∇u)). See [10], [5], [6], [8] and the references therein. For 1 < p < N, Drabeck and Huang in [6] consider the equation

(EC1) − Δ_pu = λg(x)|u|^{p−2}u + f(x)|u|^{p∗−2}u, x ∈ IR^N .

They introduce λ_1 > 0, principal eigenvalue for the problem

−Δ_pu = λg(x)|u|^{p−2}u x ∈ IR^N , ∫ IR^N

g(x)|u|^pdx > 0, and they prove that Equation (EC1) admits at least one weak positive solution if λ ∈ (0, λ_1). This solution lies in D^{1,p}(IR^N ), i.e. the closure of C^∞_0 (IR^N ) with respect to the norm

‖u‖_D1,p_{(IR}N_) = ‖∇u‖_Lp_{(IR}N_).

In this paper we extend the results above ([6], [2]) to the system

(SC)

−Δ_pu = a(x)|u|^{p∗−2}u + λb(x)|u|^{α−1}u|v|^{β+1}, −Δ_qv = c(x)|v|^{q∗−2}v + λb(x)|u|^{α+1}|v|^{β−1}v in IR^N , lim |x|→+∞

u(x) = lim_{|x|→+∞} v(x) = 0, u > 0, v > 0,

with α + 1 p + β + 1 q = 1, α + β + 2 < N, (1.1) p > 1, q > 1, max{p, q} < N, α ≥ 0, β ≥ 0. (1.2)

We prove the existence of a positive solution for any λ ∈ (0, λ_1). Here λ_1 is the principal eigenvalue associated to the problem

(V P )

−Δ_pu = λb(x)|u|^{α−1}u|v|^{β+1}, −Δ_qv = λb(x)|u|^{α+1}|v|^{β−1}v in IR^N , u > 0, v > 0, lim |x|→+∞

u(x) = lim_{|x|→+∞} v(x) = 0.

J. Fleckinger, R.F. Manàsevich, N.M. Stavrakakis and F. de Thélin [7] prove that under hypotheses (1.1), (1.2) and

(H1) b is a C^{0,γ} (IR^N ) function with γ ∈ (0, 1) which belongs to L^{Nα+β+2} (IR^N ) ∩ L^∞(IR^N ),

there exists a positive eigenvalue denoted by λ_1.

Results concerning the subcritical case have been obtained independently by [1] and [11]. But, from our knowledge, there are no results concerning the critical case for systems in IR^N . In the case of a bounded domain and p = q see [4].

Now we come back to the critical system (SC). Here we shall prove the existence of positive solutions by a variational method, more precisely by the Montain Pass Theorem [3]. One of the difficulties in the critical case is that the Palais Smale conditions will be satisfied only for c > 0 satisfying

c < min { α + 1 N S^{Np}p ‖a‖ p−N p L^∞(IR^N ),

β + 1 N S^{Nq}q ‖c‖ q−N q L^∞(IR^N ) } . We recall that (u, v) ∈ D^{1,p}(IR^N ) × D^{1,q}(IR^N ) is a weak solution if it satisfies (SC) in weak sense. And the Sobolev constant S_p is given by

S_p = inf { ‖∇u‖^p_{Lp(IRN )} ‖u‖^p_{Lp}∗_{(IRN )} u ∈ W^{1,p}(IR^N )\{0} } .

Now, we introduce the hypotheses below what we need in our proofs:

(H2) a and c are nonnegative functions in L^∞(IR^N ).

(H3) There exist R > 0 and b_0 > 0 such that

b(x) ≥ b_0 > 0 in B_R.

(H4) If α + 1 N S^{Np}p ‖a‖ p−N p L^∞(IR^N ) ≤

β + 1 N S^{Nq}q ‖c‖ q−N q L^∞(IR^N ) we assume • (N − p)(α + 1) p > pq p − 1 , • a(x) = a(0) + O(|x|^{k1} ) near 0, where k_1 > δp p − 1 and δ = N −

N − p p (α + 1) +

N − p p^2

(α + 1), • a(0) = ‖a‖_L∞_{(IR}N_) and a(x) > 0 in B_{2R}. If α + 1 N S^{Np}p ‖a‖ p−N p L^∞(IR^N ) ≥

β + 1 N S^{Nq}q ‖c‖ q−N q L^∞(IR^N ) we assume • (N − q)(β + 1) q > pq q − 1 , • c(x) = c(0) + O(|x|^{k2} ) near 0, where k_2 > γq q − 1 and γ = N −

N − q q (β + 1) +

N − q q^2

(β + 1), • c(0) = ‖c‖_L∞_{(IR}N_) and c(x) > 0 in B_{2R}.

Example: If a(x) = a(0) on B_R, a(0) > α + 1 β + 1

S^{Np}p

S^{Nq}q ‖c‖ N−q q ∞

p N−p and N − p > pp^′q α + 1

, then the hypothesis (H4) is satisfied.

Theorem 1.1 If the hypotheses (H1) - (H4), (1.1) and (1.2) are satisfied, then System

(SC) admits a weak solution (u, v) ≠ (0, 0).

Remark 1.2 In fact, we prove that u ≠ 0 and v ≠ 0 (see Corollary 3.1).

2 Preliminaries

Lemma 2.1 Assume that hypotheses (H1), (1.1) and (1.2) are satisfied; then for all

λ ∈ (0, λ_1), there exists α_0 > 0 (depending of λ) such that ∀(u, v) ∈ D^{1,p}(IR^N ) × D^{1,q}(IR^N ) we have α + 1 p ‖u‖^p_{D1,p(IRN )} + β + 1 q ‖v‖^q_{D1,q (IRN )} − λ ∫ IR^N

b(x)|u|^{α+1}|v|^{β+1}dx

≥ α_0 ( ‖u‖^p_{D1,p(IRN )} + ‖v‖^q_{D1,q (IRN )} ) . (2.3)

■ Now, we introduce the functional

J_λ(u, v) = α + 1 p ‖u‖^p_{D1,p(IRN )} + β + 1 q ‖v‖^q_{D1,q(IRN )} − α + 1 p^∗ ∫ IR^N

a(x)|u|^{p∗} dx − β + 1 q^∗ ∫ IR^N

c(x)|v|^{q∗} dx − λ ∫ IR^N

b(x)|u|^{α+1}|v|^{β+1}dx.

(2.4)

Classical arguments show that J_λ is well defined.

In the following lemma we recall Lions’s concentration-compactness Lemma.

Lemma 2.2 [6], [9], [8].

Let {u_n}_n converge weakly to u in D^{1,p}(IR^N ) such that {|u_n|^{p∗} }_n and {|∇u_n|^p}_n converge weakly to the nonnegative measure ν, μ on IR^N respectively. Then

1. ν = |u|^{p∗} + ∑ j∈J ν_j δ_{xj} with ν_j > 0 ∀j ∈ J,

2. μ ≥ |∇u|^p + ∑ j∈J μ_jδ_{xj} with μ_j > 0 ∀j ∈ J,

3. S_pν p p∗ j ≤ μ_j, ∀j ∈ J,

where x_j ∈ IR^N , δ_x is the Dirac measure, J is a countable set and S_p is the Sobolev constant.

Proposition 2.3 Let {u_n}_n converge weakly to u_0 in D^{1,p}(IR^N ). Then for all h ∈

L^∞(IR^N ), there exists a subsequence of {u_n}_n denoted again by {u_n}_n such that for all ϕ ∈ C^∞_0 (IR^N ) ∫ IR^N

h|u_n|^{p∗−2}u_nϕdx → ∫ IR^N

h|u_0|^{p∗−2}u_0ϕdx,

and ∫

IR^N

h|u_n|^{p−2}u_nϕdx → ∫ IR^N

h|u_0|^{p−2}u_0ϕdx.

See [6] for the proof of Proposition 2.3.

Proposition 2.4 Let {(u_n, v_n)}_n be a bounded sequence converging weakly to (u, v) in

D^{1,p}(IR^N ) × D^{1,q}(IR^N ) and satisfying

J_λ(u_n, v_n) → C, (2.5) and J^′_λ(u_n, v_n) → 0. (2.6)

Then there exists a subsequence still denoted by {(u_n, v_n)}_n such that

|∇u_n|^{p−2}∇u_n → |∇u|^{p−2}∇u weakly in ( L^p(IR^N )

)_′

, (2.7)

|∇v_n|^{q−2}∇v_n → |∇v|^{q−2}∇v weakly in ( L^q(IR^N )

)_′

. (2.8)

Proof: It is clear from Sobolev embedding that {(u_n, v_n)}_n converges strongly in L^p_{loc}(IR^N )× L^q_{loc}(IR^N ) and so there exists a subsequence still denoted by {(u_n, v_n)}_n such that

(u_n, v_n) → (u, v) a.e. in IR^N .

Observe, that all hypotheses of Lemma 2.2 are satisfied, and thus, there exist two countable sets J and J̄ such that (u_n)_n and (v_n)_n satisfy the properties 1, 2 and 3 (Lemma 2.2) in J and J̄ respectively.

First, we show that J and J̄ are finite. From (2.4) we have

J^′_λ(u, v)(w, z) = (α + 1) ∫ IR^N

|∇u|^{p−2}∇u.∇wdx + (β + 1) ∫ IR^N

|∇v|^{q−2}∇v.∇zdx

− (α + 1) ∫ IR^N

a(x)|u|^{p∗−2}uwdx − (β + 1) ∫ IR^N

c(x)|v|^{q∗−2}vzdx − λ ∫ IR^N [ (α + 1)b(x)|u|^{α−1}uw|v|^{β+1} + (β + 1)b(x)|u|^{α+1}|v|^{β−1}vz ] dx, (2.9)

for all (u, v), (w, z) ∈ D^{1,p}(IR^N ) × D^{1,q}(IR^N ).

Now, for x_j ∈ {x_i, i ∈ J} we introduce a function ϕ_j ∈ C^∞_0 (IR^N ) satisfying ϕ_j ≡ 1 in B(x_j , ϵ), ϕ_j ≡ 0 in IR^N /B(x_j , 2ϵ) and |∇ϕ_j| ≤ c ϵ . Substituting w = ϕ_j u_n, z ≡ 0 in (2.9) and using (2.6) we obtain lim n→+∞ ∫ IR^N

|∇u_n|^{p−2}u_n(∇u_n.∇ϕ_j)dx

= lim_{n→∞} [∫ IR^N

a(x)|u_n|^{p∗} ϕ_jdx + λ ∫ IR^N

b(x)|u_n|^{α+1}|v_n|^{β+1}ϕ_j dx − ∫ IR^N

|∇u_n|^pϕ_jdx ] . (2.10)

Classical arguments (see [1]) show that lim n→+∞ ∫ IR^N

b(x)|u_n|^{α+1}|v_n|^{β+1}ϕ_jdx = ∫ IR^N

b(x)|u|^{α+1}|v|^{β+1}ϕ_jdx. (2.11)

And from Lemma 2.2, (2.11) and (2.10), we obtain lim n→+∞ ∫ IR^N

|∇u_n|^{p−2}u_n(∇u_n.∇ϕ_j)dx = ∫ IR^N

a(x)ϕ_j dν + λ ∫ IR^N

b(x)|u|^{α+1}|v|^{β+1}ϕ_jdx − ∫ IR^N

ϕ_jdμ.

(2.12)

From [6] we have | | | | lim_{n→+∞} ∫ IR^N

|∇u_n|^{p−2}u_n(∇u_n.∇ϕ_j )dx | | | | → 0, (2.13)

as ϵ → 0.

Letting ϵ go to 0 in (2.12) and using (2.13), we obtain

a(x_j )ν_j = μ_j. (2.14)

We deduce from this last equality

a(x_j ) > 0 ∀j ∈ J, (2.15)

ν_j ≥ (

S_p a(x_j)

)^{Np} , (2.16)

J is finite. (2.17)

Indeed, if J is infinite we deduce from (2.16) and Lemma 2.2 that ∫ IR^N |un| p^∗ dx → +∞; a

contradiction.

Now, we let J = {1, ..., m} and Ω_{ϵ0} = {x ∈ IR^N : dist(x_j , x) > ϵ_0, ∀j = 1, ..., m}. Arguing as in [8] we prove that (see the details in [1]) ∫ Ωϵ0 (|∇u_n|^{p−2}∇u_n − |∇u|^{p−2}∇u)(∇u_n − ∇u)dx → 0 ∀ϵ_0 > 0. (2.18)

Classical arguments show that ∂u_n ∂x_i → ∂u ∂x_i a.e. in Ω_{ϵ0} 1 ≤ i ≤ N.

Since ϵ_0 is arbitrary, we conclude by a diagonal process that there exists a subsequence denoted again by (u_n) such that ∂u_n ∂x_i → ∂u ∂x_i a.e. in IR^N 1 ≤ i ≤ N.

Since {|∇u_n|^{p−2}

∂u_n ∂x_i

} is bounded in (L^p(IR^N ))^′, we conclude that

|∇u_n|^{p−2}

∂u_n ∂x_i

→ |∇u|^{p−2} ∂u ∂x_i weakly in (L^p(IR^N ))^′, 1 ≤ i ≤ N.

Hence (2.7).

Similarly we obtain (2.8). ■

In the following lemma we prove Palais Smale conditions.

Lemma 2.5 Suppose that the hypotheses (H1), (H2), (1.1), (1.2) hold and λ ∈ (0, λ_1).

We define

S_0 = min { α + 1 N S^{Np}p ‖a‖ p−N p L^∞(IR^N ),

β + 1 N S^{Nq}q ‖c‖ q−N q L^∞(IR^N ) } . (2.19)

Then the function J_λ satisfies the Palais Smale conditions at C for all C < S_0.

Proof: Let {(u_n, v_n)}_n ⊂ D^{1,p}(IR^N ) × D^{1,q}(IR^N ) be so that (2.5) and (2.6) are satisfied. First, we will prove that {(u_n, v_n)}_n is bounded. Suppose the contrary, so ‖(u_n, v_n)‖_D1,p_{(IR}N_{)×D}1,q_{(IR}N_) → +∞. We deduce from (2.4) and (2.9)

J_λ(u_n, v_n) − J^′_λ(u_n, v_n)( u_n p , v_n q ) = α + 1 N ∫ IR^N

a(x)|u_n|^{p∗} dx + β + 1 N ∫ IR^N

c(x)|v_n|^{q∗} dx

= C + o(1)‖(u_n, v_n)‖_D1,p_{(IR}N_{)×D}1,q_{(IR}N_).

(2.20)

Thus

α + 1 p ‖u_n‖^p_{D1,p(IRN )} + β + 1 q ‖v_n‖^q_{D1,q (IRN )} − λ ∫ IR^N

b(x)|u_n|^{α+1}|v_n|^{β+1}dx ≤ c‖(u_n, v_n)‖,

(2.21)

and with Lemma 2.1, it follows

α_0(‖u_n‖^p_{D1,p(IRN )} + ‖v_n‖^q_{D1,q (IRN )}) ≤ c‖(u_n, v_n)‖_D1,p_{(IR}N_{)×D}1,q_{(IR}N_), (2.22)

which implies that {(u_n, v_n)}_n is a bounded sequence. Now, we prove that we can extract a converging subsequence.

It is clear that there exists a subsequence denoted again by {(u_n, v_n)}_n which converges weakly to (u, v) in D^{1,p}(IR^N ) × D^{1,q}(IR^N ), and satisfies

|u_n|^{p∗} → ν, |∇u_n|^p → μ, |v_n|^{q∗} → ν̄, |∇v_n|^q → μ̄,

weakly.

From Propositions 2.3, 2.4 we have

J^′_λ(u, v) = 0. (2.23)

It is easy to show that the hypotheses of Lemma 2.2 are satisfied and from the proof of Proposition 2.4 that

a(x_j )ν_j = μ_j ∀j ∈ J, b(x_j )ν̄_j = μ̄_j ∀j ∈ J̄, (2.24) and ν_j ≥ [

S_p a(x_j )

]^{Np} ∀j ∈ J, ν̄_j ≥ [

S_q c(x_j )

]^{Nq} ∀j ∈ J̄. (2.25)

J and J̄ are finit sets.

We will prove that J and J̄ are empty sets. Suppose that J ∪ J̄ ≠ ∅.

Since {(u_n, v_n)}_n converges weakly to (u, v) and ∫ IR^N

b(x)|u_n|^{α+1}|v_n|^{β+1}dx → ∫ IR^N

b(x)|u|^{α+1}|v|^{β+1}dx,

we deduce that for any σ > 0 and n sufficiently large

C + σ > J_λ(u_n, v_n) − J^′_λ(u_n, v_n)( u_n p^∗ , v_n q^∗ ) = α + 1 N ‖u_n‖^p_{D1,p(IRN )} + β + 1 N ‖v_n‖^q_{D1,q (IRN )}

− λ( α + β + 2 N ) ∫ IR^N

b(x)|u_n|^{α+1}|v_n|^{β+1}dx.

(2.26)

Taking n → +∞, we obtain

C + σ ≥ α + 1 N ‖u‖^p_{D1,p(IRN )} + β + 1 N ‖v‖^q_{D1,q(IRN )}

− λ( α + β + 2 N ) ∫ IR^N

b(x)|u|^{α+1}|v|^{β+1}dx + α + 1 N ∑ j∈J μ_j + β + 1 N ∑ j∈J̄

μ̄_j.

(2.27)

Taking into account (2.23), (2.24) and (2.25) we obtain

C + σ ≥ α + 1 N ∫ IR^N

a(x)|u|^{p∗} dx + β + 1 N ∫ IR^N

c(x)|v|^{q∗} dx + α + 1 N ∑ j∈J a(x_j )ν_j + β + 1 N ∑ j∈J̄

c(x_j )ν̄_j

> α + 1 N ∫ IR^N

a(x)|u|^{p∗} dx + β + 1 N ∫ IR^N

c(x)|v|^{q∗} dx

+ min { α + 1 N S^{Np}p ‖a‖ p−N p L^∞(IR^N ),

β + 1 N S^{Nq}q ‖c‖ q−N q L^∞(IR^N ) } . Since C < S_0 and σ is arbitrary this implies α + 1 N ∫ IR^N

a(x)|u|^{p∗} dx + β + 1 N ∫ IR^N

c(x)|v|^{q∗} dx < 0, (2.28)

which contradicts (H2).

Therefore J and J̄ are empty, hence ∫ IR^N

|u_n|^{p∗} dx → ∫ IR^N

|u|^{p∗} dx and ∫ IR^N

|v_n|^{q∗} dx → ∫ IR^N

|v|^{q∗} dx.

With the weak convergence of {(u_n, v_n)}_n to (u, v) in D^{1,p}(IR^N ) × D^{1,q}(IR^N ), we have

(u_n, v_n) → (u, v) strongly in L^{p∗} (IR^N ) × L^{q∗} (IR^N ). (2.29) ■ Lemma 2.6 Suppose that the hypotheses (H1), (H2), (1.1) and (1.2) are satisfied, then

there exist two constants δ > 0, ρ > 0 such that

J_λ(u, v) ≥ ρ, for all ‖(u, v)‖_D1,p_{(IR}N_{)×D}1,q_{(IR}N_) = δ and λ ∈ (0, λ_1). (2.30)

Proof: We deduce from (2.3) and the Sobolev inequality that

J_λ(u, v) ≥ α_0(‖u‖^p_{D1,p(IRN )} + ‖v‖^q_{D1,q (IRN )}) − c‖u‖^{p∗}_{D1,p(IRN )} − c‖v‖^{q∗}_{D1,q(IRN )}.

So, for δ sufficiently small we have

J_λ(u, v) ≥ ρ. ■ Let R > ϵ > 0, 0 < r ≤ R and ϕ_r be a nonnegative function in C^∞_0 (IR^N ) satisfying 0 ≤ ϕ_r ≤ 1, ϕ_r ≡ 1 in B(0, r) and ϕ ≡ 0 in IR^N /B(0, 2r). We define

u_ϵ(x) = ϕ_R(x) (ϵ + |x|^{pp−1} )^{N−pp}

, w_ϵ(x) = u_ϵ ‖u_ϵ‖_Lp∗_{(IR}N_)

, z_ϵ(x) = ϕ_ϵ(x).

Lemma 2.7 We have

1) ‖u_ϵ‖^p_{Lp}∗_{(IRN )} = cϵ^{p−Np} + O(1).

For ϵ sufficiently small

2) 1 ‖u_ϵ‖^{p∗}_{Lp}∗_{(IRN )} ∫ IR^N

a(0) − a(x) (ϵ + |x|^{pp−1} )^{N−pp} dx = O(ϵ^{k1( p−1p )}).

3) ∫ IR^N

w_ϵ(x)^{α+1}ϕ_ϵ(x)^{β+1}dx ≥ cϵ^δ, where δ = N − (^{N−p}_p )(α + 1) + (^{N−p}_{p2} )(α + 1).

Proof: For the proof of 1) and 2) see [2]. 3) We have ∫ IR^N

u^{α+1}_ϵ ϕ^{β+1}_ϵ dx ≥ ∫ B_ϵ

u^{α+1}_ϵ dx =

∫_ϵ 0 s^{N−1} ( ϵ + s^{pp−1}

) (N−p)(α+1)_p ds

= ϵ^{( p−1p )(N)−( N−pp )(α+1)}

∫_ϵ^1p 0 r^{N−1} ( 1 + r^{pp−1}

) (N−p)(α+1)_p dr

≥ cϵ^{( p−1p )(N)−( N−pp )(α+1)}

∫_ϵ^1p 0 r^{N−1}dr

≥ cϵ^{N−( N−pp )(α+1)}.

(2.31)

On the other hand, for ϵ sufficiently small 1 ‖u_ϵ‖^{α+1}_{Lp}∗_{(IRN )}

≥ cϵ^{( N−pp2 )(α+1)}. (2.32)

Therefore ∫ IR^N

w^{α+1}_ϵ ϕ^{β+1}_ϵ dx ≥ cϵ^{N−( N−pp )(α+1)+( N−pp2 )(α+1)}. (2.33)

Lemma 2.8 Suppose that the hypotheses (H1) - (H4), (1.1) and (1.2) are satisfied, then

there exist ϵ > 0 and t_1 > 0 such that for all λ ∈ (0, λ_1) J_λ(t^{1p}_1 w_ϵ, t^{1q}_1 ϕ_ϵ) < 0 and

0 < sup_{t>0} J_λ(t^{1p} w_ϵ, t^{1q} ϕ_ϵ) < α + 1 N S^{Np}p ‖a‖ p−N p ∞ . (2.34)

Proof: We have

J_λ(t^{1p} w_ϵ, t^{1q} ϕ_ϵ) = t ( α + 1 p ‖w_ϵ‖^p_{D1,p(IRN )} + β + 1 q ‖ϕ_ϵ‖^q_{D1,q (IRN )} − λ ∫ IR^N

b(x)|w_ϵ|^{α+1}|ϕ_ϵ|^{β+1}dx )

− α + 1 p^∗ t^τ ∫ IR^N

a(x)|w_ϵ|^{q∗} dx − β + 1

q^∗ t^{τ̄} ∫ IR^N

c(x)|ϕ_ϵ|^{p∗} dx.

(2.35)

Since t → −J_λ(t^{1p} w_ϵ, t^{1q} ϕ_ϵ) is a convex differentiable function it admits a minimum at t_ϵ ∈ [0, +∞) satisfying dJ_λ dt (t^{1p}ϵ w_ϵ, t^{1q}ϵ ϕ_ϵ) = 0.

Therefore

α + 1 p t^{τ −1}_ϵ ∫ IR^N

a(x)|w_ϵ|^{p∗} dx + β + 1 q t^{τ̄ −1}_ϵ ∫ IR^N

c(x)|ϕ_ϵ|^{q∗} dx ≤ α + 1 p ‖w_ϵ‖^p_{Lp}∗_{(IRN )} + β + 1 q ‖ϕ_ϵ‖^q_{Lq}∗_{(IRN )} − λ ∫ IR^N

b(x)|w_ϵ|^{α+1}|ϕ_ϵ|^{β+1}dx.

(2.36)

First, we show that t_ϵ is bounded from above and below. • Indeed, it follows from (2.36), (H1), (H2) and (H4) α + 1 p t^{τ −1}_ϵ a(0) ∫ IR^N

|w_ϵ|^{p∗} dx − α + 1 p t^{τ −1}_ϵ ∫ IR^N

(a(0) − a(x))|w_ϵ|^{p∗} dx ≤ α + 1 p ‖w_ϵ‖^p_{D1,p(IRN )} + β + 1 q ‖ϕ_ϵ‖^q_{D1,q (IRN )}.

From 2) in Lemma 2.7, the fact that ‖w_ϵ‖_D1,p_{(IR}N_) = S_p, and ∫ IR^N |wϵ| p^∗ = 1, we have

α + 1 p [a(0) − O(ϵ^{k1( p−1p )})]t^{τ −1}_ϵ ≤ α + 1 p S_p + β + 1 q ‖ϕ_ϵ‖^q_{D1,q (IRN )}.

By taking ϵ small enough such that O(ϵ^{k1( p−1p )}) ≤ a(0) 2 and remarking that ‖ϕ_ϵ‖^q_{D1,q (IRN )} ≤ cϵ^{N−q} we obtain

α + 1 2p a(0)t^{τ −1}_ϵ ≤ α + 1 p S_p + c. (2.37)

This proves that t_ϵ is bounded from above. • On the other hand, observe that

J_λ(t^{1p} w_ϵ, t^{1q} ϕ_ϵ) ≥ α_0t ( ‖w_ϵ‖^p_{D1,p(IRN )} + ‖ϕ_ϵ‖^q_{D1,q (IRN )} )

− α + 1 p^∗ t^τ ∫ IR^N

a(x)|w_ϵ|^{p∗} dx − β + 1

q^∗ t^{τ̄} ∫ IR^N

c(x)|ϕ_ϵ|^{q∗} dx

≥ α_0tS^p_p − α + 1

p^∗

‖a‖_L∞_{(IR}N_)t^τ − β + 1

q^∗

‖c‖_L∞_{(IR}N_)t^{τ̄} = Θ(t).

(2.38)

It is clear that dJ_λ dt (0) ≥ Θ^′(0) = α_0S^p_p = k > 0,

and by continuity there exists η > 0 such that J^′_λ(t^{1p} w_ϵ, t^{1q} ϕ_ϵ) ≥ Θ^′(t) >^k_2 for any |t| < η. Hence t_ϵ ≥ η.

On the other hand, we deduce from (2.38) that for ϵ > 0 sufficiently small J_λ(t^{1p} w_ϵ, t^{1q} ϕ_ϵ) > 0 which implies that J_λ(t^{1p}ϵ w_ϵ, t^{1q}ϵ ϕ_ϵ) > 0. Now, we write J_λ(t^{1p}ϵ w_ϵ, t^{1q}ϵ ϕ_ϵ) as below

J_λ(t^{1p}ϵ w_ϵ, t^{1q}ϵ ϕ_ϵ) = sup_{t≥0} J_λ(t^{1p} w_ϵ, t^{1q} ϕ_ϵ) = E_ϵ − F_ϵ,

where

E_ϵ = t_ϵ α + 1 p ‖w_ϵ‖^p_{D1,p(IRN )} − α + 1 p a(0)t^τ_ϵ ∫ IR^N

w^{p∗}_ϵ dx

+ t_ϵ β + 1 q ‖ϕ_ϵ‖^q_{D1,p(IRN )} − β + 1

q^∗ t^{τ̄}_ϵ ∫ IR^N

c(x)ϕ^{q∗}_ϵ dx,

F_ϵ = λt_ϵ ∫ IR^N

b(x)|w_ϵ|^{α+1}|ϕ_ϵ|^{β+1}dx − α + 1 p^∗ t^τ_ϵ ∫ IR^N

(a(0) − a(x))w^{p∗}_ϵ dx.

We consider the function

m(t) = Mt − L τ t^τ ,

m attains its maximum at t_1 = ( M L ) N−p_p

. Since t_ϵ is bounded from above, since ‖ϕ_ϵ‖^q_{D1,q (IRN )} = O(ϵ^{N−q}) and c is nonnegative, we deduce that

E_ϵ ≤ α + 1 p ( ‖w_ϵ‖^N_{D1,p(IRN )} a(0)^{N−pp} − 1 τ ‖w_ϵ‖^N_{D1,p(IRN )} a(0)^{N−pp} ) + O(ϵ^{N−q}) = α + 1 N ‖a‖ p−N p ∞ S^{Np} + O(ϵ^{N−q}).

(2.39)

(Remark that ‖w_ϵ‖^N_{D1,p(IR}N_) = S^{Np}p .)

Since t_ϵ is bounded from below and above, it follows from Lemma 2.7 that

λt_ϵ ∫ IR^N

b(x)|w_ϵ|^{α+1}|ϕ_ϵ|^{β+1} ≥ λt_ϵ ∫ IR^N

b_0|w_ϵ|^{α+1}|ϕ_ϵ|^{β+1}dx

≥ cϵ^δ. and α + 1 p t^τ_ϵ ∫ IR^N

(a(0) − a(x))w^{p∗}_ϵ dx = O(ϵ^{k1( p−1p )}) (2.40)

Observing that δ < k_1(^{p−1}_p ), this implies

F_ϵ ≥ cϵ^δ.

Therefore J_λ(t^{1p}ϵ w_ϵ, t^{1p}ϵ ϕ_ϵ) ≤ α + 1 N S^{Np} ‖a‖ p−N p L^∞(IR^N ) − cϵ

δ + O(ϵ^{N−q}).

On the other hand, it follows from (H4) that δ < N − q. Thus, we obtain

J_λ(t^{1p}ϵ w_ϵ, t^{1p}ϵ ϕ_ϵ) ≤ α + 1 N S^{Np} ‖a‖ p−N p L^∞(IR^N ) − cϵ δ, hence (2.34).

By taking t sufficiently large in (2.35), we have J_λ(t^{1p} w_ϵ, t^{1q} ϕ_ϵ) < 0, and thus there exists a t_1 such that J_λ(t^{1p}_1 w_ϵ, t^{1q}_1 ϕ_ϵ) < 0, which concludes the proof of Lemma 2.8. ■ 3 Proof of Theorem 1.1

We let X = D^{1,p}(IR^N ) × D^{1,q}(IR^N ), u_0 = (t^{1p}_1 w_ϵ, t^{1q}_1 z_ϵ) and C = inf_{h∈Γ} sup_{t∈[0,1]} J(h(t)), where

Γ = {h ∈ C([0, 1], X) : h(0) = 0, h(1) = u_0}.

It is clear from Lemma 2.8 that C < α + 1 N S^{Np}p ‖a‖ p−N p ∞ , furthermore (H4) and Lemma 2.5 imply that J_λ satisfies Palais Smale conditions at C. Thus, by Lemmas 2.8, 2.6 and the Mountain Pass Lemma we deduce that (SC) admits a solution (u, v) ≠ (0, 0). Moreover this solution is nonnegative because J_λ(h(t)) = J_λ(|h(t)|). ■ Corollary 3.1 The solution (u, v) obtained in Theorem 1.1 satisfies u ≠ 0 and v ≠ 0.

Proof: It is clear from Theorem 1.1 that there exist other solutions than (0, 0). Suppose (for example) that u ≠ 0 and v = 0. In this case System (SC) is reduced to the simple equation

−Δ_pu = a(x)|u|^{p∗−2}u. (3.41)

Multiplying equation (3.41) by u, and integrating over IR^N , we have

‖u‖^p_{D1,p(IRN )} = ∫ IR^N

a(x)|u|^{p∗} dx ≤ ‖a‖_L∞_{(IR}N_) ∫ IR^N

|u|^{p∗} dx. (3.42)

From the definition of S_p S p∗ p p ∫ IR^N

|u|^{p∗} dx ≤ ‖u‖^{p∗}_{D1,p(IRN )}. (3.43)

Combining (3.42) and (3.43), we have

‖u‖^p_{D1,p(IRN )} ≤ ‖a‖_L∞_{(IR}N_) ∫ IR^N

|u|^{p∗} dx ≤ S^− p∗ p p ‖a‖_L∞_{(IR}N_)‖u‖^{p∗}_{D1,p(IRN )}. (3.44)

Therefore

‖u‖^p_{D1,p(IRN )} ≥ ‖a‖ p−N p L^∞(IR^N )S N p p . (3.45)

Using (3.42), we have

J_λ(u, 0) = α + 1 p ‖u‖^p_{D1,p(IRN )} − α + 1 p^∗ ∫ IR^N

a(x)|u|^{p∗} dx = α + 1 N ‖u‖^p_{D1,p(IRN )}. (3.46)

So, we deduce from (3.45) and (3.46) that

J_λ(u, 0) ≥ α + 1 N ‖a‖ p−N p L^∞(IR^N )S N p p . (3.47)

But from Theorem 1.1 C = J_λ(u, 0) < α + 1 N ‖a‖ p−N p L^∞(IR^N )S N p p , which contradicts (3.47). ■ Corollary 3.2 Suppose that the functions a, b, c are in L^∞(IR^N ), q ≥ p and (1.1), (1.2)

are satisfied. Then for each solution (u, v) ∈ D^{1,p}(IR^N ) × D^{1,q}(IR^N ) we have the following assertions:

• lim_{|x|→+∞} u(x) = lim_{|x|→+∞} v(x) = 0.

• Let x ∈ IR^N and R > 0 be such that

max (‖a‖_∞, ‖c‖_∞, ‖b‖_∞) max { 2^pS_pτ^{p−1}, 2^{2q−p}S_q|B_1|^{q−pN} R^{q−p}τ^{q−1} } × × ( ‖u‖^{p(τ −1)}

L^{p∗} (B_{2R} (x)) + ‖v‖ q(τ −1) L^{qτ} (B_{2R}(x)) ) < 1.

(3.48)

Then each solution (u, v) of (SC) belongs to D^{1,p}(IR^N ) × D^{1,q}(IR^N ) ∩ ( C^{1,α}(B R_2 (x)

)_2 . The proof of this corollary is a consequence of Theorem 4.2.1 in [1] and Tolksdorfs Theorem [12]. ■

Corollary 3.3 Under the hypotheses of Corollary 3.2 the solution (u, v) of (SC) is pos-

itive.

Observe that (3.48) is satisfied for all x ∈ IR^N and R sufficiently small. So by applying the strong Maximum Principle of Vazquez [13] in the ball B R_2 (x), we deduce that u(x) and v(x) are positive; since x is arbitrary this implies that u and v are positive everywhere on IR^N .

References

[1] Bechah, A. : Quelques résultats sur les systèmes elliptiques quasilinéaires sur des ouverts non bornés. Thèse de doctorat de l’Université Paul Sabatier (2000)

[2] Brézis, H., and Nirenberg, L. : Positive solutions of nonlinear elliptic equations involving critical Sobolev exponents. Comm. Pure Appl. Math. 36, 437-477 (1983)

[3] Brézis, H., and Nirenberg, L. : Remarks on finding critical points. Comm. Pure Appl. Math. 44, 939-963 (1991)

[4] Chabrowski, J. : On multiple solutions for nonhomogeneous system of elliptic equations. Rev. Mat. Univ. Complut. Madrid 9, 207-234 (1996)

[5] Costa, D. G., and Miyagaki, O. H. : Nontrivial solutions for perturbations of the p-Laplacian on unbounded domains. J. Math. Anal. Appl. 193, 737-755 (1995)

[6] Drabèk, P., and Huang, Y. X. : Multiplicity of positive Solutions for some quasilinear elliptic equation in R^N with critical Sobolev exponent. J. Differential Equations 140, 106-132 (1997)

[7] Fleckinger, J., Manasevich, R. F., Stavrakakis, N. M., and de Thelin, F. :

Principal eigenvalues for some quasilinear elliptic equations on R^N . Adv. Differential Equations 2, 981-1003 (1996)

[8] Jianfu, Y., and Xiping, Z. : On the existence of nontrivial solutions of quasilinear elliptic boundary value problems for unbounded domains. Acta. Math. Sci. 7, No. 3, (1987)

[9] Lions, P. L. : The concentration-compactness principle in the calculus of variations.

The locally compact case, Part 1. Ann. Inst. H. Poincaré 1, 109-145 (1984)

[10] Miyagaki, O. H. : On a class of semilinear elliptic problems in R^N with critical growth. Nonlinear Anal. 29, 773-781 (1997)

[11] Stavrakakis, N. M., and Zographopoulos, N. B. : Existence results for quasilinear elliptic systems in R^N . Electron. J. Diff. Eqns. 1999, No. 39, 1-15 (1999)

[12] Tolksdorf, P. : Regularity for a more general class of quasilinear elliptic equations. J.

Differential Equations 51, 126-150 (1984)

[13] Vazquez, J. L. : A strong maximum principle for some quasilinear elliptic equations.

Appl. Math. Optim. 12, 191-202 (1984)

received: April 15, 2000

Author:

A. Bechah Laboratoire MIP Université Paul Sabatier 31062 Toulouse France e-mail: bechah@mip.ups-tlse.fr