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a-Theory of Hald’s method*

ABSTRACT. In this paper, we present new results concerning a-theory for the Hald method
to approximate a zero of an analytic function defined on Banach spaces. Hald’s method is
convenient since there is a quadratic convergence towards the zero and the calculation of the
inverse of the operator is not required. We also present a numerical experiment to illustrate

our results to solve a classical Fredholm integral equation.
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1 Introduction and main Results

We consider F' an analytic function defined from an open ball B(zg,7) C & into F such
that DF(z)~! exists where £ and F are two Banach spaces. We note L(F, &) the set of
linear maps from F to £. We denote indifferently by || || a norm in £ or F. Throughout the
text ( is a zero of F. Newton’s method is certainly the most well known to solve non linear

equations F'(z) = 0. It consists in defining the sequence from z( by
LTet+1 = T — DF(xk)_lF(xk), k Z 0. (11)

A quick search on Mathscinet with keywords Newton's method gives almost 9000 answers.

Less known is Hald’s method |7] defined by the sequence

Tyl = T — BkF(a:k), k > 0 (13)
Bk—H = QBk - BkDF(ZEk_H)Bk, k Z 0. (14)

Here we will treat the case where By is an approximation of DF(xy)~!. Note that (1.4) is
one step of Newton’s method applied to the equation G(B) = B~! — DF(x;,) = 0. We see
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that Hald’s method is “inversion free” and can be interesting when the derivative operator
of F' is difficult to compute. Note that under the condition ||[BDF(zy41) — I|| < 1 we can
prove easily the quadratic convergence of the sequence (1.4) from By = B which is based on

the following equality :
I — Bk+1DF($k+1> = ([ - BkDF(iL'kJrl))Q (15)

This method to approximate the inverse is known as Schulz method [13].

The goal of this paper is to do an a-theory of the Hald’s method. The a-theory consists
in giving conditions obtained from a point which imply the convergence of Hald sequence
towards a solution of F(z) = 0. In the classical Kantorovich’s theory the conditions of
convergence are obtained from a behaviour of the second derivative of F' in a ball as it is
the case for a function of class C?. This reduction of punctual conditions is possible only
if the function F' is analytic. These punctual conditions are established thanks to following

quantities :
B(F, B, x) = ||BF(z)|]
] | 1/G-1)
(7, B,) = max (511BDFO )]
a(F, B,x) = B(F, B,z)y(F, B, x)
O(F,B,z) =||I — BDF(x)||.

We will denote S, Y&, ax and d respectively for 5(F, By, xx) etc... We also denote 5 = fy,
v =", @ =aq and § = Jy. Finally we introduce the dominating function

2

hr)=a—(1—8)r+ ——.

1—17

and the associated Hald sequence defined by

b() = —1, T0 = 0
Te+1 — Tk — bkh(Tk), k Z 0. (16)
bk+1 = (2 — bkh/(Tk+1))bk.

We will also use in the sequel the following quantities :
We also denote by

V()= (=0+2) 72+ (20 —4)7+1-9 (1.8)
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T 5 and by

(1—7)

d=a?+2(5—3)a+(1-46)? (1.9)

the function such that h'(7) = —

the discriminant of the polynomial (1 — 7)h(7).

The first result gives a punctual condition of existence of a zero of F. It is a quantitative
version of the classical Rouché’s theorem using the fact that By approximates DF (z)~! and
« is less than a certain constant. This result does not depend on any numerical method.
Moreover it brings out the dominating function h(t) which plays a central role in the analysis
of a Hald sequence.

Theorem 1.1 Let 0 < 6§ < 1 and a < 3 — 3 —2vV2—6. Then the strictly conver
function h(7) has two real roots 0 < 7_ < 7, < 1. Suppose that F is analytic in the ball

1—-9¢
B <x0,—) and consider r such that T_ < ~yr < 7. Then F has an unique zero
Y

This result generalizes the result given in Proposition 1.11 of [3] that treats the case By =
DF(x0)" : the condition is a < 3 —2+v/2. We also remark that the use of Rouché’s theorem
permits to get the same result as in [15] without the study of the Newton sequence.

The second result gives a punctual sufficient condition for the Hald sequence to converge

from zy. It is an a-theorem.

Theorem 1.2 For each 0 < § < 1 there exists a5 and q € [0, 1] such that for all zo so that
a < a5 we have a < 3 — 6 —2v/2 — 9 and the Hald sequence (xy)g>0 converges quadratically

towards a zero ¢ of F'. More precisely we have for k > 1,

2k—1

Wear = ¢l <72 = < (74 —a)q™

and

ok—1

11 — BeDF ()| < g

Theorem 4.3 specifies the values of ags and gq.

We now state a y-theorem relatively to the Hald sequence. This result gives a ball B((,r)
in which the Hald sequence converges quadratically to ¢ for any initial point z¢ € B((, )

and from an approximation By of DF({)~1.
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4 —bs — 5s? + 453 + 354
(1—s5—52)%(1—s)

Let ¢ a zero of F such that DF(¢)™! exists. Denote v = v(f, DF((),¢) and 7 = 1 — >

Theorem 1.3 Let z(s) = s ands = 0.1741... such that z(5) = 1.

>

and suppose that F' is analytic in B((, 7). For all xqg € B <C, L) such that
V¢

s =a+e:=|[[BoDF(C) = I[| +cllwo — (]| < 5 (1.10)

then the map DF (xo)™! exists and the Hald sequence converges quadratically to ¢. More

precisely
er =cllre = ¢l < 2(s)" s, and, ay = ||BDF(Q) — || < 2(s)” .
Moreover, we have
8p := || BrDF(z3,) — I]| < 32(s)* 's.

Remark 1 It is well known that the quantity v(F, DF(z),2)"! is a lower bound for the
radius of convergence of the Taylor series of F' in z, see for instance Proposition 6 page 167
of [1]. In the general case it is not easy to estimate the quantity . Fortunately this can be
done for the polynomial systems of equations or for instance for Fredholm integral operator

as in section 9.

Finally we state how Hald’s method is related to Newton’s method. More precisely we give

a condition so that the iterates of Hald sequence and Newton’s sequence are close.

Theorem 1.4 Let x;, (respectively 1) the k-th term of Hald sequence associated to F
(respectively associated to h). We also denote by Ty the Newton iterates starting from xy.
The condition
A=mh(m) 5 5 /5
w(T k)2
implies that the Newton’s sequence defined from x; converges quadratically towards a root ¢

of F'. We also have :

()
W(Ti)

ki1 — Trpa|] <

In the sequel of paper we give in section 2 a short history and some fundamental works
in our context. The proof of Theorem 1.1 is done in section 3. Next, in section 4 we
study the behavior of Hald sequences associated to the dominating function h(7). Theorems
1.2, 1.3 and 1.4 are proved in sections 5, 6 and 7 respectively. In section 8 we study the
case of analytic functions such that D/F(z) = 0 for j > 2. Finally, section 9 is devoted to a
numerical experiment with a classical Fredholm integral equation. We end with a concluding

remark by proposing a study that will extend our result.
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2 Short overview and discussion

The Hald sequence is a modified version of Moser’s method [1 1] where 2By, — B, DF (zy.1) By,
replaces 2By, — By DF(zy)By. This difference implies an order of convergence equal to
(1 4+ v/5)/2 for Moser’s method. It seems that Moser rediscovered this method first pro-
posed by Ulm [11] who published his article in Russian. The equations F'(z) = 0 considered
comes from the study of stability of solutions of differential equations and/or partial differ-
ential equations. More recently in 2008, Ezquerro and Hernandez [2] study Hald’s method
under mild differentiability conditions where there are more precisions and references to the
non analytic case. The Kantorovich’s classical theory [¢] is the beginning of modern studies.
Smale [12], drawing inspiration from this theory, had the idea that the complexity of algo-
rithms for solving analytic equations could be expressed only from information given by the
function and its derivatives at a point. Then the natural setting of a-theory is that of analytic
functions in the ball of convergence of their Taylor series at a point [1]. In this way a criterion
of convergence of Newton’s method is given by a(F, DF(x¢)~", zo) < 3 —2v/2 : this result
of semi-local behaviour of Newton’s method is named a-theorem. The local behaviour of
Newton’s method is described thanks the quantity v(F, DF(¢)~!, (). More precisely, the con-
5— V17

2v(F, DF(¢)~",¢)
: this result is named ~-theorem. It is the key point in the measure of complexity to find an

vergence of Newton sequence is quadratic for all initial point zg € B | (,

initial point for Newton’s method using an homotopy method [10].

To our knowledge, third papers have studied the analytic case with the goal to apply it
to Fredholm integral equation using Hald’s method. The first study || constructs a sys-
tem of recurrence relations in order to prove the convergence of the method. The second
study [0] uses the technique of dominating functions becoming from [16| but no result of
quadratic convergence are presented. Note that the dominating function is of the type

h(t)=a—(1-0)T+ Z ;77 which well adapted to treat particular case but no universal
Jj=2

constant to decide convergence is given. The third study [5] gives a y-Theorem with the

condition d + 9e < 1/2 which differs from (1.10). This condition links By with DF(zq)~"

which is not the case in (1.10).

3 Proof of theorem 1.1

To prove the existence of a root of F' we use Rouché’s theorem. Let us consider the Taylor
series of BoF(x) in xg. We have BoF(x) = BoF(xy) + BoG(z) with

Ga) =Y %D’“F(:UO)(:K o)t

k>1
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Rouché’s Theorem states that the analytic functions BoF' and ByG have the same number
of zeros counting the respective multiplicities in the ball B(xg, ) if for all z € 0B(xq,r) we
have ||F(z) — G(x)|| < ||G(z)||. Since By is invertible the previous assertion holds with the
inequality ||Bo(F(z) — G(x))|| < ||BoG(2)]].
We first prove that ByG(z) has only one zero in the ball B (:1:0, (12;_55)) Let us consider
another zero y # xy of ByGG. Since !

|1BoDE (20)(y — xo)ll = [ly = 2ol | = [[I = BoDF (20)]] [y — ol

> (1=9)lly — ol (3.1)

we can write

1 .
1BoG ()l = 0 = (1—6—ZHHBOD’“F(%)||||y—xo||’“ 1) [ly — ol

k>2
2(1_5_ ’}/Hy_xOH )||y—$0’|
1 —7lly — ol
1—0— (2_5)7||y_x0|||’y_x0||
L —7lly — ol

1-— 1 —
Hence y ¢ 5 (10, ) since 1[Iy — | > 3 =5
It is easy to see that this inequality ||Bo(F(z) — G(x))|| < [|BoG(x)|| is verified for all

x € 0B(xo,r) if we have :

1
e = [|BoF(xo)[| = [|BoDF (o) (2 — zo)|| + ZEHBOD'“F(%)H [l — ol|* < 0.

k>2

Using (3.1) substituting y by x and ||x — x¢|| = r, we have

lh(7r> > 5 - (1 — (5)7” + Z(fyr)kilr

v E>2
> e.

Hence the condition h(yr) < 0 implies e < 0. From Lemma 4.1 below the function h(7) is

1—-90
strictly convex for 7 € [0, 1] and has two distinct real roots satisfying 0 < 7_ < 74 < 55
under the conditions 0 < § < 1 and o < 3 —d — 2¢/2 — 4. The inequalities 7 < yr < 74

imply h(yr) < 0. This proves Theorem 1.1.

4 The behavior of a Hald sequence associated to h(T)

The condition of existence of zeros of h(7) is given by the following lemma :
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Lemma 4.1 Let 0 < § < 1. Under the condition o < 3 —§ — 2+/2 — § the strictly convex

function h(7) has two real roots

7}:a+;;f;¢a (4.1)

where d is defined by (1.9) and moreover
1—4¢

_ < < —.
T. T+ 2_5

Proof. Under the condition o < 3 — § — 24/2 — ¢ the computation of roots of h(t) is

2—96
tol—a—0—+d>0. It easy to see that it suffices that 1 — & — § > 0. The condition

a<3—0—2v2—9 implies

l—a—60>2vV2—-90—2
>0, since2v2—0—2>0ford < 1.

reduces

straightforward and the strict convexity is easy to show. The proof 7, <

We are done. O

Lemma 4.2 Suppose 0 <6 <1 and o < 3—8§—2v/2— 5. Hald sequence (1.6) associated

to h(T) converges towards T_ with the following properties for k >0 :

1. bk < 0.

1
2. 0 < bl (1) < 1. Consequently —b, < —————.
W (i)
3. 0< 1, < Tpy1 < T—.

Then, the sequence (0)k>0 defined by (1.7) satisfies

Op1 <0 < 1.

Proof. The proof is inspired by [6]. From Lemma 4.1 h(7) has two roots 0 < 7_ < 7, < 1.
Prove items 1 to 3 inductively. We have by = —1, bph/(0) =1 —-d <land 0 =7 < 7 = «.

Prove that o < 7=. We have
h(0) a

= =7.

= w0 1-6

T = Q

The real 7; is one step of Newton’s Method associated to h(7) from 0. In other words, the
point (71,0) is the intersection of the z-axis and of the tangent line at point (0, «) to graph
of h(7). The strict convexity of h(T) ensures ov < 7_.

Proof of items 1 to 3 for k + 1 if it is true for k. Clearly, since h(7) decreases and is strictly



10 J. Voléry, J.-C. Yakoubsohn

convex on [0,7_] we can see that 7, < 741 implies 1 — bgh/(7541) > 1 — bph/(7) > 0. We

then get
bk+1 =by + (1 — bkhl(Tk+1)bk < b, <O.

Since Tx41 < 7_ one has h'(7x41) < 0 and by 1A' (Tk41) > 0.
Moreover by 11 (Trr1) — 1 = 2050 (Ths1) — D3R (Ths1)? — 1 = —(1 — bph/ (T41))? < 0. Ttem 3

follows from 7419 — Tpy1 = —bri1h(7k41) > 0 and also
T_ — Tgy2 = (1 — bk+1h/()\k+1))<7', — Tk+1) > 0.

for Mgt1 €]7Tk+1, Tha2|. The inequalities byy1h' (Akt1) < bp1h' (Tk41) permit to conclude 7_ —
Tga+o > 0. Then items 1 to 3 hold.

Now since bg1 < b < 0 and h'(741) < W/(73) < 0 it follows that dgy1 = 1 — b1 h (1) <
O =1 — bph/(1x).

This lemma is proved. O

Next, we will use the following quantities :

T R Sl e
=~ and J

o= anda =T 5 (%"‘ C]o)
/ (2—0()

(51:1—blh(05>2 <(5+m

=0 +aq
1 —

n= s +(7’+—O./)2

-7 —(1=a)hq
Theorem 4.3 For each § < 1 there exists as Toot of n — 1 such that for all « < a5 we
have « <3 -0 —2/2 -0, ¢ <1 and n < 1. Moreover for a < &g we have :

2k—1

Spi=1—bh(m) < and - —7, < (14 —a)g® |, k>1. (4.2)
We give some values of ag :

4] 0 02 |04 ] 06 0.8
as | 0.165 | 0.106 | 0.06 | 0.022 | 0.004 | O

2=0)(r =7 )T =7

1—71

Proof. Writing h(7) =
shows that

a straightforward calculation

T — Thp1 = T— — T + bih(7%)

h(7) h(7)

e — T + h/( ) (1 - bkh/(tk))h/<7k)
_@=90-n), o k()
B I ) Y
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0.1654 '
0.16+

0.14+
0.12+
0.10+
0.08+
0.06+
0.04+

0.02+

0 02 0.4 5 06 0.8

Figure 1: Theorem 4.3.
Curve — : n=1.
Curve : —.— : qg=1.

Curve: ... : a=3—-0—-2v2—0.

In the same way we get :

2-0)1—-71) h(y)

T = )= . 4.4
T4+ Tk+1 w(Tk) (Tk T+) k h/(Tk) ( )
Remember that h'(1) = (11/}(7))2 <0 for 7 € [0,7]. Let & = Th— T_, k > 0. It is easy
— T Te — T+

T—T_
to see that the function 7 € [0,7_] — strictly decreases. From Lemma 4.2 we know
T — T4+
Tr < Tpe1- Hence g1 < g from which we get the bound

B ((2 —0)(1—71) (70 — T+)2)_ 5, h(m) < Op(T— — ) (1 — 7%)

(%) W) = (= 7)1 —7)
< 11:2 Ok (4.5)
reduces to the lower bound
T4 = Thtl = 2= i)(ilk)_ ) (74 — ) (1 - 11:? 5ka) (4.6)
Using equality (4.3) and bounds (4.5), (4.6) we get with ¢y = :—Jr :

1 1—7y , 1
< )

1—7_

1—7—+ 2 1
< " ) . 4.7
_1—7—5QO(QO+1—T+ qo) 47
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and for kK > 1 :

Q1 < 1

— X
Orqr | , since 1 =
—T_

1—7_+ 2 (6]
< ) 4.8
“1l-7 —-(1-a)hq (qk+1—7+ qu)’ (4.8)

since ¢ < ¢; and from Lemma 4.2 6, < ;. On another side
6k:+1 =1 bk+1h/(7'k+1) = (1 — bkh,(Tk+1))2.

One has 0 < 1—bkh/(7'k> = 5k < 1—bkhl(7'k+1) = 5k_bkh/(/\k)(7_k+1 —Tk) where A\ E]Tk, Tk+1[.

Hence

1 < (0 — bk () (Ter — Tr))?
<0+ (Tee1 — )7, since bh!(Ag) > 0.

We then get
(51 =1- blh,(Oé)
(2 —a)a\>
— s 5 4.9
(o+5=25) (19)
and for k > 1
5k+1 S (5]3 + (T_ — Tk)2
< 0 + g — 70)°
<62+ (ry — )’} (4.10)
1— T+ 2 l -« 2
Let n = (e —a), p= (n— (74 —@)") and ¢ = ¢ + 61. We

l—7 —(1—=a)hq 2(1 —7y)

have for o < @5 root of n — 1 :

Ok+1 + Qra1 < ap + 2u05qy, + O
< (6 +qr)?, since from Lemma 4.4 we have u < n < 1 for a < as.

By induction we then derive that for k& > 1, 0; + qx = qzkf1 using ¢ < 1 from Lemma 4.4.
We then deduce
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Lemma 4.4 Let q, n be defined as in Theorem 4.3 and

by 1‘“)<n—<u—a>2>.

2(]_ — T+
Then we have

1. n>pu.

2. For each < 1 there exists as such that n — 1 = 0. Moreover for all o < &g we have
a<3—0—2v2—-90,q<1landn<1.

1—
Proof. Let d defined by (1.9). We know 7, = a+2(2 6;; vd from Lemma 4.1. Then
I

n—u>1—(1+a—27+). Since (1 4+ a — ad)* —d = (2 —0)(4a+ 6 — a?d) > 0 we have
-«

1+ a— 27, > 0. This proves n > pu.

To prove item 2 we remark for 6 € [0,1[ be given the function @ — 7_ increases and
the function @ — 7, decreases. From this we can show that the functions « — ¢ and
a — 1 increase. When o = 0 a direct calculation shows that ¢ — 1 =6 — 1 < 0. When
o =0.999 x (3 — & —2v/2 — §) a numerical calculation shows that ¢ — 1 > 0 : see Figure 2.

Hence there exists an implicit function a4(6) such that ¢ —1 = 0.

(2—;65)2 < 0. On another side when

a = a1(d) a numerical calculation shows that 7—1 > 0 : see Figure 3. Hence there exists an
implicit function a(d) such that n—1 = 0. Finally we have as(8) < ay(0) <3—6—-2v2 -6
as it is shown in Figures 1 and 4. Then it is sufficient to consider a;s := as(9) and the result
follows. H

When a = 0 and § € [0, 1] be given we have n — 1 = —

5 Proof of a-Theorem 1.2

Theorem 1.2 follows from Theorem 5.1 below and Theorem 4.3.

Theorem 5.1 If a < 3 —§ — 22— then the scalar Hald sequence defined by (1.6)
dominates the Hald sequence (xy)r>0 defined by (1.2), that is,

Yzhsr — zpl| < Togr — R, k> 0.
Then the sequence (xy)k>0 converges towards a zero ¢ of F with

Yo =Cl <7 =7, k=0
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124\

104

°0 01 02 03 04 05 06 07 08 09
Figure 2: Lemma 4.4.
— @ numerator of ¢ — 1 when oo = 0.999 x (3 — ¢ — 2v/2 — 0).
—.— : denominator of ¢ — 1 when o =0.999 x (3 — 6 — 2v/2 — ).

Proof. We adapt the proof of Theorem 2 of 6] to our context. We proceed by mathematical
induction proving that the following inequalities hold for all £ > 0 :

YN BrF (i) || < —bph(7k) (5.2)

For k = 0 we have simultaneously 6 = 1+ h/(0), v||z1 — zo|| = a and Y(F, By, zo) <

. ! ‘ B
—~byy(h, by, 0) = . In fact for j > 2 we have hV) (1) = # and |AY(0)| = 4.
-7

(1
Let us assume 7 ||z 41 — ;|| < 7j41 —7; and that these inequalities hold for j < k. We prove
they hold for k& + 1.

We know that
I — Bk+1DF(ZEk+1) = (I — BkDF(Ik+1))2

[~ ByDF(2441) = I — ByDF(x;) = Y %BkDU)F(g;k)(ka — !
j>2 7

It follows

11 = BuDF (zq0)|| < 1= b/ (7) = > %bkh(j)(Tk)(7||$k+1 — a7

j>2
S 1-— bkh/(Tk_H). (54)
Hence the inequality (5.1) holds since

[T = Byt DF (z41)[] < (1= byl (7141))* = 1 = b B (7h40).
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0.5 0607 08 09

~100- 7

~1501 /

-2004 /

~250]/

Figure 3: Lemma 4.4.
— : numerator of 7 — 1 when a = a4 (9)

—.— : denominator of n — 1 when o = a4 ().

0 01 02 03 04 05 06 07 08 09

—0.001"

—0.002+

—0.003+

—0.004-

—0.005

—0.006

—0.007

Figure 4: Lemma 4.4.

— Q5 — 041((5).

— = a(d) — (3—=30—-2v2-0).

15
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Next, since BiF(zy) + BeDF (2x) (11 — ) = —(I — BxDF (vg)) (241 — xx) we get

1 . .
YBiF (2541) = (I = BeDF (2))YBiF () + > = BiDY F () y(wpsn — )’

j>2 7

We deduce

VBeF ()| < —(1 = bl (7)) bih(7) = fl,bkh(j)(ﬂc)(ﬂm — 1)’

j>2 7"

< —bph(Tier1).
Then using By 1 F (x41) = (2 — BpF(2441)) B F (2x41) the inequality (5.2) follows from

N Ber1F(zr1) ]| £ = (2 = beh!(Toy1))bule(Th1)

< =1 M (Thg1)-

From this, it follows y||zgi2 — Tka1|| < Thao — Tha1-

Thirdly, inequality (5.3) is satisfied since for j > 2 we have

1

T (=bh ™9 (7))~ (Thsr — 1)

HBkHD(j)F(ﬂ?kH)H < (2 — bkh'(m)) Z

>0
S —’yj_1<2 — bkh/<Tk))bkh(j)(Tk+1) == —’}/j_lbk+1h(j)(7k+1)~

From Lemma 4.2 the scalar Hald sequence strictly increases and converges to 7_. This

implies the convergence of the sequence (z)r>o. Theorem 5.1 follows easily. O

6 Proof of ~-theorem 1.3

Here we have F(¢) =0 and 7. = v(F, DF(¢)™ %, (). Let s, = e, + ax where e = ||z — (||
and ay = ||BekDF(¢) — I||. We denote e = e, a = ag and s = s.

To prove the convergence of Hald sequence from x(, we proceed by mathematical induction
assuming s < z(s)Zk_ls for a given index k. For k = 0, evidently sy < s, but we need

to prove that DF(x) is an invertible map. Lemma 2 (b) page 156 of |[I]| states the map
1

DF(xg) is invertible for all zy € B ((, —F) with 7 = (1 — v/2/2). Consequently there
8Ls

exists linear map By which approximates DF(xy)~!. For instance By = DF (zo)~ ! + M\ with
[|ADF(z0)|| < 1 satisfies ||BoDF(xy) — I|| < 1.
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We then write for kK > 0 :

ers1 = el|vn — ¢ — BrF (z1)]|
< ||I = BiDF(¢) — BxDF(¢) ) | lDF(C)‘leF(C)(m; —¢)7 Y lex

1
i>2

< (III — B.DF(Q)|| + || B.DF ()| Zef;‘l) er

Jj=2

€k
< 1
< (ak+( +ak)1—ek>ek
< (ak+ek)ek
- 1—€k

2
S
<k

1—Sk

(6.1)
On another side a straightforward calculation gives
Byy1DF(Q) — 1 = BeDF(C) — I + (I = BpDF(2441)) Be DF(C)
— (BDF(Q) ~ 1) = 3. L BDIF(Q) (@ — O BDF(Q)

=2

= —(ByDF(() — 1)~ E

with B = ~By,DF(() Y %DF(C)leF(C)(ka — Y 'B.DF(C).
We deduce using (6.1)j:22

(2 — epy1)ers
(1 —erg1)?
3—4s? —2s3
(1—s,—s7)

aptr < af + (1 + ax)?

From (6.1) and (6.2), a straightforward calculation shows that
4 — 58, — bs2 + 4s; + 3s;
i kz — kEs? = 2(sk)Sk.
(1= sp = sp)" (1 — s)
Under the condition s < § = 0.1741... which implies z(s) < 1, we easily deduce with
sk < 2(5)% s that spyy < 2(s)2 s,

On another side we have from the fundamental property (1.5) of Bys

Spr1 <

By DF(x441) — I = —(BRDF (z41) — I)% (6.3)
Moreover

ByDF(wy41) — I = ByDF(C) = I + ByDF(() Y %DF(Q*DJ‘F(Q(MH — ¢yl (6.4)

i>2
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Combining (6.3) and (6.4) we get

(2- 6k+1>€k+1>2
dy1 < +(1+ . 6.5
k+1 > <ak ( ax) (1 — epir)? (6.5)

Using ay, e, < 2(s)? s, it follows

(2 (S)S)Z(3>) 2(3)2k+1*252

1 < (1+ (1+s) (1_—22(3)3)2

< (1 +(1+5) (12__5)2) 52(s)2 s

< 32(s)%" s,

9 _ 2
since the function s € [0, 5[— <1 + (1 + S)( a z(s()s))z)(;)) z(s)"'s increases. Then the
— 2(s)s

theorem holds.

7 Proof of theorem 1.4

We use the following a-theorem [15] which established the Newton sequence is well defined
and converges quadratically from an initial point xy provided that «(F, DF(xq),xo) < 3 —
2v/2. We consider the (k + 1)-th step in the iteration. We remark

Lpy1 — ((BkDF(.CL’k))_l — I)BkF({L'k) = T — DF(.Tk)_lF(ZEk) (71)

We denote by Zpy; the left hand side of (7.1) that is the result of one step of Newton’s
method. We now bound a(F, DF(xy), x)) with respect to a(F, By, zx). We first have

DF () 'F(x1) = (BrDF (z1)) ' Bp F(xy) (7.2)

Using inequality (5.4) of the proof of Theorem 1.2 we find
B(F, DF (1), z1) < (buh (1))~ B(F, By, 2x) (7.4)
In the same way we get

Y(F, DF (i), 2x) < ||(BrDF ()" ||y(F, By, 1)
< (byh' (7))~ Y(F, By, ). (7.5)

Hence

o(F, DF(z1), z) < (beh' (7)) a(F, By, z,) (7.6)
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Always from (5.2) and (5.3) we get

h(7k)
F B <p "
O[( 5 kaxk) = k(l—’Tk)S
Hence the condition
_ 1—71)h
(bl (7)) 2 b2 M) _A=mh(m) 5 5 5 (7.7)

(1 —7)° »(7)?

implies that the Newton’s sequence defined from z converges quadratically towards a root
¢ of F. From (7.1) we get

h(7:)
W(m)

g1 = Zral] < = (7.8)

We are done.

8 Study of a particular case

We give without proof the particularities of previous results when DYV F(z) = 0 for j > 2.

In this way the dominating function becomes
h(T) =a—(1—90)1+7°%
1
with zeros 74 = ) (1 -0+ \/E> where d = /(1 — §)? — 4a.
We have successively

1
1. Theorems 1.1 and 1.2 hold with § < 1 and o < Z<1 — )%
2. Theorem 4.3 holds with :

-7 1

(a) g =7-/7+ and ¢ = 1_5;0(%2,—1- 1—@6%) and

B (2 —a)a)>

51—(5+ (1—ap

(b) ¢=d1+a

. 1—T+ 2
(c) n= =7 — (- + (174 — a)*.
(d) a < 3(1—90)?

)

We also give some values of ay :

) 0 0.2 04 | 06 | 0.8
as | 0.241 1 0.148 | 0.077 | 0.03 | 0.005 | 0
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0.257.
0.2411 .
0.20-
0.15-

0.10+

0.05+

0 02 04 § 06 08
8

Figure 5: Particular case.

Curve — : n=1.

Curve —— : ¢ =1.

Curve ... : a=3—0—2v2—0.

1
3. Theorem 1.3 holds with 7 = 2 2(s) = (45 + 3)(2s* + 1)s and 5 = 0.23... solution of
z(s)—1=0.
h 1
4. Theorem 1.4 holds under the condition (7) < -
h/<7'k)2 4

Figure 5 shows respectively the curves n —1 =0, ¢ — 1 =0 and 4a — (1 — 6)? = 0. Figure 6
illustrates numerically that as = a2(0) < a1()) <3 -39 —2v/2 — 6.

9 Numerical experiments

We illustrate the previous results considering the following Fredholm integral operator

1 1
F(z)(s) =x(s) — 1 — 5/ sin(st)x(t)?dt (9.1)
0
which appears in |9] page 552. We are proving that the following two functions

T10(s) =1 (9.2)
1 — cos(s)

> (9.3)

1 1
Tap(s) =1+ 5/ sin(st)dt =1+
0

are close to a solution of (9.1). We use the classical max norm in the space of continuous

functions. A straightforward calculation shows that with By = I

I~ (I = BoDF(2))y(s) = /0 sin(st)z(t)y()dt.
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0 01 02 03 04 05 06 07 08 09

—0.001

—0.002

—0.003

—0.004+

—0.0051 °

—0.006

—0.007

—0.008+

Figure 6: Lemma 4.4.
— CKQ((S) — CK1<(5).
—— ra1(0) = (3=90—-2v2-9).

2- %BODQF(:E)yQ(s) = —%/0 sin(st)y(t)*dt.

1

1—
Since the maximum of [ sin(st)dt = 1= cosls)

on [0,1] is obtained for s = 1 we can

0
numerically compute the quantities ;, d;, Vi, o, ¢, 7, 1:q; corresponding to x; ¢ and x9

respectively. The results are given in Table 1. From Theorem 1.1 we deduce the existence of

Bi 0; i o < (1—=6;)%/47 | ¢ | mig <17

10| 0.23 1 0.46 | 0.23 0.05 < 0.07 12910491064 <1

T2 [ 0.08 10.27 | 0.11 0.009 < 0.13 1.51]10.08 0.11 <1

Table 1: Quantities (3, d;, Vi, cu, q, M, M:q; relatively to z1 and xg.

only one solution in the closed ball B(z10,7—;/7:), ¢ = 1,2 where the 7_,’s are respectively
the first positive root of h;(1) = a; — (1 — 6;)7 + 72. Here we have 7_;/y; = 0.56 and
T_’Q/'YQ = 0.11.
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We perform the computation of Hald sequence in the space of functions defined by

n—1

+Za,~+1si where (ai,...,a,) € R"}.

=1

1 — cos(s

We take here n = 5. Then the equation F(x)(s) = 0 reduces to a polynomial system whose
solution approximates that of (9.1). Finally, Hald sequence from x4 or s associated at

this polynomial system converges to the function

1 — cos(s)

((s) =1+0.86 —0.045 +4 x 107> + 9 x 1075 + 3 x 107 55", (9.4)

S

Thanks to this solution we determine the ball of local quadratic convergence given by ~-

1
Theorem 1.3. To do that we compute v(F, DF((),() = §||DF(C)’1D2F(C)||.

Proposition 9.1 We have

1
1. [|D?*F(Q)|| = H/ sin(st)dt|| < 0.46.
0
o1 1D2F (Ol
2
1-— ||/ sin(st)((t)dt||

For s = 0.23, the convergence of Hald’s sequence is quadratic for all xoy € B((,0.43).

2. v =~(F,DF(¢),¢ < 0.54

Proof. To determine DF(¢)~'2(t) we need to solve DF({)y(s) = z(s), i.e.

1
) = [ sin(st)c(ey(e)dn = =(s).
Hence if DF(¢)™! exists it satisfies
z(s) + /1 sin(st)((t)DF ()t z(t)dt = DF(¢) ™ z(s).
0
A numerical computation gives ||[I — DF(¢)7!|| = ||/1 sin(st)((t)dt|| < 0.58.... Hence
0

DF(() is invertible and

[|[DF(¢)7Y| = < 2.34
1—||/smst Pt

1
Moreover ||D2F(O)]| = | / sin(st)|| < 0.46. Then
0

L ID2F (Ol

1—||/ sin(st)C (1)

~(F,DF((),¢ < 0.54.
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X, (S)
1.6
1.51
1.4 1

x,(5) s
1.3
1.2
1.14

1.0 Xp(S)

0.2 0.4 0.6 08 1

S

Figure 7: Iterated curves from z .

Then, letting 5 = 0.23 we get r = - 0.43 and from Theorem 1.3 we deduce that the Hald

¢
sequence converges quadratically for all g € B((,0.43). O

Table 2 corroborates the quadratic convergence of Hald sequence and Figures 7 and 8 show

the iterated curves corresponding to Hald sequence initialized respectively to x; o and xg .

k 112 3 4 b} 6 7

2o=1,0, ||Tpr1—zk|| | 0.22 | 0.78 | 0.028 | 2x107° | 5x107! | 2x10722 | 2x1074°

0=2,0, ||Zpr1—zx|| | 0.08 | 0.33 | 2x1073 | 2x10~7 | 5x10~® | 2x10730 | 3x10~6!

Table 2: Quadratic convergence of Hald’s sequence.

10 Concluding remark

We first have given a new condition of existence of a zero of an analytic function. Next, we
have studied the local behaviour of numerical Hald’s method. An application of the results
presented here is to find by homotopy method a point satisfying the assumptions of our

results. Classically this is realized using Newton’s method. It could be interesting to study
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Xl(s)
1.4
X (S)
1.3
x,(s)
Xo(s)
1.2
1.1
1.0
0 0.2 0.4 0.6 0.8 1

S

Figure 8: Iterated curves from 5.

the use of homotopy coupled with Hald’s method, for instance in the multiscale methods, to

numerically solve integral equations.

References

1]

2l

3]

4]

[5]

(6]

Blum, E., Cucker, F., Shub, M., and Smale, S. : Complexity and Real Computa-
tion. Springer, 1998

Ezquerro, J. A., and Hernandez, M. A. : The Ulm method under mild differentia-
bility conditions. Numerische Mathematik, 109-2:193-207, Springer, 2008

Giusti, M., Lecerf, G., Salvy, B., and Yakoubsohn, J.-C. : On location and
approximation of clusters of zeros of analytic functions. Foundations of Computational
Mathematics, 5:257-311, Springer, 2005

Gutiérrez, J. M., Herniandez, M. A. and Romero, N. : A note on a modification
of Moser’s method. Journal of Complexity, 24-2:185-197, 2008

Gutiérrez, J. M., and Hernandez, M. A. : On the convergence of Newton-Moser
method from a data at one point. In: Understanding Banach Spaces, Daniel Gonzalez
Sanchez eds., Nova Science Publishers, 2020

Gutiérrez, J. M., Hernandez, M. A., and Romero, N. : a-theory for Newton-
Moser method. Monografias Matematicas Garcia de Galdeano, 35:155-162, 2010



a-Theory of Hald’s method 25

[7] Hald, O.H. : On a Newton-Moser type method. Numer. Math., 23:411-426, 1975

[8] Kantorovich, L. V. : On Newton method for functional equations. Dokl. Acad. N.
USSR, 59(7): 1237, 1948

[9] Kantorovich, L. V., and Akilov, G.P. : Functional analysis. Elsevier, 2016

[10] Lairez, P. : A deterministic algorithm to compute approximate roots of polynomial
systems in polynomial average time. Foundations of computational mathematics, 17-
5:1265-1292, Springer, 2017

[11] Moser, J. : Stable and random motions in dynamical systems. With special emphasis
on celestial mechanics. Herman Weyl Lectures, Annals of Mathematics Studies, no. 77.

Princeton, New Jersey: Princeton University Press, 1973
[12] Smale, S. : Complezity theory and numerical analysis. Act. Numer., 6: 523, 1997

[13] Schulz, G. : Iterative Berechung der reziproken Matriz. ZAMM-Journal of Applied
Mathematics and Mechanics, 13-1:57-59, 1933

[14] Ulm, S. : On iterative methods with successive aproximation of the inverse operator
(Russian). lzv. Akad Nauk Est. SSR, 16:403-411, 1967

[15] Wang, Xinghua, and Han, Danfu : On the dominating sequence method in the point

estimates and Smale’s theorem. Science in China, 135-144, 1990

[16] Deren, Wang, and Fengguan, Zhao : The theory of Smale’s point estimation and
its applications. J. Comput. Appl. Math., 60:253-269, 1995



26 J. Voléry, J.-C. Yakoubsohn

received: November 5, 2024

Authors:

Jean-luc Voléry

Toulouse School of Economics,
Département de Mathématiques,
Université de Toulouse-Capitole,
1, Esplanade de I’Université,
31000 Toulouse Cedex, France

e-mail: jean-luc.volery@tse-fr.eu

Jean-claude Yakoubsohn

Institut de Mathématiques de Toulouse,
Université Paul Sabatier,

118, route de Narbonne,

31062 Toulouse Cédex,

France

e-mail: jean-claude.yakoubsohn@math.univ-toulouse.fr


mailto:jean-luc.volery@tse-fr.eu 

