Rostock. Math. Kolloq. 55, 49–64 (2001) Subject Classification (AMS)

54H25

Zeqing Liu; Fengrong Zhang

Characterizations of common fixed points in 2-metric spaces

ABSTRACT. In this paper we obtain a few necessary and sufficient conditions for the existence of a common fixed point of a pair of mappings in 2-metric spaces. Our results generalize, improve and unify a number of fixed point theorems given by Cho [1], Constantin [2], Khan and Fisher [11], Kubiak [14], Rhoades [25], Singh, Tiwari and Gupta [31] and others.

KEY WORDS AND PHRASES. 2-metric spaces, common fixed points, compatible mappings.

1 Introduction

Gähler [4] introduced the concept of 2-metric space. A 2-metric space is a set X with a function d : X × X × X → [0, ∞) satisfying the following conditions:

(G1) for two distinct points x, y ∈ X, there exists a point z ∈ X such that d(x, y, z) ≠ 0,

(G2) d(x, y, z) = 0 if at least two of x, y, z are equal,

(G3) d(x, y, z) = d(x, z, y) = d(y, z, x),

(G4) d(x, y, z) ≤ d(x, y, u) + d(x, u, z) + d(u, y, z) for all x, y, z, u ∈ X.

It has been shown by Gähler [4] that a 2-metric d is a continuous function of any one of its three arguments but it need not be continuous in two arguments. If it is continuous in two arguments, then it is continuous in all three arguments. A 2-metric d which is continuous in all of its arguments will be called continuous.

Iséki [7], for the first time, developed a fixed point theorem in 2-metric spaces. Since then a quite number of authors ([1]-[3], [5]-[36]) have extended and generalized the result of Iséki and various other results involving contractive and expansive type mappings. Especially, Murthy, Chang, Cho and Sharma [17] introduced the concepts of compatible mappings and compatible mappings of type (A) in 2-metric spaces, derived some relations between these mappings and proved common fixed point theorems for compatible mappings of type (A) in 2-metric spaces.

On the other hand, Cho [1], Constantin [2], Khan and Fisher [11] and Kubiak [14] established some necessary and sufficient conditions which guarantee the existence of a common fixed point for a pair of continuous mappings in 2-metric spaces.

In this paper we establish criteria for the existence of a common fixed point of a pair of mappings in 2-metric spaces. Our results generalize, improve and unify the corresponding results of Cho [1], Constantin [2], Khan and Fisher [11], Kubiak [14], Rhoades [25], Singh, Tiwari and Gupta [31] and others.

2 Preliminaries

Throughout this paper, N and ω denote the sets of positive and nonnegative integers, respectively. Let R^+ = [0, ∞) and

W = {w : w : R^+ → R^+ is continuous and satisfies 0 < w(t) < t for t > 0} .

We consider the family Φ of all continuous functions φ : (R^+)^5 → R^+ with the following properties:

(i) φ is non-decreasing in the 4^{th} and 5^{th} variables,

(ii) if u, v ∈ R^+ with u ≤ max{φ(v, v, u, u + v, 0), φ(v, u, v, u + v, 0), φ(v, v, u, 0, u + v), φ(v, u, v, 0, u + v)}, then u ≤ cv for some c ∈ (0, 1),

(iii) if u ∈ R^+ with u ≤ max{φ(u, 0, 0, u, u), φ(0, u, 0, u, u), φ(0, 0, u, u, u)}, then u = 0.

Let f be a mapping of a 2-metric space (X, d) into itself and B ⊂ X. Define d(x, B, a) = inf_{b∈B} d(x, b, a) for x, a ∈ X and F (f) = {t : t = ft ∈ X}.

Definition 2.1 A sequence {x_n}_{n∈N} in a 2-metric space (X, d) is said to be convergent

to a point x ∈ X if lim_{n→∞} d(x_n, x, a) = 0 for all a ∈ X. The point x is called the limit of the sequence {x_n}_{n∈N} in X.

Definition 2.2 A sequence {x_n}_{n∈N} in a 2-metric space (X, d) is said to be a Cauchy

sequence if lim_{m,n→∞} d(x_m, x_n, a) = 0 for all a ∈ X.

Definition 2.3 A 2-metric space (X, d) is said to be complete if every Cauchy sequence

in X is convergent.

Note that, in a 2-metric space (X, d), a convergent sequence need not be a Cauchy sequence, but every convergent sequence is a Cauchy sequence when the 2-metric d is continuous on X ([19]).

Definition 2.4 Let f and g be mappings from a 2-metric space (X, d) into itself.

f and g are said to be compatible if lim_{n→∞} d(fgx_n, gfx_n, a) = 0 for all a ∈ X, whenever {x_n}_{n∈N} ⊂ X such that lim_{n→∞} fx_n = lim_{n→∞} gx_n = t for some t ∈ X; f and g are said to be compatible of type (A) if lim_{n→∞} d(fgx_n, ggx_n, a) = lim_{n→∞} d(gfx_n, ffx_n, a) = 0 for all a ∈ X, whenever {x_n}_{n∈N} ⊂ X such that lim_{n→∞} fx_n = lim_{n→∞} gx_n = t for some t ∈ X.

Definition 2.5 A mapping f from a 2-metric space (X, d) into itself is said to be con-

tinuous at x ∈ X if for every sequence {x_n}_{n∈N} ⊂ X such that lim_{n→∞} d(x_n, x, a) = 0 for all a ∈ X, lim_{n→∞} d(fx_n, fx, a) = 0. f is called continuous on X if it is so at all points of X.

Lemma 2.1 ([17]) Let f and g be compatible mappings from a 2-metric space (X, d)

into itself. If ft = gt for some t ∈ X, then fgt = ggt = gft = fft.

Lemma 2.2 ([17]) Let f and g be compatible mappings from a 2-metric space (X, d) into

itself. If f is continuous at some t ∈ X and if lim_{n→∞} fx_n = lim_{n→∞} gx_n = t, then lim_{n→∞} gfx_n = ft.

3 Characterizations of common fixed points Theorem 3.1 Let (X, d) be a complete 2-metric space with d continuous on X and let

h and t be two mappings of X into itself. Then the following conditions are equivalent:

(1) h and t have a common fixed point;

(2) there exist r ∈ (0, 1), f : X → t(X) and g : X → h(X) such that

(a1) the pairs f, h and g, t are compatible, (a2) one of f, g, h and t is continuous, (a3) d(fx, gy, a) ≤ r max{d(hx, ty, a), d(hx, fx, a), d(ty, gy, a), 1 2 [d(hx, gy, a) + d(ty, fx, a)]} for all x, y, a ∈ X;

(3) there exist w ∈ W, f : X → t(X) and g : X → h(X) satisfying (a1), (a2) and (a4):

(a4) d(fx, gy, a) ≤ max { d(hx, ty, a), d(hx, fx, a), d(ty, gy, a), 1 2 [d(hx, gy, a) + d(ty, fx, a)] } − w ( max { d(hx, ty, a), d(hx, fx, a), d(ty, gy, a), 1 2 [d(hx, gy, a) + d(ty, fx, a)] }) for all x, y, a ∈ X;

(4) there exist φ ∈ Φ, f : X → t(X) and g : X → h(X) satisfying (a1), (a2) and (a5):

(a5) d(fx, gy, a) ≤ φ(d(hx, ty, a), d(hx, fx, a), d(ty, gy, a), d(hx, gy, a), d(ty, fx, a)) for all x, y, a ∈ X.

Proof: (1) ⇒ (2) and (4). Let z be a common fixed point of h and t. Define f : X → t(X) and g : X → h(X) by fx = gx = z for all x ∈ X. Then (a1) and (a2) hold. For each r ∈ (0, 1) and φ ∈ Φ, (a3) and (a5) also hold.

(2) ⇒ (3). Take w(t) = (1 − r)t. Then w ∈ W and (a3) implies (a4). (3) ⇒ (1). Let x_0 be an arbitrary point in X. Since f(X) ⊂ t(X) and g(X) ⊂ h(X), there exist sequences {x_n}_{n∈N} and {y_n}_{n∈N} in X satisfying y_{2n} = tx_{2n+1} = fx_{2n}, y_{2n+1} = hx_{2n+2} = gx_{2n+1} for n ∈ ω. Define d_n(a) = d(y_n, y_{n+1}, a) for a ∈ X and n ∈ ω. We claim that for any i, j, k ∈ ω

d(y_i, y_j, y_k) = 0 . (3.1)

Suppose that d_{2n}(y_{2n+2}) > 0. Using (a4), we have

d(fx_{2n+2}, gx_{2n+1}, y_{2n}) ≤ max { d(hx_{2n+2}, tx_{2n+1}, y_{2n}), d(hx_{2n+2}, fx_{2n+2}, y_{2n}), d(tx_{2n+1}, gx_{2n+1}, y_{2n}), 1 2 [d(hx_{2x+2}, gx_{2n+1}, y_{2n}) + d(tx_{2n+1}, fx_{2n+2}, y_{2n})] } − w ( max { d(hx_{2n+2}, tx_{2n+1}, y_{2n}), d(hx_{2n+2}, fx_{2n+2}, y_{2n}), d(tx_{2n+1}, gx_{2n+1}, y_{2n}), 1 2 [d(hx_{2n+2}, gx_{2n+1}, y_{2n}) + d(tx_{2n+1}, fx_{2n+2}, y_{2n})]} ) which implies that

d_{2n}(y_{2n+2}) ≤ max{0, d_{2n}(y_{2n+2}), 0, 0} − w(max{0, d_{2n}(y_{2n+2}), 0, 0}) = d_{2n}(y_{2n+2}) − w(d_{2n}(y_{2n+2})) < d_{2n}(y_{2n+2}) which is a contradiction. Hence d_{2n}(y_{2n+2}) = 0. Similarly, we have d_{2n+1}(y_{2n+3}) = 0. Consequently, d_n(y_{n+2}) = 0 for all n ∈ ω. Note that

d(y_n, y_{n+2}, a) ≤ d_n(y_{n+2}) + d_n(a) + d_{n+1}(a) = d_n(a) + d_{n+1}(a) .

(3.2)

By (a4) and (3.2) we have

d_{2n+1}(a) = d(fx_{2n+2}, gx_{2n+1}, a)

≤ max { d(hx_{2n+2}, tx_{2n+1}, a), d(fx_{2n+2}, hx_{2n+2}, a), d(gx_{2n+1}, tx_{2n+1}, a), 1 2 [d(hx_{2n+2}, gx_{2n+1}, a) + d(tx_{2n+1}, fx_{2n+2}, a)] } − w ( max { d(hx_{2n+2}, tx_{2n+1}, a), d(fx_{2n+2}, hx_{2n+2}, a), d(gx_{2n+1}, tx_{2n+1}, a), 1 2 [d(hx_{2n+2}, gx_{2n+1}, a) + d(tx_{2n+1}, fx_{2n+2}, a)] }) = max { d_{2n}(a), d_{2n+1}(a), d_{2n}(a), 1 2 [0 + d(y_{2n}, y_{2n+2}, a)] } − w ( max { d_{2n}(a), d_{2n+1}(a), d_{2n}(a), 1 2 [0 + d(y_{2n}, y_{2n+2}, a)] }) = max { d_{2n}(a), d_{2n+1}(a), 1 2 [d_{2n}(a) + d_{2n+1}(a)] } − w ( max { d_{2n}(a), d_{2n+1}(a), 1 2 [d_{2n}(a) + d_{2n+1}(a)] }) = max { d_{2n}(a), d_{2n+1}(a) } − w ( max{d_{2n}(a), d_{2n+1}(a)} ) . Suppose that d_{2n+1}(a) > d_{2n}(a). Then d_{2n+1}(a) ≤ d_{2n+1}(a) − w(d_{2n+1}(a)) < d_{2n+1}(a), which is a contradiction. Hence d_{2n+1}(a) ≤ d_{2n}(a) and so d_{2n+1}(a) ≤ d_{2n}(a) − w(d_{2n}(a)) < d_{2n}(a). Similarly, we have d_{2n}(a) ≤ d_{2n−1}(a). That is, for all n ∈ N

d_{n+1}(a) ≤ d_n(a) . (3.3)

Let n, m be in ω. If n ≥ m, then 0 = d_m(y_m) ≥ d_n(y_m); if n < m, then

d_n(y_m) ≤ d_n(y_{m−1}) + d_{m−1}(y_n) + d_{m−1}(y_{n+1}) ≤ d_n(y_{m−1}) + d_n(y_n) + d_n(y_{n+1}) ≤ d_n(y_{m−1}) ≤ d_n(y_{m−2}) ≤ · · · ≤ d_n(y_{n+1}) = 0 .

Thus, for any n, m ∈ ω

d_n(y_m) = 0 . (3.4)

For all i, j, k ∈ ω, we may, without loss of generality, assume that i < j. It follows from (3.4) that

d(y_i, y_j, y_k) ≤ d_i(y_j) + d_i(y_k) + d(y_{i+1}, y_j, y_k) = d(y_{i+1}, y_j, y_k) ≤ d(y_{i+2}, y_j, y_k) ≤ . . . ≤ d(y_{j−1}, y_j, y_k) = d_{j−1}(y_k) = 0 .

Therefore (3.1) holds.

By virtue of (a4), (3.3) and (3.4) we have

d_{2n}(a) = d(fx_{2n}, gx_{2n+1}, a) ≤ max { d(hx_{2n}, tx_{2n+1}, a), d(hx_{2n}, fx_{2n}, a), d(tx_{2n+1}, gx_{2n+1}, a), 1 2 [d(hx_{2n}, gx_{2n+1}, a) + d(tx_{2n+1}, fx_{2n}, a)] } − w ( max { d(hx_{2n}, tx_{2n+1}, a), d(hx_{2n}, fx_{2n}, a), d(tx_{2n+1}, gx_{2n+1}, a), 1 2 [d(hx_{2n}, gx_{2n+1}, a) + d(tx_{2n+1}, fx_{2n}, a)] }) = max { d_{2n−1}(a), 0, d_{2n}(a), 1 2 d(y_{2n−1}, y_{2n+1}, a) } − w ( max { d_{2n−1}(a), 0, d_{2n}(a), 1 2 d(y_{2n−1}, y_{2n+1}, a) }) = max { d_{2n−1}(a), d_{2n}(a), 1 2 [d_{2n−1}(a) + d_{2n}(a) + d_{2n+1}(y_{2n−1})] } − w ( max { d_{2n−1}(a), d_{2n}(a), 1 2 [d_{2n−1}(a) + d_{2n}(a) + d_{2n+1}(y_{2n−1})] }) = max{d_{2n−1}(a), d_{2n}(a)} − w(max{d_{2n−1}(a), d_{2n}(a)}) = d_{2n−1}(a) − w(d_{2n−1}(a)) .

Similarly, we have d_{2n+1}(a) ≤ d_{2n}(a) − w(d_{2n}(a)). It follows that n∑ i=0 w(d_i(a)) ≤ n∑ i=0 [d_i(a) − d_{i+1}(a)] = d_0(a) − d_{n+1}(a) ≤ d_0(a) .

So the series of nonnegative terms^∞ ∑ n=0 w(d_n(a)) is convergent. This means that

lim_{n→∞} w(d_n(a)) = 0 . (3.5)

(3.3) ensures that {d_n(a)}_{n∈ω} converges to some r ≥ 0. In view of the continuity of w and (3.5) we have

w(r) = lim_{n→∞} w(d_n(a)) = 0 which implies that r = 0. Hence

lim_{n→∞} d_n(a) = 0 . (3.6)

In order to show that {y_n}_{n∈ω} is a Cauchy sequence, by (3.6), it is sufficient to show that {y_{2n}}_{n∈ω} is a Cauchy sequence. Suppose that {y_{2n}}_{n∈ω} is not a Cauchy sequence. Then there exist ε > 0 and a ∈ X such that for each even integer 2k, there are even integers 2m(k) and 2n(k) with 2m(k) > 2n(k) > 2k and d(y_{2m(k)}, y_{2n(k)}, a) ≥ ε.

For each even integer 2k, let 2m(k) be the least even integer exceeding 2n(k) satisfying the above inequality, so that

d(y_{2m(k)−2}, y_{2n(k)}, a) ≤ ε , d(y_{2m(k)}, y_{2n(k)}, a) > ε . (3.7)

For each even integer 2k, by (3.1) and (3.7) we have

ε < d(y_{2m(k)}, y_{2n(k)}, a)

≤ d(y_{2m(k)−2}, y_{2n(k)}, a) + d(y_{2m(k)}, y_{2m(k)−2}, a) + d(y_{2m(k)}, y_{2n(k)}, y_{2m(k)−2}) ≤ ε + d(y_{2m(k)−2}, y_{2m(k)}, y_{2m(k)−1}) + d(y_{2m(k)−2}, y_{2m(k)−1}, a) + d(y_{2m(k)−1}, y_{2m(k)}, a) = ε + d_{2m(k)−2}(a) + d_{2m(k)−1}(a)

which implies that

lim_{k→∞} d(y_{2m(k)}, y_{2n(k)}, a) = ε . (3.8)

It follows from (3.7) that

0 < d(y_{2n(k)}, y_{2m(k)}, a) − d(y_{2n(k)}, y_{2m(k)−2}, a) ≤ d(y_{2m(k)−2}, y_{2m(k)}, a) ≤ d_{2m(k)−2}(a) + d_{2m(k)−1}(a) .

In view of (3.6) and (3.8) we immediately obtain

lim_{k→∞} d(y_{2n(k)}, y_{2m(k)−2}, a) = ε . (3.9)

Note that | d(y_{2n(k)}, y_{2m(k)−1}, a) − d(y_{2n(k)}, y_{2m(k)}, a) | ≤ d_{2m(k)−1}(a) + d_{2m(k)−1}(y_{2n(k)}) , | |d(y_{2n(k)+1}, y_{2m(k)}, a) − d(y_{2n(k)}, y_{2m(k)}, a) | | ≤ d_{2n(k)}(a) + d_{2n(k)}(y_{2m(k)}) , | |d(y_{2n(k)+1}, y_{2m(k)−1}, a) − d(y_{2n(k)}, y_{2m(k)−1}, a) | | ≤ d_{2n(k)}(a) + d_{2n(k)}(y_{2m(k)−1}) .

It is easy to see that

lim_{k→∞} d(y_{2n(k)}, y_{2m(k)−1}, a) = lim_{k→∞} d(y_{2n(k)+1}, y_{2m(k)}, a) = lim_{k→∞} d(y_{2n(k)+1}, y_{2m(k)−1}, a) = ε . (3.10)

It follows from (a4) that

d(y_{2m(k)}, y_{2n(k)+1}, a) = d(fx_{2m(k)}, gx_{2n(k)+1}, a) ≤ max { d(hx_{2m(k)}, tx_{2n(k)+1}, a), d(hx_{2m(k)}, fx_{2m(k)}, a), d(tx_{2n(k)+1}, gx_{2n(k)+1}, a), 1 2 [d(hx_{2m(k)}, gx_{2n(k)+1}, a) + d(tx_{2n(k)+1}, fx_{2m(k)}, a)] } − w ( max { d(hx_{2m(k)}, tx_{2n(k)+1}, a), d(hx_{2m(k)}, fx_{2m(k)}, a), d(tx_{2n(k)+1}, gx_{2n(k)+1}, a), 1 2 [d(hx_{2m(k)}, gx_{2n(k)+1}, a) + d(tx_{2n(k)+1}, fx_{2m(k)}, a)] }) = max { d(y_{2m(k)−1}, y_{2n(k)}, a), d_{2m(k)−1}(a), d_{2n(k)}(a), 1 2 [d(y_{2m(k)−1}, y_{2n(k)+1}, a) + d(y_{2n(k)}, y_{2m(k)}, a)] } − w ( max { d(y_{2m(k)−1}, y_{2n(k)}, a), d_{2m(k)−1}(a), d_{2n(k)}(a), 1 2 [d(y_{2m(k)−1}, y_{2n(k)+1}, a) + d(y_{2n(k)}, y_{2m(k)}, a)] }) . Letting k → ∞, by (3.10), (3.8), and (3.6) we have

ε ≤ max{ε, 0, 0, ε} − w(max{ε, 0, 0, ε}) = ε − w(ε) < ε

which is a contradiction. Therefore {y_{2n}}_{n∈ω} is a Cauchy sequence in X.

It follows from completeness of (X, d) that {y_n}_{n∈ω} converges to a point u ∈ X. Now, suppose that t is continuous. Since g and t are compatible and {gx_{2n+1}}_{n∈ω} and {tx_{2n+1}}_{n∈ω} converge to the point u, by Lemma 2.2 we get that gtx_{2n+1}, tgx_{2n+1} → tu as n → ∞. In virtue of (a4) we have

d(fx_{2n}, gtx_{2n+1}, a) ≤ max { d(hx_{2n}, ttx_{2n+1}, a), d(hx_{2n}, fx_{2n}, a), d(ttx_{2n+1}, gtx_{2n+1}, a), 1 2 [d(hx_{2n}, gtx_{2n+1}, a) + d(ttx_{2n+1}, fx_{2n}, a)] } − w ( max { d(hx_{2n}, ttx_{2n+1}, a), d(hx_{2n}, fx_{2n}, a), d(ttx_{2n+1}, gtx_{2n+1}, a), 1 2 [d(hx_{2n}, gtx_{2n+1}, a) + d(ttx_{2n+1}, fx_{2n}, a)] }) .

Letting n → ∞, we have

d(u, tu, a) ≤ max { d(u, tu, a), d(u, u, a), d(tu, tu, a), 1 2 [d(u, tu, a) + d(ttu, u, a)] } − w ( max { d(u, tu, a), d(u, u, a), d(tu, tu, a), 1 2 [d(u, tu, a) + d(ttu, u, a)] }) = d(u, tu, a) − w(d(u, tu, a))

which implies that w(d(u, tu, a)) ≤ 0. This means that u = tu. It follows from (a4) that

d(fx_{2n}, gu, a) ≤ max { d(hx_{2n}, tu, a), d(hx_{2n}, fx_{2n}, a), d(tu, gu, a), 1 2 [d(hx_{2n}, gu, a) + d(tu, fx_{2n}, a)] } − w ( max { d(hx_{2n}, tu, a), d(hx_{2n}, fx_{2n}, a), d(tu, gu, a), 1 2 [d(hx_{2n}, gu, a) + d(tu, fx_{2n}, a)] }) . As n → ∞, we have

d(u, gu, a) ≤ max { d(u, u, a), d(u, u, a), d(u, gu, a), 1 2 [d(u, gu, a) + d(u, u, a)] } − w ( max { d(u, u, a), d(u, u, a), d(u, gu, a), 1 2 [d(u, gu, a) + d(u, u, a)] }) = d(u, gu, a) − w(d(u, u, a))

which implies that u = gu. It follows from g(X) ⊂ h(X) that there exists v ∈ X with u = gu = hv. From (a4) we get

d(fv, u, a) = d(fv, gu, a)

≤ max { d(hv, tu, a), d(hv, fv, a), d(tu, gu, a), 1 2 [d(hv, gu, a) + d(tu, fv, a)] } − w ( max { d(hv, tu, a), d(hv, fv, a), d(tu, gu, a), 1 2 [d(hv, gu, a) + d(tu, fv, a)] }) = d(u, fv, a) − w(d(u, fv, a)) .

Therefore, u = fv. Lemma 2.1 ensures that fu = fhv = hfv = hu. By (a4) we obtain again

d(fu, u, a) = d(fv, gu, a)

≤ max { d(hu, tu, a), d(hu, fu, a), d(tu, gu, a), 1 2 [d(hu, gu, a) + d(tu, fu, a)] } − w ( max { d(hu, tu, a), d(hu, fu, a), d(tu, gu, a), 1 2 [d(hu, gu, a) + d(tu, fu, a)] }) = d(fu, u, a) − w(d(fu, u, a)) .

Hence u = fu. That is, u is a common fixed point of f, g, h and t. Similarly, we can complete the proof when f or g or h is continuous.

(4) ⇒ (1). Let {x_n}_{n∈ω}, {y_n}_{n∈ω}, d_n(a) be as in the proof of (3) ⇒ (1). Analogous we conclude that for all n, m ∈ ω d_n(a) ≤ hd_{n−1}(a) ≤ · · · ≤ h^nd_0(a) (3.11) and d_n(y_m) = 0 . (3.12) For any n, m ∈ ω, by (3.11) and (3.12) we have d(y_n, y_{n+m}, a) ≤ d_n(a) + d(y_{n+1}, y_{n+m}, a) + d_n(y_{n+m}) = d_n(a) + d(y_{n+1}, y_{n+m}, a) ≤ . . . ≤ n+m−1 ∑ k=n d_k(a) ≤

n+m−1 ∑ k=n h^kd_0(a) ≤ h^n 1 − h d_0(a)

which implies that {y_n}_{n∈ω} is a Cauchy sequence. The remainder of the proof follows from the proof process of (3) ⇒ (1). This completes the proof.

From Theorem 3.1 we immediately have

Theorem 3.2 Let (X, d) be a complete 2-metric space with d continuous on X and let

h and t be two mappings of X into itself. Then (1) is equivalent to each of the following conditions:

(5) there exist r ∈ (0, 1), f : X → t(X) ∩ h(X) such that

(a6) the pairs f, h and f, t are compatible, (a7) one of f, t and h is continuous, (a8) d(fx, fy, a) ≤ r max { d(hx, ty, a), d(hx, fx, a), d(ty, fy, a), 1 2 [d(hx, fy, a) + d(ty, fx, a)] } for all x, y, a ∈ X;

(6) there exist w ∈ W, f : X → t(X) ∩ h(X) satisfying (a6), (a7) and (a9):

(a9) d(fx, fy, a) ≤ max { d(hx, ty, a), d(hx, fx, a), d(ty, fy, a), 1 2 [d(hx, fy, a) + d(ty, fx, a)] } − w ( max { d(hx, ty, a), d(hx, fx, a), d(ty, fy, a), 1 2 [d(hx, fy, a) + d(ty, fx, a)] })

for all x, y, a ∈ X;

(7) there exist φ ∈ Φ, f : X → t(X) ∩ h(X) satisfying (a6), (a7) and (a10):

(a10) d(fx, fy, a) ≤ φ(d(hx, ty, a), d(hx, fx, a), d(ty, fy, a), d(hx, fy, a), d(ty, fx, a)) for all x, y, a ∈ X.

Remark 3.1 Theorems 3.1 and 3.2 are still true even though the condition of the compatibility is replaced by the compatibility of type (A).

Remark 3.2 Theorems 3.1 and 3.2 generalize, improve and unify Theorem 4.8 of Cho [1], the Theorem of Constantin [2], Theorem 2 of Khan and Fisher [11], Theorem 1 of Kubiak [14], Theorem 4 of Rhoades [24], Theorem 1 of Singh, Tiwari and Gupta [30].

Theorem 3.3 Let f be a mapping of a complete 2-metric space (X, d) into itself satis-

fying

(a11) d(fx, fy, a) ≤ max { d(x, y, a), 1 2 [d(x, fx, a) + d(y, fy, a)], 1 2 [d(x, fy, a) + d(y, fx, a)], 1 2 [d(y, fy, a) + d(y, fx, a)], 1 2 [d(y, fy, a) + d(x, fy, a)] }

for all x, y, a ∈ X.

Then the following conditions are equivalent:

(8) F (f) is nonempty and for each x ∈ X, the sequence of iterates {f^nx}_{n∈ω} converges to some point in F (f);

(9) there exists a closed subset G of X such that

(a12) d(fx, p, a) ≤ d(x, p, a) for x, a ∈ X, p ∈ G,

(a13) lim inf_{n→∞} d(f^nx, G, a) = 0 for a ∈ X.

Proof: (8) ⇒ (9). Take G = F (f) and x ∈ X. Then {f^nx}_{n∈N} converges to some point w ∈ G. It follows that

lim inf n→∞ d(f^nx, G, a) = lim inf_{n→∞} { inf_{p∈G} d(f^nx, p, a) } ≤ lim inf n→∞ d(f^nx, w, a)

= lim_{n→∞} d(f^nx, w, a) = 0

which implies that lim inf_{n→∞} d(f^n, G, a) = 0 for a ∈ X.

Let x, a ∈ X and p ∈ G. In view of (a11) we have

d(fx, p, a) = d(fx, fp, a)

≤ max { d(x, p, a), 1 2 d(x, fx, a), 1 2 [d(x, p, a) + d(p, fx, a)], 1 2 d(p, fx, a), 1 2 d(x, p, a) } = max { d(x, p, a), 1 2 (x, fx, a), 1 2 [d(x, p, a) + d(p, fx, a)] } .

(3.13)

Using (3.13) we obtain

d(fx, p, x) ≤ max { 0, 0, 1 2 d(p, fx, x) } = 1 2 d(fx, p, x)

which implies that d(fx, p, x) = 0. Hence

d(x, fx, a) ≤ d(x, fx, p) + d(x, p, a) + d(p, fx, a) = d(x, p, a) + d(p, fx, a) .

(3.14)

It follows from (3.13) and (3.14) that

d(fx, p, a) ≤ max { d(x, p, a), 1 2 [d(x, p, a) + d(p, fx, a)] } which implies that

d(fx, p, a) ≤ d(x, p, a) . (3.15)

Assume that {y_n}_{n∈N} ⊂ G and y_n → y ∈ X as n → ∞. It follows from (3.15) that

d(fy, y, a) ≤ d(fy, y, y_n) + d(fy, y_n, a) + d(y_n, y, a) ≤ 2d(y_n, y, a) .

Letting n → ∞, we easily conclude that d(fy, y, a) = 0 for all a ∈ X. Therefore y = fy ∈ G. That is, G is a closed.

(9) ⇒ (8). Let x_0 and a be in X and x_n = f^nx_0 for all n ∈ N. It follows from (a12) that

d(x_n, G, a) = inf_{p∈G} { d(x_n, p, a) } ≤ inf_{p∈G} { d(x_{n−1}, p, a) } = d(x_{n−1}, G, a) .

That is, {d(x_n, G, a)}_{n∈N} is non-increasing. Thus (a13) implies that lim_{n→∞} d(x_n, G, a) = lim inf n→∞ d(x_n, G, a) = 0. Therefore, for any ε > 0, there exists n_0(a) ∈ N such that for all n ≥ n_0(a) d(x_n, G, a) < 1 2 ε . (3.16) Now, suppose that n > m ≥ n_0(a) and p ∈ G. By (a12) we have for k ≥ n_0(a) d(x_n, x_m, p) = d(fx_{n−1}, p, x_m) ≤ d(x_{n−1}, p, x_m) ≤ · · · ≤ d(x_m, p, x_m) = 0 (3.17) and d(x_k, p, a) = d(fx_{k−1}, p, a) ≤ d(x_{k−1}, p, a) ≤ · · · ≤ d(x_{n0(a)}, p, a) . (3.18) In virtue of (3.17) and (3.18) we get d(x_n, x_m, a) ≤ d(x_n, x_m, p) + d(x_n, p, a) + d(p, x_m, a) ≤ 2d(x_{n0(a)}, p, a) which implies that d(x_n, x_m, a) ≤ 2d(x_{n0(a)}, G, a) .

By (3.16) and the above inequality we have for n > m ≥ n_0(a) d(x_n, x_m, a) < ε .

Hence {x_n}_{n∈N} is a Cauchy sequence in X and has a limit w ∈ X since (X, d) is complete. Letting k → ∞ in (3.18), we have d(w, p, a) ≤ d(x_{n0(a)}, p, a) which implies that d(w, G, a) = inf_{p∈G} d(w, p, a) ≤ d(x_{n0(a)}, G, a) . (3.19) In view of (3.16) and (3.19) we obtain that d(w, G, a) < ε, which implies that d(w, G, a) = 0 for all a ∈ X. Since G is closed, so w ∈ G. It follows from (a12) that d(fw, w, a) ≤ d(w, w, a) = 0 for all a ∈ X. This means that w = fw ∈ F (f) ≠ ϕ. This completes the proof.

References

[1] Cho, Y. J. : Fixed points for compatible mappings of type (A). Math. Japon. 38, 497-508 (1993)

[2] Constantin, A. : Common fixed points of weakly commuting mappings in 2-metric spaces. Math. Japon. 36, 507-514 (1991)

[3] Dubey, R. P. : Some fixed point theorems on expansion mappings in 2-metric spaces.

Pure Appl. Math. Sci. 32, 33-37 (1990)

[4] Gähler, S. : 2-metrische Räume und ihre topologische Struktur. Math. Nachr. 26, 115-148 (1963)

[5] Imdad, M., Khan, M. S., and Khan, M. D. : A common fixed point theorem in 2-metric spaces. Math. Japon. 36, 907-914 (1991)

[6] Iséki, K. : A property of orbitally continuous mappings on 2-metric spaces. Math.

Seminar Notes, Kobe Univ. 3, 131-132 (1975)

[7] Iséki, K. : Fixed point theorems in 2-metric spaces. Math. Seminar Notes, Kobe Univ.

3, 133-136 (1975)

[8] Iséki, K., Sharma, P. L., and Sharma, B. K. : Contraction type mappings on 2- metric spaces. Math. Japon. 21, 67-70 (1976)

[9] Khan, M. S. : Convergence of sequences of fixed points in 2-metric spaces. Indian J.

Pure Appl. Math. 10, 1062-1067 (1979)

[10] Khan, M. S. : On fixed point theorems in 2-metric spaces. Publ. Inst. Math. (Beograd) (N. S.) 41, 107-112 (1980)

[11] Khan, M. S., and Fisher, B. : Some fixed point theorems for commuting mappings.

Math. Nachr. 106, 323-326 (1982)

[12] Khan, M. S., and Swaleh, M. : Results concerning fixed points in 2-metric spaces.

Math. Japon. 29, 519-525 (1984)

[13] Khan, M. S., Imdad, M. , and Swaleh, M. : Asymptotically regular maps and sequences in 2-metric spaces. Indian J. Math. 27, 81-88 (1985)

[14] Kubiak, T. : Common fixed points of pairwise commuting mappings. Math. Nachr.

118, 123-127 (1984)

[15] Lal, S. N., and Singh, A. K. : An analogue of Banach’s contraction principle for 2-metric spaces. Bull. Austral. Math. Soc. 18, 137-143 (1978)

[16] Lal, S. N., and Singh, A. K. : Invariant points of generalized nonexpansive mappings in 2-metric spaces. Indian J. Math. 20, 71-76 (1978)

[17] Murthy, P. P., Chang, S. S., Cho, Y. J., and Sharma, B. K. : Compatible mappings of type (A) and common fixed point theorems. Kyungpook Math. J. 32, 203-216 (1992)

[18] Naidu, S. V. R. : Fixed point theorems for self-maps on a 2-metric space. Pure Appl.

Math. Sci. 35, 73-77 (1995)

[19] Naidu, S. V. R., and Prasad, J. R. : Fixed point theorems in 2-metric spaces. Indian J. Pure Appl. Math. 17, 974-993 (1986)

[20] Park, S., and Rhoades, B. E. : Some general fixed point theorems. Acta Sci. Math.

(Szeged) 42, 299-304 (1980)

[21] Parsi, V., and Singh, B. : Fixed points of a pair of mappings in 2-metric spaces. J.

Indian Acad. Math. 13, 23-26 (1991)

[22] Pathak, H. K., Chang, S. S., and Cho, Y. J. : Fixed point theorems for compatible mappings of type (P ). Indian J. Math. 36, 151-166 (1994)

[23] Pathak, M. K., and Maity, A. R. : Fixed point theorems in 2-metric spaces. J. Indian Acad. Math. 12, 17-24 (1990)

[24] Ram, B. : Existence of fixed points in 2-metric spaces. Ph. D. Thesis, Garhwal Univ., Springar 1982

[25] Rhoades, B. E. : Contraction type mappings on a 2-metric space. Math. Nachr. 91, 151-154 (1979)

[26] Sessa, S., and Fisher, B. : Some remarks on a fixed point theorem of T. Kubiak.

Publ. Math. Debrecen 37, 41-45 (1990)

[27] Sharma, A. K. : On fixed points in 2-metric spaces. Math. Seminar Notes, Kobe Univ. 6, 467-473 (1978)

[28] Sharma, A. K. : A study of fixed points of mappings in metric and 2-metric spaces.

Math. Seminar Notes, Kobe Univ. 7, 291-292 (1979)

[29] Sharma, A. K. : A generalization of Banach contraction principle in 2-metric spaces.

Math. Seminar Notes, Kobe Univ. 7, 293-294 (1979)

[30] Sharma, A. K. : A note on fixed points in 2-metric spaces. Indian J. Pure Appl.

Math. 11, 1580-1583 (1980)

[31] Sharma, B. K., and Sahu, N. K. : Asymptotic regularity and fixed points. Pure Appl.

Math. Sci. 33, 109-112 (1991)

[32] Singh, S. L. : Some contraction type principles on 2-metric spaces and applications.

Math. Seminar Notes, Kobe Univ. 7, 1-11 (1979)

[33] Singh, S. L. : A fixed point theorem in 2-metric spaces. Math. Ed. (Siwan) 14, 53-54 (1980)

[34] Singh, S. L., Tiwari, B. M. L., and Gupta, C. K. : Common fixed points of commuting mappings in 2-metric spaces and applications. Math. Nachr. 95, 293-297 (1980)

[35] Singh, S. L., and Ram, B. : A note on the convergence of sequence of mappings and their common fixed points in a 2-metric space. Math. Seminar Notes, Univ. Kobe 9, 181-185 (1981)

[36] Singh, S. L., and Meade, B. A. : On common fixed points in 2-metric spaces. Indian J. Phy. Nat. Sci. 2(13), 32-35 (1982)

received: December 9, 1998

Authors:

Zeqing Liu; Fengrong Zhang Department of Mathematics Liaoning Normal University Dalian, Liaoning, 116029 People’s Republic of China