Rostock. Math. Kolloq. 56, 9–24 (2002) Subject Classification (MSC)

35 P.D.E.,35J10, 35J45

Laure Cardoulis

Existence of solutions for non necessarily cooperative systems involving Schrödinger operators

ABSTRACT. We study the existence of a solution for a non necessarily cooperative system of n equations involving Schrödinger operators defined on IR^N and we study also a limit case (the Fredholm Alternative). We derive results for semilinear systems.

KEY WORDS AND PHRASES. Schrödinger operators, M-matrices, non necessarily cooperative systems.

1 Introduction

We consider the following elliptic system defined on IR^N : (1) � for 1 ≤ i ≤ n, (1i) L_{qi} u_i := (−Δ + q_i)u_i =

�_n j=1 a_{ij}u_j + f_i in IR^N

where :

. n and N are two integers not equal to 0

. Δ is the Laplacian operator

(H1) for 1 ≤ i, j ≤ n, a_{ij} ∈ L^∞(IR^N )

(H2) for 1 ≤ i ≤ n, q_i is a continuous potential defined on IR^N such that:

q_i(x) ≥ 1, ∀x ∈ IR^N and q_i(x) → +∞ when |x| → +∞

(H3) for 1 ≤ i ≤ n, f_i ∈ L^2(IR^N )

We do not make here any assumptions on the sign of a_{ij}. Recall that System (1) is called cooperative if a_{ij} ≥ 0 pp for i ≠ j.

Our paper is organized as follow:

- in Section 2, we recall some results about M-matrices and about the Maximum Principle for cooperative systems involving Schrödinger operators −Δ + q_i in IR^N . - in Section 3, we show the existence of a solution for a non necessarily cooperative system of n equations. After that we study a limit case (the Fredholm Alternative) and finally we study the existence of a solution for a (non necessarily cooperative) semilinear system.

2 Recalls

2.1 M-matrix

We recall some results about the M-matrix([8]th2.3 p.134).

We say that a matrix is positive if all its coefficients are nonnegative and we say that a symmetric matrix is positive definite if all its principal minors are stictly positive.

Definition 2.1 ([8]) A matrix M = sI − B is called a non singular M-matrix if B is a

positive matrix (i.e. with nonnegative coefficients) and s > ρ(B) > 0 the spectral radius of B. Proposition 2.2 ([8]) If M is a matrix with nonpositive off-diagonal coefficients, the

conditions (P 0), (P 1), (P 2), (P 3), (P 4) are equivalent. (P 0) M is a non singular M-matrix, (P 1) all the principal minors of M are strictly positive, (P 2) M is semi-positive i.e.: ∃X >> 0 such that MX >> 0. X >> 0 signify ∀i, X_i > 0 if X = (X_1, ..., X_n). (P 3) M has a positive inverse.

(P 4) there exists a diagonal matrix D, D > 0, such that MD + D^tM is positive definite.

Remark: If M is a non singular M-matrix, then^tM is also a non singular M-matrix. So (P 4) ⇔ (P 5) with (P 5) : there exists a diagonal matrix D, D > 0 such that^tMD + DM is positive definite.

2.2 Schrödinger operators

Let D(IR^N ) = C^∞_0 (IR^N ) = C^∞_c (IR^N ) the set of functions C^∞ on IR^N with compact support. Let q a continuous potential defined on IR^N such that :

q(x) ≥ 1, ∀x ∈ IR^N and q(x) → +∞ when |x| → +∞. The variational space is V_q(IR^N ) : the completion of D(IR^N ) for the norm ‖.‖_q where ‖u‖_q = [ � IR^N |∇u|^2 + q|u|^2] 1 2 . V_q(IR^N ) = {u ∈ H^1(IR^N ), √ qu ∈ L^2(IR^N )}

(V_q(IR^N ), ‖.‖_q) is an Hilbert space.([1] prop.I.1.1) Moreover:

Proposition 2.3 ([1] propI.1.1; [21]prop1, p.356)

The embedding of V_q(IR^N ) into L^2(IR^N ) is compact and with dense range.

To the form :

a(u, v) = � IR^N

∇u.∇v + � IR^N quv, ∀(u, v) ∈ (V_q(IR^N ))^2,

we associate the operator L_q := −Δ + q defined on L^2(IR^N ) by variational methods. Here D(L_q) denotes the domain of the operator L_q. D(L_q) = {u ∈ V_q(IR^N ), (−Δ + q)u ∈ L^2(IR^N )} ([5]th1.1, p4) We have : ∀u ∈ D(L_q), ∀v ∈ V_q(IR^N ), a(u, v) = � IR^N L^qu.v.

The embedding of D(L_q) into V_q(IR^N ) is continuous and with dense range. ([1], p.24;[5], p.5,6)

Proposition 2.4 ([1], p.25 to 27;[5]th1.1, p.4,p.6,8,11; [6], p.3, th3.2 p.45;

[14], p.488,489;[26], p.346 to 350; [28]thXIII.16, p.120,thXIII.47 p.207) L_q, considered as an operator in L^2(IR^N ), is positive, selfadjoint, with compact inverse. Its spectrum is discrete and consists in an infinite sequence of positive eigenvalues tending to +∞. The smallest one, denoted by λ(q), is simple and associated with an eigenfunction ϕ_q which does not change sign in IR^N . We say that λ(q) is a principal eigenvalue; it is positive and simple.

Furthermore, we have:

(R1) � L_qϕ_q = λ(q)ϕ_q in IR^N ϕ_q(x) → 0 when x → +∞; ϕ_q > 0 in IR^N ; λ(q) > 0

(R2) ∀u ∈ V_q(IR^N ), λ(q) � IR^N

|u|^2 ≤ � IR^N

[|∇u|^2 + q|u|^2].

Moreover the equality holds iff u is colinear to ϕ_q.

If a ∈ L^∞(IR^N ) let: a^∗ = sup_{x∈}IRN a(x), a_∗ = inf_{x∈}IRN a(x) and

λ(q − a) = inf{ � IR^N [|∇ϕ|^2 + (q − a)ϕ^2] � IR^N ϕ^2

; ϕ ∈ D(IR^N ); ϕ ≢ ′}.

The operator −Δ + q − a in IR^N has a unique selfadjoint realization ([6] p.3) in L^2(IR^N ) which is denoted L_{q−a} . (Indeed, q is a continuous potential, a ∈ L^∞(IR^N ), so the condition in [6] (q − a)_− ∈ L^p_{loc}(IR^N ) for a p >^N_2 is satisfied.) We note also that: λ(q − a) ≤ λ(q) − a_∗ and: ∀m ∈ IR^{∗+}, λ(q − a + m) = λ(q − a) + m.

The following theorem is classical:

Theorem 2.1 ([1],[11],[28]p.204) We consider the equation:

(E) (−Δ + q)u = au + fin IR^N where a ∈ IR, f ∈ L^2(IR^N ), f ≥ 0 and q is a continuous potential on IR^N such that: q ≥ 1 and q(x) → +∞ when |x| → +∞.

If a < λ(q) then ∃!u ∈ V_q(IR^N ) solution of (E). Moreover, we have: u ≥ 0.

2.3 Cooperative systems

We consider in this section System (1) and we assume here that it is cooperative, i.e.: (H1*) a_{ij} ∈ L^∞(IR^N ); a_{ij} ≥ 0 pp for i ≠ j.

We recall here a sufficient condition for Maximum Principle and existence of solutions for such cooperative systems.

We say that System (1) satisfies the Maximum Principle if: ∀f_i ≥ 0, 1 ≤ i ≤ n, any solution u = (u_1, ..., u_n) of (1) is nonnegative. Let E = (e_{ij}) be the matrix n × n defined by:

∀1 ≤ i ≤ n, e_{ii} = λ(q_i − a_{ii}) and ∀1 ≤ i, j ≤ n, i ≠ j ⇒ e_{ij} = −a^∗_{ij}.

Theorem 2.2 ([11]) We assume that (H1∗), (H2), (H3) are satisfied.

If E is a non singular M-matrix, then System (1) satisfies the Maximum Principle.

Theorem 2.3 ([11]) We assume that (H1∗), (H2), (H3) are satisfied.

If E is a non singular M-matrix and if f_i ≥ 0 for each 1 ≤ i ≤ n, then System (1) has a unique solution which is nonnegative.

3 Study of a non necessarily cooperative system

3.1 Study of a non necessarily cooperative system of n equations with bounded coefficients

We adapt here an approximation method used in [9] for problems defined on bounded domains.

We consider the following elliptic system defined on IR^N : (1) � for 1 ≤ i ≤ n, (1i) L_{qi} u_i := (−Δ + q_i)u_i =

�_n

j=1 a_{ij}u_j + f_i in IR^N .

Let G = (g_{ij}) the matrix n × n defined by: ∀1 ≤ i ≤ n, g_{ii} = λ(q_i − a_{ii}) and

∀1 ≤ i, j ≤ n, i ≠ j ⇒ g_{ij} = −|a_{ij}|^∗ where |a_{ij}|^∗ = sup x∈IR^N

|a_{ij}(x)|.

We make the following hypothesis: (H) G is a non singular M-matrix.

Theorem 3.1 We assume that (H1), (H2), (H3) and (H) are satisfied. Then System

(1) has a weak solution (u_1, ..., u_n) ∈ V_{q1} (IR^N ) × ... × V_{qn} (IR^N ).

First, we prove the following lemma:

Lemma 3.1 We assume that (H), (H1), (H2), (H3) are satisfied.

Let (u_1, ..., u_n) ∈ V_{q1} (IR^N ) × ... × V_{qn} (IR^N ) solution of: (2) � for 1 ≤ i ≤ n, (2i) L_{qi} u_i := (−Δ + q_i)u_i =

�_n j=1 a_{ij}u_j in IR^N .

Then: (u_1, ..., u_n) = (0, ..., 0).

Proof of the lemma 3.1: Let m ∈ IR^{∗+} be such that: ∀1 ≤ i ≤ n, m − a_{ii} > 0. Let q^′_i = q_i + m − a_{ii} ≥ 1. For any 1 ≤ i ≤ n, we have: � IR^N

[|∇u_i|^2 + q^′_i|u_i|^2] = � IR^N m|u_i|^2 + � j;j≠i � IR^N a_{ij}u_ju_i

≤ � IR^N m|u_i|^2 + � j;j≠i � IR^N

|a_{ij}u_ju_i|.

and by the characterization (R2) of the first eigenvalue λ(q^′_i) we get: (λ(q^′_i) − m) � IR^N |u^i|^2 ≤ � j;j≠i |aij| ∗( � IR^N |u^j|^2) 1 2 ( � IR^N |u^i|^2) 1 2 . So: (λ(q^′_i) − m)( � IR^N |u^i|^2) 1 2 ≤ � j;j≠i |aij| ∗( � IR^N |u^j|^2) 1 2 . Let

X =

� � � � �

( � IR^N u^{21}) 1 2 . . . ( � IR^N u^{2n}) 1 2

� � � � � .

We have X ≥ 0 and GX ≤ 0. Since G is a non singular M-matrix, by Proposition 2.2 we deduce that X ≤ 0. So X = 0 i.e. ∀1 ≤ i ≤ n, u_i = 0.

Proof of Theorem 3.1: Let m ∈ IR^{∗+} such that : ∀1 ≤ i ≤ n, m − a_{ii} > 0. Let q^′_i = q_i − a_{ii} + m ≥ 1. (m exists because ∀1 ≤ i ≤ n, a_{ii} ∈ L^∞(IR^N ).)

First we note that:

(u_1, ..., u_n) ∈ V_{q1} (IR^N ) × ... × V_{qn} (IR^N ) is a weak solution of (1) if and only if (u_1, ..., u_n) is a weak solution of (1^′) where:

(1^′) � for 1 ≤ i ≤ n, (1^′i) (−Δ + q^′_i)u_i = mu_i + � j;j≠i aijuj + fi in IR N . Let ϵ ∈]0, 1[, B_ϵ = B(0,^1_ϵ ) = {x ∈ IR^N , |x| <^1_ϵ } and 1_{Bϵ} be the indicator function of B_ϵ. Let T : L^2(IR^N ) × ... × L^2(IR^N ) → L^2(IR^N ) × ... × L^2(IR^N ) be defined by: T (ξ_1, ..., ξ_n) = (ω_1, ..., ω_n) where for any 1 ≤ i ≤ n,

(−Δ + q^′_i)ω_i = m ξ_i 1 + ϵ|ξ_i|

1_{Bϵ} + � j;j≠i

a_{ij} ξ_j 1 + ϵ|ξ_j|

1_{Bϵ} + f_i in IR^N .

i) First we prove that T is well defined:

Let: ∀(ξ_1, ..., ξ_n) ∈ L^2(IR^N ) × ... × L^2(IR^N ), ∀1 ≤ i ≤ n,

ψ_i(ξ_1, ..., ξ_n) = m ξ_i 1 + ϵ|ξ_i|

1_{Bϵ} + � j;j≠i

a_{ij} ξ_j 1 + ϵ|ξ_j|

1_{Bϵ} .

We have: | ξ_i 1 + ϵ|ξ_i|

1_{Bϵ} | = 1 ϵ | ϵξ_i 1 + ϵ|ξ_i|

1_{Bϵ} | ≤ 1 ϵ 1_{Bϵ} .

Since 1_{Bϵ} ∈ L^2(IR^N ) and a_{ij} ∈ L^∞(IR^N ), we deduce that for any 1 ≤ i ≤ n ψ_i(ξ_1, ..., ξ_n) ∈ L^2(IR^N ). By (H3), f_i ∈ L^2(IR^N ) and therefore ψ_i(ξ_1, ..., ξ_n) + f_i ∈ L^2(IR^N ). By Theorem 2.1, we deduce the existence (and uniqueness) of (ω_1, ..., ω_n) ∈ V_{q1} (IR^N ) × ...V_{qn} (IR^N ). So T is well defined.

ii) We note that: ∀(ξ_1, ..., ξ_n), |ψ_i(ξ_1, ..., ξ_n)| ≤ n max_{j;j≠i} (m, |a_{ij}|^∗)^1_ϵ 1_{Bϵ} .

Let h =^n_ϵ max_{i,j;i≠j} (m, |a_{ij}|^∗)1_{Bϵ} ∈ L^2(IR^N ). h + f_i ∈ L^2(IR^N ), so, by the scalar case, we deduce that: ∃!ξ^0_i ∈ V_{qi} (IR^N ) such that: (−Δ + q^′_i)ξ^0_i = h + f_i in IR^N . (ξ^0_1 , ..., ξ^0_n) is an uppersolution of (1^′): ∀1 ≤ i ≤ n,

(−Δ + q^′_i)ξ^0_i ≥ ψ_i(ξ_1, ..., ξ_n) + f_i

By the same way, we construct a lowersolution of (1^′): ∀1 ≤ i ≤ n, ∃!ξ_{i,0} ∈ V_{qi} (IR^N ) such that: (−Δ + q^′_i)ξ_{i,0} = −h + f_i in IR^N . (ξ_{1,0}, ..., ξ_{n,0}) is a lowersolution of (1^′): ∀1 ≤ i ≤ n,

(−Δ + q^′_i)ξ_{i,0} ≤ ψ_i(ξ_1, ..., ξ_n) + f_i.

We note that: ∀i, ξ_{i,0} ≤ ξ^0_i (because (−Δ + q^′_i)(ξ^0_i − ξ_{i,0}) = 2h ≥ 0.) We consider now the restriction of T , denoted by T^∗, at [ξ_{1,0}, ξ^0_1 ] × ... × [ξ_{n,0}, ξ^0_n]. We prove now that T^∗ has a fixed point by the Schauder Fixed Point Theorem.

iii) First we prove that [ξ_{1,0}, ξ^0_1 ] × ... × [ξ_{n,0}, ξ^0_n] is invariant by T^∗.

Let (ξ_1, ..., ξ_n) ∈ [ξ_{1,0}, ξ^0_1 ] × ... × [ξ_{n,0}, ξ^0_n]. We put: T^∗(ξ_1, ..., ξ_n) = (ω_1, ..., ω_n). We have: (−Δ + q^′_i)(ξ^0_i − ω_i) = h − ψ_i(ξ_1, ..., ξ_n) ≥ O. By the scalar case, we deduce that: ξ^0_i ≥ ω_i pp.

By the same way we get: (−Δ + q^′_i)(ω_i − ξ_{i,0}) = ψ_i(ξ_1, ..., ξ_n) + h ≥ 0 and ω_i ≥ ξ_{i,0} pp. So [ξ_{1,0}, ξ^0_1 ] × ... × [ξ_{n,0}, ξ^0_n] is invariant by T^∗.

iv) We prove that T^∗ is a compact continuous operator.

T^∗ is continuous if and only if ∀i, ψ^∗_i is continuous where ψ^∗_i is the restriction of ψ_i to [ξ_{1,0}, ξ^0_1 ] × ... × [ξ_{n,0}, ξ^0_n].

Let (ξ_1, ..., ξ_n) ∈ [ξ_{1,0}, ξ^0_1 ] × ... × [ξ_{n,0}, ξ^0_n].

Let (ξ^p_1 , ..., ξ^p_n)_p a sequence in [ξ_{1,0}, ξ^0_1 ] × ... × [ξ_{n,0}, ξ^0_n] converging to (ξ_1, ..., ξ_n) for ‖.‖_{(L2(}IRN_{))n} .

We have: ∀1 ≤ i ≤ n, ‖ ξ^p_i 1 + ϵ|ξ^p_i |

1_{Bϵ} − ξ_i 1 + ϵ|ξ_i|

1_{Bϵ} ‖_{L2(}IRN_) ≤ 1 ϵ ‖ ϵξ^p_i 1 + ϵ|ξ^p_i | − ϵξ_i 1 + ϵ|ξ_i|

‖_{L2(}IRN_) .

However the function l defined on IR by: ∀x ∈ IR, l(x) =^x_{1+|x|} is Lipschitz and satisfies: ∀x, y ∈ IR, |l(x) − l(y)| ≤ |x − y|. So: ‖ ξ^p_i 1 + ϵ|ξ^p_i | − ξ_i 1 + ϵ|ξ_i|

‖_{L2(}IRN_) ≤ 1 ϵ ‖ϵξ^p_i − ϵξ_i‖_{L2(}IRN_) = ‖ξ^p_i − ξ_i‖_{L2(}IRN_).

Hence: ξ^p_i 1 + ϵ|ξ^p_i |

1_{Bϵ} − ξ_i 1 + ϵ|ξ_i|

1_{Bϵ} → 0 in L^2(IR^N ) when p → +∞.

So ψ^∗_i is continuous and therefore T^∗is a continuous operator. Moreover, by Proposition 2.4, (−Δ + q^′_i)^{−1} is a compact operator. So T^∗ is compact.

v) [ξ_{1,0}, ξ^0_1 ] × ... × [ξ_{n,0}, ξ^0_n] is a closed convex subset.

Hence, by the Schauder Fixed Point Theorem, we deduce the existence of (ξ_1, ..., ξ_n) ∈

[ξ_{1,0}, ξ^0_1 ] × ... × [ξ_{n,0}, ξ^0_n] such that: T^∗(ξ_1, ..., ξ_n) = (ξ_1, ..., ξ_n).

∀i, ξ_i depends of ϵ, so we denote: ξ_i = u_{i,ϵ}. u_{1,ϵ}, ..., u_{n,ϵ} satisfy: (S) � ∀1 ≤ i ≤ n (Si) (−Δ + q^′_i)u_{i,ϵ} = m^{ui,ϵ}_{1+ϵ|ui,ϵ|} 1_{Bϵ} + � j;j≠i aij u_{j,ϵ} 1+ϵ|u_{j,ϵ}| 1B^ϵ + fi in IR N . vi) Now we prove that ∀i, (ϵu_{i,ϵ})_ϵ is a bounded sequence in V_q′_i (IR^N ).

Let ‖u‖_q′_i = [ � IR^N |∇u|^2 + q^{′i}|u|^2] 1 2 . We multiply (Si) by ϵ^2u_{i,ϵ} and we integrate over IR^N .

We get:

‖ϵu_{i,ϵ}‖^2_q′_i ≤ m � IR^N | ϵu_{i,ϵ} 1 + ϵ|u_{i,ϵ}|

1_{Bϵ} ϵu_{i,ϵ}| + � j;j≠i

|a_{ij}|^∗ � IR^N | ϵu_{j,ϵ} 1 + ϵ|u_{j,ϵ}|

1_{Bϵ} ϵu_{i,ϵ}|

+ � IR^N

|ϵf_iϵu_{i,ϵ}| .

But: ∀j, |^{ϵuj,ϵ}_{1+ϵ|uj,ϵ|} | < 1.

So there exists a strictly positive constant K such that: ‖ϵu_{i,ϵ}‖^2_q′_i ≤ K‖ϵu_{i,ϵ}‖_{L2(}IRN_) ≤ K‖ϵu_{i,ϵ}‖_q′_i and therefore: ‖ϵu_{i,ϵ}‖_q′_i ≤ K.

vii) We prove now that ϵu_{i,ϵ} → 0 when ϵ → 0 strongly in L^2(IR^N ) and weakly in V_q′_i (IR^N ).

We know that the imbedding of V_q′_i (IR^N ) into L^2(IR^N ) is compact. The sequence (ϵu_{i,ϵ})_ϵ is bounded in V_q′_i (IR^N ) so (for a subsequence), we deduce that ∃u^∗_i such that:

ϵu_{i,ϵ} → u^∗_i when ϵ → 0 strongly in L^2(IR^N ) and weakly in V_q′_i (IR^N ). Multiplying (Si) by ϵ, we get:

(−Δ + q^′_i)ϵu_{i,ϵ} = m ϵu_{i,ϵ} 1 + ϵ|u_{i,ϵ}|

1_{Bϵ} + � j;j≠i

a_{ij} ϵu_{j,ϵ} 1 + ϵ|u_{j,ϵ}|

1_{Bϵ} + ϵf_i in IR^N .

But ϵu_{i,ϵ} ⇀ u^∗_i weakly in V_{qi} (IR^N ). So: ∀ϕ ∈ D(IR^N ), � IR^N

[∇(ϵu_{i,ϵ}).∇ϕ + q^′_iϵu_{i,ϵ}ϕ] → � IR^N

[∇u^∗_i .∇ϕ + q^′_iu^∗_i ϕ] when ϵ → 0.

Moreover: ∀ϕ ∈ D(IR^N ), � IR^N ϵf^iϕ → 0 when ϵ → 0.

Moreover we have: ∀j ‖ ϵu_{j,ϵ} 1 + ϵ|u_{j,ϵ}|

1_{Bϵ} − u^∗_j 1 + |u^∗_j |

‖^2_{L2(}IRN_) = � B_ϵ [ ϵu_{j,ϵ} 1 + ϵ|u_{j,ϵ}| − u^∗_j 1 + |u^∗_j |

]^2

+ � IR^N −B ϵ ( u^∗_j 1 + |u^∗_j |

)^2 .

Since: |^{u∗j}_{1+|u}∗_{j |} | ≤ |u^∗_j |,^{u∗j}_{1+|u}∗_{j |} ∈ L^2(IR^N ), hence � IR^N −B ϵ (

u^∗_j 1+|u^∗_j | )

2 → 0 when ϵ → 0. Moreover: � B_ϵ [ ϵu_{j,ϵ} 1+ϵ|u_{j,ϵ}| − u^∗_j 1+|u^∗_j | ] 2 ≤ � IR^N [^{ϵuj,ϵ1+ϵ|u}j,ϵ^| −

u^∗_j 1+|u^∗_j | ] 2 ≤ ‖ϵu_{j,ϵ} − u^∗_j ‖^2_{L2(}IRN_) .

But: ϵu_{j,ϵ} → u^∗_j when ϵ → 0 strongly in L^2(IR^N ). So:^{ϵuj,ϵ}_{1+ϵ|uj,ϵ|} 1_{Bϵ} →^{u∗j}_{1+|u}∗_{j |} when ϵ → 0 strongly in L^2(IR^N ). Therefore we can pass through the limit and we get:

(S^′) � ∀1 ≤ i ≤ n (S^′i) (−Δ + q^′_i)u^∗_i = m^{u∗i}_{1+|u}∗_{i |} + � j;j≠i aij u^∗_j 1+|u^∗_j | in IR N . We prove now that for any i, u^∗_i = 0. We multiply (S^′i) by u^∗_i , we integrate over IR^N and we obtain: � IR^N

[|∇u^∗_i |^2 + q^′_i|u^∗_i |^2] = � IR^N m |u^∗_i |^2 1 + |u^∗_i | + � j;j≠i � IR^N a_{ij} u^∗_j u^∗_i 1 + |u^∗_j | ≤ � IR^N m |u^∗_i |^2 1 + |u^∗_i | + � j;j≠i � IR^N

|a_{ij}|^∗

|u^∗_j ||u^∗_i | 1 + |u^∗_j | . But: ∀j,^1_{1+|u}∗_{j |} ≤ 1. So we get:

λ(q^′_i) � IR^N

|u^∗_i |^2 ≤ m � IR^N

|u^∗_i |^2 + � j;j≠i

|a_{ij}|^∗( � IR^N

|u^∗_j |^2)^{12} ( � IR^N

|u^∗_i |^2)^{12} .

Replacing u_i by u^∗_i , we proceed exactly as in lemma 3.1 and we get that ∀1 ≤ i ≤ n, u^∗_i = 0.

viii) We prove now by contradiction that ∀1 ≤ i ≤ n, (u_{i,ϵ})_ϵ is bounded in V_{qi} (IR^N ) .

We suppose that: ∃i_0, ‖u_{i0,ϵ}‖_{qi0} → +∞ when ϵ → 0. Let: ∀1 ≤ i ≤ n,

t_ϵ = max_i (‖u_{i,ϵ}‖_{qi} ) and v_{i,ϵ} = 1 t_ϵ u_{i,ϵ}.

We have ‖v_{i,ϵ}‖_{qi} ≤ 1 so (v_{i,ϵ})_ϵ is a bounded sequence in V_{qi} (IR^N ). Since the imbedding of V_{qi} (IR^N ) in L^2(IR^N ) is compact (Proposition 2.3), there exists v_i such that v_{i,ϵ} → v_i when ϵ → 0 strongly in L^2(IR^N ) and weakly in V_{qi} (IR^N ). In a weak sense, we have: ∀1 ≤ i ≤ n,

(−Δ + q^′_i)v_{i,ϵ} = m v_{i,ϵ} 1 + ϵ|u_{i,ϵ}|

1_{Bϵ} + � j;j≠i

a_{ij} v_{j,ϵ} 1 + ϵ|u_{j,ϵ}|

1_{Bϵ} + 1 t_ϵ f_i in IR^N .

We have: ∀ϕ ∈ D(IR^N ), � IR^N

[∇v_{i,ϵ}.∇ϕ + q^′_iv_{i,ϵ}ϕ] → � IR^N

[∇v_i.∇ϕ + q^′_iv_iϕ] when ϵ → 0.

Moreover t_ϵ → +∞ when ϵ → 0 so: ∀ϕ ∈ D(IR^N ), � IR^{N 1t}ϵ f^iϕ → 0 when ϵ → 0.

We have also: ∀1 ≤ j ≤ n, ‖ v_{j,ϵ} 1 + ϵ|u_{j,ϵ}|

1_{Bϵ} − v_j‖^2_{L2(}IRN_) = � B_ϵ [ v_{j,ϵ} 1 + ϵ|u_{j,ϵ}|

− v_j]^2 + � IR^N −B ϵ v^2_j .

But: v_j ∈ L^2(IR^N ) so : � IR^N −B ϵ v^{2j} → 0 when ϵ → 0.

Moreover: �

B_ϵ [ v_{j,ϵ} 1 + ϵ|u_{j,ϵ}|

− v_j]^2 ≤ � IR^N [ v_{j,ϵ} 1 + ϵ|u_{j,ϵ}|

− v_j]^2

≤ 2[ � IR^N

(v_{j,ϵ} − v_j)^2 (1 + ϵ|u_{j,ϵ}|)^2 + � IR^N

(ϵv_j|u_{j,ϵ}|)^2 (1 + ϵ|u_{j,ϵ}|)^2 ] . But: 1 + ϵ|u_{j,ϵ}| ≥ 1. So: � IR^{N (vj,ϵ−v j )} 2 (1+ϵ|u_{j,ϵ}|)^2 ≤ � IR^N (v^{j,ϵ} − v^j)^2.

Since v_{j,ϵ} → v_j in L^2(IR^N ),we get: � IR^{N (vj,ϵ−v j )} 2 (1+ϵ|u_{j,ϵ}|)^2 → 0 when ϵ → 0.

Moreover: (ϵv_j|u_{j,ϵ}|)^2 (1 + ϵ|u_{j,ϵ}|)^2

→ 0 pp when ϵ → 0

(at least for a subsequence because ϵu_{j,ϵ} → 0 when ϵ → 0.) By using the Dominated Convergence Theorem, we deduce that: � IR^{N (ϵvj |uj,ϵ|)} 2 (1+ϵ|u_{j,ϵ}|)^2 → 0 when ϵ → 0.

So we can pass through the limit and we get: ∀1 ≤ i ≤ n,

(−Δ + q^′_i)v_i = mv_i + � j;j≠i

a_{ij}v_j in IR^N .

By the precedent lemma, we deduce that: ∀1 ≤ i ≤ n, v_i = 0. However there exists a sequence (ϵ_n) such that ∃i_1, ‖v_{i1,ϵn} ‖_{qi1} = 1. But v_{i1,ϵn} → v_{i1} when n → +∞. So we get a contradiction.

ix) There exists u^0_i such that :

u_{i,ϵ} → u^0_i strongly in L^2(IR^N ) and weakly in V_{qi} (IR^N ). We have in a weak sense:

(−Δ + q^′_i)u_{i,ϵ} = m u_{i,ϵ} 1 + ϵ|u_{i,ϵ}|

1_{Bϵ} + � j;j≠i

a_{ij} u_{j,ϵ} 1 + ϵ|u_{j,ϵ}|

1_{Bϵ} + f_i in IR^N .

But u_{i,ϵ} ⇀ u^0_i when ϵ → 0 weakly in V_{qi} (IR^N ). Hence ∀ϕ ∈ D(IR^N ), � IR^N

[∇u_{i,ϵ}.∇ϕ + q^′_iu_{i,ϵ}ϕ] → � IR^N

[∇u^0_i .∇ϕ + q^′_iu^0_i ϕ] when ϵ → 0.

We have also: ‖ u_{i,ϵ} 1 + ϵ|u_{i,ϵ}|

1_{Bϵ} − u^0_i ‖^2_{L2(}IRN_) = � B_ϵ [ u_{i,ϵ} 1 + ϵ|u_{i,ϵ}|

− u^0_i ]^2 + � IR^N −B ϵ

|u^0_i |^2 .

By u^0_i ∈ L^2(IR^N ) we derive: � IR^N −B ϵ |u^{0i} |^2 → 0 when ϵ → 0.

Moreover: �

B_ϵ [ u_{i,ϵ} 1 + ϵ|u_{i,ϵ}|

− u^0_i ]^2 ≤ � IR^N [ u_{i,ϵ} 1 + ϵ|u_{i,ϵ}|

− u^0_i ]^2

≤ 2[ � IR^N

(u_{i,ϵ} − u^0_i )^2 (1 + ϵ|u_{i,ϵ}|)^2 + � IR^N

(ϵu^0_i |u_{i,ϵ}|)^2 (1 + ϵ|u_{i,ϵ}|)^2 ]. Since 1 + ϵ|u_{i,ϵ}| ≥ 1 we get: � IR^N

(u_{i,ϵ}−u^0_i )^2 (1+ϵ|u_{i,ϵ}|)^2 ≤ � IR^N (u^{i,ϵ} − u^{0i} )^2.

But: u_{i,ϵ} → u^0_i in L^2(IR^N ). So: � IR^N

(u_{i,ϵ}−u^0_i )^2 (1+ϵ|u_{i,ϵ}|)^2 → 0 when ϵ → 0.

Moreover: (ϵu^0_i |u_{i,ϵ}|)^2 (1 + ϵ|u_{i,ϵ}|)^2

→ 0 pp when ϵ → 0

(at least for a subsequence because ϵu_{i,ϵ} → 0 when ϵ → 0) and^{(ϵu0i |ui,ϵ|)2}

(1+ϵ|u_{i,ϵ}|)^2 ≤ |u 0 i |^2 and |u^0_i |^2 ∈ L^1(IR^N ).

By using the Dominated Convergence Theorem, we deduce that: � IR^N

(ϵu^0_i |u_{i,ϵ}|)^2 (1+ϵ|u_{i,ϵ}|)^2 → 0 when ϵ → 0.

So we can pass through the limit and we get: ∀1 ≤ i ≤ n,

(−Δ + q^′_i)u^0_i = mu^0_i + � j;j≠i

a_{ij}u^0_j + f_i in IR^N .

So we get: (−Δ + q_i)u^0_i = a_{ii}u^0_i + � j;j≠i aiju 0 j + f_i in IR^N .

(u^0_1, ..., u^0_n) is a weak solution of (1).

3.2 Study of a limit case

We use again a method in [9]. We rewrite System (1), assuming ∀1 ≤ i ≤ n, q_i = q: (1) � for 1 ≤ i ≤ n, (1i) L_qu_i := (−Δ + q)u_i =

�_n

j=1 a_{ij}u_j + f_i(x, u_1, ..., u_n) in IR^N .

Each a_{ij} is a real constant.

We denote A = (a_{ij}) the n × n matrix, I the n × n identity matrix,^tU = (u_1...u_n) and tF = (f_1...f_n).

Theorem 3.2 We suppose that (H1), (H2) and (H3) are satisfied.

We suppose that A has only real eigenvalues. We suppose also that λ(q), the principal eigenvalue of −Δ + q, is the largest eigenvalue of A and that it is simple. Let X ∈ IR^N such that:^tX(λ(q)I − A) = 0. Then System (1) has a solution if and only if � IR^{N t}XF ϕ^q = 0, where ϕ^q is the eigenfunction associated to λ(q).

Proof of Theorem 3.2: Let P be a n × n non singular matrix such that the last line of P is^tX and such that T = P AP^{−1} := (t_{ij}) where: t_{ij} = 0 if i > j ; t_{nn} = λ(q) and ∀1 ≤ i ≤ n − 1, t_{ii} < λ(q). Let: W = P U.

System (1) is equivalent to System (2) : (−Δ + q)W = T W + P F. Let:^tW = (w_1...w_n) and π_i = (δ_{ij} ) where: δ_{ij} = 0 if i ≠ j and δ_{ii} = 1. So System (2) is: (2) � for 1 ≤ i ≤ n, (2i) L_qw_i := (−Δ + q)w_i = t_{ii}w_i + � j;j>i tijwj + πiP F in IR N . We have: (2n) (−Δ + q)w_n = λ(q)w_n +^t XF in IR^N . Equation (2n) has a solution if and only if � IR^{N t}XF ϕ^q = 0. If � IR^{N t}XF ϕ^q = 0 is satisfied, first we solve (2n), then we solve (2.n − 1) until (2.1) because ∀1 ≤ i ≤ n − 1, t_{ii} < λ(q). Then we deduce U (because Matrix P is a non singular matrix).

3.3 Study of a non necessarily cooperative semilinear system of n equations

We rewrite System (1) : (1) � for 1 ≤ i ≤ n, (1i) L_{qi} u_i := (−Δ + q_i)u_i =

�_n

j=1 a_{ij}u_j + f_i(x, u_1, ..., u_n) in IR^N .

We recall G = (g_{ij}) the n × n matrix defined by: ∀1 ≤ i ≤ n, g_{ii} = λ(q_i − a_{ii}) and

∀1 ≤ i, j ≤ n, i ≠ j ⇒ g_{ij} = −|a_{ij}|^∗ where |a_{ij}|^∗ = sup x∈IR^N

|a_{ij}(x)|.

Let I be the identity matrix.

Theorem 3.3 We assume that (H1), (H2) and (H3) are satisfied.

We assume also that Hypothesis (H4), (H5), (H6) are satisfied where

(H4) ∃s > 0 such that F − sI is a non singular M-matrix.

(H5) ∀1 ≤ i ≤ n, ∃θ_i ∈ L^2(IR^N ), θ_i > 0, such that :

∀1 ≤ i ≤ n, ∀u_1, ..., u_n, 0 ≤ f_i(x, u_1, ..., u_n) ≤ su_i + θ_i;

(H6) ∀1 ≤ i ≤ n, f_i is Lipschitz for (u_1, ..., u_n), uniformly in x.

Then System (1) has at least a solution.

Proof of Thorem 3.3:

a) Construction of an upper and lower solution.

We consider the following system (S): (S) � ∀1 ≤ i ≤ n , L_{qi} u_i := (−Δ + q_i)u_i = a_{ii}u_i + � j;j≠i |aij|uj + sui + θi in IR N . By Hypothesis (H4), (H5) we can apply Theorem 2.3.

We deduce the existence of a positive solution U^0 = (u^0_1, ..., u^0_n) in V_{q1} (IR^N ) × ... × V_{qn} (IR^N ) for the system (S). U^0 is an upper solution of System (1). Let: U_0 = −U^0 = (−u^0_1, ..., −u^0_n).

We have: ∀1 ≤ i ≤ n, (−Δ + q_i)(−u^0_i ) = −(−Δ + q_i)u^0_i . Hence: (−Δ + q_i)(−u^0_i ) = −a_{ii}u^0_i − � j;j≠i |aij|u 0 j − su^0_i − θ_i.

So: ∀1 ≤ i ≤ n,

(−Δ + q_i)(−u^0_i ) ≤ a_{ii}(−u^0_i ) + � j;j≠i

a_{ij}(−u^0_j ) + f_i(x, −u^0_1, ..., −u^0_n).

Therefore U_0 is a lower solution of System (1).

b) Definition of a compact operator.

Let m ∈ IR^{∗+} be such that : ∀1 ≤ i ≤ n, m − a_{ii} > 0. Let: q^′_i = q_i − a_{ii} + m.

Let T : (L^2(IR^N ))^n → (L^2(IR^N ))^n defined by: T (u_1, ..., u_n) = (w_1, ..., w_n) such that:

(S^′) � ∀1 ≤ i ≤ n , (S^′i) (−Δ + q^′_i)w_i = mu_i +

�_n

j=1;j≠i aijuj + fi(x, u1, ..., un) in IR N . We prove easily that T is a well defined operator by the scalar case, continuous by (H6) and compact (because (−Δ + q^′_i)^{−1} is compact). We prove now that T ([U_0, U^0]) ⊂ [U_0, U^0]. Let U = (u_1, ..., u_n) ∈ [U_0, U^0]. We have: ∀1 ≤ i ≤ n, −u^0_i ≤ u_i ≤ u^0_i . We have: (−Δ + q^′_i)(u^0_i − w_i) = m(u^0_i − u_i) + � j;j≠i |aij|u 0 j

− � j;j≠i aijuj + su 0 i + θ_i − f_i(x, u_1, ..., u_n).

We have: m(u^0_i − u_i) ≥ 0.

By (H5), we have: f_i(x, u_1, ..., u_n) ≤ su_i + θ_i ≤ su^0_i + θ_i. Moreover: |a_{ij}u_j| ≤ |a_{ij}|u^0_j so a_{ij}u_j ≤ |a_{ij}|u^0_j .

So: (−Δ + q^′_i)(u^0_i − w_i) ≥ 0 and by the scalar case: u^0_i − w_i ≥ 0. In the same way, we have:

(−Δ + q^′_i)(w_i − (−u^0_i )) = m(u^0_i + u_i) + � j;j≠i |aij|u 0 j + � j;j≠i aijuj + su 0 i + θ_i + f_i(x, u_1, ..., u_n).

But −u^0_i ≤ u_i. So m(u^0_i + u_i) ≥ 0. Moreover: −a_{ij}u_j ≤ |a_{ij}|u^0_j .

By using (H5), we conclude that: (−Δ + q^′_i)(w_i + u^0_i ) ≥ 0 and hence: w_i ≥ −u^0_i . So: T ([U_0, U^0]) ⊂ [U_0, U^0].

[U_0, U^0] is a convex, closed, and bounded subset of (L^2(IR^N ))^n, so by the Schauder Fixed Point Theorem, we deduce that T has a fixed point. Therefore System (1) has at least a solution.

I thank Prof. Jacqueline Fleckinger for her remarks.

References

[1] Abakhti-Mchachti, A. : Systèmes semilineaires d’equations de Schr ödinger. Thèse numero 1338, Université Toulouse 3, (1993)

[2] Abakhti-Mchachti, A., and Fleckinger-Pelle, J. : Existence of solutions for non cooperative elliptic systems defined on an unbounded domain. Pitman Research Notes in Maths. 266, 92-106

[3] Alziary, B.; Cardoulis, L., and Fleckinger, J. : Maximum Principle and existence of solutions for elliptic systems involving Schrödinger operators. Rev.R. Acad. Cienc. Exact.Fis.Nat.(Esp), 91, N1, 47-52 (1997)

[4] Adams, Robert A. : Sobolev Spaces. Academic Press, New York 1978

[5] Agmon, Shmuel : Bounds on Exponential Decay of Eigenfunctions of Schrödinger Operators. Schrödinger Operators Como 1984

[6] Agmon, Shmuel : Lectures on exponential decay of solutions of second-order elliptic equations: Bounds on eigenfunctions of N-body Schrödinger operators. Mathematical Notes. Princeton University Press 1983

[7] Brown, K.J.; Cosner, C., and Fleckinger, J. : Principal eigenvalues for problems with indefinite weightfunction on IR^N . Proc. Amer. Math. Soc. 108, 147-155 (1990)

[8] Bermann, A., and Plemmons, R.J. : Nonnegative Matrices in the Mathematical Sciences. Academic Press, New York 1979

[9] Boccardo, L.; Fleckinger, J., and de Thelin, F. : Existence of solutions for some nonlinear cooperative systems. Diff. and Int. Eq., 7, 3, 689-698 (1994)

[10] Brezis, Ham : Analyse fonctionnelle - Theorie et applications. Masson, Paris 1993

[11] Cardoulis, L. : Problemes elliptiques : applications de la theorie spectrale et études de systèmes, existences de solutions. Thèse, Université de Toulouse I, (1997)

[12] Clement, Ph.; de Figueiredo, D.G., and Mitidieri, E. : Positive solutions of semilinear elliptic systems. Partial Differential Equations, 923-940 (1992)

[13] Cosner, C.; Hernandez, J., and Mitidieri, E. : Maximum principles and applications to reaction-diffusion systems. Birkhauser, Boston (in preparation)

[14] Edmunds, D.E., and Evans, W.D. : Spectral Theory and Differential Operators.

Oxford Science Publications 1987

[15] de Figueiredo, D.G, and Mitidieri, E. : A maximum principle for an elliptic system and applications to semilinear problems. S.I.A.M., J.Math.Anal., 17, 836-849 (1986)

[16] de Figueiredo, D.G., and Mitidieri, E. : Maximum principle for cooperative elliptic systems. Comptes Rendus Acad. Sc. Paris, 310, 49-52 (1990)

[17] de Figueiredo, D.G., and Mitidieri, E. : Maximum principle for linear elliptic systems. Quaterno Matematico 177, Dip. Sc. Mat., Univ. Trieste, 1988

[18] Fleckinger, J.; Hernandez, J., and de Thelin, F. : Principe du maximum pour un système elliptique non lineaire. Comptes Rendus Acad. Sc. Paris, 314, Ser.I, 665-668 (1992)

[19] Fleckinger, J.; Hernandez, J., and de Thelin, F. : On maximum principles and existence of positive solutions for some cooperative elliptic systems. Diff. and Int. Eq., 8, 1, 69-85 (1995)

[20] Fleckinger, J.; Hernandez, J., and de Thelin, F. : A Maximum Principle for Linear Cooperative Elliptic Systems. Differential Equations with Applications to Mathematical Physics. Georgiatech, Atlanta, 192, 79-86 (1993)

[21] Fleckinger, J. : Estimate of the number of eigenvalues for an operator of Schrödinger type. Proceedings of the Royal Society of Edinburgh, 89A, 355-361 (1981)

[22] Gilbarg, D., and Trudinger, N.S. : Elliptic Partial Differential Equations of Second Order. Springer-Verlag, Berlin 1983

[23] Hernandez, J. : Some existence and stability results for solutions of reaction-diffusion systems with nonlinear boundary conditions. In P. de Mottoni, L. Salvadori (eds): Non linear differential equations : Invariance, Stability and Bifurcation. pp. 161-173, Acad. Press, New York 1981

[24] Hernandez, J. : Maximum principles and decoupling for positive solutions of reactiondiffusion systems. In K. J. Brown and A. A. Lacey (eds): Reaction-Diffusion Equations. pp. 199-224, Oxford 1990

[25] Kato, Tosia : L^p-Theory of Schrödinger operators with a singular potential. R.Nagel, U.Schlotterbeck, M.P.H.Wolff (eds): Aspects of Positivity in Functional Analysis. Elsevier Science Publishers B.V.(North-Holland), 1986

[26] Kato, Tosia : Perturbation Theory for Linear Operators. Springer-Verlag, Berlin 1980

[27] Protter, M.H., and Weinberger, H.F. : Maximum Principles in Differential Equations. Prentice Hall 1967

[28] Reed, M., and Simon, B. : Methods of modern mathematical physics. IV Analysis of Operators. Academic Press, Inc, New York 1978

received: October 2, 2000

Author:

Laure Cardoulis CEREMATH Université des Sciences Sociales 21 Allé de Brienne 31042 Toulouse Cedex France e-mail: cardouli@math.univ-tlse1.fr