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An inverse Problem for a parabolic System in an
unbounded Guide

ABSTRACT. In this article we consider a two-by-two parabolic system defined on an un-
bounded guide with coefficients depending both on the space variable and on the time vari-
able. The main aim of this paper is to obtain a stability result for the coefficients depending
on the space variable. Using Carleman inequalities adapted for the guide, we obtain Holder
estimates of these coefficients in any finite portion of the guide with boundary measurements,

given two sets of initial conditions.
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1 Introduction

Let w be a bounded connex domain in R"~!, n > 2 with C? boundary. Denote Q = R x w
and Q@ = Q x (0,7), ¥ =90 x (0,T). We consider the following problem

Ou = Au+ apru + Bosw + g1 in Q,
0w = Aw + yp3u + dp,w + g2 in Q,
u(.,0) = ay, w(.,0) =ayin €,

u=as, W=a4in X,

(1.1)

where «, 3,7, are bounded coefficients defined on €2 such that
a,B,7,0 € Mi(Mo) = {f € L=(), || fll =) < Mo} for some My > 0,
and ¢1, @2, ¢3, ¢4 are bounded coeflicients defined on [0, 7] such that for i =1,--- /4

¢; € A?(Mo) = {f € (Jl([O,T]), f(%) # 0 and ||f||01([0,T}) < Mo}-

The main problem is to estimate the coefficients («, 3,7, d) from boundary observations of

(u,w).
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We will consider two sets of Cauchy and Dirichlet conditions A and B and denote

G = (g17g2)7 A= <a17a27a37a4)7 B = <b17b27b37b4>7 pP= (OC,B,’}/, 67 ¢17¢27¢37¢4)7

ﬁl = (627 ga %7 g? ¢17 ¢27 ¢37 ¢4)7 p~2 = (Oé, 57 %7 ga 9517 ¢27 ¢37 ¢4)7 P~3 = (OK, 67 5/7 87 ¢17 ¢27 ¢37 (;54)
(1.2)
Let two positive reals [, L be such that [ < L. Denote

Qp=(-L,L) xwand = (—1,]) xw

The first result of this paper gives a Holder stability result (3.4) for the coefficients «, 3,7, ¢
and is the following (see Theorem 3.1)

o — 07”%2(91) + 18 - 5”%2(91) + v - 7”%2(91) + 6 — 5”%2(91)

1

<K (/ > (10,(0F (wa — @))* + 10, (0 (wa — @a))I) do dt

Lx(0,T) 1.—g

1

/ Z V(ug — up))|* +10,(0f (wp — wp))|*) do dt))

Lx(0,7) =g

where K is a positive constant, £ € (0,1), 7. is a part of the boundary (see (2.2)), and
assuming that the hypothesis (3.3) is satisfied. We consider in the above result Vi = (u4,w4)
(resp. Vi = (U4, W4)) a solution of (1.1) associated with the coefficients (p, G, A) (resp.
(p1, G, A)) and Vg = (up,wp) (resp. Vp = (g, Wp)) a solution of (1.1) associated with the
coefficients (p, G, B) (resp. (p1, G, B)) where A is a set of Cauchy and Dirichlet conditions
and B is a suitable change of initial and boundary conditions. The above result is an
improvement of results obtained in [5] with different and less restrictive hypotheses but with
two choices of Cauchy and Dirichlet conditions A and B. In abbreviated form we will call
A and B the two sets of initial conditions. It is an improvement because on one hand the
hypotheses, though quite differents, are easier to satisfy than in [5] and on the other hand
there are no observation terms of the solutions (u,w) at a fixed time on the right-hand side
of the estimate, such as ||(ua — @4)(., 2)||H2 () (see [5]). The idea of choosing two different
sets of initial conditions can be found in |2] for a hyperbolic equation in a bounded domain
(see also [0] for a hyperbolic system).

A consequence of the above result is given in Theorem 3.2 where the measurements are given

for only one component (for example u) and is the following (see (3.6))
lov = @ll720y) + 18 = BllT2ny + 17 = W72y + 116 = 0l 20

<K (”UA - '&AH?{?([O,T],HQ(M’OQL)) + |lua — ﬁA”%{l([O,T},H‘l(w’OQL))



An inverse Problem for a parabolic System 29

+lup — ﬂBH%ﬂ([O,T},H?(w’ﬁQL)) + [lup — aB”%ﬂ([O,T},H‘l(w’ﬂQL))

1

+/YLX(07T) ;(‘a ( (UA - UA))| + |8 ( (uB — u3))|2) do dt))

where K > 0, K € (0,1) and ' is a neighborhood of v, w' being a subdomain of € such
that v, C Ow’, and assuming that « = @ and 8 = 3 in w’. We can relax the hypothesis that
the coefficients a and 3 are supposed known in w’ when these coefficients are in H*(2) and
we obtain a similar result with the L2-norms replaced by the H?-norms for the coefficients
a and [ on the left-hand side of the above estimate and additional terms such as |[(ua —
). %)H%{‘l(m) on the right-hand side of this estimate (see (3.7)).

The third result gives a Holder result (3.10) for the coefficients ¢4, 3,7, 0 (assuming also
that ¢; € C?*([0,T])) and is the following (see Theorem 3.3)

ZH@ = D)2 0my + 118 = BllZay + 117 = @y + 18 = 81|72,

1
- T . T
<K (Z(Haf(m =) ) + 108 (s = @8)( 5)20,)
k=0

- T - T _ T
+107 (wa = @a) (5 5)z20,) + 107 (us = @) (- ) 2(,) + [ (wa = @A) (s )z,

s =) iy + (0~ B 10,00k~ ) do
YL x(0,T) r_qo

2

+/YL><(0T) %Qa ( ( Up _UB))| + |8 (a (wB _wB))|2) do dt))

where K is still a positive constant, x € (0, 1), and gzgl belongs to a set of admissible coeffi-
cients (namely As(Ms), see (3.8)). In the above case we denote Vi = (ua,wy4) (vesp. Vi =
(ua,wa)) a solution of (1.1) associated with (p, G, A) (resp. (p2,G,A)) and Vg = (up, wp)
(resp. Vg = (@i, Wp)) a solution of (1.1) associated with (p, G, B) (resp. (p2,G,B)). So
this third result gives a determination of one coefficient depending on the time variable. Be
careful that the meanings of f/A and VB are not the same in Theorems 3.1 and 3.2 on one
hand and Theorem 3.3 on the other hand.
Finally the fourth theorem gives a Holder result (3.11) for the following reaction-diffusion
system
Ou = Au+ apru+ Bosw + 01 - Vu+ 0y - Vw+¢g; in Q,
Ow = Aw + ypsu + 0w + O3 - Vu+ 04 - Vw + g2 in Q,
u(.,0) = a1, w(.,0) =ayin €,

u=as, W=a4in X,

(1.3)
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where all the coefficients «, 3,7, d, @1, @2, @3, P4, O1, O2, O3, 04 are bounded. We present here
a result for the four coefficients 3,7, d,©; (and assuming that ©; has the form ©; = V&).

So denote now

O =(01,-+,04), ©=(0,0,,06386,). (1.4)

We get the following result

18 = BliZz(@y + Iy = FZ20y + 18 = 0172, + 191 = Orll w2y

. T . T
K (n(uA =) )Wy + s = 8) . 5) s

/ Z 10,(0F (wa — @a))|* + 10, (0f (wa — @a))|?) do dt

Lx(0,T) p—g

—I—/LX(OT) ;ﬂa L (OF (ug — B))|* + |0,(0F (wg — wg))|*) do dt))

where K is a positive constant, x € (0,1). This time we denote V4 = (ua,wa) (resp.
Vi = (tia,W,)) a solution of (1.3) associated with (p, G, A,©) (resp. (g3, G, A,0)) and
Vs = (ug,wg) (resp. Vi = (Ug, Wg)) a solution of (1.3) associated with (p, G, B,©) (resp.
(63, G, B,©)).

Note that all our results imply uniqueness results. Up to our knowledge, there are few results
concerning the simultaneous identification of more than one coefficient in each equation (see
for examples [1, 2, 5, 6, 9, 10]) and note that in these papers the coefficients only depend
on the space variable. Also notice that there are very few results where the measurements
are given with only one component. Here the first and fourth theorems (Theorems 3.1 and
3.4) extend some results obtained in |5, Theorem 3.2| but with hypotheses (see (3.2) and
(3.3)) less restrictive than in [5]. The second result (Theorem 3.2) gives a result for four
coefficients depending on the space variable and with measurements of only one component.
The third theorem (Theorem 3.3) also gives a result for four coefficients but one of each
depending on the time variable. Furthermore, usually the papers investigate the case of
bounded domains and give results with observations on a subdomain of the domain (see for
example [1, 2, 10]). Here we present results with observations on a part of the boundary
(see Theorems 3.1, 3.3, 3.4). Besides, because of our unbounded domain and our choice
of weight functions (2.3), we will use cut-off functions in time and in the direction z; (see
for example [12] where cut-off functions are removed but in a bounded domain). Finally,
usually the results have observations terms with data of the solution at a fixed time (such
as ||(ua — aa)(., %)H%IQ(QL), see for example |5, 7, &]). We have been able to remove them
in Theorems 3.1, 3.2i) thanks to the properties of the weight functions. So the theorems

presented here give stability results for four coefficients for a system defined on an unbounded
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domain, with boundary measurements in Theorems 3.1, 3.3 and 3.4, measurements for only
one component in Theorem 3.2, with a time variable coefficient in Theorem 3.3. These
results extend previous results for one equation [7, &] or for a system [5| defined on an
unbounded guide. Last we recall that the method of Carleman estimates used for solving
inverse problems has been initiated by [3].

This Paper is organized as folows: in Section 2, we recall the weight functions adapted for
our unbounded domain and the Carleman estimate (2.6) as well as the crucial inequality

(2.4) for our Holder estimates. Then in Section 3 we state and prove our results.

2 Carleman estimate

Denote Qr = Qp x (0,T) = (—=L,L) x w x (0,T), x = (1, -+ ,x,) € R", 2/ = (29, -+ , 1)
and define the operator

Aogu = Oyu — Au.

Let [ > 0, following [7] we are going to carry out special weight functions allowing us to
avoid observations on the cross section of the wave guide in our inverse problem. For this
we consider some positive real L > [ and we choose ¢ = (a;,a’) € R™\  such that if

d(z) = |2/ — a')? — 22 for € Qy, then
d>0inQy, |Vdl>0inQy. (2.1)
Moreover we define
I'p={x €0, <z—a,v(x) >>0} and v, = ', NS (2.2)

Here < .,. > denotes the usual scalar product in R” and v(z) is the outwards unit normal
vector to 01, at x. Notice that ~; does not contain any cross section of the guide. From
[14]-]15] we consider weight functions as follows: for ¢ € (0,T), if My > supy,(t—T/2)? =
(T/2)?,

2
Wz, t) = d(z) — (t — g) + M, and ¢(z,t) = M@0, (2.3)

The constant A > 0 will be set in Proposition 2.2 and is usually used as a large parameter
in Carleman inequalities. Since we will not use it, we will consider X fixed in the article. We

recall from [7] and [2] the following result.

Proposition 2.1 There exist T >0, L > 1, a € R"\ Qy and € > 0 such that (2.1) holds

and, setting

Ope = (Qr % ((0,2) U(T — 26, T))) U (=L, —L + 2€) U (L — 2¢, L)) x w x (0, T)),



32 L. Cardoulis

we have
d1 < do < dg (24)

where

. T

do =1inf ¢ (-, 0), dy = sup ¢, dy =sup¢ (-, 0) and 0 = —.

97 Op.c L 2
From now on and from simplicity we denote 6 = % throughout the paper. These two above
estimates (2.4) will be fruitful in Section 3 to solve our inverse problem. In the sequel C' will
be a generic positive constant. When needed, we will specify its dependency with respect
to the different parameters. We will use the following notations: Let o = (a4, -+ ,a,) be a
multi-index with o; € NU{0}. We set 0% = 07 --- 99", |a| = a; + - - - + a,, and define

H>(Qr) ={u e L*(Qr), 000" u € L*(Qr), |a| + 200,41 < 2}

endowed with its norm

[ull32n0,) = Z 10207 ull 320,
o420 41<2

We recall now a global Carleman-type estimate proved in |7, Proposition 4.2| or in [3, Propo-
sition 3|, based on a classical Carleman estimate (see Yamamoto |11, Theorem 7.3|). The key
difference with the classical Carleman inequality in [, Theorem 7.3] is to remove, on the
cross-sections of €y, the boundary condition and the observation. For that we need cut-off
functions in time. On the other hand, to manage our infinite wave guide we also need to con-
sider cut-off functions in space but only in the infinite direction x;. These cut-off functions
will induce additive terms coming from the commutator between the evolution operator and
these cut-off functions. Let x,n be C* cut-off functions such that x, Vx, Ax € A;(My),
0<x<1,0<n<1,

X(x)=0ifx € ((—oo,—L+¢€) U (L —¢,+0)) X w),
x(x)=1ifx e (—L+2¢ L —2¢€) X w,
nt) = 0ift € (0,6) U (T —e,T), n(t) = Lif t € x(2¢, T — 2e). (2.5)
with e defined in Proposition 2.1.
Proposition 2.2 |7, Proposition 4.2| There exist a value of A > 0 and positive constants

so and C = C(), sg) such that

I(u)z/ (S%)(|atu|2+|m|2)+s¢ |vu|2+s3¢3|u|2) e*0dx dt
Qr

< Clle*® Apull 7210,y + Cs e |ull 3z, + Cs/ on |0,u|?e**?do dt, (2.6)
L XU,

for all s > sy and all u € H>*Y(Qr) satisfying u(.,0) = u(.,T) = 0 in Qp, u = 0 on
(02N QL) x (0,T). We denote d,u = v - Vu and recall that Agu = Oyu — Au.
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Since the method of Carleman estimates requires several time differentiations, we assume
in the following that u,w (solution of (1.1) or (1.3)) belong to H = H?([0,T], H*(Q)) N
W2<(Q x (0,7)) for Theorems 3.1, H = H3([0,T], H*(Q)) N W4 (Q x (0,T)) for Theorem
3.2, H = H3([0,T], H*(2)) N W3>°(Q2 x (0,T)) for Theorem 3.3, H = H*([0,T], H3(Q2)) N
W3><(Q x (0,T)) for Theorem 3.4, satisfying the a-priori bound

|ulls < My and |jw||y < M; for given My > 0.

From now on, we use the notation f(6) = f(.,0) for any function f defined on Q.

3 Inverse problem
3.1 Preliminary lemmas

From |11, Lemma 4.2|, we derive the following result, also used in [7] or [5, Lemma 3.1].

Lemma 3.1 There exist positive constants s, and C such that

/ 9O (f(9))? dr < Cs / e f2 da dt +§ (0, f)?* du dt
Qr L QL

for all s > sy and f € H'(0,T; L*(Qy)).
For the sake of completeness, we recall its proof.

Proof. Consider n defined by (2.5) and any w € H(0,7;L*(2r)). Since n(f) = 1 and
n(0) = 0, we have

/ (:ce)?dx_/((e) (2,6)) d:c—/QL/at B)w(z, £)[2)dt dz

_2/ /Q w(z, ) (x, t)dz dt+2/ /Q Do) |w(z, 1) [2dz dt.

As 0 <7 <1, using Young’s inequality, it comes that for any s > 0,
2 2 c 2
w(x,0) de < Cs \w|*dx dt + — |Oyw|“dzx dt. (3.1)
Qr L S JQL

Then we can conclude replacing w by e**f in (3.1). O

The following lemma will be only used for Theorem 3.4. It is a classical lemma for a
first order partial differential operator but which necessites a strong positivity condition

(3.2). This condition is nevertheless weaker than the one used in [3| or [5] (which was
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IVd - Va(0)| > R > 0in Q). So we follow an idea developed in |13 for Lamé system in

bounded domains, also used for example in [8] or in [5]. The lemma below will be used in
the proof of Theorem 3.4 with (vy,--- ,v4) = (0p(0), 4a(0), w4(0), Gp(A)). Recall that d is
defined by (2.1).

Lemma 3.2 Assume that the following assumption
[0y Vd - Vg — 03Vd - Vog| > R in Q, for some R > 0 (3.2)

holds. Consider the first order partial differential operator Pf = v1V f - Vuy — v3V f - Vuy.
Then there ezist positive constants s; > 0 and C > 0 such that for all s > ),

82/ 62s¢(9)f2 de < C/ 623¢(0)|Pf’2 d.T,
QL QL
for all f € H}(Qy).

Proof. The proof follows [3] or [3]. Let f € Hi(Q). Denote w = e f and Qu =
es?O) P(e=59®) ). So we get Qu = Pw — sA¢(0)w(Pd). Therefore we have

/Q Quf? dz > $2A2 /Q (@O (PA dr =20 [ o) (Pu)u(Pd) de.

/ 1Qu|? dz > s°)\? / (0(0))*w*(Pd)? dz — sX | ¢(0)(Pw?)(Pd) dx.
Qr Qr 1955

Thus integrating by parts

/Q 1Qw|? dz > s>\ /Q (6(0))*w?(Pd)? dx + sA / WV - (¢(0)(Pd) (v, Vg — v3Vy)) da.

Qr

And we can conclude for s sufficiently large. m

3.2 Statements of results

3.2.1 First result Consider V4 = (ua,wa) (resp. Vy = (a,wa)) a strong solution of
(1.1) associated with (p, G, A) defined by (1.2) (resp. (p1,G, A)) where A is a set of initial
and boundary conditions. Consider also Vg = (up,wp) (resp. Vg = (iip,Wp)) a strong
solution of (1.1) associated with (p, G, B) (resp. (p1,G, B)) and where B is another set of
initial and boundary conditions. Assume that all the coefficients «, 5,7, 9, &, B, 7, 8, belong
to A1(My) and all the coefficients ¢; to Ay(My) (for i =1,--- ,4).

Our main result is the following
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Theorem 3.1 Letl>0. Let T >0, L > 1 and a € R™\ Q satisfying the conditions of
Proposition 2.1. Assume that

[ia(-, 0)wp(-,0) —up(-,0)wa(-,0)] > R in Qp for some R > 0. (3.3)

Then there ezists a sufficiently small number 19 > 0 such that if T € (0,7),

1

S [ 00 = )P 0000w — )

k=0
+|8,,((?f(u3 — ’&B))|2 + |8l,(8f(w3 — TI)B))P)dO' dt S T

then the following Holder stability estimate holds
llae = @[3z g0y + 118 = BllZ20 + 17 = AllE20 + 16 = 0l 720y < K7 for all 7 € (0,70). (3.4)

Here, K > 0 and k € (0,1) are two constants depending on R, L, I, My, My, My, T and a.

3.2.2 Second result As a consequence of Theorem 3.1, we can give a stability result
with measurements of only one component. Theorem 3.2i) gives an estimate of the four
coefficients a, 3,7, € L*(Q2) when o = & and 8 = Bin a neighborhood w’ of the boundary
of interest ;. That means that these two coefficients o and 3 are supposed known in w’.
We relax this last hypothesis in Theorem 3.2ii) where an estimate of these four coeflicients
is given for a, 3 € H*(Q). Consider Vi = (uq, wa) (resp. Vi = (iia,W4)) a strong solution
of (1.1) associated with (p, G, A) defined by (1.2) (resp. (p1,G,A)). Consider also Vg =
(up,wg) (resp. Vg = (g, wp)) a strong solution of (1.1) associated with (p, G, B) (resp.
(p1,G, B)). Assume that all the coefficients o, B,7,0,&,0,7,6, belong to A1 (M) and all
the coefficients ¢; to Ao(My) (for ¢ = 1,---,4). For Theorem 3.2ii) we also suppose that
0,8, 5 € N(Mo) = {f € H(Q), ||f [l < Mo} and ¢: € C2([0,T)).

Theorem 3.2 Letl > 0. Let T >0, L > 1 and a € R™\ Q satisfying the conditions of
Proposition 2.1. Let w' be a neighborhood of vyr, w' C Qpic such that v, C Ow', Ow' being
C?. Assume that the hypothesis(3.3) holds and that we also have

|Bépa| > R >0 in Qy. (3.5)

i) We suppose that « = & and = Binw'.

Then there ezists a sufficiently small number 7o > 0 such that if T € (0, 7),
Jua — Gallfzgomy, a2y + 10a = @allin o a1 wnoy)

"‘HUB - ﬂBH%{Q([O,TLHQ(w’ﬂQL)) + ||UB - ﬂB|’12LI1([0,T},H4(w'mQL))
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1
S0 a0 s~ 1)) dor i <7
'yL><(0,T) k=0

then the following Holder stability estimate holds
loe = @72y + 18 = Bl + 17 = iz + 16 = 0l 72y < K7 for all 7 € (0, 7).
(3.6)

ii) We suppose that o, B,é, 5 € H(S).
Then there ezists a sufficiently small number 19 > 0 such that if T € (0,79),

[(ua —ta)(, 0)“%{4(%) + |[(up —@B)(, 9)”?{4(%) + flua — aA||12LI3([O,T},H2(w’ﬂQL))

+lua - ﬂAH?ﬂ([O,T],H‘*(w’mQL)) + [lup — &’BH?ﬂ([O,T],H?(w’mQL)) + [lup — aBH?ﬂ([O,T],H‘*(w’mQL))

2
+/ > (10,(0F (wa = @) > +10,(9f (up — @p))f) do dt <7
L x(0,T) k=0
then the following Holder stability estimate holds

lov = lmqay + 118 = Blldmqayy + 1y = 130 + 18 = Bl122(0y < K7 for all 7 € (0,m).
(3.7)

Here, K > 0 and k € (0,1) are two constants depending on R, L, I, My, My, M, T,

g0l (cr @y and a.

3.2.3 Third result Now we present a result for the four coefficients (¢1, 3,7,d). We
consider here Vy = (ua,wy) (resp. Vi = (iia,104)) a strong solution of (1.1) associated
with (p, G, A) defined by (1.2) (resp. (2, G, A)). Consider also Vi = (up,wg) (resp. Vg =
(up,wp)) a strong solution of (1.1) associated with (p, G, B) (resp. (p2,G, B)). Assume
that all the coefficients a,ﬂ,’y,&,@,’y,g, belong to A;(My) and all the coefficients ¢;, b1 to
Ao (My) (for i =1,--- ,4). Let the set of admissible coefficients

As(Mz) = {f € C*([0, 7)), |07 (f — ¢1) ()] < M3|(f — ¢1) ()| for all € [0,T]}  (3.8)

with M3 a positive constant.

Our result is the following.

Theorem 3.3 Letl>0. Let T >0, L > [ and a € R™\ Q satisfying the conditions of
Proposition 2.1. We suppose that ¢1 € As(Ms). Assume that Assumption (3.3) holds and
that

la| > R >0 in Q. (3.9)
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Then there ezists a sufficiently small number 7o > 0 such that if T € (0, 7),
1
D 108 (wa = @a) (0|2, + 10F (up — @5) (- 0) Fr2(a,)) + 107 (wa — @) (- 0) 172,
k=0

+07 (up — 5) (-, 0)l[120,) + | (wa = Da) (-, O)li2(0,) + (w5 = 05) (- O 20y
2

+/ (OT)Z(’a( (UA—UA))P—{—’a( (wA—"LZ)A))|2) do dté’r’

then the following Holder stability estimate holds

2
Hﬁ‘ﬁ“%%al)"‘||’Y—’~V||%2(Ql)"‘H(S—‘SH%?(QZ)"‘Z ‘|a§<¢1_¢1)|’%2(0,T) < K7 for all 7 € (0,7).

i=0
(3.10)
Here, K > 0 and k € (0,1) are two constants depending on R, L, I, My, My, My, M3, T, a

Remark 1 e Notice that the hypothesis q§~1~€ A3(Ms3) is satisfied when = C?([0,T])
is such that ¢1(6) # ¢1(#) and SuPtEI[;nge‘;)izl(;)Tl)(t)‘ < Ms. Moreover note also that if ¢; €
C2([0,T7) is such that ¢1(0) # ¢1(6), then if we denote fi = ¢y — ¢y, we have f1(8) # 0.
Therefore t — |1 3 (0)| is bounded on [0, 7] so there exists a positive constant C such that
for all t € [0,T7], | f1(t)] < Co|f1(#)|. Similarly there exists a positive constant C} such that
10:f1(t)| < C1|f1(0)| and there exists a positive constant Cy such that |02 f1(¢)| < Col f1(6)].
Note also that if ¢; € Ag(Ms) and ¢1(6) = ¢1(8), then 9?(¢y — ¢1) = 0 in [0, T]. Therefore
1 has the form ¢, (t) = ¢1(t) + k(t — 0) with k any real.

e Moreover if the function ¢; is more regular, for example if ¢, € C?([0,T]) with p > 2, then

Theorem 3.3 is still valid with a more generalized admissible set of coefficients A(M3) =
{f € CP([0,T)),|107(f — &1)(t)] < Ms|(f — ¢1)(9)| for all t € [0,T]}. But in this case, be-
cause of our method, the observations terms at the fixed time € on the right-hand side of
the estimate (3.10) would demand more regularity.

e On the contrary, we can relax some of the observations terms on u (u4 and @,4) at 6 on the
right-hand side of (3.10) and only have ||(u—u)(-, )] ir2(q,) Put for a more restrictive admis-
sible set of coefficients A4 (M) = {f € C*([0,T]), |0:(f — 1) ()| < Ms|(f—¢1)(9)] for all i =
0,1,2 and t € [0,T]}.

3.2.4 Fourth result Finally, we consider the system (1.3). Consider V4 = (u4,wa)
(resp. Va4 = (@ia,,)) a strong solution of (1.3) associated with (p, G, A, ©) defined by
(1.2) and (1.4) (resp. (g3, G, A,©)). Consider also Vp = (up,wg) (resp. Vg = (i, wp))
a strong solution of (1.3) associated with (p, G, B,0) (resp. (ps, G, B,0)). Assume that
all the coefficients «, 3,7, 6, 3,7, 0, belong to A1 (Mp) and all the coefficients ¢; to As(My)
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(for i = 1,---,4). Moreover we suppose that ©;,0; belong to (A;(My))" N (L*(Q))" (for
i=1,---,4) and there exist functions &, &1 such that

@1 == V&, 61 = Vé in €.

Theorem 3.4 Letl > 0. Let T >0, L > 1 and a € R™\ Q satisfying the conditions of
Proposition 2.1. Assume that Assumptions (3.2) and (3.3) are satisfied with (vy,--- ,v4) =
(wWp(+,0), tal-,0), wa(-,0), up(-,0)).

If & = & and ©1 = ©1 on 00 N Oy, then there exists a sufficiently small number 19 > 0
such that if T € (0, 79),

1

Z/ © T)(|au<af(u,4 - ’ELA))|2 + |ay(af(w14 — 'LZJA))|2 + |8V(af(u3 _ @B))|2

k=0
+0,(0f (wp — w))[*)do dt + || (ua = @A) (-, 0) 530, + 1(up = @5) (- O) 7,y < 7

then the following Holder stability estimate holds
18 = BllZ2(q) + 17 = A2y + 10 = 112y + 101 = Oullz2apn < K7 (3.11)

for all T € (0, 7).
Here, K >0 and k € (0,1) are two constants depending on R, L, I, My, My, My, T and a.

3.3 Proofs of theorems

3.3.1 Proof of Theorem 3.1 Let Vy = (u4,wa) (vesp. V4 = (T4, W4)) be a solution of
(1.1) associated with (p, G, A) (resp. (1, G, A)) and Vi = (up,wp) (resp. Vi = (Up, Wp))
be a solution of (1.1) associated with (p, G, B) (resp. (p1,G, B)). We decompose the proof
in several steps.

e First step:

Denote V = (u,w) = Vy, V = (@, %) = V, and

U=u—ta, W=w—-w, a=a—a.b=F-8, c=v—7, d=6—0. (3.12)
Then (U, W) satisfy the following system

8tU =AU + a¢1U + /B(bQW + CL(bl’l] + b(ﬁg?j) in Q,
W = AW + ~vsU + 664W + cogii + dbyid in Q, (3.13)
U=W=0on X.

Define
Yo = nxU, 20 =nxW, y1 = dyo, 21 = 2o (3.14)
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We deduce that (y;, z;) for i = 0,1 satisfy the following systems

Oyo = Ay + agryo + Bo2zo + anx Pt + byxgew + Ry in @y,
Ovzg = Azo + YP3y0 + 0dazo + cnxpst + dnx s + Ry in Qp, (3.15)
Yo = 2o = 0 on aQL X (O,T)

with

Ri = —(Ax)nU — 20V x - VU + x0mU, Ry = —(Ax)nW —2nVx - VW + x0mW.

We have
Oy1 = Ayr + agryr + Boez + Ry in Q,
Orz1 = Az +y¢3y1 + 0¢a2z1 + Ry in Qp, (3.16)
Y1 =21 = 0 on 8QL X (O,T),

with

R3 = ax0y(né1) + bx0y(ng2w) + 0: Ry + ayo0sp1 + BoOpo,
Ry = cx0y(ngsti) + dx0y(ndsw) + Oy Ry + vYo 0y d3 + 0200, P4

e Second step: we estimate S°1_(I(y:) + I(2)) by the Carleman inequalities (2.6).
Note that all the terms in Agy; or Agz; with derivatives of x or n will be bounded above
by Ce?% with C' a positive constant (see Proposition 2.1 for the definitions of d; and ds).
Moreover all the terms such as fQL e*¢y? dx dt on the right-and side of the estimates (2.6)
will be absorbed by I(y;) for s sufficiently large. So we have for s sufficiently large,

1
Z(I(?Ji) +1(%)) < C/ e*%(a® +b* + ¢ + d*)x* dx dt + Cs*e* ™

1=0 L

1
L Cs / 0 S (B,ul? + 10,5) dor dt.
’YLX(O7T)

i=0
Since e25¢ < 25¢(0) < 25d2 e get
1
Z(I(yl) +1(z)) < C/ e*?(a* + 0>+ + d?)x* dx dt + Cs*e* M + Cse*® Fy(yr) (3.17)

=0 L

with FO(fYL) = f’YLX(DvT) Z;ZO(|(9,,yi|2 + lal,zi|2) do dt.
e Third step: now we estimate [, ¢***?|9;f(0)]* dz and [, e*?D|Af(9)]* dx for f = yo

or f =2z and i =0,1. By Lemma 3.1, we have (since ¢ > 1 and é > é)

C C
/ > O)yo(0)* do < CS/ e*Pys du dt + " e*?y} da di < g(l(yo) +1(y1)),
Qr QL QL

C
/ 9 |0,0(0)|* dx < Cs/ e** %yt dr dt + — e*?101|? dx dt < CI(yy),
Qp L S JQu
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C
/ 2500 |Ay (0 )|2 dr < CS/ 625"5|Ay0|2 dz dt+—/ 625¢|Ay1|2 dx dt < 032(I(y0)+](y1)).
Qr, QL S Jor

Notice that the three above inequalities are satisfied replacing (o, y1,vy2) by (20, 21, 22).
Therefore

/Q O (lyo(O) + 100 (0)1” + | Ao (0)* + |20(O) | + [0ez0(0)* + |Az0(0) ) da

< Cs? Z(I(yz‘) + 1(z:)).

So using (3.17) we deduce that

/Q 2O (lyo(0) + 10 (O)* + | Ao (0) + |20(0)[ + 10,20 (0)[* + | Az () [*) da

< Cs® / e*%(a? + 0% + & + d*)x? do dt + Os’e® ™ + Cs®e* ™2 [ (). (3.18)
L
At last in this step, denote
R = (Ry, Ro, R3, Ry). (3.19)

o Fourth step: here we estimate [, > (a® + b + ¢ + &*)x* du.

We choose now the two sets of conditions A and B and consider Vy, V4, Vg and Vg. From
now on, each function f defined in the precedent steps is denoted either f4 or fp when it
is related either by the conditions A or B. Denote now Fya(v.) = Fo(vr) associated with
(Va,Va), and Fyg(y) = Fy(v1) associated with (Vg, Vi) (see (3.17) in the second step):

FOA 7L Z |alzyzA| + ’a ZzA| ) do dt FOB(’YL)

’YLX(OT) 1=0

/ Z 10,yi8|* + |0,2i5|?) do dt.
’}/LX OT

Let R4 be defined by (3.19) for (Va,Va) (vesp. Rg for (Vg,Vp)). Multiplying the first
equation of (3.15) written for yo4 by wp and the first equation of (3.15) written for yop by
w4 and subtracting, we eliminate the term in b and we get

anx¢1(tawp — UpWa) = Wp(Oyoa — AYoa — ad1Yoa — Bp2zoa — Ria)
—Wa(Oo — Ayop — ad1Yos — BP220 — Rip). (3.20)

By hypothesis (3.3), applying (3.20) for ¢ = 6, since n = 1 in a neighborhood of § we get

/ D a’\?($1(0))* da < C/ el (|3t?/0A( W+ 0wo5(0)]” + | Ayoa(0)]* + |Ayos(6)[?
Qr

Qr
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+1y0a(0)* + 204 (0)]* + |yor(0)]” + |ZOB(‘9)|2) dz + Ce*™.

But ¢1 € Ay(My) . So from (3.18) applied for yoa, YoB, 204, 205 We obtain

/ 90 a2\ da < 032/ e (a? +02 - +d?)x? dr dt+-CsPe* M +-Cs*e* 2 [y () (3.21)
Qrp Qr

with Fy(vz) = Foa(ye) + Fop(yr). Similarly we can replace a by b on the left-hand side of
(3.21), still using (3.15) for yoa and yop. Indeed

—bnxp2(tatwp — upWa) = Up(OWos — AYoa — ap1yoa — BP2204 — Ria)

—Ua(Oos — Ayop — adp1yop — Bdazop — Rip).

So we have

/ e25¢(0)(a2+b2)x2 dr < 082/ 628¢(a2+b2+02+d2)x2 dr dt+C$5€28d1 +C$3€28d2F1(’}/L).
Qr

QL
(3.22)
We do the same to obtain ¢ and d using this time (3.15) for z04 and zop and the hypothesis
(3.3). Therefore

/ 0O (24 d?)x? da < 052/ ¥ (a? + b+ A+ d?)x? dr dt +Cs%e* M +Os® e 2 Fy ().
Qr,

’ (3.23)
Adding (3.22) and (3.23), we have

/ 625¢(0)(a2 + b0+ APy dr dt <
Qr,

032/ e*?(a? + U2 + ¢ + d?)x? dv dt + Cs°e® N + CsPe® 2 [y ().
L

Now we proceed as in [2, 11, 12] in order to prove that s* fQL e29(a? + b2 + 2 + d?)x? dx dt
can be absorbed by the left-hand side of the above estimate for s sufficiently large (s > s3).
Indeed

T
s / > (a® + b+ +d*)x? dv dt = / e2?0) (a4 0%+ c* + d2)x2(/ s2e20=2) qt) dg.
L Qr 0

But ¢ — ¢(0) = —e)‘(‘Z+M1)(1 — e =%} and there exists a positive constant C' such that
2
b — ¢(0) < —C(1 — e =9%) Therefore fOT s2e23(0=900) gt < fOT §2e725CU=e700) g -

formly in x. Moreover by the Lebesgue convergence theorem, we have

T
_ = A(t—0)2
/826 25C(1—e ) dt — 0 as s — oo.
0
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Thus for s sufficiently large, we get

/ 00 (0% 1 0% + 2 + d®)x? do < Cs”e®M 4 O 2 F (7).
Qr,

Since e < ¢259(%) in O, and y = 1 in , we deduce that
62SdO(HO‘_@H%?(QZ)4’ Hﬁ_B"%Q(QZ)+ H’Y—’NYH%%QZ)"‘ H(S_SH%Q(Ql)) < O (P2 Fy(y) +5%e>™)
which can be rewritten

lae=é 20+ 18— Bl 20+ =172 + 18-l F2(0y) < Cs* (€270 Fy () 452 =)),

(3.24)
As d; — dy < 0 and dy — dy > 0, we can optimize the above inequality with respect to s (see
for example [5, 7, 8]). Indeed, note that if Fi(y,) = 0, since (3.24) holds for any s > s,
and d; — dyp < 0 we get (3.4). Now if Fi(vz) # 0 is sufficiently small (Fi(vz) < jo_dl), we

2—dp

optimize (3.24) with respect to s. Indeed denote
f(S) — eZs(dzfdo)Fl(fyL) + 625(d17do) and g(S) — er(dzfdo)Fl(,yL> + 82625(51175[0).

We have f(s) ~ g(s) at infinity. Moreover the function f has a minimum in

1 do — dy

2(dy — dy) ln((dz — dD)Fl(%)) and f(s3) = K'Fy ()"

S3 —

—dg
with k = 30 Zl and K’ = (Zo Zl)d =4 + ( )d2 % . Finally the minimum s; is sufficiently
do—d

large (s3 > s9) if the following condition Fl('yL) < 719, with 7y = @)@ is satisfied.

So we conclude for Theorem 3.1.

3.3.2 Proof of Theorem 3.2 We keep the notations of the proof of Theorem 3.1. In
this theorem, we want to remove all the observation terms on w obtained in Theorem 3.1
and express them in terms of u. So we look at the terms [ 29|10, 2| do dt for i = 0, 1
appearing in step 2 of Theorem 3.1. Recall that z; = 0 outside €;_, and v, C dw'.

As in |4, Lemma 2| we choose gy € C?(w’,R") such that go = v on the C*-boundary dw’

where v is the normal vector to dw’. We have by integration by parts for any integer ¢ = 0, 1,

/ €Nz gy - Vz do dt = —/ V(e**%gy-Vz) -V do dt
(0,7) (0,7)

+/ 623¢g0 -Vz 0,z do dt.
Ow’x(0,T)

So
/ e*?Az; go- Vz de dt = —/ Ve 259, - Vz) - Vz; dx dt
(0.T) W' x(0,T)
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+/ e*? 10, 2|* do dt.
w' % (0,T)

and we get

/ e*?10,%|? do dt < C’S/ X (|Vz)? + |Az?) da dt. (3.25)
v %(0,T) (w'NQL) % (0,T)

From the first equation in (3.15) we have

Bopazo = Oyo — Ayo — ad1yo — anx Pt — by — Ry in Q. (3.26)

By the same way, from (3.16) we have

Bpaz1 = Owyr — Ayr — apryr — R in Q. (3-27>

i) First assume that a = b = 0 in w’. From hypothesis (3.5), (3.25)-(3.27) we get

1 1

Z/ %10, 2]|? do dt < C'SZ/ 2 (Vo> + |V (Ay) | + Vi + i
i—0 ZLx(0,T) i=0 7 (W'NQL)x(0,T)

+AGyi* + [A(AY) |2 + |Ay:?) dx dt + Cse* ™.
So

1
/ e**910,z* do dt < Cse®M 1 Ose® %@, (W)

i—0 YL x(0,T)

with Go(w') = ||310H12Hl(o,T,H4(w/mQL)) + H?JO||%12(0,T,H2(me))‘

Therefore (3.17) is still valid with sFy(vz) replaced by s?Gy(yr) = s* X (0.T)

S 0uyil? do dt 4 s2Go(w'). Thus we follow the proof of Theorem 3.1 substituting Fy(7z,)

by Gi(7). The rest of the proof (steps 3 and 4) remains unchanged.

ii) Here we suppose that a,3,&, 5 € H2(Q). We will need to differentiate yo and z, twice
with respect to ¢ (in order to get (3.35)) and we have

Oya = Ays + adrys + Booze + 01 Rs + a0ip1y1 + BOrp221 in @y,
Orzo = Azg + YP3y2 + 0paza + Oy Ry + 0311 + 00:Paz1 in @y, (3.28)
Yo = 29 = 0 on 8QL X (O,T)

Therefore
Bpaze = Oya — Ays — aprys — OrRs — adip1y1 — BOrda21 in Q. (3.29)

Notice that we can take Y7, fny(o,T)<|aV(af(uA —@4))|?+10, (0F(wa —104))|? + 0, (0F (up —

ag))]* + 10,(0F(wp — wg))|*)do dt as observation terms in (3.4). So we apply (3.25) for
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i=0,1,2.
From (3.25)-(3.29) we get

2 2

> / & (| Dy 4+ (D) P+ Vil + i
(w'NQL)x(0,T)

1=0
+ |20 + |A(Ay:) [P + | Ayl
+ (@ + 0°)X° + [V(ax)]? + [VOx)]? + [Aax)|* + |A(bX)]?) dz dt + Cse® .

/ %10, 2| do dt < Cs
L %(0,T)

1=0

So
2 ~
Z/ e*?|0, 2> do dt < Cse**2Go(w') + Cse*™
i=0 L X(0,T)
+CS/ e*?((a® + 0°)x* + [V (ax)|* + [V(0x) * + [A(ax)[* + [ADBX) ) de dt
L
with GO(W/) = HyOH%I?(O,T,H‘L(w’OQL)) + ”y0||§{3(0,T,H2(w’ﬁQL))'

Thus the estimate (3.17) becomes

2
> (I(yi) + I(2)) < CsPe™ M + Cs*e™ Gy (1)

=0
+Cs2/ e*((a* + 02+ +d) 2+ |V (ax) |2+ |Alax) 2+ |V (0x) >+ |A(by)|?) dz dt (3.30)

with Gy () = f'ny(O,T) S22 |0uyil? do dt + Go(w').
As in the third step of Theorem 3.1 when we get (3.18), by Lemma 3.1 we have

Z/Q 2500 (1 (0) 2 + V(O + [Aui(B) + [5(O) + [Va(O) + [Az(B)?) da

2

< Cs? Z(I(yz) +1(2:))-

1=0

So from (3.30)

Z/Q 20O |y, (0))* + | Vs (0)|* + | Ays(0))2 + |2:(0) > + [V2(0)]* + |Az(0)[?) d

< 054/ (@ + B + @ + P + V(a0 + |A@)] + V)2 + |Aby)P) de dt

+COs%e®N 4 Cste® 20 (). (3.31)
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Now we estimate [, 2%0)((a2+52-+¢-+d2)x2+[ (ax) P+ A(ax) P4V (bx) P+ A Gy P) da
as in the fourth step of Theorem 3.1. We consider two sets of initial conditions A and B and
the corresponding solutions Vy, Vi, Vi, Vi of (1.1). As in (3.20)-(3.23) we get

/ (@ + b+ P+ d*)xP de < C / 220 (10,504(0)* + |01y (0)] + | Ayoa(0)
QL QL

+|Ayos(0)* + |yoa(8)* + lyo(0)* + [0:204(0)| + |8:205(6)” + | Az ()]
+HA25(0)]* + [204(0)° + |208(0)[*) dz + Ce*™.

So from (3.31) we obtain

/ 290 (a2 4 1% + 2 + d®)X2 dx < O + Cs'e® Gy ()
Qr,

ot / (@ 4+ )X+ V(@) P+ A @)+ V) P+ A B ) de di (3.32)

with G(v1) = Gia() + Gip(n).
We apply the same ideas for V(ax), V(bx), A(ax), A(by).

For any integer 1 < i < n, taking the space derivative with respect to x; in (3.20), we obtain
O, (ax)nd1(Uiawp — UpWa) + anx P10y, (Uap — Upta)

= 0y, (WB(Ooa — Ayoa — ad1yoa — Bo2zoa — Ria))
—0p, (Wa(OyoB — AYo — 1Yo — Bd2208 — Rip) - (3.33)
Therefore by hypothesis (3.3) we deduce that

/ >V (ay)|? dx < C/ 9 (ax)? dx 4 Ce*h
QL QL

+/ PO (V0o (0)] + [VAY0a(0)] + [Vyoa(0) + [Vz0a(0)
Qr

+|Vowos(0)]* + [VAyos(0)* + [Vyos(0)]* + [Vz0s(0)?) da.
From (3.31)-(3.32) we get

/ @28¢(9)W(@X)|2 dr < Cs’e®™ +CS4€2Sd2G2(7L)+C€2Sd2(HyOA(6)”%I3(QL)+HZUOB(0>H§{3(QL)>
Qr

+C’s4/ 623¢((a2+b2+c2+d2)x2+|V(ax)]2+|A(ax)|2+|V(bx)]2+]A(bx)|2) dx dt. (3.34)

L

Taking again the space derivative with respect to z; in (3.33) we obtain

/ e Alax)? de < Cs°e* M 4+ Cs*e® 2 Ga(y1) +Ce™ ™ (|lyoa(0) | ms iy + 1v05(0) | 54(0y))
Qr
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+CS4/ (@ +b" +c* +d*)x* + |V (ax) P +A(ax) [ + [V (0x) [* +A(bx)[*) dz dt. (3.35)
QL
Similarly for b, so from (3.32),(3.34),(3.35) we have

/ 2O ((a® + 6+ & + &)X + |V(ax)* + [A(a) P + [VOx) P + [ADY)[?) de
Qr

< O 4 Cs'e®2Ga(vr) + Ce®®(|lyoa(0) | may) + Y05 (0) || Hagar))

+C’s4/ eQSd)((a2 + 02+ A+ A+ V(ax))? + | Alax) ] + [V (bx)[? + |A(bX)]?) dz dt.

L

As in the proof of Theorem 3.1 (see the fourth step) we can absorb the last term of the above
estimate by the left-hand side so we deduce that for s sufficiently large

/ O ((a® + b + &+ d*)x* + [V(ax)]” + [A(ax)]* + [V(0x) P + [AbX)]?) da
Qr,

S 085628d1 + 08462Sd2 Gg (,YL)

with Gs(vr) = Ga2(vz) +[10a(0) || 2y +|Yo5(0) || m4(0,) and we conclude as for Theorem 3.1.

3.3.3 Proof of Theorem 3.3 Let Vi = (ua,wy4) (resp. Vi = (W4, W4)) be a solution of
(1.1) associated with (p, G, A) (resp. (p2, G, A)) and Vi = (up,wp) (resp. Vi = (Up, Wp))
be a solution of (1.1) associated with (p, G, B) (resp. (p2, G, B)). As for Theorems 3.1 and
3.2 we decompose the proof in several steps.
e First step: We keep the notations of (3.12)

V=(uw) =Vy, V=_>1,0)=Va, U=u—10, W=w—1w,b=3-05, c=vy—4, d=0—0.
and now define
Ji=¢1— 1.
We still define (see (3.14)) (for i =0, 1, 2)
Yo =nxU, 20 = nxW, yi = diyo, 2 = O;z0.
The systems (3.13), (3.15), (3.16) become

@U =AU + Oé¢1U + ﬁ¢2w + Oéfl’l] + b¢2ﬁ) in Q,
8tW =AW + ’}/ngU + 5¢4W + C¢3’L~L + d§b47jj in Q,
U=W=0in X,

and (y;, z;) for i = 0, 1 satisfy the following systems

Oyyo = Ayo + a1y + BP2z0 + afinxt + bdonxw + 51 in Q,
Oz = Azy + YP3Yo + ddazo + chpsnxt + dpsnxw + Sy in Q, (3.36)
Yo = 20 = 0 on 89[1 X (O,T)
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with

S1 =Ry = —(Ax)nU —2nVx - VU + xonU, Sy = Ry = —(Ax)nW —2nVx - VW + xOnW.

We have
Oy = Ayr + agryr + Boezy + 53 in @y,
Orz1 = Az + y3y1 + 0paz1 + Sy in Q,
y1 =21 =0on 0 x (0,T),

with

S3 = 0y (afinxit + bpanx) + 0,S1 + ayoOypr + Bz00, 0o,
Sy = Ry = 0y (chanxt + dpanxw) + 9;S2 + 1Yo0i¢p3 + 02009
We also have
Ory2 = Aya + ad1ya + Bpaze + 0453 + adipry1 + BOdaz1 in Qr,
Orza = Azg + YP3y2 + 0Quza + O3Sy + YO0s03y1 + 001paz1 in Qr,
Yo = Zo = 0 on 8QL X (0,T)
e In the second step we estimate 3>, (I(y;) + I(2)) as in Theorem 3.1 and we get

2 2

> U(y)+1(z) <C / W+ P+ P dr dt+C | () (01f)7) da dt

i=0 L QL i=0
+Cs3 M 4 Cse® 2 [y () (3.37)

with Fy(vy) = fw
(3.17)).
Now following the proof of Theorem 3.1 we look at (3.18) in this context. First note that

because of the fourth step of this proof, we can no longer use the estimates of the Laplacian

X (0.T) S22 (100il? + 10,2i]?) do dt (nearly same definition as before since

terms in (3.18) and contrary to Theorems 3.1, 3.2, 3.4, we have to take care of the powers
of s on the right-hand sides of our estimates. In fact we could only look at the estimate of
fQL e2%(9)0,2,(0)|? dz but because of the remarks given just after the proof of this theorem,
we will keep more terms. So we will not estimate [, €***@|9,2(6)[* da as in Theorems 3.1,
3.2, 3.4 (see the third step of Theorem 3.1) and for that, we need to differentiate twice yo
and zo with respect to t. Thus

C C
/ e29910,20(0) | dx < C’s/ |21 |? dx dt + — €| 29| < — I(21) + 1(z2)).
Qr L S JQr S
So we have (coming from Lemma 3.1 as in (3.18)) and by (3.37)

2

/Q 20 (yo(O) + 100 ()] + [20(0)[> + 9r20(0)) dar < S—CQZU(%) +1(z))

1=0
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. ¢ : C .
< ?/L 62S¢(b2—|—02—|—d2)x2 dx dt+8—2/ 625¢> 2(2(81]01) )dZL’ dt+03625d1+§628d2F0<7L)'

L 1=0

Since ¢ < ¢(0) we get

C
/ 2D (|yo(0)]* + 100 (O)* + |20(0)* + [r20 () ) dar < = [ X0 WP 4 & + d®)x* du
Qr

S Qr

2

C C _
+§/ 23¢>( (Z(alf1> ) dx dt+08€28d1 + g€23d2F0(,yL>. (338)

=0

e Third step: here we estimate fQ e2?0\2(b% + ¢ + d?) dr as in Theorem 3.1 with two
different sets of conditions A and B. We recall that each function f precendently defined is
denoted either f4 or fp when it is related either by the conditions A or B.

For the coefficient b we can write from the first equation of (3.36)

—bUXqﬁz(ﬁAU?B - {LB@A) = aB(&t?/OA — Ayos — ap1Yoa — Boazoa — aflUXﬂA - SlA)

—UA(OyoB — AYop — adryo — BPazos — afinxip — Sip).
Note that the terms in f; disappear in the above equality. For the coefficients ¢ and d we

use the second equation of (3.36) and proceed as in Theorem 3.1. Indeed, for example for c,

we have
enxPs(liap — UpWa) = Wp(0zoa — Azoa — YP3Yoa — 0Pazoa — S24)

—wa(Orzop — Azop — VP3Yon — 0Pazop — S2B).
Therefore by hypothesis (3.3) and (3.38) we obtain for s sufficiently large

2

/ PO R 4 2 4 ) dr < SC / 00 2SO 1)) do dt + Cse* + Ce? Fy ()
Qr L =0

(3.39)
with Fy(0) = Foa(v.) + Fos(ve) + 18904 (0)[| 20, + 18905 (0) |l z2(r) + 18204 (0) [ 22(02r) +
1A205(0)] L2(0,)-
o Fourth step: we estimate now [, 25O\ 2(3°2 (9 f1)?) da dt. Here again we use the two
different sets of coefficients A and B. From (3.36) for yo4 and yop, we get

anx fi(tawp — UpWa) = Wp(Oyoa — AYoa — ad1yoa — Bp2zoa — S14)
—WA(Owyos — AYos — aP1Yos — L2208 — S1B)- (3.40)

Applying (3.40) for ¢t = 0, by hypotheses (3.3) and (3.9), using again (3.38) we obtain

2

/Q L e O\(f1(0))? da < S% /Q L O3 (0 1)?) da dt

1=0
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C
+§ / 02 + & + d*)x? da 4 Cse® D + Ce® 2 Fy(9). (3.41)
Qr

Deriving now (3.40) with respect to ¢, we have
(Oufr)am(tigp — tpa) + fL1O(anx(Giap — Upa)) =
O (Wp(0yoa — Ayoa — ad1Yoa — Bdazoa — S14) —Wa(Oryos — Ayos — ad1yos — BP2208 — S1B))

and evaluating this last equation at ¢ = 6, still by hypotheses (3.3) and (3.9), we get

/Q 26020, 1,(0))2 dz < C [ 9O\ (f,(0))? d

Qr

1
+0 [0 Y (01200) + Dz O)) + O () (3.42)
Qr i=0

with
2
Z 10F Yo (0) |17 Q1) + 110 yor (0 )||2L2(QL))
k=0

1
+Z (10 Ayoa @17 2(0y) + 108 Ayor(0)[172(0,))-
k=0

From (3.38), (3.41) and (3.42) we have

2

| @ + @i @) de < G [ O (S0 do d

Qr i=0
C
+S—2/ 0O (0?2 4 2 4+ d*)x? dx + Cse® + Ce® 2 Fy(0) (3.43)
Qr,

Moreover by Taylor’s formula, we have

2

fl(t) = fl(e) + atfl(e)(t - 9) + athl(CO) (t — and 8tf1(t) = atfl(e) + 6t2f1(03)(t - 9)

with ¢p, ¢ € [0, T]. Therefore, since by € A3(Ms) the admissible set of coefficients, we get

2

Y (0Lh) < CUHO) + (2:.1(0))),

=0
so from (3.43) we deduce that for s sufficiently large
/ 250 Z(Z(Wfl) ) dx dt < %/ 2O (1?2 4 2 4+ d*)x? dx + Cse® ™ + Ce** 2 Fy(6).

L i=0 s*Jag

(3.44)
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e Fifth and last step: now addding (3.39) and (3.44) we obtain

2
/ 0O (2 4 &+ d*)\? da +/ 623¢(9)X2(Z(8ff1)2) dr dt < Cse* 4 Ce*2Fy(0).
o 4

L =0

So

2

/ 20O (2 4+ 2 4 d%) dx + / O (N (0] f1)?) du dt < Cse® ™ + Ce® Fy(0)
] QlX(O,T) i=0

and we conclude as for Theorem 3.1 by optimizing the above inequality with respect to s.

Remark 2 e If the admissible set of coefficients is A4(M;3) (thus less restrictive than
A3(Ms3)), then we would have to derive p — 1 times (3.40) with respect to ¢ and that would
demand more regularity for the observation terms on w.

e On the contrary if the admissible set of coefficients is Az(M3), so more restrictive than
As(Ms) (or if ¢ € C2([0,T7) is such that ¢,(6) # ¢1(6) and S“pte‘[Z;jge'ff;?il(;ﬁ”“)' < M; for
i = 0,1,2), then we can drop (3.42) and (3.43) in the above proof. Therefore the result

remains valid without F5(f) and so Fy(f) = F5(#). Thus the observations terms on u are

only [[(wa =) (-, )72, and [[(us — i) (- )32, -

3.3.4 Proof of Theorem 3.4 Here again we follow the method described before. Let
Va = (ua,wa) (resp. V4 = (iia,4)) be a strong solution of (1.3) associated with (p, G, 4, ©)
defined by (1.2) and (1.4) (resp. (g3, G, A, ©)). Consider also Vi = (up,wg) (resp. Vg =
(ig,wp)) a strong solution of (1.3) associated with (p, G, B,©) (resp. (g3, G, B, ©)).

e As before, in a first step we define

V = (u,w) = Vy, f/:(ﬁ,ﬁ)):f/A, U=u—0a, W=w—-w,b=8-08,c=~7—5, d=6—0

and also
H=0,-0,=Vhwith h=¢& — &.

Recall that for : = 0,1,
Yo = nxU, zo =mxW, y1 = Oiyo, 21 = O20.
Then

Oy = Ayo + ad1yo + Boazo + O1 - Vo + Oy - Vg + byx g +nV(xh) - Vi + Ty in Qp,
Orz0 = Azg + YP3yo + 0¢az0 + O3 - Viyo + O4 - V2o + cnx st + dnx¢sw + T in Qp,
Yo =20 =0 on 99, x (0,7)

(3.45)
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with
T = (Om)xU — (Ax)nU = 2Vx - V(nU) = nUO1 - Vx — WO, - Vx —nhVau - Vy
Ty = (Om)xW — (Ax)nW = 2Vx - V(W) —nUO; - Vx —nWO, - V.

And
[ Oyr = Ay + agys + Boazs + Oy - Vi + Oy - Vay + byx (o) + 1V (xh) - Vi + T
in Qr,
(9t21 = AZl + 7¢3y1 + (5¢421 + @3 . Vy1 -+ @4 . Vz1 + cnx@t(qﬁgﬁ) + dnxat((mw) + T4
in QL7
\yl :zleonaQLx(O,T)
with

T3 = ozyo@tgzﬁl + 6208t¢2 + 8t77(bx¢2121 + V<Xh> . Vﬂ) + (9,5T1,
Ty = YyoOrps + 0200 ps + 8m(cx<b3ﬁ + dX¢4lD) + 0/T5.

Thus we obtain
1

Z(I@Z) +1(z)) < C [ (1 + A+ )2+ |V(xh)|?) do dt + CsPe*h
i=0 QL

1

—l—CsZ/ e**(10,yi|* + |0, 2:]%) do dt.
i=0 L %x(0,T)
We deduce that (see the third step of Theorem 3.1)

Z/Q 62“’(9)(\3/@-(9)|2+|Vyi(9)|2+\zi(9)|2+\V2z(9)|2)dw+/ PO (| Ayo () P+ Az (0) ) de

< Cs* Z([(?/z) + 1(2))

< C’sz/ X ((0* + &+ d*)X* 4 |[V(xh)|?) do dt + Os’e® ™ + Cs*e® 2 Fy(y)  (3.46)
L

with Fy(vyr) defined by (3.17).

e In a second step we consider the solutions of (1.3) associated with two different sets of
initial conditions A and B and we recall that each function f precendently defined is denoted
either f4 or fg when it is related either by the conditions A or B. As in the fourth step of
Theorem 3.1 we have a similar estimate to (3.23) for the coefficients ¢ and d. Indeed, writing
(3.45) for zp4 and zgp, by the hypothesis (3.3) and from (3.46) we have

/ 9O (2 4+ d?)? dx <
Qr

6’32/ (0 + 4+ )X+ |[V(xh)|?) do dt + Os’e® ™ + Cs*e® 2 Fy () (3.47)

L
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with Fi(7y.) defined by (3.21). Now we eliminate b in (3.45) in order to estimate the coefficient
h and we evaluate at t = 6. We use here the partial differential operator P defined in Lemma
3.2.

P(xh) = wg(0)V(xh) - Via(l) — wa(0)V(xh) - Vip(0)

P(xh) = wp(0)[0iyoa(0) — Ayoa(t) — ad1yoa(t) — Boazoa(0)
— 01 - Vyoa(0) — Oz - Vzoa(0) — T1a(0)]

—wA(0)[0woB(8) — Ayop(0) —ap1yo(8) — Boaz0p(0) —O1-Vyop(0) —O2-Vzop(0) —T15(0)].
(3.48)

From Lemma 3.2 we have

/ 290 (9, (hy))? de < C | 90| P(0,,(xh)) da.
QL QL

So taking the space derivative with respect to x; (for i = 1,--+ ,n) in (3.48), from (3.46) we
get that

52/ 20|V (xh)|? do < C’/ 0|V (xh)|? do+
o Q

L

Csz/ 20+ A+ )+ [V (xh)?) de dt
L
+ 0625d2(”y0A(9>H?{3(QL) + HZ/OB(Q)H?TJB(QL)) 1+ OsPe?h o Cs3e2sd2F1(’yL)

and for s sufficiently large,

32/ 20|V (xh)|? dx < 082/ e ((b% + 2+ d*)x* + [V (xh)|?) dv dt
Qr,

L

+0s%e®h 1 Cse® ™2 [(0) (3.49)

with F5(0) = Fi(v2) + 1904 (0) 153,y + [1908(0) |35, )- Now we look at the coefficient b. We
also use (3.45) for yo4 and yop

_an¢2(aAU~JB - ﬁB@A) = aB(at?JOA — Ayoa — ap1Yoa — Bo2zoa — O1 - Vypa — Oz - Vzpyu

_Uv(Xh) Vg — TIA) - @A(at?JOB — Ayop — ap1yop — Bd2zo — O1 - Vs
—@2 : VZOB - UV(Xh) : VﬁB — TlB)' (350)

Therefore, evaluating (3.50) at ¢ = 0, still using hypothesis (3.3), from (3.46) we get

/ 625¢(9)b2x2 dr < C/ 625¢(0)|V(Xh)|2 dx
Qp, 2
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+C’32/ X (0 + & + dA)X* 4 |[V(xh)|?) do dt + OsPe* ™ + Cs*e®™ 2 F (y).  (3.51)
QL

Thus from (3.49)-(3.51) we obtain

/ >0 (bx)? do < Cs? / e (0 + & + d)x* + [V(xh)|?) dx dt
Qr

L
+Cs%e ™ Cs3e®® 5 (6). (3.52)

Finally adding (3.47), (3.49), (3.52), as in the proof of Theorem 3.1 we can neglect
s? [o, €2((V* + ¢ + d?)x* + [V(xh)[?) dz dt by the left-hand side so we get

/ 62345(9)((()2 + 2 + d2)X2 + ‘V(Xh)|2> < Cs5e2sd1 + 08362Sd2F5<9)
Qr,

and we conclude as in Theorem 3.1.
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