Rostock. Math. Kolloq. 56, 81–115 (2002) Subject Classification (AMS)

60G44

Egbert Dettweiler

Characteristic Processes associated with a Discontinuous Martingale

1 Introduction

In [5] the following embedding theorem was proved (cf. [2] for a detailed and complete

proof). Let (M_k)_{k≥0} be an L^4-martingale on a probability space (Ω, F, P). Then there

exists an extension (Ω̄, F̄, P̄) of Ω, a Brownian motion (B_t)_{t≥0} relative to a filtration (G_t)_{t≥0}

on Ω̄, and an increasing sequence (T_n)_{n≥1} of (G_t)-stopping times, such that the following

properties hold:

(i) M_n = B_{Tn} for all n ≥ 1,

(ii) E � T_n |M_0, M_1, · · · � = 1 3 �_n

k=1(M_k − M_{k−1} )^2 +^2_3

�_n

k=1 E � (M_k − M_{k−1} )^2 |M_0, · · · , M_{k−1} � , (iii) Var � T_n |M_0, M_1, · · · � = 2 45 �_n

k=1(M_k − M_{k−1} )^4 +^8_{45}

�_n k=1 E � (M_k − M_{k−1} )^4 |M_0, · · · , M_{k−1} � + (^4_9 − c)

�_n k=1 � E � (M_k − M_{k−1} )^2 |M_0, · · · , M_{k−1}

�_2 + c �_n

k=1(M_k − M_{k−1} )^2E � (M_k − M_{k−1} )^2 |M_0, · · · , M_{k−1} � − c �_n

k=1(M_k − M_{k−1} )E � (M_k − M_{k−1} )^3 |M_0, · · · , M_{k−1} � . The constant c > 0 in (iii) depends on the embedding and can be explicitely computed (cf.

[2] and [5]).

In [5] a corresponding result is stated (without proof) for continuous time martingales. The

roughly outlined idea in [5] is the approximation of a continuous time martingale (M_t)_{t≥0} by

the discrete time martingales (M k_{2m} )_{k≥0} . But this raises the following problems, which are

the subject of the present paper.

(A) In which sense do the expressions

[2^mt]�

k=1 E � (M k_{2m} − M k−1_{2m} )^2 |M_0, · · · , Mk−1_{2m} �

up to

[2^mt]�

k=1 (M k_{2m} − M k−1_{2m} )E � (M k_{2m} − M k−1_{2m} )^3 |M_0, · · · , Mk−1_{2m} �

converge for m → ∞ ?

It seems that convergence only holds under additional assumptions on (M_t)_{t≥0} . The reason is that the above conditioning is a conditioning relative to a filtration depending on m. If F = (F_t)_{t≥0} is a given filtration on Ω such that (M_t)_{t≥0} is an F-martingale, then the following, slightly changed problem only depends on the fixed filtration F:

(B) In which sense do the expressions

[2^mt]�

k=1 E � (M k_{2m} − M k−1_{2m} )^2 | F k−1_{2m} �

up to

[2^mt]�

k=1 (M k_{2m} − M k−1_{2m} )E � (M k_{2m} − M k−1_{2m} )^3 | F k−1_{2m} �

converge for m → ∞ ?

It turns out that (B) has a quite general solution. Convergence always takes place for the topology σ(L^1, L^∞). An inspection of the proof of the embedding theorem for continuous time martingales in [2] shows that this σ(L^1, L^∞)-convergence is sufficient.

2 Statement of the Problem

Let Π denote the set of all partitions π = (0 = t_0 < t_1 < · · · ) of R_+ for which lim_{k→∞} t_k = ∞ and |π| := sup_{k≥1} (t_k − t_{k−1} ) < ∞. We will tacitely identify such a partition π with its associated point set {t_k|k ≥ 0}. A sequence (π_n)_{n≥1} in Π will be called a null-sequence of partitions, if π_m ⊂ π_n for m ≤ n and lim_{n→∞} |π_n| = 0.

Now suppose that M = (M_t)_{t≥0} is a right continuous martingale relative to a filtration F = (F_t)_{t≥0} . More shortly, we will also say that (M, F) is a martingale. (M, F) is called a discrete time martingale, if there exists a partition π = (0 = t_0 < t_1 < · · · ) ∈ Π such that M_t = M_{tk} and F_t = F_{tk} for t_k ≤ t < t_{k+1} and k ≥ 0. More shortly, we will also say that ((M_{tk} ), (F_{tk} )) is a discrete time martingale. If (M, F) is a general right continuous martingale and π = (0 = t_0 < t_1 < · · · ) ∈ Π, and if we set π(M) = (M_{tk} )_{k≥0} and π(F) = (F_{tk} )_{k≥0} , then clearly (π(M), π(F)) is a discrete time martingale. Moreover, for every filtration H = (H_{tk} )_{k≥0} such that σ(M_{t0} , · · · , M_{tk} ) ⊂ H_{tk} ⊂ F_{tk} for all k ≥ 0, also (π(M), H) is a discrete time martingale.

If (π_n)_{n≥1} is a null-sequence of partitions, where π_n = (0 = t^n_0 < t^n_1 < · · · ), then we will call a sequence (H^n)_{n≥1} of discrete filtrations H^n = (H^n_tn_k )_{k≥0} an approximating sequence of filtrations for the given martingale (M, F), if (i) M_t is H^n_t -measurable for every t ∈ π_n and n ≥ 1, (ii) H^m_t ⊂ H^n_t for t ∈ π_m and m ≤ n, and (iii) F_{t−} ⊂ � n≥1 H^n_t ⊂ F_t for all t ≥ 0.

Motivated by the embedding result stated in the introduction, we give the following definition for discrete time martingales.

Definition 2.1 Let (M, F) = ((M_{tk} ), (F_{tk} )) be a given discrete time martingale.

(1) If (M, F) is square integrable, then the processes (M, F)^{(2)} and (M, F)^{(~2)}, defined by

(M, F)^{(2)}_t := � k≥1 1_{[0,t]}(t_k)(M_{tk} − M_{tk−1} )^2 , and

(M, F)^{(~2)}_t := � k≥1 1_{[0,t]}(t_k)E � (M_{tk} − M_{tk−1} )^2 | F_{tk−1} � , will be called the first order characteristics of (M, F). (2) If (M, F) is in addition even an L^4-martingale, then the processes

(M, F)^{(4)}, (M, F)^{(~4)}, (M, F)^{(2,~2)}, (M, F)^{(~2,~2)}, (M, F)^{(1,~3)} ,

defined by

(M, F)^{(4)}_t := � k≥1 1_{[0,t]}(t_k)(M_{tk} − M_{tk−1} )^4 ,

(M, F)^{(~4)}_t := � k≥1 1_{[0,t]}(t_k)E � (M_{tk} − M_{tk−1} )^4 | F_{tk−1} � , (M, F)^{(2,~2)}_t := � k≥1 1_{[0,t]}(t_k)(M_{tk} − M_{tk−1} )^2E � (M_{tk} − M_{tk−1} )^2 | F_{tk−1} � , (M, F)^{(~2,~2)}_t := � k≥1 1_{[0,t]}(t_k) � E � (M_{tk} − M_{tk−1} )^2 | F_{tk−1}

�_2

, and

(M, F)^{(1,~3)}_t := � k≥1 1_{[0,t]}(t_k)(M_{tk} − M_{tk−1} )E � (M_{tk} − M_{tk−1} )^3 | F_{tk−1} � , are called the second order characteristics of (M, F).

Now we can formulate more precisely the problem which is the subject of the present paper: Let (π_n) be a fixed null-sequence in Π and (M, F) be a given right continuous L^4-martingale. Suppose that (H^n)_{n≥1} is an approximating sequence of filtrations for (M, F). Does there exists a ”reasonable” topology, for which the processes (π_n(M), H^n)^{(2)}, (π_n(M), H^n)^{(~2)}, (π_n(M), H^n)^{(4)} , (π_n(M), H^n)^{(~4)} , (π_n(M), H^n)^{(2,~2)} , (π_n(M), H^n)^{(~2,~2)} , and (π_n(M), H^n)^{(1,~3)} converge for n → ∞?

In case that H^n = π_n(F) for all n ≥ 1, we will simply write (π_n(M))^{(2)}, (π_n(M))^{~2} etc. instead of (π_n(M), π_n(F))^{(2)}, (π_n(M), π_n(F))^{~2} etc.. Then the main result of this paper is the following theorem.

Theorem 2.2 The limits

(M)^{(2)}_t := lim_{n→∞}(π_n(M))^{(2)}_t , (M)^{(~2)}_t := lim_{n→∞}(π_n(M))^{~2}_t ,

(M)^{(4)}_t := lim_{n→∞}(π_n(M))^{(4)}_t , (M)^{(~4)}_t := lim_{n→∞}(π_n(M))^{(~4)}_t ,

(M)^{(2,~2)}_t := lim_{n→∞}(π_n(M))^{(2,~2)}_t , (M)^{(~2,~2)}_t := lim_{n→∞}(π_n(M))^{(~2,~2)}_t , and

(M)^{(1,~3)}_t := lim_{n→∞}(π_n(M))^{(1,~3)}_t

exist for all t ≥ 0 for the topology σ(L^1, L^∞).

Definition 2.3 The limit processes (M)^{(2)} and (M)^{(~2)} are again called the first order

characteristics of (M, F), and the limit processes (M)^{(4)}, (M)^{(~4)}, (M)^{(2,~2)}, (M)^{(~2,~2)}, (M)^{(1,~3)} are called the second order characteristics of (M, F).

The first order characteristics (M)^{(2)} and (M)^{(~2)} are of course just the optional and the predictable quadratic variation [M] and <M>, and we will use later also these more usual notations.

In the next section we present first some known results on the first order characteristics and give in that case also solutions for the above stated general approximation problem. In the last section we will finally prove theorem 2.2.

3 Compensators of increasing Processes

The existence of [M] = (M)^{(2)} for the L^1-norm is well known and will not be discussed here. Since <M >= (M)^{(~2)} is the so-called compensator of the increasing process [M], we first recall some known results on increasing processes and their compensators.

Suppose that F = (F_t)_{t≥0} is a fixed standard filtration on Ω, i.e. F is assumed to be right continuous and every F_t is assumed to contain all P-null sets of the P-completion of F_∞ := � t≥0 F_t. Let X = (X_t)_{t≥0} be a given increasing, right continuous, F-adapted process, and denote by X̃ = (X̃_t)_{t≥0} the compensator of X (also called the dual predictable projection of X). X̃ is the (up to P-equality) unique increasing, right continuous, F-predictable process with X̃_0 = 0 such that X − X̃ is a local martingale (see e.g. [1], theorem 15.2 for the existence and uniqueness of X̃).

The process X has the following general structure (cf. [1], ch.VI): there exist (i) an increasing, continuous, F-adapted process X^c, and (ii) sequences (S_n)_{n≥1} , (T_n)_{n≥1} of predictable resp. totally inaccessible stopping times with pairwise disjoint graphs, such that X = X^c + � n≥1 △X_{Sn} 1_{[Sn,∞[} + � n≥1 △X_{Tn} 1_{[Tn,∞[} .

Let G_n (n ≥ 1) denote the (necessarily continuous) compensator of the jump process △X_{Tn} 1_{[Tn,∞[}. Then the compensator X̃ of X has the structure

X̃ = X̃^c + � n≥1 E � △X_{Sn} | F_{Sn−} � 1_{[Sn,∞[} ,

with X̃^c = X^c + � n≥1 G_n. As a consequence, one has the following equivalent assertions:

(a) X is regular (or quasi-left-continuous), (b) X has no jumps at predictable stopping times, and (c) X̃ is continuous.

The following result on the topological relations between increasing processes and their compensators can be found in [1] (ch.VII, Th.18 and 20).

Theorem 3.1 Suppose that (X^n)_{n≥0} is a sequence of right continuous, increasing, F-

adapted processes, which belongs uniformly to class (D). If for every stopping time T

lim_{n→∞} X^n_T = X^0_T for σ(L^1, L^∞) ,

then also lim_{n→∞} ~X^n_T = ~X^0_T for σ(L^1, L^∞) ,

where ( ~X^n)_{n≥0} denotes the associated sequence of compensators. If (X^n)_{n≥0} is a sequence such that X^0 is regular (so that ~X^0 is continuous), and if (X^n)_{n≥1} is increasing with limit X^0, then even lim_{n→∞} ~X^n_T = ~X^0_T

for the L^1-norm.

As a consequence of the above theorem one gets that the compensator of an increasing process can be obtained as the limit of compensators of discrete increasing processes (cf. [1], Th.21). We give a different proof than in [1], which seems to be more elementary. Moreover, our proof can serve at the same time as an existence proof for the compensator.

Theorem 3.2 Let X = (X_t)_{t≥0} be a given increasing, right continuous, integrable and

F-adapted process. Let further (π_n)_{n≥1} be a null-sequence of partitions of R_+, and define for every n ≥ 1 and t ≥ 0

C^n(X)_t := � k≥1 1_{[o,t]}(t^n_k )E{X_tn_k − X_tn_{k−1} | F_tn_{k−1} } .

Then there exists an increasing, right continuous, integrable and predictable process C(X) such that lim_{n→∞} C^n(X)_t = C(X)_t for σ(L^1, L^∞)

for all t ≥ 0, and such that C(X) is the compensator X̃ of X.

Proof: Let Z ∈ L^∞(Ω) be given and suppose that (Y_t)_{t≥0} is a cadlag-modification of (E{Z|F_t})_{t≥0} . Then we get for every fixed t ≥ 0

E{Z C^n(X)_t} = E � Z � k≥1 1_{[o,t]}(t^n_k )E{X_tn_k − X_tn_{k−1} | F_tn_{k−1} } �

= � k≥1 1_{[o,t]}(t^n_k )E � Z E{X_tn_k − X_tn_{k−1} | F_tn_{k−1} } �

= � k≥1 1_{[o,t]}(t^n_k )E � E{Z|F_tn_{k−1} }(X_tn_k − X_tn_{k−1} ) �

= � k≥1 1_{[o,t]}(t^n_k )E � Y_tn_{k−1} (X_tn_k − X_tn_{k−1} ) �

= E � � k≥1 1_{[o,t]}(t^n_k ) Y_tn_{k−1} (X_tn_k − X_tn_{k−1} ) � . If we define F_n := � k≥1 1_{[o,t]}(t^n_k )Y_tn_{k−1} 1_{]t}n_{k−1 ,t}n_{k ]} ,

the above equation just reads

E{Z C^n(X)_t} = E

� �^t 0 F_n(s) dX_s � . By the definition of F_n and Y we have lim_{n→∞} F_n(s) = Y_{s−} for every s > 0, and Lebesgue’s theorem yields lim_{n→∞} E{Z C^n(X)_t} = E

� �^t 0 Y_{s−} dX_s � .

Especially, this implies that (C^n(X)_t)_{n≥1} is a σ(L^1, L^∞)-Cauchy sequence. Because of E C^n(X)_t ≤ E X_t =: r_t we have that (C^n(X)_t)_{n≥1} is contained in the L^1-ball {X ∈ L^1| E|X| ≤ r_t}, which is weakly sequentially complete (cf. e.g. [6], p.121). This now implies that there exists a C̄(X)_t ∈ L^1 such that lim_{n→∞} E{Z C^n(X)_t} = E{Z C̄(X)_t} for all Z ∈ L^∞.

Now consider the so obtained process (C̄(X)_t)_{t≥0} . It is easy to see that (C̄(X)_t)_{t≥0} is Fadapted and that C̄(X)_s ≤ C̄(X)_t P-a.s. for all s ≤ t. Clearly, ( C̄(X)_t)_{t≥0} is in general not necessarily right continuous. So let us show that (C̄(X)_t)_{t≥0} has a right continuous, increasing modification. We choose a null set N such that for all ω /∈ N and all s, t ∈ Q_+ with s ≤ t we have C̄(X)_s(ω) ≤ C̄(X)_t(ω) .

Then we define C(X)_t := 1_N c inf_{u>t,u∈Q} C̄(X)_u .

It follows from the properties of F that the process (C(X)_t)_{t≥0} is an F-adapted, increasing and right continuous process. Furthermore,

E{Z C(X)_t} = inf_{u>t,u∈Q} E{Z C̄(X)_u} = inf_{u>t,u∈Q} E{

�_u 0 Y_{s−} dX_s} = E{

�_t 0 Y_{s−} dX_s} = E{Z C̄(X)_t} for all t ≥ 0 and all Z ∈ L^∞ with Z ≥ 0. It follows that P{ C(X)_t = C̄(X)_t } = 1 for all t ≥ 0, i.e. (C(X)_t)_{t≥0} is a modification of (C̄(X)_t)_{t≥0} .

Altogether we have proved up to now that there exists an increasing, right continuous, integrable and F-adapted process (C(X)_t)_{t≥0} such that lim_{n→∞} E{Z C^n(X)_t} = E{Z C(X)_t} for all t ≥ 0 and all Z ∈ L^∞.

It is an easy exercise to show that X − C(X) is an F-martingale. This follows from the σ(L^1, L^∞)-convergence and the observation that for every n ≥ 1 the process

(X_tn_k − C^n(X)_tn_k )_{k≥0} is a martingale relative to the filtration (F_tn_k )_{k≥0} . Hence for the proof of the theorem it remains to show that C(X) is predictable. We do this by proving the equivalent assertion that C(X) is a natural process. This means that we have to show that

E{Y_t C(X)_t} = E{

�_t 0 Y_{s−} dC(X)_s}

holds for every t ≥ 0 and every non-negative, bounded cadlag F-martingale (Y_t)_{t≥0} . The idea is to apply to C(X) the same procedure which we applied to X. For n ≥ m > 1 we have the following simple relation: C^m(C^n(X))_t = � j≥1 1_{[0,t]}(t^m_j )E � C^n(X)_tm_j − C^n(X)_tm_{j−1} | F_tm_{j−1} �

= � j≥1 1_{[0,t]}(t^m_j )E � � k∈I^m_j E � X_tn_k − X_tn_{k−1} | F_tn_{k−1} � | F_tm_{j−1} �

(I^m_j := {k|t^m_{j−1} < t^n_k ≤ t^m_j }) = � j≥1 1_{[0,t]}(t^m_j ) � k∈I^m_j E � X_tn_k − X_tn_{k−1} | F_tm_{j−1} �

= � j≥1 1_{[0,t]}(t^m_j )E � X_tm_j − X_tm_{j−1} | F_tm_{j−1} �

= C^m(X)_t .

Now let (Y_t)_{t≥0} be a given non-negative, bounded F-cadlag-martingale. Then we have for every t ≥ 0 on one side (i) lim_{m→∞} E{Y_t C^m(X)_t} = E{Y_t C(X)_t} , and on the other side we get E{Y_t C^m(X)_t} = E{Y_t C^m(C^n(X))_t} (n ≥ m) = E � Y_t � j≥1 1_{[0,t]}(t^m_j )E � C^n(X)_tm_j − C^n(X)_tm_{j−1} | F_tm_{j−1} �

= E � � j≥1 1_{[0,t]}(t^m_j )Y_tm_{j−1} � C^n(X)_tm_j − C^n(X)_tm_{j−1} � , which gives for n → ∞ E{Y_t C^m(X)_t} = E � � j≥1 1_{[0,t]}(t^m_j )Y_tm_{j−1} � C(X)_tm_j − C(X)_tm_{j−1} � , and hence (ii) lim_{m→∞} E{Y_t C^m(X)_t} = E{

�_t 0 Y_{s−} dC(X)_s} , and we have proved that C(X) is natural. �

Remark 3.3 If X is continuous, then one can prove that lim_{n→∞} C^n(X)_t = C(X)_t = X_t even for the L^1-norm. But in general this is not true. There is a counterexample of Dellacherie and Doléans (cf. [1] for a reference).

Let (H^n)_{n≥1} be an increasing sequence of filtrations H^n = (H^n_t )_{t≥0} . Define H^∞ by H^∞_t := � n≥1 H^n_t for t ≥ 0 and let F be the standard filtration generated by H^∞. In analogy to theorem 3.2 one could ask the following question (which is related to the general approximation problem stated in section 2):

Let X = (X_t)_{t≥0} be an increasing, right continuous, F-adapted process. Define for every n ≥ 1 C^n(X)_t := � k≥1 1_{[0,t]}(t^n_k )E � X_tn_k − X_tn_{k−1} | H^n_tn_{k−1} � . Is it again true that lim_{n→∞} C^n(X)_t = X̃_t

for every t ≥ 0 for the topology σ(L^1, L^∞)?

Looking at the proof of theorem (3.2), there is the following problem. If Z ∈ L^∞ is given, and if the function F_n is now defined as

F_n = � k≥1 1_{[0,t]}(t^n_k )E � Z | H^n_tn_{k−1} � 1_{]t}n_{k−1 ,t}n_{k ]} ,

then clearly F_n(s) −→ Y_{s−} := E{Z|F_{s−} } P-a.s. (!) for every s ≥ 0. But it is not at all clear (and probably not true) that outside one fixed null-set one has the convergence F_n(s) → Y_{s−} for all s ≥ 0. The reason is a kind of regularity problem for two-parameter martingales: Consider � E{Z|H^n_t } � 1≤n≤∞,t≥0 .

This is a two-parameter martingale. Does there exist a modification (Y_{n,t})_{1≤n≤∞,t≥0} , such that lim n→∞,s↗t

Y_{n,s} = Y_{∞,t}

for all t ≥ 0?

The following result indicates that even in case that X is a continuous process the situation differs from the situation, where just one filtration F is involved.

Theorem 3.4 Let (π_n)_{n≥1} be a null-sequence of partitions and H^n (n ≥ 1), F filtrations

as above. If X is an increasing, continuous, F-adapted process, and if

C^n(X)_t := � k≥1 1_{[0,t]}(t^n_k )E � X_tn_k − X_tn_{k−1} | H^n_tn_{k−1} � for n ≥ 1 and t ≥ 0, then for every t ≥ 0

lim_{n→∞} C^n(X)_t = X_t

for the topolgy σ(L^1, L^∞).

Proof: (1) For every integrable process Y = (Y_t)_{t≥0} we set

C^n(X)_t := � k≥1 1_{[0,t]}(t^n_k )E � Y_tn_k − Y_tn_{k−1} | H^n_tn_{k−1} � .

Now assume that Y is even square integrable. Then we will first prove an elementary

inequality for E{C^n(Y )^2_t }. For a shorter notation we set

m(t) := m(t, n) := max{k ≥ 1| t^n_k ≤ t} .

Then we get

E{C^n(Y )^2_t } = E

�^{m(t)}� k=1 E � Y_tn_k − Y_tn_{k−1} | H^n_tn_{k−1}

�_2

= E m(t)�

k=1 � E � Y_tn_k − Y_tn_{k−1} | H^n_tn_{k−1}

�_2

+ 2 � k<j E � E � Y_tn_k − Y_tn_{k−1} | H^n_tn_{k−1} � E � Y_tn_j − Y_tn_{j−1} | H^n_tn_{j−1} �

= E m(t)�

k=1 � E � Y_tn_k − Y_tn_{k−1} | H^n_tn_{k−1}

�_2

+ 2 � k<j E � E � Y_tn_k − Y_tn_{k−1} | H^n_tn_{k−1} � E � Y_tn_j − Y_tn_{j−1} | H^n_tn_{k−1} �

≤ 2 � k≤j E � E � Y_tn_k − Y_tn_{k−1} | H^n_tn_{k−1} � E � Y_tn_j − Y_tn_{j−1} | H^n_tn_{k−1} �

= 2 m(t)�

k=1 E � E � Y_tn_k − Y_tn_{k−1} | H^n_tn_{k−1} � E � Y_tn_{m(t)} − Y_tn_{k−1} | H^n_tn_{k−1} �

= 2 m(t)�

k=1 E � (Y_tn_{m(t)} − Y_tn_{k−1} )E � Y_tn_k − Y_tn_{k−1} | H^n_tn_{k−1} � . and we have obtained the inequality

E{C^n(Y )^2_t } ≤ 2E � max 0≤k<m(t)

|Y_tn_{m(t)} − Y_tn_k |

m(t)�

k=1 � E � Y_tn_k − Y_tn_{k−1} | H^n_tn_{k−1} � . (3.4.1)

If Y is increasing we have especially

E{C^n(Y )^2_t } ≤ 2 E � (Y_t − Y_0) C^n(Y )_t � ≤ 2 � E(Y_t − Y_0)^2

�1_2 � E(C^n(Y )^2_t )

�1_2 , which implies

E{C^n(Y )^2_t } ≤ 4 E(Y_t − Y_0)^2 . (3.4.2)

Now suppose that Z = X − Y , where X and Y are increasing and square integrable processes. Then we get from (3.4.1)

E{C^n(Y )^2_t } ≤ 2 E � max 0≤k<m(t)

|Z_tn_{m(t)} − Z_tn_k | (C^n(X)_t + C^n(Y )_t) �

≤ 2 � E � max 0≤k<m(t)

(Z_tn_{m(t)} − Z_tn_k )^2

� 1_2 � E � C^n(X)_t + C^n(Y )_t

�_2�1_2 , and (3.4.2) gives

E{C^n(Y )^2_t } ≤ 4 � E � max 0≤k<m(t)

(Z_tn_{m(t)} − Z_tn_k )^2

� 1_2 � E(X_t − X_0)^2

�1_2 + � E(Y_t − Y_0)^2

�1_2 � . (3.4.3)

This inequality will be used in the next step of the proof.

(2) Now let X be the increasing, continuous, F-adapted process, for which we want to prove the assertion of the theorem. In this step of the proof we also assume in addition that X is square integrable. For every m ≥ 1 we define the process X^m = (X^m_t )_{t≥0} by

X^m := � j≥1 X_tm_{j−1} 1_{[t}m_{j−1 ,t}m_{j [} .

To prove the asserted σ(L^1, L^∞)-convergence, let Z be an arbitrary given element of L^∞. Then

E{Z C^n(X)_t} = E{Z C^n(X^m)_t} + R^{m,n}_1 (t) , (3.4.4)

where R^{m,n}_1 (t) = E{Z (C^n(X)_t − C^n(X^m)_t)} .

First we compute E{Z C^n(X^m)_t}:

E{Z C^n(X^m)_t} = E � Z m(t)�

k=1 E{X_tn_k − X_tn_{k−1} | H^n_tn_{k−1} } �

= E �^{m(t)}� k=1 E{Z | H^n_tn_{k−1} }(X_tn_k − X_tn_{k−1} ) � , and with the definition F_n :=

m(t)�

k=1 E{Z | H^n_tn_{k−1} } 1_{[t}m_{k−1 ,t}m_{k [} we have an F-predictable function such that E{Z C^n(X^m)_t} = E

� �^t 0 F_n(s) dX^m_s � . (3.4.5) The increasing process X^m corresponds to the measure � j≥1 (X_tm_j − X_tm_{j−1} ) δ_tm_j .

Hence, if k(j) denotes that integer for which t^n_{k(j)} = t^m_j (n ≥ m) , then �_t 0 F_n(s) dX^m_s = � j≥1 F_n(t^n_{k(j)})(X_tm_j − X_tm_{j−1} ) = � j≥1 1_{[0,t]}(t^m_j )E{Z|H^n_tn_{k(j)−1} }(X_tm_j − X_tm_{j−1} ) .

Thus we have

E{Z C^n(X^m)_t} = E � � j≥1 1_{[0,t]}(t^m_j )E{Z|F_tm_{j −} }(X_tm_j − X_tm_{j−1} ) � + R^{m,n}_2 (t) , (3.4.6) with

R^{m,n}_2 (t) := E � � j≥1 1_{[0,t]}(t^m_j ) � E{Z|H^n_tn_{k(j)−1} } − E{Z|F_tm_{j −} } � (X_tm_j − X_tm_{j−1} ) � . The continuity of X implies that every X_t is F_{t−} -measurable. This gives E � E{Z|F_tm_{j −} }(X_tm_j − X_tm_{j−1} ) � = E � Z (X_tm_j − X_tm_{j−1} ) � , and we get from (3.4.6) that E{Z C^n(X^m)_t} = E{Z (X_t − X_0)} + R^{m,n}_2 (t) and altogether we have proved that E{Z C^n(X)_t} = E{Z (X_t − X_0)} + R^{m,n}_1 (t) + R^{m,n}_2 (t) (3.4.7) for m ≤ n. So we have to prove for the asserted σ(L^1, L^∞)-convergence that for every ε > 0 there exists an m ≥ 1 such that for every n ≥ m we have

|R^{m,n}_1 (t)| < ε and |R^{m,n}_2 (t)| < ε .

For R^{m,n}_1 (t) we use the inequality (3.4.3). With D := ‖Z‖_∞ we get

|R^{m,n}_1 (t)| ≤ D E|C^n(X)_t − C^n(X^m)_t| = D E C^n(X − X^m)_t ≤ D � E{C^n(X − X^m)_t}^2

�1_2

and hence

R^{m,n}_1 (t)^4 ≤ D^4 � E{C^n(X − X^m)_t}^2

�_2

≤ 2^4D^4E � max 0≤k<m(t) � (X − X^m)_tn_{m(t)} − (X − X^m)_tn_k

�_2� · � [E(X_t − X_0)^2]^{12} + [E(X^m_t − X^m_0 )^2]^{12}

�_2

≤ 2^6D^4E(X_t − X_0)^2 E � max 0≤k<m(t) � (X − X^m)_tn_{m(t)} − (X − X^m)_tn_k

�_2�

≤ 2^7D^4E(X_t − X_0)^2 E � max 0≤k≤m(t) � (X − X^m)_tn_k

�_2�

≤ 2^7D^4E(X_t − X_0)^2 E � max_{j≥1} 1_{[0,t]}(t^m_j )(X_tm_j − X_tm_{j−1} )^2 � . Since X is assumed to be continuous, it follows easily that

lim_{m→∞} E � max_{j≥1} 1_{[0,t]}(t^m_j )(X_tm_j − X_tm_{j−1} )^2 � = 0 ,

and thus we have proved that there exists an m_1 = m_1(ε) such that for all n ≥ m ≥ m_1 we have |R^{m,n}_1 (t)| < ε.

For R^{m,n}_2 (t) we get from the definition

R^{m,n}_2 (t)^2 ≤ E(X_t − X_0)^2 E � max_{j≥1} � 1_{[0,t]}(t^m_j ) � E{Z |H^n_tn_{k(j)−1} } − E{Z|F_tm_{j −} }

� 2� . Since t^n_{k(j)−1} ↗ t^m_j for n → ∞, we have � n≥1 H^n_tn_{k(j)−1} = H^∞_tm_{j −} ,

and it is easy to show that E{Z|H^∞_{t−} } = E{Z|F_{t−} } for all t > 0. Hence

lim_{n→∞} E{Z|H^n_tn_{k(j)−1} } = E{Z|F_tm_{j −} }

P-a.s. for all j ≥ 1. Since Z ∈ L^∞, it follows from Lebesgue’s theorem that lim_{n→∞} R^{m,n}_2 (t) = 0. Hence for a given ε > 0 and m ≥ 1 there exists an n(ε, m) ≥ m such that |R^{m,n}_2 (t)| < ε for all n ≥ n(ε, m).

So let ε > 0 be given. Then first we can choose an m(ε) such that |R^{m(ε),n}_1 (t)| < ε for all n ≥ m(ε). Then we choose an n(ε) := n(ε, m(ε)) ≥ m(ε) such that |R^{m(ε),n}_2 (t)| < ε for all n ≥ n(ε). Then we obtain from (3.4.7) | E{Z C^n(X)_t} − E{Z (X_t − X_0)} | < 2ε for all n ≥ n(ε). Since ε > 0 and Z ∈ L^∞ were arbitrarily chosen, we have proved the asserted σ(L^1, L^∞)-convergence under the assumption that X is square integrable. (3) Now just suppose that X is integrable. For Z ∈ L^∞ and ε > 0 given we choose a constant c > 0 such that E{X_t − (X ∧ c)_t} < ε 2‖Z‖_∞ . Then we have E{Z C^n(X)_t} − E{Z (X_t − X_0)} = E{Z C^n(X ∧ c)_t} − E{Z((X ∧ c)_t − (X ∧ c)_0)} + R^{n,c}_t , where

R^{n,c}_t = E{Z(C^n(X)_t − C^n(X ∧ c)_t)} + E{Z ((X_t − (X ∧ c)_t) − (X_0 − (X ∧ c)_0))} . Then |R^{n,c}_t | ≤ 2‖Z‖_∞E(X − (X ∧ c))_t < ε .

This proves finally the assertion of the theorem for the general case that X is only assumed to be integrable. � One special application of the theorem is formulated in the following corollary.

Corollary 3.5 Let M = (M_t)_{t≥0} be a square integrable martingale and let F be the

standard filtration generated by the canonical filtration of M. Let as before (π_n)_{n≥1} denote a null-sequence of partitions and define for every n ≥ 1 the filtration H^n = (H^n_t )_{t≥0} by H^n_t := σ � {M_tn_k | t^n_k ≤ t} � . If the predictable quadratic variation <M> of M is continuous, then lim_{n→∞} � k≥1 1_{[0,t]}(t^n_k )E � (M_tn_k − M_tn_{k−1} )^2 | H^n_tn_{k−1} � = <M>_t

for every t > 0 in the topology σ(L^1, L^∞).

To get convergence in the L^1-norm, it seems that in general one has to assume a stronger condition on the limit process X than just continuity. In principle, it will be a condition implying that there is a kind of uniform nearness of the conditional expectations E{X_tn_k − X_tn_{k−1} |H^n_tn_{k−1} } to E{X_tn_k −X_tn_{k−1} |F_tn_{k−1} }. The condition which we impose on X in the following theorem is a condition which is usually fulfilled in applications (survival analysis, queuing theory, risk theory etc.).

Theorem 3.6 Let (H^n)_{n≥1} and F be given as before, and let X be an increasing, right

continuous, F-adapted and integrable process. Suppose that in addition X has P-a.s. a density Z relative to a non-random measure μ on R_+, i.e.

X_t =

�_t 0 Z_s μ(ds)

for every t > 0 P-a.s.. Then lim_{n→∞} C^n(X)_t = X_t in the L^1-norm for every t > 0.

Proof: (1) We will denote by P the predictable σ-algebra on R_+ × Ω for the filtration F. For every n ≥ 1 we define then P_n as the sub-σ-algebra of P generated by the sets {0} × A, where A ∈ H^n_0 and by the sets ]t^n_{k−1} , t^n_k ] × A, where A ∈ H^n_tn_{k−1} and k ≥ 1. Furthermore, we define a sequence (M_n)_{n≥1} of maps M_n : R_+ × Ω → R_+ by

M_n :=: � k≥1 E{X_tn_k − X_tn_{k−1} |H^n_tn_{k−1} } μ(]t^n_{k−1} , t^n_k ])

1_{]t}n_{k−1 ,t}n_{k ]} , (3.6.1)

with the (admissible) convention that

E{X_tn_k − X_tn_{k−1} |H^n_tn_{k−1} } μ(]t^n_{k−1} , t^n_k ])

:= 0 ,

in case that μ(]t^n_{k−1} , t^n_k ]) = 0. Now let t > 0 be given. We set P^t := P ∩ ([0, t] × Ω) and P^t_n := P_n ∩ ([0, t] × Ω) for n ≥ 1. Then we define the probability space

Ω^t := � [0, t] × Ω, P^t, μ μ([0, t]) ⊗ P � . In the following we will view (M_n)_{n≥1} as a process on Ω^t. By definition, every M_n is P^t_nmeasurable, i.e. (M_n)_{n≥1} is a (P^t_n)-adapted process. It is also clear that (M_n)_{n≥1} is integrable. We will prove now that (M_n)_{n≥1} is even a (P^t_n)-martingale.

We set μ_t := μμ([0, t]) . For m < n we take a set A ∈ H^m_tm_{j−1} . Furthermore, we set I^m_j := {k ≥ 1| t^m_{j−1} < t^n_k ≤ t^m_j } and

Y^n_k :=

E{X_tn_k − X_tn_{k−1} |H^n_tn_{k−1} } μ(]t^n_{k−1} , t^n_k ]) .

Then � ]t^m_{j−1} ,t^m_j ]×A

M_n d(μ_t ⊗ P) = � 1_{]t}m_{j−1 ,t}m_{j ]×A} � � k∈I^m_j

Y^n_k 1_{]t}n_{k−1 ,t}n_{k ]} � d(μ_t ⊗ P)

= � k∈I^m_j � Ω � R_+

1_A Y^n_k 1_{]t}n_{k−1 ,t}n_{k ]} dμ_t dP

= � k∈I^m_j

μ_t(]t^n_{k−1} , t^n_k ]) � A Y^n_k dP

= � k∈I^m_j

μ_t(]t^n_{k−1} , t^n_k ]) μ(]t^n_{k−1} , t^n_k ]) � A E{X_tn_k − X_tn_{k−1} |H^n_tn_{k−1} } dP

= μ([0, t])^{−1} � A E{X_tm_j − X_tm_{j−1} |H^m_tm_{j−1} } dP = μ(]t^m_{j−1} , t^m_j ]) μ([0, t]) � A E{X_tm_j − X_tm_{j−1} |H^m_tm_{j−1} } μ(]t^m_{j−1} , t^m_j ]) dP = � Ω � R_+

1_A 1_{]t}m_{j−1 ,t}m_{j ]} dμ_t dP = � ]t^m_{j−1} ,t^m_j ]×A

M_m d(μ_t ⊗ P) .

Since the sets ]t^m_{j−1} , t^m_j ]×A (j ≥ 1, A ∈ H^m_tm_{j−1} ) together with the sets {0}×A (A ∈ H^m_0 ) form a ∩-stable system generating P_m, it follows from the just proved equation that (M_n)_{n≥1} is a (P^t_n)-martingale.

Since in addition, (M_n)_{n≥1} is non-negative, the martingale convergence theorem implies that (M_n)_{n≥1} is a.s. convergent.

(2) Now we prove that (M_n)_{n≥1} also converges in L^1([0, t] × Ω). By (1) it is necessary and sufficient to show that (M_n)_{n≥1} is uniformly integrable. We prove this under the momentary extra condition that the process (Z_s)_{0≤s≤t} belongs to L^2([0, t] × Ω). Then it is sufficient to prove that sup_{n≥1} � M^2_n d(μ_t ⊗ P) < ∞ .

For every s ∈]t^n_{k−1} , t^n_k ] we have

M_n(s, ·) =

E{X_tn_k − X_tn_{k−1} |H^n_tn_{k−1} } μ(]t^n_{k−1} , t^n_k ]) = � ]t^n_{k−1} ,t^n_k ] E{Zr |H n t^n_{k−1} } μ(dr)

μ(]t^n_{k−1} , t^n_k ]) , and hence

M_n(s, ·)^2 ≤ � ]t^n_{k−1} ,t^n_k ] � E{Z_r |H^n_tn_{k−1} }

�_2

μ(dr) μ(]t^n_{k−1} , t^n_k ]) ≤ � ]t^n_{k−1} ,t^n_k ] E{Z 2 r |H^n_tn_{k−1} } μ(dr) μ(]t^n_{k−1} , t^n_k ]) . Therefore we obtain � M^2_n d(μ_t ⊗ P) ≤ � [0,t] � � k≥1 μ(]t^n_{k−1} , t^n_k ])^{−1} 1_{]t}n_{k−1 ,t}n_{k ]}(u) � ]t^n_{k−1} ,t^n_k ] E � E{Z^2_r |H^n_tn_{k−1} } � μ(dr) � μ_t(du) = � [0,t] � � k≥1 μ(]t^n_{k−1} , t^n_k ])^{−1} 1_{]t}n_{k−1 ,t}n_{k ]}(u) � � ]t^n_{k−1} ,t^n_k ]

E Z^2_r μ(dr) � μ_t(du) = � [0,t]

Z^2 d(μ_t ⊗ P) ,

and it follows that (M_n)_{n≥1} is uniformly integrable. Since (M_n)_{n≥1} is also (μ_t ⊗ P)-a.s. convergent, there exists an L^1([0, t] × Ω)-limit M of (M_n)_{n≥1} . Because of E � [0,t]

M_n dμ_t − � [0,t]

M dμ_t � ≤ E � [0,t]

|M_n − M| dμ_t

and the observation that � [0,t]

M_n dμ_t

= μ([0, t])^{−1} � k≥1 1_{[0,t]}(t^n_k )E{X_tn_k − X_tn_{k−1} |H^n_tn_{k−1} }

= μ([0, t])^{−1} C^n(X)_t ,

we have especially proved that lim_{n→∞} C^n(X)_t = X_t in the L^1-norm for every t > 0.

(3) Finally, if (Z_s)_{0≤s≤t} is not assumed to be square integrable, we set for every constant c > 0 X^c_t := � [0,t]

(Z_s ∧ c) μ(ds) .

For any given ε > 0 it is then possible to find a c = c(ε) such that

E X_t − E X^c_t < ε .

If we denote by M^c_n the map of step (2) associated with X^c, then (M^c_n)_{n≥1} converges in L^1([0, t] × Ω) by step (2). Furthermore, we have � [0,t]×Ω

(M_n − M^c_n) d(μ_t ⊗ P) ≤ � [0,t] � � k≥1 μ(]t^n_{k−1} , t^n_k ])^{−1} 1_{]t}n_{k−1 ,t}n_{k ]}(u) · � Ω � ]t^n_{k−1} ,t^n_k ] � E{Z_r|H^n_tn_{k−1} } − E{Z_r ∧ c|H^n_tn_{k−1} } � μ(dr) dP � μ_t(du) ≤ � Ω � [0,t]

(Z_r − Z_r ∧ c) μ_t(dr) dP

= μ([0, t])^{−1} E(X_t − X^c_t ) .

Now it follows easily that (M_n)_{n≥1} is a Cauchy sequence in L^1([0, t]×Ω) and hence convergent. As in the last part of step (2) one finally gets lim_{n→∞} C^n(X)_t = X_t in L^1(Ω). This finishes the proof of the theorem. �

4 Existence of the Second Order Characteristics

In this section we will prove that in the sense of theorem 2.2 all second order characteristics exist for every L^4-martingale. So let M = (M_t)_{t≥0} be in the following a fixed cadlag Fmartingale such that M_t ∈ L^4(Ω) for all t ≥ 0. We will often make use of the following structure of M (cf. [3], ch.4). First we have the decomposition

M = M^c + M^d

into two L^4-martingales. M^c is a continuous martingale, called the continuous part of M. The martingale M^d, called the purely discontinuous part of M, has the structure

M^d = M^p + M^t ,

where the martingales M^p and M^t are called the predictable and the totally inaccessible part resp. of M. We have M^p = � i≥1 X_i 1_{[Si,∞[} ,

where the S_i are predictable stopping times and X_i = △M_{Si} . M^t has the structure

M^t = � j≥1 � Y_j 1_{[Tj ,∞[} − Ã^j � . Here the T_j are totally inaccessible stopping times, Ã^j denotes the (continuous) compensator of Y_j 1_{[Tj ,∞[} and Y_j = △M_{Tj} . Moreover, the family � T | T = S_i or T = T_j, i, j ∈ N � may and will be assumed to have pairwise disjoint graphs. Then the following orthogonality relation holds:

E M^2_t = E (M^c_t )^2 + � i≥1 E � X^2_i 1_{[Si≤t]} � + � j≥1 E � Y_j 1_{[Tj ≤t]} − Ã^j_t

�_2 . Theorem 4.1 (Existence of (M)^{(4)}) For every t ≥ 0,

(M)^{(4)}_t := lim_{n→∞} � k≥1 1_{[0,t]}(t^n_k ) (M_tn_k − M_tn_{k−1} )^4

exists in L^1 and (with the notations introduced above)

(M)^{(4)}_t = � i≥1 X^4_i 1_{[Si≤t]} + � j≥1 Y^4_j 1_{[Tj ≤t]} .

Proof: (1) First we assume that M^c and M^d are bounded by some constant C > 0. For every n ≥ 1 we set as before

m(t) = m_n(t) := max{k ≥ 1|t^n_k ≤ t} .

Then we have

m(t)�

k=1 (M_tn_k − M_tn_{k−1} )^4 =

m(t)�

k=1 (M^d_tn_k − M^d_tn_{k−1} )^4 + 4� i=1 A^n_i (t) ,

where

A^n_1 (t) := 4

m(t)�

k=1 (M^c_tn_k − M^c_tn_{k−1} )(M^d_tn_k − M^d_tn_{k−1} )^3 ,

A^n_2 (t) := 6

m(t)�

k=1 (M^c_tn_k − M^c_tn_{k−1} )^2(M^d_tn_k − M^d_tn_{k−1} )^2 ,

A^n_3 (t) := 4

m(t)�

k=1 (M^c_tn_k − M^c_tn_{k−1} )^3(M^d_tn_k − M^d_tn_{k−1} ) , and

A^n_4 (t) :=

m(t)�

k=1 (M^c_tn_k − M^c_tn_{k−1} )^4 .

We assert that lim_{n→∞} A^n_i (t) = 0 in L^1(Ω) for i = 1, 2, 3, 4. Since the proofs are very similar, we only show that lim_{n→∞} A^n_1 (t) = 0 in L^1(Ω). For the proof of that assertion we will use the obvious inequality

|A^n_1 (t)| ≤ 8C max_k |M^c_tn_k − M^c_tn_{k−1} |

m(t)�

k=1 (M^d_tn_k − M^d_tn_{k−1} )^2 .

Now let ε > 0 be given. Since

lim_{n→∞}

m(t)�

k=1 (M^d_tn_k − M^d_tn_{k−1} )^2 = [M^d]_t

in L^1(Ω), we can find an n_1 ∈ N such that E �^{m(t)}� k=1 (M^d_tn_k − M^d_tn_{k−1} )^2 − [M^d]_t � < ε 48 C^2

for all n ≥ n_1. For every m ≥ 1 and η > 0 we set

Ω_{m,η} := � ω | max_k |M^c_tn_k (ω) − M^c_tn_{k−1} (ω)| < η for all n ≥ m � . Then the sequence (Ω_{m,η} )_{m≥1} is increasing with � m≥1 Ω_{m,η} = Ω. We choose η = 1 24 C E [M^d]_t . Then there exists an m ∈ N such that E � 1_Ω c_{m,η} [M^d]_t � < ε 48 C^2 . With n_0 := max(n_1, m) we have for all n ≥ n_0

E |A^n_1 (t)|

≤ 16 C^2 E

�^{m(t)}� k=1 (M^d_tn_k − M^d_tn_{k−1} )^2 − [M^d]_t � + 8 C E � max_k |M^c_tn_k − M^c_tn_{k−1} | · [M^d]_t �

< ε 3 + 8 C � Ω_{m,η}

max_k |M^c_tn_k − M^c_tn_{k−1} | · [M^d]_t dP + 16 C^2 � Ω^c_{m,η}

[M^d]_t dP < ε 3 + 8 C η E[M^d]_t + 16 C^2 E � 1_Ω c_{m,η} [M^d]_t � < ε by the choice of n_0. Since ε > 0 was arbitrary, we have proved that lim_{n→∞} A^n_1 (t) = 0 in L^1(Ω) and lim_{n→∞} A^n_i (t) = 0 (i = 2, 3, 4) follows similarly. It remains to prove the existence of

lim_{n→∞}

m(t)�

k=1 (M^d_tn_k − M^d_tn_{k−1} )^4

in L^1(Ω). This is proved similarly to the proof of the existence of [M^d] in [3] (th. 18.6). So let us assume first that the number of jumps of M on [0, t] is bounded, which means that

M^d_s =

k_1�

i=1 X_i 1_{[Si≤s]} +

k_2�

j=1 (Y_j 1_{[Ti≤s]} − Ã^j_s) for k_1, k_2 ∈ N and s ≤ t. Since (M^d_s )_{s≤t} is now a process of finite variation having only finite many jumps, one can prove that even pathwise lim_{n→∞}

m(t)�

k=1 (M^d_tn_k − M^d_tn_{k−1} )^4 =

k_1�

i=1 X^4_i , 1_{[Si≤t]} +

k_2�

j=1 Y^4_j 1_{[Ti≤t]} , and the boundedness assumption on M implies that this convergence also takes place in the L^1-norm.

If the number of jumps of M on [0, t] is not bounded, we set M^{d,m} := m� i=1 Z_i , where every Z_i is either of the form X_i1_{[Si,∞[} or of the form (Y_j1_{[Tj ,∞[} − Ã^j). For a shorter notation we will write (N)^{(4),n}_t :=

m(t)�

k=0 (N_tn_k − N_tn_{k−1} )^4 for every L^4-martingale N = (N_t)_{t≥0} . Now set M̄^{d,m} := M^d − M^{d,m} .

Then (M^d)^{(4),n}_t − (M^{d,m})^{(4),n}_t = 4� i=1 B^{n,m}_i , where B^{n,m}_1 (t) := 4

m(t)�

k=1 (M^{d,m}_tn_k − M^{d,m}_tn_{k−1} )^3(M̄^{d,m}_tn_k − M̄^{d,m}_tn_{k−1} ) ,

B^{n,m}_2 (t) := 6

m(t)�

k=1 (M^{d,m}_tn_k − M^{d,m}_tn_{k−1} )^2(M̄^{d,m}_tn_k − M̄^{d,m}_tn_{k−1} )^2 ,

B^{n,m}_3 (t) := 4

m(t)�

k=1 (M^{d,m}_tn_k − M^{d,m}_tn_{k−1} )(M̄^{d,m}_tn_k − M̄^{d,m}_tn_{k−1} )^3 , and

B^{n,m}_4 (t) :=

m(t)�

k=1 (M̄^{d,m}_tn_k − M̄^{d,m}_tn_{k−1} )^4 , and we prove that lim_{m→∞} B^{n,m}_i = 0 in L^1 for i = 1, 2, 3, 4 uniformly in n. By the boundedness assumption we have |B^{n,m}_1 | ≤ 4 C

�^{m(t)}� k=1 (M^{d,m}_tn_k − M^{d,m}_tn_{k−1} )^2 � max_k |M̄^{d,m}_tn_k − M̄^{d,m}_tn_{k−1} |

≤ 8 C sup_{s≤t} |M̄^{d,m}_s |

m(t)�

k=1 (M^{d,m}_tn_k − M^{d,m}_tn_{k−1} )^2 .

It follows from the Burkholder-Davis-Gundy-inequality (applied to M^{d,m}) that

E|B^{n,m}_1 | ≤ K � E sup_{s≤t} (M^{d,m}_s )^4

�1_2 �

E sup_{s≤t} (M̄^{d,m}_s )^2

�1_2

for some constant K > 0. Since

lim_{m→∞} E sup_{s≤t} (M̄^{d,m}_s )^2 = 0 ,

we have proved that lim_{m→∞} B^{n,m}_1 = 0 in L^1 uniformly in n. Similar proofs show that also lim_{m→∞} B^{n,m}_i = 0 (i = 2, 3, 4) in L^1 uniformly in n. Hence under the boundedness assumption on M we have proved altogether that the sequence ((M)^{(4),n}_t )_{n≥1} converges in L^1 and has the asserted limit.

(2) If M^c and M^d are not necessarily bounded, we introduce for every C > 0 the set

F_C := � ω | sup_{s≤t} |M^c_s (ω) ≤ C and sup_{s≤t} |M^d_s (ω) ≤ C � . Similar as in (1) one can prove that

lim_{n→∞} 1_{FC} (M)^{(4),n}_t

exists in L^1. Since lim_{C↗∞} P F^c_C = 0, it follows that the sequence ((M)^{(4),n}_t )_{n≥1} converges in probability. For the asserted L^1-convergence it is therefore sufficient to show that ((M)^{(4),n}_t )_{n≥1} is uniformly integrable. Now, for every A ∈ F we have E � 1_A

m(t)�

k=1 (M_tn_k − M_tn_{k−1} )^4 �

≤ 2 E � 1_A sup_{s≤t} M^2_s

m(t)�

k=1 (M_tn_k − M_tn_{k−1} )^2 �

≤ 2 K � E 1_A sup_{s≤t} M^4_s

�1_2 �

E sup_{s≤t} M^4_s

�1_2 , where the last line follows again from the Burkholder-Davis-Gundy-inequality. The uniform integrability is now obvious and the theorem is proved. �

Theorem 4.2 (Existence of (M)^{(~4)}) For every t ≥ 0,

(M)^{(~4)}_t := lim_{n→∞}

m(t)�

k=1 E � (M_tn_k − M_tn_{k−1} )^4 | F_tn_{k−1} �

exists for the topology σ(L^1, L^∞). Moreover,

(M)^{(~4)} = � i≥1 E{X^4_i | F_{Si−} }1_{[Si,∞[} + � j≥1 B̃^j ,

where the processes B̃^j are the (continuous) compensators of the Y^4_j 1_{[Tj ,∞[}.

Proof: We take an arbitrary, fixed Z ∈ L^∞ and denote by (Y_t)_{t≥0} a cadlag-modification of (E{Z|F_t})_{t≥0} . Then we have E Z (M)^{(~4),n}_t

:= E Z

m(t)�

k=1 E � (M_tn_k − M_tn_{k−1} )^4 | F_tn_{k−1} �

= E m(t)�

k=1 Y_tn_{k−1} (M_tn_k − M_tn_{k−1} )^4 .

As in the proof of theorem 4.1 one can now show that

lim_{n→∞}

m(t)�

k=1 Y_tn_{k−1} (M_tn_k − M_tn_{k−1} )^4

= lim_{n→∞}

m(t)�

k=1 Y_tn_{k−1} (M^d_tn_k − M^d_tn_{k−1} )^4 = � [0,t]

Y_{s−} d(M)^{(4)}_s in L^1. The process ~ (M)^{(4)} = � i≥1 E{X^4_i | F_{Si−} }1_{[Si,∞[} + � j≥1 B̃^j

is the compensator of (M)^{(4)}, and hence E � [0,t]

Y_{s−} d(M)^{(4)}_s = E � [0,t]

Y_{s−} d ~

(M)^{(4)}_s . From � E Z (M)^{(~4),n}_t − E Z ~(M)^{(4)}_t � = � E Z (M)^{(~4),n}_t − E � [0,t]

Y_{s−} d ~

(M)^{(4)}_s �

≤ E � � m(t)�

k=1 Y_tn_{k−1} (M_tn_k − M_tn_{k−1} )^4 − � [0,t]

Y_{s−} d(M)^{(4)}_s � � we get that lim_{n→∞}(M)^{(~4),n}_t = ~(M)^{(4)}_t for σ(L^1, L^∞) and the theorem is proved. �

Theorem 4.3 (Existence of (M)^{(2,~2)}) For every t ≥ 0,

(M)^{(2,~2)}_t := lim_{n→∞}

m(t)�

k=1 (M_tn_k − M_tn_{k−1} )^2E � (M_tn_k − M_tn_{k−1} )^2 | F_tn_{k−1} � exists for the topology σ(L^1, L^∞), and

(M)^{(2,~2)} = � i≥1 X^2_i E{X^2_i | F_{Si−} } 1_{[Si,∞[} .

Proof: We set M̄^p := M − M^p. Then we have

(M)^{(2,~2),n}_t := m(t)�

k=1 (M_tn_k − M_tn_{k−1} )^2E � (M_tn_k − M_tn_{k−1} )^2 | F_tn_{k−1} �

= m(t)�

k=1 � (M̄^p_tn_k − M̄^p_tn_{k−1} ) + (M^p_tn_k − M^p_tn_{k−1} )

�_2

· E � (M̄^p_tn_k − M̄^p_tn_{k−1} ) + (M^p_tn_k − M^p_tn_{k−1} )

�_2 |F_tn_{k−1} �

= m(t)�

k=1 (M^p_tn_k − M^p_tn_{k−1} )^2E � <M^p>_tn_k − <M^p>_tn_{k−1} |F_tn_{k−1} � + C^n_1 + C^n_2 + 2C^n_3 ,

where

C^n_1 :=

m(t)�

k=1 (M̄^p_tn_k − M̄^p_tn_{k−1} )^2E � <M>_tn_k − <M>_tn_{k−1} |F_tn_{k−1} � ,

C^n_2 :=

m(t)�

k=1 (M^p_tn_k − M^p_tn_{k−1} )^2E � <M̄^p>_tn_k − < M̄^p>_tn_{k−1} |F_tn_{k−1} � , and

C^n_3 :=

m(t)�

k=1 (M̄^p_tn_k − M̄^p_tn_{k−1} )(M^p_tn_k − M^p_tn_{k−1} )E � <M>_tn_k − <M>_tn_{k−1} |F_tn_{k−1} � .

First we prove that lim_{n→∞} C^n_i = 0 in L^1 (i = 1, 2, 3). We have

E |C^n_1 | = E �^{m(t)}� k=1 E � <M̄^p>_tn_k − < M̄^p>_tn_{k−1} |F_tn_{k−1} � <M>_tn_k − <M>_tn_{k−1} �

≤ E � max_k E � <M̄^p>_tn_k − < M̄^p>_tn_{k−1} |F_tn_{k−1} � <M>_t �

≤ � E � max_k � E � <M̄^p>_tn_k − < M̄^p>_tn_{k−1} |F_tn_{k−1}

�_2�^1_2 �

E <M>^2_t

�1_2 .

Now E max_k � E � <M̄^p>_tn_k − < M̄^p>_tn_{k−1} |F_tn_{k−1}

�_2

≤ E m(t)�

k=1 � E � <M̄^p>_tn_k − < M̄^p>_tn_{k−1} |F_tn_{k−1}

�_2

≤ E m(t)�

k=1 � <M̄^p>_tn_k − < M̄^p>_tn_{k−1}

�_2 , and the last expression tends to zero for n → ∞, since <M̄^p> is continuous. So we have proved that lim_{n→∞} C^n_1 = 0 in L^1.

Again using the continuity of <M̄^p>, one can prove similarly that also lim_{n→∞} C^n_2 = 0 in L^1.

For the proof that lim_{n→∞} C^n_3 = 0 we first show that one can reduce the problem to the case where the number of jumps of M on [0, t] is bounded. Then

C^n_3 = D^n_1 + D^n_2

with

D^n_1 :=

m(t)�

k=1 (M^c_tn_k − M^c_tn_{k−1} )(M^p_tn_k − M^p_tn_{k−1} )E � <M>_tn_k − <M>_tn_{k−1} |F_tn_{k−1} �

and D^n_2 :=

m(t)�

k=1 (M^t_tn_k − M^t_tn_{k−1} )(M^p_tn_k − M^p_tn_{k−1} )E � <M>_tn_k − <M>_tn_{k−1} |F_tn_{k−1} � . Then lim_{n→∞} ED^n_1 = 0 because of the continuity of M^c, and lim_{n→∞} ED^n_2 = 0, since the finite many jumps of M^t and M^p have pairwise disjoint graphs. As far we have proved that for the existence of (M)^{(2,~2)} we only have to prove that

(M^p)^{(2,~2)}_t = lim_{n→∞}(M^p)^{(2,~2),n}_t

exists for σ(L^1, L^∞), where

(M^p)^{(2,~2),n}_t :=

m(t)�

k=1 (M^p_tn_k − M^p_tn_{k−1} )^2 E � <M^p>_tn_k − <M^p>_tn_{k−1} |F_tn_{k−1} � . Again, one first proves that this problem can be reduced to the case that M^p has only finite many jumps. We omit this proof and assume now that

M^p = m� i=1 X_i 1_{[Si,∞[} .

To prove the assertion for an M^p of the above form, we need the following lemma.

Lemma 4.4 Let X = (X_t)_{t≥0} be an increasing, right continuous, integrable, F-predictable

process. For every stopping time T we set X̃^n_T := � k≥1 �^k� j=1 E{X_tn_j − Xt^n_{j−1} |F_tn_{j−1} } � 1_{]t}n_{k−1 ,t}n_{k ]}(T ) , and X̄^n_T := � k≥1 �^{k−1}� j=1 E{X_tn_j − Xt^n_{j−1} |F_tn_{j−1} } � 1_{]t}n_{k−1 ,t}n_{k ]}(T ) for every n ≥ 1. If T is predictable, then lim_{n→∞} (X̃^n_T − X̄^n_T ) = △X_T for the topoloy σ(L^1, L^∞).

Proof of the lemma: It follows from theorem 3.2 that lim_{n→∞} X̃^n_T = X_T for σ(L^1, L^∞). Hence it remains to prove that lim_{n→∞} X̄^n_T = X_{T −} for σ(L^1, L^∞).

Let (T_i)_{i≥1} be an announcing sequence for T . From theorem 3.2 we have lim_{n→∞} X̃^n_{Ti} = X_{Ti} for σ(L^1, L^∞) uniformly in i ∈ N. Moreover, the σ(L^1, L^∞)-convergence of (X̃^n_{Ti} )_{n≥1} implies (cf. [4],p.20) that for every fixed non-negative Z ∈ L^∞ the sequence (Z X̃^n_{Ti} )_{n≥1} is uniformly integrable for every i ≥ 1. Hence for every ε > 0 there exists a δ = δ(ε, i) such that E 1_{[T −T i≤δ]} Z X̃^n_{Ti} < ε .

Now, for every ω ∈ [T − T_i > δ] there exists an n(δ) such that X̃^n_{Ti(ω)}(ω) ≤ X̄^n_{T (ω)}(ω) for n ≥ n(δ). Therefore, E Z X̃^n_{Ti} ≤ E 1_{[T −T i> δ]} Z X̃^n_{Ti} + ε ≤ E Z X̄^n_T + ε for every n ≥ n(δ). It follows that E Z X_{Ti} = lim_{n→∞} E Z X̃^n_{Ti} ≤ lim sup_{n→∞} E Z X̄^n_T + ε .

On the other side, we have for every fixed n ≥ 1 E Z X̃^n_T = lim_{i→∞} E Z X̃^n_{Ti} , and hence E Z X̄^n_T ≤ E Z X̃^n_T ≤ E Z X̃^n_{Ti} + ε for all i ≥ i(n, ε). Since lim_{n→∞} E Z X̃^n_{Ti} = E Z X_{Ti} uniformly in i ≥ 1, there exists an n(ε) such that for n ≥ n(ε) and for an i(n), E Z X̃^n_{Ti(n)} ≤ E Z X_{Ti(n)} + ε .

Hence we have lim sup n→∞ E Z X̄^n_T ≤ lim sup_{n→∞} E Z X_{Ti(n)} + 2 ε .

So far we have proved E Z X_{T −} = lim_{i→∞} E Z X^n_{Ti}

≤ lim inf_{n→∞} E Z X̄^n_T + ε ≤ lim sup_{n→∞} E Z X̄^n_T + ε ≤ lim sup_{n→∞} E Z X_{Ti(n)} + 3 ε , or E Z X_{T −} − ε ≤ lim inf_{n→∞} E Z X̄^n_T ≤ lim sup_{n→∞} E Z X̄^n_T ≤ E Z X_{T −} + 2 ε .

Since ε > 0 was arbitrarily chosen, lim_{n→∞} E Z X̄^n_T = E Z X_{T −} and the lemma is proved. � Now we complete the proof of theorem 4.3 using the above lemma. We set M^j = X_j 1_{[Sj ,∞[} .

Then M^p =

�_{m(t)} j=1 M^j. For a fixed j = 1, · · · , m we set T := S_j and X :=<M^p>. Then

m(t)�

k=1 (M^j_tn_k − M^j_tn_{k−1} )^2 E � <M^p>_tn_k − <M^p>_tn_{k−1} |F_tn_{k−1} �

= m(t)�

k=1 X^2_j 1_{]t}n_{k−1 ,t}n_{k ]}(T )E{X_tn_k − Xt^n_{k−1} |F_tn_{k−1} } = X^2_j (X̃^n_T − X̄^n_T ) 1_{[T ≤t]} .

Suppose first that the jump height X_j is bounded. Then we get from the lemma that

lim_{n→∞} X^2_j (X̃^n_T − X̄^n_T ) 1_{[T ≤t]} = X^2_j △X_T 1_{[T ≤t]} = X^2_j △ <M^p>_{Sj} 1_{[Sj ≤t]} = X^2_j E{X^2_j |F_{Sj −} } 1_{[Sj ≤t]}

for σ(L^1, L^∞). By a uniform integrability argument, this limit relation also holds, if X_j is not necessarily bounded, and we have thus proved that for σ(L^1, L^∞)

lim_{n→∞} (M^p)^{(2,~2),n}_t = m� i=1 X^2_i E{X^2_i |F_{Si−} } 1_{[Si≤t]} .

This finishes the proof of the theorem. �

Theorem 4.5 (Existence of (M)^{(~2,~2)}) For every t ≥ 0,

(M)^{(~2,~2)}_t := lim_{n→∞}

m(t)�

k=1 � E � (M_tn_k − M_tn_{k−1} )^2 | F_tn_{k−1} � 2

exists for the topology σ(L^1, L^∞) and

(M)^{(~2,~2)} = � i≥1 � E{X^2_i |F_{Si−} }

�_2

1_{[Si,∞[} .

Proof: With similar arguments as in the proof of theorem 4.3 one first shows that the σ(L^1, L^∞)-convergence of

(M)^{(~2,~2),n}_t :=

m(t)�

k=1 � E � (M_tn_k − M_tn_{k−1} )^2 | F_tn_{k−1} � 2

can be reduced to the problem of the σ(L^1, L^∞)-convergence of

(M^p)^{(~2,~2),n}_t :=

m(t)�

k=1 � E � (M^p_tn_k − M^p_tn_{k−1} )^2 | F_tn_{k−1} � 2 , and that one can even assume that M^p has only a finite number of jumps, i.e. we assume that M^p = m� i=1 X_i 1_{[Si,∞[} .

Now let Z be a fixed non-negative element of L^∞(Ω) and denote by (Y_t)_{t≥0} a cadlagmodification of the martingale (E{Z|F_t})_{t≥0} . Then we have

E Z (M^p)^{(~2,~2),n}_t

= E Z

m(t)�

k=1 � E � <M^p>_tn_k − <M^p>_tn_{k−1} | F_tn_{k−1} � 2

= E m(t)�

k=1 Y_tn_{k−1} � <M^p>_tn_k − <M^p>_tn_{k−1} � E � <M^p>_tn_k − <M^p>_tn_{k−1} | F_tn_{k−1} � .

Since <M^p> = m� i=1 E{X^2_i |F_{Si−} } 1_{[Si,∞[} ,

we have to prove for the convergence of the sequence (E Z (M^p)^{(~2,~2),n}_t )_{n≥1} that for every fixed i = 1, · · · , m the sequence � E m(t)�

k=1 Y_tn_{k−1} E{X^2_i |F_{Si−} } 1_{]t}n_{k−1 ,t}n_{k ]}(S_i)E � <M^p>_tn_k − <M^p>_tn_{k−1} | F_tn_{k−1} � n≥1 converges. As in the proof of the last theorem we show the convergence of that sequence by proving that the sequence � m(t)� k=1 Y_tn_{k−1} 1_{]t}n_{k−1 ,t}n_{k ]}(S_i)E � <M^p>_tn_k − <M^p>_tn_{k−1} | F_tn_{k−1} � n≥1 converges for σ(L^1, L^∞).

We set T := S_i and X :=<M^p> and define for every t ≥ 0,

Ỹ^n_t := � k≥1 �^k� j=1 Y_tn_{j−1} E{X_tn_j − X_tn_{j−1} | F_tn_{j−1} } � 1_{]t}n_{k−1 ,t}n_{k ]}(t) .

Then we assert that the sequence (Ỹ^n_t )_{n≥1} converges for σ(L^1, L^∞). We take an arbitrary V ∈ L^∞ and a cadlag-modification (U_t)_{t≥0} of (E{V |F_t})_{t≥0} . Then

lim_{n→∞}E V Ỹ^n_t

= lim_{n→∞} E

m(t)�

k=1 U_tn_{k−1} Y_tn_{k−1} E{X_tn_k − X_tn_{k−1} | F_tn_{k−1} }

= lim_{n→∞} E

m(t)�

k=1 U_tn_{k−1} Y_tn_{k−1} (X_tn_k − X_tn_{k−1} ) = E �_t 0 U_{s−} Y_{s−} dX_s = E �_t 0 U_{s−} dW_s

(where W is the predictable process given by W_t =

�_t 0 Y_{s−} dX_s)

= E U_t

�_t 0 Y_{s−} dX_s

= E V

�_t 0 Y_{s−} dX_s , and we have proved that lim_{n→∞} Ỹ^n_t =

�_t 0 Y_{s−} dX_s for the σ(L^1, L^∞)-topology. more general, if T is a stopping time such that X_T ∈ L^1, then

lim_{n→∞} Ỹ^n_S =

�_S 0 Y_{s−} dX_s

for σ(L^1, L^∞) uniformly on the set of all stopping times S with S ≤ T . Now we define for every n ≥ 1 and t ≥ 0,

Ȳ^n_t := � k≥1 �^{k−1}� j=1 Y_tn_{j−1} E{X_tn_j − X_tn_{j−1} | F_tn_{j−1} } � 1_{]t}n_{k−1 ,t}n_{k ]}(t) .

Then one can prove exactly as in the proof of lemma 4.4 that

lim_{n→∞} (Ỹ^n_T − Ȳ^n_T ) =

�_T 0 Y_{s−} dX_s −

�_{T −} 0 Y_{s−} dX_s = Y_{T −} △X_T

for σ(L^1, L^∞), using the predictability of T . So we have proved that

lim_{n→∞}

m(t)�

k=1 Y_tn_{k−1} 1_{]t}n_{k−1 ,t}n_{k ]}(S_i)E � <M^p>_tn_k − <M^p>_tn_{k−1} | F_tn_{k−1} �

= Y_{Si−} △ <M^p>_{Si} 1_{[Si≤t]} = Y_{Si−} E{X^2_i |F_{Si−} } 1_{[Si≤t]} for σ(L^1, L^∞). Assuming first that the jump X_i is bounded, the just proved relation implies

lim_{n→∞}E

� m(t)� k=1 Y_tn_{k−1} E{X^2_i |F_{Si−} } 1_{]t}n_{k−1 ,t}n_{k ]}(S_i) · E � <M^p>_tn_k − <M^p>_tn_{k−1} | F_tn_{k−1} �

= E � Y_{Si−} � E{X^2_i |F_{Si−} }

�_2

1_{[Si≤t]} �

= E � Z � E{X^2_i |F_{Si−} }

�_2

1_{[Si≤t]} � . Again, one can prove by a uniform integrability argument that the last limit relation also holds for general X_i, and the theorem is proved. �

Theorem 4.6 (Existence of (M)^{(1,~3)}) For every t ≥ 0,

(M)^{(1,~3)}_t := lim_{n→∞}

m(t)�

k=1 (M_tn_k − M_tn_{k−1} ) E � (M_tn_k − M_tn_{k−1} )^3 | F_tn_{k−1} �

exists for the σ(L^1, L^∞)-topology, and (M)^{(1,~3)} = � i≥1 X_iE{X^3_i | F_{Si−} } 1_{[Si,∞[} .

Proof: Partially,we just indicate the ideas of the proof, since the arguments are often similar to those in the proofs of the foregoing results. (1) First one shows that

(M)^{(3)}_t := lim_{n→∞}

m(t)�

k=1 (M_tn_k − M_tn_{k−1} )^3

exists in L^1 and that (M)^{(3)} = � i≥1 X^3_i 1_{[Si,∞[} + � j≥1 Y^3_j 1_{[Tj ,∞[} .

The proof is similar to the proof of theorem 4.1. Now let C̃^j denote the continuous compensator of Y^3_j 1_{[Tj ,∞[}. Then the compensator of (M)^{(3)} is given by (M)^{(~3)} := � i≥1 E{X^3_i |F_{Si−} } 1_{[Si,∞[} + � j≥1 C̃^j .

(2) For every n ≥ 1 and t ≥ 0 we set

(M)^{(~3),n}_t :=

m(t)�

k=1 E � (M_tn_k − M_tn_{k−1} )^3 | F_tn_{k−1} � . Let Z ∈ L^∞ be given and denote again by (Y_t)_{t≥0} a cadlag-modification of (E{Z|F_t})_{t≥0} . Then E Z (M)^{(~3),n}_t = E

m(t)�

k=1 Y_tn_{k−1} (M_tn_k − M_tn_{k−1} )^3 .

As in the proof of theorem 4.2 it follows that lim_{n→∞} E Z (M)^{(~3),n}_t = lim_{n→∞} E Z (M^d)^{(~3),n}_t = E �_t 0 Y_{s−} d(M^d)^{(3)}_s = E �_t 0 Y_{s−} d(M^d)^{(~3)}_s = E Z (M^d)^{(~3)}_t , and hence we have proved that lim_{n→∞} (M)^{(~3),n}_t = (M)^{(~3)}_t = lim_{n→∞} (M^d)^{(~3),n}_t = (M^d)^{(~3)}_t for σ(L^1, L^∞).

Consider now the sequence ((M)^{(1,~3),n}_t )_{n≥1} defined by

(M)^{(1,~3),n}_t :=

m(t)�

k=1 (M_tn_k − M_tn_{k−1} )E � (M_tn_k − M_tn_{k−1} )^3 | F_tn_{k−1} � . It is not difficult to see that the σ(L^1, L^∞)-convergence of that sequence is equivalent to the σ(L^1, L^∞)-convergence of the corresponding sequence ((M^d)^{(1,~3),n}_t )_{n≥1} , where M is replaced by M^d. For analyzing the limit behaviour of the last sequence, let us first assume that M^d is of the simple form M^d = X 1_{[S,∞[} + Y 1_{[T,∞[} with X, Y ∈ L^4 and S, T stopping times. We get

(M^d)^{(1,~3),n}_t = m(t)�

k=1 � X 1_{]t}n_{k−1 ,t}n_{k ]}(S) + Y 1_{]t}n_{k−1 ,t}n_{k ]}(T ) �

· E � X^3 1_{]t}n_{k−1 ,t}n_{k ]}(S) + Y^3 1_{]t}n_{k−1 ,t}n_{k ]}(T ) | F_tn_{k−1} � + A^n ,

where

A^n :=

m(t)�

k=1 � X 1_{]t}n_{k−1 ,t}n_{k ]}(S) + Y 1_{]t}n_{k−1 ,t}n_{k ]}(T ) �

· E � 3(XY^2 + X^2Y )1_{]t}n_{k−1 ,t}n_{k ]}(S) 1_{]t}n_{k−1 ,t}n_{k ]}(T ) | F_tn_{k−1} � . For A^n we get (with Z := 3(XY^2 + X^2Y ))

E |A^n| ≤ E m(t)�

k=1 � |X| 1_{]t}n_{k−1 ,t}n_{k ]}(S) + |Y | 1_{]t}n_{k−1 ,t}n_{k ]}(T ) �

· E � |Z| 1_{]t}n_{k−1 ,t}n_{k ]}(S) 1_{]t}n_{k−1 ,t}n_{k ]}(T ) | F_tn_{k−1} �

= E m(t)�

k=1 � E � |X| 1_{]t}n_{k−1 ,t}n_{k ]}(S) + |Y | 1_{]t}n_{k−1 ,t}n_{k ]}(T ) | F_tn_{k−1} �

· � |Z| 1_{]t}n_{k−1 ,t}n_{k ]}(S) 1_{]t}n_{k−1 ,t}n_{k ]}(T ) � . If the stopping times S and T have disjoint graphs, it is not difficult to conclude from the above inequality that lim_{n→∞} E |A^n| = 0 .

Suppose now that S is predictable and T is totally inaccessible and denote by D̃^i (i = 1, 2) the continuous compensators of |Y | 1_{T,∞[} and |Y^3| 1_{T,∞[} resp.. Then we have

(M^d)^{(1,~3),n}_t − A^n = m(t)�

k=1 X 1_{]t}n_{k−1 ,t}n_{k ]}(S)E � X^3 1_{]t}n_{k−1 ,t}n_{k ]}(S) | F_tn_{k−1} � + B^n + C^n

with

B^n :=

m(t)�

k=1 � Y 1_{]t}n_{k−1 ,t}n_{k ]}(T )E � X^3 1_{]t}n_{k−1 ,t}n_{k ]}(S) + Y^3 1_{]t}n_{k−1 ,t}n_{k ]}(T ) | F_tn_{k−1} �

and C^n :=

m(t)�

k=1 X 1_{]t}n_{k−1 ,t}n_{k ]}(S)E � Y^3 1_{]t}n_{k−1 ,t}n_{k ]}(S) | F_tn_{k−1} � . We get

E |B^n| ≤ E m(t)�

k=1 � |Y | 1_{]t}n_{k−1 ,t}n_{k ]}(T ) · E � |X^3| 1_{]t}n_{k−1 ,t}n_{k ]}(S) + |Y^3| 1_{]t}n_{k−1 ,t}n_{k ]}(T ) | F_tn_{k−1} �

= E m(t)�

k=1 � |Y | 1_{]t}n_{k−1 ,t}n_{k ]}(T ) · E � E � |X^3| � F_{S−} � 1_{]t}n_{k−1 ,t}n_{k ]}(S) + (D̃^2_tn_k − D̃^2_tn_{k−1} ) � F_tn_{k−1} �

= E m(t)�

k=1 � E � |Y | 1_{]t}n_{k−1 ,t}n_{k ]}(T ) � F_tn_{k−1} �

· � E � |X^3| � F_{S−} � 1_{]t}n_{k−1 ,t}n_{k ]}(S) + (D̃^2_tn_k − D̃^2_tn_{k−1} ) �

= E m(t)�

k=1 � E � (D̃^1_tn_k − D̃^1_tn_{k−1} ) � F_tn_{k−1} �

· � E � |X^3| � F_{S−} � 1_{]t}n_{k−1 ,t}n_{k ]}(S) + (D̃^2_tn_k − D̃^2_tn_{k−1} ) � . Using the continuity of D̃^1, it is now easy to show that

lim_{n→∞} E |B^n| = 0 .

Similarly, one can show by using the continuity of D̃^2 that

lim_{n→∞} E |C^n| = 0 .

We assumed that M^d had just two jumps mainly to avoid overburdening of notation. If M^d has more than two jumps, similar arguments as above give that the convergence of the sequence ((M^d)^{(1,~3),n}_t )_{n≥1} is equivalent to the convergence of the sequence � m(t)� k=1 � � i≥1 X_i 1_{]t}n_{k−1 ,t}n_{k ]}(S_i) � E � � i≥1 X^3_i 1_{]t}n_{k−1 ,t}n_{k ]}(S_i) | F_tn_{k−1} � n≥1 .

Now we can proceed as in the proof of theorem 4.3 (cf. especially lemma 4.4) to obtain that the last sequence is convergent for σ(L^1, L^∞) and has the limit � i≥1 X_i E{X^3_i |F_{Si−} } 1_{[Si≤t]} .

This finishes the proof of the theorem. �

References

[1] Dellacherie, C., and Meyer, P.A. : Probabilité et Potentiel. Chaps.I-IV,V-VIII, Hermann, Paris 1975/1980

[2] Dettweiler, E. : Embedding of general martingales into a Brownian motion. Rostock.

Math. Kolloq. 53, 75-110 (1999)

[3] Métivier, M. : Semimartingales, a Course on Stochastic Processes. Walter de Gruyter, Berlin and New York 1982

[4] Meyer, P.A. : Probability and Potentials. Blaisdell Publ. Comp., Waltham, Mass.

1966

[5] Mykland, P.A. : Embedding and Asymptotic Expansions for Martingales. Probab.

Theory Rel. Fields 103, 475-492 (1995)

[6] K.Yosida : Functional Analysis. Springer, 3rd ed., New York 1971 received: January 17, 2002

Author:

Egbert Dettweiler, Mathematisches Institut der Universität Tübingen Auf der Morgenstelle 10 72076 Tübingen Germany E.Dettweiler@web.de