Rostock. Math. Kolloq. 55, 23–29 (2001) Subject Classification (AMS)

54H25

Zeqing Liu; Qingtao Liu

Stationary points for set-valued mappings on two metric spaces

ABSTRACT. Stationary point theorems of set-valued mappings in complete and compact metric spaces are given. The corresponding results of Fisher [1] are generalized on set-valued mappings.

KEY WORDS AND PHRASES. Set-valued mappings, stationary points, complete metric spaces, compact metric spaces.

1 Preliminaries

In [1] and [2], Fisher and Popa have proved fixed point theorems for single valued mappings on two metric spaces. The purpose of this paper is to generalize these results for set-valued mappings. In this paper we show stationary point results of set-valued mappings in complete and compact metric spaces.

Let (X, d) and (Y, ρ) be complete metric spaces and B(X) and B(Y ) be two families of all nonempty bounded subsets of X and Y , respectively. The function δ(A, B) with A and B in B(X) is defined as follows:

δ(A, B) = sup{d(a, b) : a ∈ A, b ∈ B} .

Define δ(A) = δ(A, A). Similarly, the function δ^′(C, D) with C and D in B(Y ) is defined as follows:

δ^′(C, D) = sup{ρ(c, d) : c ∈ C, d ∈ D} .

{A_n : n = 1, 2, . . . } that is a sequence of sets in B(X) converges to the set A in B(X) if

(i) each point a in A is the limit of some convergent sequence {a_n ∈ A_n : n = 1, 2, . . . };

(ii) for arbitrary ε > 0, there exists an integer N such that A_n ⊂ A_ε for n > N, where A_ε is the union of all open spheres with centers in A and radius ε.

Let T be a set-valued mapping of X into B(X), z is a stationary point of T if T z = {z}. T is continuous at x in X if whenever {x_n} is a sequence of points in X converging to x, the sequence {T x_n} in B(X) converges to T x in B(X). If T is continuous at each point x in X, then T is a continuous mapping of X into B(X).

The following Lemmas 1.1 and 1.2 were proved in [3] and [4], respectively.

Lemma 1.1 If {A_n} and {B_n} are sequences of bounded subsets of a complete metric

space (X, d) which converge to the bounded subsets A and B respectively, then the sequence {δ(A_n, B_n)} converges to δ(A, B).

Lemma 1.2 Let {A_n} be a sequence of nonempty subsets of X and x be a point of X

such that lim_{n→∞} δ(A_n, x) = 0. Then the sequence {A_n} converges to the set {x}.

2 Stationary point results

Now we prove the following theorem for set-valued mappings.

Theorem 2.1 Let (X, d) and (Y, ρ) be complete metric spaces. If T is a continuous

mapping of X into B(Y ) and S is a continuous mapping of Y into B(X) satisfying the inequalities

δ(ST x, ST y) ≤ c · max{δ(x, y), δ(x, ST x), δ(y, ST y), δ^′(T x, T y)} , (1) δ^′(T Sx^′, T Sy^′) ≤ c · max{δ^′(x^′, y^′), δ^′(x^′, T Sx^′), δ^′(y^′, T Sy^′), δ(Sx^′, Sy^′)} (2)

for all x, y in X and x^′, y^′ in Y , where 0 ≤ c < 1, then ST has a stationary point z in X and T S has a stationary point w in Y . Further T z = {w} and Sw = {z}. Proof: From (1) and (2), it is easy to see that

δ(ST A, ST B) ≤ c · max{δ(A, B), δ(A, ST A), δ(B, ST B), δ^′(T A, T B)} , (1^′) δ^′(T SA^′, T SB^′) ≤ c · max{δ^′(A^′, B^′), δ^′(A^′, T SA^′), δ^′(B^′, T SB^′), δ(SA^′, SB^′)} (2^′)

for all A, B in B(X) and A^′, B^′ in B(Y ).

Let x be an arbitrary point in X. Define sequences {x_n} and {y_n} in B(X) and B(Y ) respectively by choose a point x_n in (ST )^nx = X_n and choose a point y_n in T (ST )^{n−1}x = Y_n for n = 1, 2, . . . . From (1^′) and (2^′) we have

δ(X_n, X_{n+1}) = δ(ST X_{n−1}, ST X_n) ≤ c · max{δ(X_{n−1}, X_n), δ(X_{n−1}, X_n), δ(X_n, X_{n+1}), δ^′(Y_n, Y_{n+1})} ≤ c · max{δ(X_{n−1}, X_n), δ^′(Y_n, Y_{n+1})} .

Similarly δ^′(Y_n, Y_{n+1}) ≤ c · max{δ^′(Y_{n−1}, Y_n), δ(X_{n−1}, X_n)}. Put M = max{δ(x, X_1), δ^′(Y_1, Y_2)}. From the above inequalities, we obtain immediatly δ(X_n, X_{n+1}) ≤ c^n · M , (3) δ^′(Y_n, Y_{n+1}) ≤ c^n · M (4) for n = 1, 2, . . . . It follows from (2) that δ(X_n, X_{n+r}) ≤ δ(X_n, X_{n+1}) + · · · + δ(X_{n+r−1}, X_{n+r}) ≤ (c^n + · · · + c^{n+r−1})M ≤ c^n 1 − c M . Since c < 1, then δ(X_n, X_{n+r}) → 0 as n → ∞. So d(x_n, x_{n+r}) ≤ δ(X_n, X_{n+r}) → 0 as n → ∞. Thus {x_n} is a Cauchy sequence. Completeness of X implies that there exists z in X such that x_n → z as n → ∞. Further

δ(z, X_n) ≤ δ(z, x_n) + δ(x_n, X_n) ≤ δ(z, x_n) + δ(X_n, X_n) ≤ δ(z, x_n) + 2δ(X_n, X_{n+1}) which implies that δ(z, X_n) → 0 as n → ∞. Similarly, there exists w in Y such that y_n → w and δ^′(w, Y_n) → 0 as n → ∞. Then δ^′(w, T x_n) ≤ δ^′(w, T X_n) = δ^′(w, Y_{n+1}) .

By the continuity of T and Lemma 1.1, we have δ^′(w, T z) → 0 as n → ∞. From Lemma 1.2 it follows that T z = {w}. Further

δ(ST z, x_n) ≤ δ(ST z, X_n) ≤ c · max{δ(z, X_{n−1}), δ(z, ST z), δ(X_{n−1}, X_n), δ^′(T z, T X_{n−1})} . Letting n tend to infinity, we have δ(ST z, z) ≤ c · max{δ(ST z, z), 0}, which implies that ST z = {z} = Sw. Similarly, we can show w is a stationary point of T S. This completes the proof of the theorem.

Theorem 2.2 Let (X, d) be a complete metric space, S and T be continuous mappings

of X into B(X) and map bounded set into bounded set. If S and T satisfy the inequalities δ(ST x, ST y) ≤ c · max{δ(x, y), δ(x, ST x), δ(y, ST y), δ(x, ST y), δ(y, ST x), δ(T x, T y)}, (5) δ(T Sx, T Sy) ≤ c · max{δ(x, y), δ(x, T Sx), δ(y, T Sy), δ(x, T Sy), δ(y, T Sx), δ(Sx, Sy)} (6) for all x, y in X, where 0 ≤ c < 1, then ST has a stationary point z and T S has a stationary point w. Further T z = {w} and Sw = {z}. If z = w, then z is the unique common stationary point of S and T .

Proof: Let x be an arbitrary point in X, we define a sequence of sets {X_n} by T (ST )^{n−1}x = X_{2n−1}, (ST )^nx = X_{2n} for n = 1, 2, . . . , and X_0 = {x}.

Now suppose that {δ(X_n)} is unbounded. Then the real-valued sequence {a_n} is unbounded, where a_{2n−1} = δ(X_{2n−1}, X_3), a_{2n} = δ(X_{2n}, X_2) for n = 1, 2, . . . , and so there exists an integer k such that a_k > c 1 − c max{δ(x, X_2), δ(X_1, X_3)} , (7) a_k > max{a_1, . . . , a_{k−1}} . (8) Suppose that k is even, put k = 2n. From (7) and (8) we have c · δ(X_{2r}, x) ≤ c · [δ(X_{2r}, X_2) + δ(X_2, x)] < δ(X_{2n}, X_2) , c · δ(X_{2r−1}, X_1) ≤ c · [δ(X_{2r−1}, X_3) + δ(X_3, X_1)] < δ(X_{2n}, X_2) .

That is

δ(X_{2n}, X_2) > c · max{δ(X_{2r}, x), δ(X_{2r−1}, X_1) : 1 ≤ r ≤ n} . (9) We prove that the following (10) is true for m ≥ 1:

δ(X_{2n}, X_2) ≤ c^m · max{δ(X_{2r}, X_{2s}), δ(X_{2r}′_{−1}, X_{2s}′_{−1}) : 1 ≤ r, s ≤ n, 2 ≤ r^′, s^′ ≤ n} . (10) From (5) we have δ(X_{2n}, X_2) = δ(ST X_{2n−2}, ST x)

≤ c · max{δ(X_{2n−2}, x), δ(X_{2n−2}, X_{2n}), δ(x, X_2), δ(x, X_{2n}), δ(X_{2n−2}, X_2), δ(X_{2n−1}, X_1)} .

It follows from (8) and (9) that δ(X_{2n}, X_2) ≤ c · δ(X_{2n−2}, X_{2n}). Now suppose that (10) is true for some m. From (5), (6), (8) and (9) we have δ(X_{2n}, X_2) ≤ c^m · max{δ(X_{2r}, X_{2s}), δ(X_{2r}′_{−1}, X_{2s}′_{−1}) : 1 ≤ r, s ≤ n, 2 ≤ r^′, s^′ ≤ n} ≤ c^{m+1} · max{δ(X_{2r−2}, X_{2s−2}), δ(X_{2r−2}, X_{2r}), δ(X_{2s−2}, X_{2s}), δ(X_{2r−2}, X_{2s}) , δ(X_{2s−2}, X_{2r}), δ(X_{2r−1}, X_{2s−1}), δ(X_{2r}′_{−3}, X_{2s}′_{−3}) , δ(X_{2r}′_{−3}, X_{2r}′_{−1}), δ(X_{2s}′_{−3}, X_{2s}′_{−1}) : 1 ≤ r, s ≤ n, 2 ≤ r^′, s^′ ≤ n} ≤ c^{m+1} · max{δ(X_{2r}, X_{2s}), δ(X_{2r}′_{−1}, X_{2s}′_{−1}) : 1 ≤ r, s ≤ n, 2 ≤ r^′, s^′ ≤ n} .

So (10) is true for all m ≥ 1. Letting m tend to infinity, from (8) and (9) we have 0 < δ(X_{2n}, X_2) ≤ 0, which is impossible. Similarly, when k is odd, 2n − 1, say, we also have 0 < δ(X_{2n−1}, X_3) ≤ 0, which is also impossible. Hence {δ(X_n)} is bounded.

Let M = sup{δ(X_r, X_s) : r, s = 0, 1, 2, . . . } < ∞. For arbitrary ε > 0, choose a positive integer N such that c^N · M < ε. Thus for m, n greater than 2N with m and n both even or both odd, from (5) and (6) we have

δ(X_m, X_n) ≤ c · max{δ(X_{m−2}, X_{n−2}), δ(X_{m−2}, X_m), δ(X_{n−2}, X_n), δ(X_{m−2}, X_n), δ(X_{n−2}, X_m), δ(X_{m−1}, X_{n−1})} ≤ c · max{δ(X_r, X_s), δ(X_r, X_r′ ), δ(X_s, X_s′ ) : m − 2 ≤ r, r^′ ≤ m, n − 2 ≤ s, s^′ ≤ n} ≤ c^N · max{δ(X_r, X_s), δ(X_r, X_r′ ), δ(X_s, X_s′ ) : m − 2N ≤ r, r^′ ≤ m, n − 2N ≤ s, s^′ ≤ n} ≤ c^N · M < ε .

So δ(X_{2n}) and δ(X_{2n+1}) → 0 as n → ∞. Take a point x_n in X_n for n ≥ 1. Since d(x_{2n}, x_{2n+2p}) ≤ δ(X_{2n}, X_{2n+2p}) → 0 as n → ∞, hence {x_{2n}} is a Cauchy sequence. Completeness of X implies that {x_{2n}} has a limit z in X. Further

δ(z, X_{2n}) ≤ δ(z, x_{2n}) + δ(x_{2n}, X_{2n}) ≤ δ(z, x_{2n}) + δ(X_{2n}) .

That is δ(z, X_{2n}) → 0 as n → ∞. Similarly {x_{2n+1}} converges to some point w in X and δ(w, X_{2n+1}) → 0 as n → ∞. Since δ(w, T X_{2n}) = δ(w, X_{2n+1}), by the continuity of T and Lemma 1.1, we have δ(w, T z) → 0 as n → ∞. From Lemma 1.2 it follows that T z = {w}. Further

δ(ST z, x_{2n}) ≤ δ(ST z, X_{2n}) ≤ c · max{δ(z, X_{2n−2}), δ(z, ST z), δ(X_{2n−2}, X_{2n}), δ(z, X_{2n}), δ(X_{2n−2}, ST z), δ(T z, X_{2n−1})}

which implies that δ(ST z, z) ≤ c · max{δ(z, ST z), 0} as n → ∞. Since c < 1, δ(ST z, z) = 0. Therefore ST z = {z} = Sw and T Sw = T z = {w}.

Now suppose that z = w and that z^′ is a second common stationary point of S and T . Using (5) δ(z, z^′) = δ(ST z, ST z^′) ≤ c · max{δ(z, z^′), δ(z, ST z), δ(z^′, ST z^′), δ(z^′, ST z), δ(z, ST z^′), δ(T z, T z^′)} ≤ c · δ(z, z^′) .

So z = z^′ and this completes the proof of the theorem.

Remark 2.1 If we use single valued mappings in place of set-valued mappings in Theorems 2.1 and 2.2, Theorems 2 and 3 of Fisher [1] can be attained.

Remark 2.2 The following example 2.1 demonstrates that the continuity of S and T in Theorems 2.1 and 2.2 is necessary. Example 2.1 Let X = {0} ∪

{_1 n : n ≥ 1 } = Y with the usual metric. Define mappings S, T by T 0 = {1}, T^1_n =

{_1 2n } for n ≥ 1 and S = T . It is easy to prove that all the conditions of Theorems 2.1 and 2.2 are satisfied except that the mappings S and T are continuous. But ST and T S have no stationary points.

Now we give the following theorem for the compact metric spaces.

Theorem 2.3 Let (X, d) and (Y, ρ) be compact metric spaces. If T is a continuous

mapping of X into B(Y ) and S is a continuous mapping of Y into B(X) satisfying the following inequaltities δ(ST x, ST y) < max{δ(x, y), δ(x, ST x), δ(y, ST y), δ^′(T x, T y)} , (11) δ^′(T Sx^′, T Sy^′) < max{δ^′(x^′, y^′), δ^′(x^′, T Sx^′), δ^′(y^′, T Sy^′), δ(Sx^′, Sy^′)} (12) for all distinct x, y in X and distinct x^′, y^′ in Y , then ST has a stationary point z and T S has a stationary point w. Further T z = {w} and Sw = {z}.

Proof: Let us suppose that the right-hand sides of inequalities (11) and (12) are positive for all distinct x, y in X and distinct x^′, y^′ in Y . Define the real valued function f(x, y) in X × X as follows:

f(x, y) = δ(ST x, ST y)/ max{δ(x, y), δ(x, ST x), δ(y, ST y), δ^′(T x, T y)} . Since S and T are continuous, f is continuous and achieves the maximum value s on the compact metric space X × X. Inequality (11) implies s < 1, that is δ(ST x, ST y) ≤ s · max{δ(x, y), δ(x, ST x), δ(y, ST y), δ^′(T x, T y)} (13) for all distinct x, y in X. It is obvious that inequality (13) is also true for x = y. Similarly, there exists t < 1 such that

δ^′(T Sx^′, T Sy^′) ≤ t · max{δ^′(x^′, y^′), δ^′(x^′, T Sx^′), δ^′(y^′, T Sy^′), δ(Sx^′, Sy^′)} (14) for all x^′, y^′ in Y . So Theorem 2.3 follows immediately from Theorem 2.1. Now suppose there exist z, z^′ in X such that max{δ(z, z^′), δ(z, ST z), δ(z^′, ST z^′), δ^′(T z, T z^′)} = 0 which implies {z} = {z^′} = ST z and T z = T z^′, a singleton, {w}, say. Therefore we have ST z = Sw = {z}, T Sw = T z = {w}. If there exist w, w^′ in Y such that max{δ^′(w, w^′), δ^′(w, T Sw), δ^′(w^′, T Sw^′), δ(Sw, Sw^′)} = 0 , similarly, we also have ST z = Sw = {z}, T Sw = T z = {w}. This completes the proof of the theorem.

Remark 2.3 Theorem 4 of Fisher [1] is a particular case of our Theorem 2.3 if set-valued mappings are replaced by single valued mappings in Theorem 2.3.

References

[1] Fisher, B. : Related fixed points on two metric spaces. Math. Semi. Notes 10, 17-26 (1982)

[2] Popa, V. : Fixed points on two complete metric spaces. Univ. U Novom Sadu Zb. Rad.

Prirod.-Mat. Fak. Ser. Mat. 21, 83-93 (1991)

[3] Fisher, B. : Common fixed points of mappings and set-valued mappings. Rostock.

Math. Kolloq. 18, 69-77, (1981)

[4] Fisher, B., and Sessa, S. : Two common fixed point theorems for weakly commuting mappings. Period. Math. Hungar. 20, 207-218 (1989)

[5] Fisher, B. , and Iseki, K. : Fixed points for set-valued mappings on complete and compact metric spaces. Math. Japon. 28, 639-646 (1983)

received: March 10, 1997

Authors:

Zeqing Liu; Qingtao Liu Department of Mathematics Liaoning Normal University Dalian, Liaoning, 116029 People’s Republic of China