Rostock. Math. Kolloq. 56, 29–38 (2002) Subject Classification (AMS)

35 -P.D.E.-

Laure Cardoulis

Existence of solutions for some semilinear elliptic systems

ABSTRACT. We obtain results on the existence of solutions for the semilinear elliptic equation (−Δ + q)u = λρu + f(x, u) in IR^N under the hypothesis that N ≥ 3, q(x) → +∞ as |x| → +∞ and ρ ∈ L^N2 (IR^N ). Similar results for semilinear systems of n equations are also established.

1 Introduction

In the present paper we will study the maximum principle and existence of solutions for the following elliptic equation:

(E_q) L_qu := (−Δ + q)u = λρu + f(x, u) in IR^N ,

where 0 ≤ ρ ∈ L^N2 (IR^N ), λ ∈ IR, and q ∈ L^1_{loc}(IR^N ) ∪ L^2_{loc}(IR^N ) ∪ C(IR^N ) is such that q ≥ constant c > 0 and q(x) → +∞ as |x| → +∞. Such topic has been studied already in [8] for the case that ρ ∈ L^∞(IR^N ) using the first eigenvalue λ(q) of the operator −Δ + q in L^2(IR^N ). Here we obtain results on existence of solutions to (E_q) in terms of the first eigenvalue λ(ρ) of the following problem studied in [6]:

(E_ρ) � −Δu = λρu in IR^N u(x) → 0 as |x| → +∞

We study also the following elliptic systems on IR^N :

L_{qi} u_i := (−Δ + q_i)u_i = λ_iρ_i + n� j=1;j≠i

a_{ij}u_j + f_i in IR^N (1 ≤ i ≤ n).

Under mild assumptions we have obtained the existence of solutions to the above systems.

2 Recalls

2.1 About one equation

Let D(IR^N ) = C^∞_0 (IR^N ) = C^∞_c (IR^N ) be the set of C^∞ functions on IR^N with compact support. Let 3 ≤ N ∈ IN; 0 ≤ ρ ∈ L^N2 (IR^N ), ρ ≠ 0. Let D^{1,2} be the completion of D(IR^N ) under the norm [ � IR^N |∇u|^2] 1 2 . We recall from [6] that the following equation

(E_ρ) � −Δu = λρu in IR^N u(x) → 0 as |x| → +∞

admits a simple and positive eigenvalue λ(ρ), called the principal eigenvalue, associated with a positive eigenfunction ψ_ρ, such that

λ(ρ) · � IR^N ρu^2 ≤ � IR^N

|∇u|^2 (∀u ∈ D^{1,2}).

2.2 Schrödinger operators

Let q ∈ L^1_{loc}(IR^N ) ∪ L^2_{loc}(IR^N ) ∪ C(IR^N ) be such that: q ≥ constant c > 0 and q(x) → +∞ as |x| → +∞, cf. [2, 3, p.3, 44, 68] and [15, Theorem XIII.47, p.207]. The variational space is the Hilbert space V_q(IR^N ) which is the completion of D(IR^N ) under the norm ‖u‖_q = [ � IR^N |∇u|^2 + q|u|^2] 1 2 . Proposition 2.1 (see [1, Prop.I.1.1])

The embedding of V_q(IR^N ) into L^2(IR^N ) is compact and has dense range.

Proposition 2.2 (see e.g. [1, p.25 to 27])

−Δ + q, considered as an operator in L^2(IR^N ), is positive, selfadjoint, with compact inverse. Its spectrum is discrete and consists of an infinite sequence of positive eigenvalues tending to +∞. The smallest eigenvalue, called the principal eigenvalue and denoted by λ(q), is simple and has a nonnegative eigenfunction ϕ_q. Moreover, there holds: ∀u ∈ V_q(IR^N ), λ(q) � IR^N |u|^2 ≤ � IR^N [|∇u|^2 + q|u|^2].

2.3 M-matrix

We say that a matrix is positive if all of its entries are positive.

Definition 2.1 A matrix M = sI − B is called a non singular M-matrix if B is a

positive matrix and s > ρ(B) > 0, where ρ(B) denotes the spectral radius of B.

Proposition 2.3 (see [4, Theorem 2.3, p.134])

If M is a matrix with nonpositive off-diagonal entries, then the following conditions (P 0), (P 1), (P 2), (P 3), (P 4) are equivalents: (P 0) M is a non singular M-matrix.

(P 1) All the principal minors of M are strictly positives. (P 2) M is semi-positive i.e.: ∃X >> 0 such that MX >> 0. Here X >> 0 means that the entries of X are strictly positive. (P 3) M has a positive inverse.

(P 4) There exists a diagonale matrix D, D > 0, such that MD + D^tM is positive definite.

3 The scalar case

3.1 Case of a linear equation We consider the following elliptic equation: (E_q) L_qu := (−Δ + q)u = λρu + f in IR^N where N ≥ 3, f ∈ L^2(IR^N ), 0 ≤ ρ ∈ L^N2 (IR^N ), ρ ≠ 0, λ ∈ IR and q ∈ L^1_{loc}(IR^N ) ∪ L^2_{loc}(IR^N ) ∪ C(IR^N ) is such that q ≥ constant c > 0 and q(x) → +∞ as |x| → +∞. We say that u is a weak solution of (E_q) if u ∈ V_q(IR^N ) and � IR^N

(∇u.∇ϕ + quϕ) = λ � IR^N ρuϕ + � IR^N fϕ (∀ϕ ∈ D(IR^N )).

Theorem 3.1 Assume λ < λ(ρ). Then (E_q) admits a unique weak solution u ∈ V_q(IR^N ).

Moreover, if f ≥ 0, then u ≥ 0.

The proof of Theorem 3.1 is elmentary and thus the details are omitted. By using a theorem obtained in [8] we can derive the following result for the asymptotic behaviour of the solutions.

Theorem 3.2 Let u be a weak solution of (E_q). Then there holds the convergence that

lim_{|x|→∞} u(x) = 0 under each of the following conditions a)-b): a) N = 3.

b) N ≥ 3 and either |f| ∈ H^m(IR^N ) with m >^N_2 − 2 or f ∈ L^d2 (IR^N ) with d > N.

3.2 Case of a semilinear equation

Of concern is the following semilinear elliptic equation

(E_q) L_qu(x) := (−Δ + q(x))u(x) = λρ(x)u(x) + f(x, u(x)) for x ∈ IR^N .

In [8], in case the coefficient ρ is bounded, we have established already the existence of solutions for (E_q) by the sub and supper solutions method combining with the Schauder fixed point Theorem. Here we are interested in the more general case ρ ∈ L^N2 (IR^N ) to which the above method fails and thus we have to use the approximation method due to L. Boccardo, J. Fleckinger and F. de Thlin [5].

Theorem 3.3 Let the following conditions (h1) − (h4) be satisfied:

(h1) N ≥ 3; 0 ≤ ρ ∈ L^N2 (IR^N ) ∩ L^∞_{loc}(IR^N ), ρ ≠ 0; λ ∈ IR; and q ∈ L^1_{loc}(IR^N ) ∪ L^2_{loc}(IR^N ) ∪ C(IR^N ) is such that q ≥ constant c > 0 and q(x) → +∞ as |x| → ∞. (h2) ∃θ ∈ L^2(IR^N ), ∀u ∈ L^2(IR^N ), |f(x, u)| ≤ θ. (h3) f is Lipschitz respect to u, uniformly in x. (h4) λ < λ(ρ).

Then (E_q) has a weak solution.

Proof: Let ϵ ∈]0, 1[ and B_ϵ = B(0,^1_ϵ ) = {x ∈ IR^N , |x| <^1_ϵ }. Let 1_{Bϵ} be the indicator function of B_ϵ. Let m ∈ IR^{∗+} be such that λ + m > 0.

Let T_ϵ : L^2(IR^N ) → L^2(IR^N ) be defined by T_ϵ(u) = v, where u, v are determined as follows:

(E1) (−Δ + q + mρ)v = (λ + m) ρu 1 + ϵρ|u|

1_{Bϵ} + f(x, u) in IR^N .

i) First we prove that T_ϵ is well defined.

By (h2) and the scalar case, since −m < 0 < λ(ρ), we deduce the existence (and uniqueness) of the weak solution v ∈ V_q(IR^N ) of (E1).

ii) Construction of a sub and supper solution for (E1).

We have: (λ + m)^1_ϵ 1_{Bϵ} + θ ∈ L^2(IR^N ) so by the scalar case, we deduce that: ∃!ξ^0_ϵ ∈ V_q(IR^N ), ξ^0_ϵ ≥ 0 such that: (−Δ + q + mρ)ξ^0_ϵ = (λ + m)^1_ϵ 1_{Bϵ} + θ in IR^N . ξ^0_ϵ is a suppersolution of (E1). By the same way, ξ_{ϵ,0} = −ξ^0_ϵ is a subsolution of (E1). Note that T_ϵ(σ_ϵ) ⊂ σ_ϵ where σ_ϵ = [ξ_{ϵ,0}, ξ^0_ϵ ].

iii) We prove that T_ϵ is continuous.

Let (u_n)_{n∈}IN be a sequence in σ_ϵ = [ξ_{ϵ,0}, ξ^0_ϵ ] converging to u in ‖.‖_{L2(}IRN_). Set T_ϵ(u_n) = v_n (n ∈ IN) and T_ϵ(u) = v. We have in a weak sense:

(−Δ + q + mρ)(v_n − v) = (λ + m)[^{ρun}_{1+ϵρ|un|} −^{ρu}_{1+ϵρ|u|} ]1_{Bϵ} + f(x, u_n) − f(x, u). Multiplying by v_n − v, integrating over IR^N and using the Cauchy-Schwartz inequality, we get:

‖v_n − v‖^2_{q+mρ} ≤ (λ + m)[ � B_ϵ ( ρu_n 1+ϵρ|u_n| − ρu 1+ϵρ|u| )

2]^12 ‖v_n − v‖_{L2(}IRN_) +‖f(x, u_n) − f(x, u)‖_{L2(}IRN_)‖v_n − v‖_{L2(}IRN_).

But the function l on IR defined by l(x) :=^x_{1+|x|} (∀x ∈ IR) is Lipschitz and satisfies: ∀x, y ∈ IR, |l(x) − l(y)| ≤ |x − y|. So, by (h3), we deduce that ‖v_n − v‖_{q+mρ} ≤ [(λ + m)[ � B_ϵ ρ

2(u_n − u)^2]^12 + k‖u_n − u‖_{L2(}IRN_)]‖v_n − v‖_{L2(}IRN_) for some positive constant k. Since ρ ∈ L^∞_{loc}(IR^N ) we find that ‖v_n − v‖_{q+mρ} ≤ K(ϵ)‖u_n − u‖_{L2(}IRN_) for some positive constant K(ϵ). Hence (v_n)_n is a sequence converging to v in ‖.‖_{L2(}IRN_).

iv) Let (v_n)_n be a sequence such that: T_ϵ(u_n) = v_n.

We want to prove that there exists a subsequence of (v_n) converging in L^2(IR^N ). We have: ∀n, (−Δ + q + mρ)v_n = (λ + m)^{ρun}_{1+ϵρ|un|} 1_{Bϵ} + f(x, u_n) in IR^N . By the Cauchy-Schwartz inequality and by (h2), we obtain: ‖v_n‖^2_{q+mρ} ≤ (λ + m)^1_ϵ [ � B_ϵ 1] 1 2 ‖v_n‖_L2_{(Bϵ)} + ‖θ‖_{L2(}IRN_)‖v_n‖_{L2(}IRN_).

So the sequence (v_n) is bounded in V_q(IR^N ). Since the embedding of V_q(IR^N ) into L^2(IR^N ) is compact, we can find a subsequence of (v_n) which is convergent in L^2(IR^N ). Therefore T_ϵ(σ_ϵ) is compact.

v) By the Schauder Fixed Point Theorem, we deduce the existence of u_ϵ ∈ σ_ϵ such that:

T_ϵ(u_ϵ) = u_ϵ. Moreover, there holds

(−Δ + q + mρ)u_ϵ = (λ + m) ρu_ϵ 1 + ϵρ|u_ϵ|

1_{Bϵ} + f(x, u_ϵ) in IR^N .

vi) Now we prove that (ϵu_ϵ)_ϵ is a bounded sequence in V_q(IR^N ).

Multiplying by ϵ^2u_ϵ, integrating over IR^N , using the Cauchy-Schwartz inequality and since^{1Bϵ}_{1+ϵρ|uϵ|} ≤ 1 we deduce that

‖ϵu_ϵ‖^2_{q+mρ} ≤ (λ + m) � IR^N ρϵ^2u^2_ϵ + ‖θ‖_{L2(}IRN_)‖ϵu_ϵ‖_{L2(}IRN_).

Therefore, ‖ϵu_ϵ‖^2_{q+mρ} ≤^{λ+m}_{λ(ρ)+m} ‖ϵu_ϵ‖^2_{q+mρ} + ‖θ‖_{L2(}IRN_)‖ϵu_ϵ‖_{L2(}IRN_). It follows that 0 ≤^{λ(ρ)−λ}_{λ(ρ)+m} ‖ϵu_ϵ‖^2_{q+mρ} ≤ ‖θ‖_{L2(}IRN_)‖ϵu_ϵ‖_{L2(}IRN_). Hence: ∃K > 0, K independent of ϵ such that ‖ϵu_ϵ‖_{q+mρ} ≤ K.

vii) We prove now that ϵu_ϵ → 0 as ϵ → 0 strongly in L^2(IR^N ) and weakly in V_q(IR^N ). We know that the imbedding of V_q(IR^N ) into L^2(IR^N ) is compact. The sequence (ϵu_ϵ)_ϵ is bounded in V_q(IR^N ) so (for a subsequence), we deduce that ∃u^∗ such that: ϵu_ϵ → u^∗ as ϵ → 0 strongly in L^2(IR^N ) and weakly in V_q(IR^N ). Multiplying by ϵ, we get: (−Δ + q + mρ)ϵu_ϵ = (λ + m)^{ρϵuϵ}_{1+ϵρ|uϵ|} 1_{Bϵ} + ϵf(x, u_ϵ) in IR^N .

We have: ∀ϕ ∈ D(IR^N ), | � IR^N ϵf(x, u^ϵ)ϕ| ≤ ϵ � IR^N θ|ϕ|.

We deduce that: � IR^N ϵf(x, u^ϵ)ϕ → 0 as ϵ → 0.

We have also: [^{ϵρuϵ}_{1+ϵρ|uϵ|} 1_{Bϵ} −^{ρu∗}_{1+ρ|u∗ |} ]ϕ → 0 as ϵ → 0. Since^{ϵρ|uϵ|}_{1+ϵρ|uϵ|} ≤ 1 and^{ρ|u∗ |}_{1+ρ|u∗ |} ≤ 1 we get |[ ϵρu_ϵ 1 + ϵρ|u_ϵ|

1_{Bϵ} − ρu^∗ 1 + ρ|u^∗|

]ϕ| ≤ 2|ϕ| ∈ L^1(IR^N ).

Using the Dominated Convergence Theorem, we deduce that � IR^N ϵρu_ϵ 1 + ϵρ|u_ϵ|

1_{Bϵ} ϕ → � IR^N ρu^∗ 1 + ρ|u^∗| ϕ as ϵ → 0.

So u^∗ is a weak solution of the equation (−Δ + q + mρ)u^∗ = (λ + m)^{ρu∗}_{1+ρ|u∗ |} in IR^N . We prove u^∗ = 0. Multiplying by u^∗ and integrating over IR^N yields � IR^N

[|∇u^∗|^2 + (q + mρ)|u^∗|^2] = (λ + m) � IR^N ρ|u^∗|^2 1 + ρ|u^∗|

≤ (λ + m) � IR^N ρu^{∗2}.

Since λ(ρ) � IR^N ρu^{∗2} ≤ � IR^N |∇u^∗|^2 we have (λ(ρ) + m) � IR^N ρu^{∗2} ≤ (λ + m) � IR^N ρu^{∗2}.

But λ(ρ) − λ > 0, we find that � IR^N ρu^{∗2} = 0 and thus u^∗ = 0 a.e.

viii) We prove now by contradiction that (u_ϵ)_ϵ is bounded in V_q(IR^N ) .

We suppose that (for a subsequence): ‖u_ϵ‖_{q+mρ} → +∞ as ϵ → 0. Let z_ϵ =^1_{‖uϵ‖q+mρ} u_ϵ. Then ‖z_ϵ‖_{q+mρ} = 1 and thus (z_ϵ)_ϵ is a bounded sequence in V_q(IR^N ). There exists z such that z_ϵ → z as ϵ → 0 strongly in L^2(IR^N ) and weakly in V_q(IR^N ). Furthermore: ∃h ∈ L^2(IR^N ), ∀ϵ, |z_ϵ| ≤ h a.e (for a subsequence) (see [7, p.58]) In a weak sense, we have:

(−Δ + q + mρ)z_ϵ =^{(λ+m)}_{‖uϵ‖q+mρ}^{ρuϵ}_{1+ϵρ|uϵ|} 1_{Bϵ} +^1_{‖uϵ‖q+mρ} f(x, u_ϵ) in IR^N . We have: ∀ϕ ∈ D(IR^N ), � IR^{N 1‖u}ϵ^‖q+mρ f(x, u^ϵ)ϕ → 0 as ϵ → 0.

We have also: [^{ρzϵ}_{1+ϵρ|uϵ|} 1_{Bϵ} − ρz]ϕ → 0 as ϵ → 0 a.e.

|[^{ρzϵ}_{1+ϵρ|uϵ|} 1_{Bϵ} − ρz]ϕ| ≤ |ρ(z_ϵ1_{Bϵ} − z)||ϕ| + |^{ϵρ|uϵ|}_{1+ϵρ|uϵ|} ρzϕ| ≤ |ρ(|z| + |h|)ϕ| + |ρzϕ| ∈ L^1(IR^N ) since ρ ∈ L^∞_{loc}(IR^N ). Using the Dominated Convergence Theorem, we deduce that � IR^{N ρzϵ1+ϵρ|u}ϵ^| 1^{Bϵ} ϕ → � IR^N ρzϕ as ϵ → 0. So z is a weak solution of the equation (−Δ + q)z = λρz in IR^N . Since λ < λ(ρ) we find z = 0. Using ‖z_ϵ‖_{L2(}IRN_) = 1 → ‖z‖_{L2(}IRN_) = 0 as ϵ → 0, we get a contradiction.

ix) There exists u^0 such that u_ϵ → u^0 strongly in L^2(IR^N ) and weakly in V_q(IR^N ).

We have in a weak sense:

(−Δ + q + mρ)u_ϵ = (λ + m)^{ρuϵ}_{1+ϵρ|uϵ|} 1_{Bϵ} + f(x, u_ϵ) in IR^N .

But u_ϵ ⇀ u^0 as ϵ → 0 weakly in V_q(IR^N ). Furthermore: ∃h^′ ∈ L^2(IR^N ), ∀ϵ, |u_ϵ| ≤ h^′ a.e (for a subsequence.) By (h3) we have also:

‖f(x, u_ϵ) − f(x, u^0)‖^2_{L2(}IRN_) ≤ const · ‖u_ϵ − u^0‖^2_{L2(}IRN_).

Therefore: ∀ϕ ∈ D(IR^N ), � IR^N f(x, u^ϵ)ϕ → � IR^N f(x, u^0)ϕ as ϵ → 0.

Moreover: [^{ρuϵ}_{1+ϵρ|uϵ|} 1_{Bϵ} − ρu^0]ϕ → 0 as ϵ → 0 a.e. and |[^{ρuϵ}_{1+ϵρ|uϵ|} 1_{Bϵ} − ρu^0]ϕ| ≤ ρ(|h^′| + 2|u^0|)|ϕ| ∈ L^1(IR^N ). Using the Dominated Convergence Theorem, we deduce that � IR^{N ρuϵ1+ϵρ|u}ϵ^| 1^{Bϵ} ϕ → � IR^N ρu^0ϕ as ϵ → 0. So u^0 is a weak solution of the equation (−Δ + q)u^0 = λρu^0 + f(x, u^0) in IR^N .

4 Study of a system

The system which we will study has the form

L_{qi} u_i := (−Δ + q_i)u_i = λ_iρ_i + n� j=1;j≠i

a_{ij}u_j + f_i in IR^N (1 ≤ i ≤ n). (1)

We assume N ≥ 3 and impose the following conditions (H0)-(H3) for each index i :

(H0) λ_i ∈ IR.

(H1) 0 ≤ ρ_i ∈ L^{N/2}(IR^N ), ρ_i ≠ 0.

(H2) q_i ∈ L^1_{loc}(IR^N ) ∪ L^2_{loc}(IR^N ) ∪ C(IR) is such that q_i ≥ c_i for some positive constant c_i and q_i(x) → +∞ as |x| → ∞.

(H3) f_i ∈ L^2(IR^N ).

We say that (u_1, ..., u_n) ∈ V_{q1} (IR^N ) × ... × V_{qn} (IR^N ) is a weak solution of System (1) if: ∀1 ≤ i ≤ n, ∀ϕ ∈ D(IR^N ), � IR^N [∇u^i.∇ϕ + q^iu^iϕ] = λ^i � IR^N ρ^iu^iϕ + � IR^N

�_n

j=1;j≠i aijujϕ + � IR^N f^iϕ.

We call System (1) cooperative if a_{ij} ≥ 0 for all i ≠ j. We say that System (1) satisfies the maximum principle if: ∀f_i ≥ 0, 1 ≤ i ≤ n, each solution u = (u_1, ..., u_n) of (1) is nonnegative.

4.1 Study of a linear system

Theorem 4.1 Assume conditions (H0) − (H3) and the following ones

(H4) ∀i, j i ≠ j ⇒ 0 ≤ a_{ij} ≤ k_{ij} √ ρ_i√ρ_j with k_{ij} ∈ IR^+.

Let D = (d_{ij}) be the n × n matrix given by d_{ii} = λ(ρ_i) − λ_i and d_{ij} = −k_{ij} otherwise. If D is a non singular M-matrix, then System (1) satisfies the maximum principle.

Proof: Assume that: ∀1 ≤ i ≤ n, f_i ≥ 0. Let (u_1, ..., u_n) be a weak solution of (1) and u^−_i = max (0, −u_i). Using (H4) and the Cauchy-Schwartz inequality, we obtain

(λ(ρ_i) − λ_i)( � IR^N ρ_i|u^−_i |^2)^{12} − � j;j≠i

k_{ij}( � IR^N ρ_j|u^−_j |^2)^{12} ≤ 0.

Let^tX = (x_1, ..., x_n) be such that: ∀1 ≤ i ≤ n, x_i = ( � IR^N ρ^i|u^{−i} |^2) 1 2 . We have DX ≤ 0.

Since D is a non singular M-matrix, by (P 3), D has a positive inverse. Hence, X ≤ 0. It follows that u^−_i ≡ 0 for all i.

Theorem 4.2 Assume conditions (H0) − (H3) and the following ones

(H4∗) ∀i, j i ≠ j ⇒ |a_{ij}| ≤ k_{ij} √ ρ_i√ρ_j with k_{ij} ∈ IR^+.

If D (given in Theorem 4.1) is a non singular M-matrix, then System (1) has a unique weak solution (u_1, ..., u_n). Furthermore if System (1) is cooperative and if f_i ≥ 0 for all i, then, by the maximum principle, we have that u_i ≥ 0 for all i.

Proof: By (P 4), there exists a diagonale matrix E such that^tDE + ED is positive definite, with: E = (e_{ij}) where ∀1 ≤ i ≤ n, e_{ii} = e_i > 0. Let ∀i, m_i ∈ IR^{∗+} such that: ∀1 ≤ i ≤ n, λ_i + m_i > 0. Let l : (V_{q1} (IR^N ) × ... × V_{qn} (IR^N ))^2 → IR be defined by l((u_1, ..., u_n), (v_1, ..., v_n)) =

�_n i=1 e_i � IR^N [∇u^i.∇v^i + (q^i + m^iρ^i)u^iv^i] − �_n i=1 e_i(λ_i + m_i) � IR^N ρ^iu^iv^i − � i,j;i≠j ei � IR^N a^{ij}u^jv^i.

l is a bilinear continuous form. By (H4∗) and the Cauchy-Schwartz inequality, we prove that l is coercive. So, using the Lax-Milgram Theorem, we obtain a unique solution for System (1).

4.2 Study of a semilinear system

Theorem 4.3 Keep conditions (H0) − (H3) and (H4∗) and assume that the condition

(H1) is strengthened as follows: ρ_i ∈ L^∞_{loc}(IR^N ) ∩ L^1(IR^N ) for each i. Assume further the following conditions (H6) − (H7):

(H6) ∀i, ∃θ_i ∈ L^2(IR^N ), ∀u_1, ..., u_n ∈ L^2(IR^N ), |f_i(x, u_1, ..., u_n)| ≤ θ_i. (H7) ∀i, f_i is Lipschitz respect to u_i, uniformly in x.

If D (given in Theorem 4.1) is a non singular M-matrix, then System (1) has a weak solution (u_1, ..., u_n).

Since the proof of Theorem 4.3 is very similar to that of Theorem 3.3, we omit the details.

References

[1] Abakhti-Mchachti, A. : Systèmes semilinaires d’équations de Schroedinger. These numero 1338, Université Toulouse 3, 1993

[2] Agmon, S. : Bounds on Exponential Decay of Eigenfunctions of Schroedinger Operators. Schroedinger Operators Como 1984, Springer-Verlag

[3] Agmon, S. : Lectures on exponential decay of solutions of second-order elliptic equations : bounds on eigenfunctions of N-body Schroedinger operators. Mathematical Notes 29, Princeton University Press, 1983

[4] Bermann, A., and Plemmons, R. J. : Nonnegative matrices in the mathematical sciences. Academic Press, New York 1979

[5] Boccardo, L., Fleckinger-Pelle, J., and Thelin, F. de : Existence of solutions for some nonlinear cooperative systems. Differ. Integral Equ. 7, No.3-4, 689-698 (1994)

[6] Brown, K. J., and Stavrakakis, N. : Global Bifurcation Results for a Semilinear Elliptic Equation on all of IR^N . Duke Math. J. 85, No.1, 77-94 (1996)

[7] Brezis, H. : Analyse fonctionnelle. Theorie et applications. Masson, Paris 1993

[8] Cardoulis, L. : Problémes elliptiques : applications de la théorie spectrale et études de systèmes, existences de solutions. Thèse, Université de Toulouse I, 1997

[9] Edmunds, D.E., and Evans, W.D. : Spectral Theory and Differential Operators.

Oxford Science Publications, Oxford 1987

[10] de Figueiredo, D.G, and Mitidieri, E. : A maximum principle for an elliptic system and applications to semilinear problems. SIAM, J. Math. Anal. 17, 836-849, (1986)

[11] Fleckinger, J., Hernandez, J., and Thelin, F. de : On maximum principles and existence of positive solutions for some cooperative elliptic systems. Differ. Integral Equ. 8, No.1, 69-85 (1995)

[12] Hernandez, J. : Maximum principles and decoupling for positive solutions of reactiondiffusion systems. In: K. J. Brown and A. A. Lacey (eds): Reaction-Diffusion Equations. pp. 199-224. Oxford 1990

[13] Kato, T. : Perturbation Theory for Linear Operators. Springer-Verlag, Berlin 1980

[14] Protter, M.H., and Weinberger, H.F. : Maximum Principles in Differential Equations. Prentice Hall 1967 [15] Reed, M., and Simon, B. : Methods of Modern Mathematical Physics. Vol. 4 Analysis of operators. Academic Press, New York 1978

received: April 12, 2001

Author:

Laure Cardoulis Univ. Toulouse 1 pl.A.France 31042 Toulouse Cedex e-mail: cardouli@math.univ-tlse1.fr