
Prefa
e

Dynami
al aspe
ts of nonlinear systems, and in parti
ular dynami
al be-

haviour far from equilibrium, is one of the few areas in theoreti
al physi
s

whi
h has been very a
tive during the last de
ade. Whereas the early ap-

proa
hes in Nonlinear Dynami
s have dealt with systems of few degrees of

freedom the 
on
epts developed in this 
ontext have been, meanwhile, ap-

plied fruitfully for the investigation of 
olle
tive behaviour in many parti
le

physi
s. As a very prominent and important physi
al example we 
onsider

the glass transition and low temperature properties in general. Here those

me
hanisms whi
h generate 
omplex aperiodi
 or disordered stru
tures and

the intera
tion between stati
 disorder and dynami
al pro
esses are at the


entre of interest. In that 
ontext the 
on
epts of Nonlinear Dynami
s have

proven to be of 
onsiderable relevan
e in 
ondensed matter physi
s.

So far su
h aspe
ts have not been 
overed in a 
onsistent way by the

existing literature, in parti
ular as far as graduate textbooks are 
on
erned.

With the present monograph we intend to �ll su
h a gap. Ea
h 
hapter is

written by an expert in his �eld. But in 
ontrast to the original literature

and 
onferen
e pro
eedings the material is presented in su
h a way that it

is a

essible for graduate students. With the present monograph we intend

that the state of the 
urrent resear
h at the borderline between Nonlinear

Dynami
s and disordered systems proliferates among di�erent dis
iplines of

natural s
ien
e in order to emphasise general me
hanism, for the generation

of 
omplex stru
tures.

From the general point of view the whole subje
t 
an be grouped in three

parts whi
h show, however, numerous links between the di�erent topi
s. All

aspe
ts are illustrated by experimental appli
ation, although our spe
ial fo
us

is on theoreti
al 
on
epts.

I Pattern Formation and Growth Phenomena

Growth pro
esses are typi
ally related with pattern formation, instabili-

ties, and 
omplex dependen
e on external parameters. These phenomena

are endemi
 for nonequilibirum pattern formation, e.g. the kineti
s of

ordering pro
esses, the formation of amorphous or liquid phases, 
rys-

tal growth, ele
tro
hemi
al deposition, erosion, or general front dynami
s

and surfa
e growth pro
esses. From the theoreti
al point of view rea
tion�

di�usion systems, nonlinear transport equations, or sto
hasti
 �eld the-
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ories are prominent models des
ribing the afore mentioned physi
al phe-

nomena. On a mesos
opi
 s
ale these models permit the identi�
ation of

the elementary building blo
ks of 
omplex patterns as well as the dynam-

i
al intera
tion of these entities. The resulting dynami
al morphologies of

surfa
es and fronts 
over ordered, fra
tal, and disordered stru
tures. Gen-

eral order and sele
tion prin
iples are of parti
ular interest, as they are


ondensed e.g. in group theoreti
al 
onsiderations and universal s
aling

laws.

II Dynami
s of Disordered Systems

The generation of disordered stru
tures as it 
an be found in physi
s e.g.

in super
ooled liquids and glasses 
onstitutes a quite prominent example

for pattern formation. The 
omplex dynami
s of these systems is governed

by a whole spe
trum of di�erent time s
ales as well as by the o

urren
e

of spatially 
on�ned ordered stru
tures. Whereas the �rst feature may

be responsible for self generated stru
tural disorder as visible e.g. in the

glass transition, the se
ond feature 
an generate spheri
ally periodi
 lo
al

order. From the theoreti
al perspe
tive su
h features 
an be 
hara
terised

by quantities borrowed from the physi
s of stati
 disorder as well as by

quanti�ers developed in the 
ontext of Nonlinear Dynami
s. From su
h a

point of view the properties of glasses and other aperiodi
 systems 
on-

stitute a bridge between 
omplex dynami
al behaviour and the dynami
s

of disordered systems.

III Complex and Chaoti
 Behaviour

For the investigation of 
omplex 
haoti
 behaviour the notions and 
on-


epts of Nonlinear Dynami
s have been adapted re
ently to the pe
uliar-

ities of systems with a large number of degrees of freedom, for instan
e

in terms of Lyapunov and dimension spe
tra. Su
h approa
hes 
an be

applied for the analysis of disordered systems. In parti
ular, one gains a

deeper understanding of the ergodi
 properties of the underlying dynam-

i
s. In that sense these 
on
epts are the basis of numerous theoreti
al


on
epts. In parti
ular, the 
hara
terisation of di�erent time s
ales, of

frozen degrees of freedom, and of aging pro
esses be
omes feasible. Thus

su
h 
on
epts are the 
entre of interest of a deeper mi
ros
opi
 under-

standing of equilibrium and nonequilibrium thermodynami
s.

The present monograph summaries the s
ienti�
 
ontent of a WE Heraeus

summer s
hool held at Chemnitz University of Te
hnology in August 2002.

We owe the WE Heraeus foundation our deepest gratitude, as without the


ontinuous and intense support from the foundation the whole proje
t would

not have been feasible. Whereas the s
ienti�
 merits are due to our 
olleagues

who have written the individual 
hapters, any remaining de�
ien
ies must be

attributed to the editors.

Chemnitz / London, Günter Radons

January 2004 Peter Häussler

Wolfram Just
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Part I

Pattern Formation and Growth Phenomena



Introdu
tion to Part I

Pattern formation is an ubiquitous non-equilibrium phenomenon whi
h on

one hand is simply fas
inating, but on the other hand has many pra
ti
al

impli
ations. It is one of the most prominent nonlinear 
olle
tive dynami
al

e�e
ts, and therefore entails a long s
ienti�
 tradition. Ma
ros
opi
 patterns

arising in �uids as a 
onsequen
e of hydrodynami
 instabilities are known

for at least one 
entury and are 
onne
ted with prominent names su
h as

Rayleigh-Benard or Taylor-Couette. In the meantime the importan
e of the

pattern formation 
on
ept has been re
ognized in very diverse �elds su
h as

biology, laser physi
s, 
hemistry, and many others.

Quite re
ently pattern formation on a mu
h smaller s
ale attra
ted the

interest of the s
ienti�
 
ommunity. Due to the development of advan
ed

mi
ros
opy te
hniques su
h as the s
anning tunnelling mi
ros
ope, patterns

that arise on a submi
ron s
ale during the epitaxial growth of solid surfa
es,

be
ame observable. Their origin and understanding is the topi
 of the �rst


ontribution by Joa
him Krug. He presents a phenomenologi
al 
ontinuum

theory, whi
h provides a uni�ed framework for various pattern forming me
h-

anisms for surfa
e growth. They in
lude the Villain instability, mound and

meandering instabilities, or patterns arising due to ele
tromigration. Repla
-

ing the adsorption of atoms or mole
ules by the "deposition of va
an
ies"

leads from growth to erosion phenomena whi
h are 
aused e.g. by the bom-

bardment of surfa
es with high energy ions, and whi
h 
an also be explained

by su
h theories. The theoreti
al aspe
ts in
lude the wavelength sele
tion

problem and nonlinear evolution s
enarios su
h as 
oarsening and 
haoti


bubbling.

The se
ond 
ontribution by E
kehard S
höll also deals with a very re-


ent development, the nonlinear dynami
s and pattern forming me
hanisms

in nanostru
tured semi
ondu
tors. The self-organized formation of 
urrent

�laments, stationary or moving fronts, and other 
omplex spatio-temporal or


haoti
 behavior are elu
idated. Thereby the role of a negative di�erential


ondu
tivity is emphasized. Totally new aspe
ts arise with the possibility of

applying time-delayed feedba
k 
ontrol, whi
h is introdu
ed and explored in

this arti
le. This opens the possibility to stabilize patterns and motions whi
h

are usually unstable and therefore not observable. The 
onsequen
es of su
h
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an approa
h are dis
ussed for resonant tunnelling diodes and for semi
ondu
-

tor superlatti
es.

The previous two arti
les dealt with pattern formation in sele
ted appli-


ations of re
ent interest. In both 
ases insights are gained mostly within the

framework of 
ontinuum theories. The latter 
onstitute the 
entral topi
 also

in the 
ontribution of Rudolf Friedri
h. Now, however, no spe
ial appli
ation

is aimed at, but 
onsequen
es of symmetries of the system at hand are elab-

orated. The group theoreti
al results obtained 
an be applied to ma
ros
opi


or mi
ros
opi
 phenomena as long as a 
ontinuum des
ription holds. It pro-

vides a 
hara
terization of non-equilibrium phase transitions or bifur
ations

through the 
lassi�
ation of the order parameter equations whi
h determine

the patterns being formed. Finally the role of Goldstone modes for higher

instabilities is explained and the experimentally relevant impli
ations of �u
-

tuations for dissipative solitons, su
h as �laments, are 
lari�ed.

The last arti
le in this part by Peter Häussler deals with stru
ture forma-

tion on a mi
ros
opi
 level. It is 
on
erned with self-organization prin
iples

whi
h aim at explaining the short-range ordered stru
ture in disordered solids

su
h as alloys. The paper advo
ates spheri
al periodi
 order and resonant

behavior between ele
troni
 and stru
tural degrees of freedom as the orga-

nizing prin
iple, whi
h 
an explain many properties in di�erent families of

alloys. Consequen
es e.g. for the density of states, transport properties, and

dynami
 ex
itations are dis
ussed. In many respe
ts this 
ontribution leads

over to Part II, whi
h is ex
lusively devoted to the dynami
al properties of

disordered systems.



Part II

Dynami
s of Disordered Systems



Introdu
tion to Part II

Disordered systems provide a 
ontinuing 
hallenge for the s
ienti�
 
ommu-

nity. Su
h systems often exhibit anomalous long-time behavior, whi
h may

be hard to a

ess experimentally and di�
ult to explain theoreti
ally. Su
h

a behavior is found, for example, at the glass transition from under
ooled

liquids to the amorphous solid state. In addition non-equilibrium phenomena

su
h as aging and anomalous transport are typi
ally found. The di�
ulty

of this subje
t lies in the appearan
e of non-trivial 
ooperative phenomena,

whi
h may result from 
ompeting intera
tions, e.g. between 
oupled spins, or

from 
omplex dynami
 modi�
ations of stru
tural properties as in glasses.

The �rst two 
ontributions to this part review experimental aspe
ts of

the dynami
s of disordered systems. The �rst one by Reiner Zorn and Ulri
h

Bu
henau is devoted to the stru
tural glass transition. They show that sus-

pensions of 
olloidal parti
les, su
h as polymer spheres, provide ideal systems

for investigations of the glass transition. They are ideal in two respe
ts: �rstly

experiments 
an be simply 
ondu
ted with light (dynami
 light s
attering,

DLS) instead of neutrons, whi
h have to be used to probe the dynami
s on a

mole
ular s
ale. And se
ondly, these systems appear to be perfe
tly des
ribed

by mode-
oupling theory (MCT). The latter is only brie�y sket
hed here, but

treated in detail in the 
ontribution by Rolf S
hilling. In addition the di�er-

en
es between 
olloidal suspensions and under
ooled liquids and dynami
al

me
hani
al measurements at the glass transition are dis
ussed.

Jens-Boie Su
k in his arti
le reviews the experimental aspe
ts of neutron

inelasti
 s
attering (NIS) for investigations of the dynami
s of disordered

systems. After introdu
ing the density 
orrelation fun
tions measured in these

experiments, the spe
i�
 aspe
ts for the observation of 
olle
tive ex
itations

in amorphous solids and in �uids are presented. In parti
ular the su

essful

appli
ations of this te
hnique e.g. to liquid metals or metalli
 glasses are

reviewed, but also its 
urrent limitations are dis
ussed.

In the following two 
ontributions theories for the glass transition and

glassy dynami
s are presented and reviewed. The paper of Rolf S
hilling deals

mostly with the stru
tural glass transition, where, in 
ontrast to the spin-

glass transition, stati
 disorder is self-generated as result of this transition.

After a 
on
ise review of several phenomenologi
al theories, the 
urrently

most prominent mi
ros
opi
 theory for the stru
tural glass transition, the
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mode-
oupling theory, is derived and its 
onsequen
es are explained in detail.

In the framework of MCT the glass transition appears as a dynami
al phase

transition as it is identi�ed as an ergodi
-to-nonergodi
 transition, whi
h 
an

be measured via the intermediate s
attering fun
tion obtainable from DLS or

NIS experiments. Subsequently another prominent mi
ros
opi
 theory, repli
a

theory, is treated in detail and it is shown that the latter yields a stati
 glass

transition. The possibly 
omplimentary nature of these theories is dis
ussed.

Heinz Horner's 
ontribution is mainly 
on
erned with mean-�eld like mod-

els and theories for glassy dynami
s and in addition puts more emphasis on

non-equilibrium phenomena su
h as aging. He �rst gives an overview over

disordered systems, for whi
h glassy dynami
s is relevant. These range from

spin-glasses to stru
tural glasses, but also from systems su
h as neural net-

works to 
ombinatorial optimization problems. The main part is devoted

to dynami
 mean-�eld theory and its 
onsequen
es for the dynami
s of the

p-spin intera
tion spin-glass. It is shown how this theory yields results anal-

ogous to MCT for temperatures above the glass transition. In addition the

non-equilibrium dynami
s in the regime below the glass transition temper-

ature is 
aptured, whi
h allows e.g. the des
ription of aging phenomena. A


omparison with repli
a theory is made and 
ommon as well as distin
t fea-

tures are worked out. Finally it is shown how properties of 
age relaxation in

super
ooled liquids 
an be 
aptured in su
h spin-glass models by in
luding

the possibility of relaxing bonds.

The last paper in this part by Ted Janssen presents models and theories

for the nonlinear dynami
s of aperiodi
 
rystals. The term `aperiodi
'refers

to a state, whi
h is intermediate between random and periodi
 stru
tures.

After providing some typi
al examples in the 
lass of quasi-
rystals and from

in
ommensurate stru
tures, their des
ription in superspa
e is explained. The

main part of the 
ontribution deals with models for these stru
tures, su
h as

the generalized Frenkel-Kontorova model or the Double Chain Model, and

the dynami
al 
olle
tive ex
itations that 
an o

ur. Of spe
ial interest are

the stability properties of phasons, 
hara
teristi
 low frequen
y ex
itations

in in
ommensurate stru
tures, and of solitons, both of whi
h may de
ay, e.g.

due to anharmoni
 intera
tions with phonons. Nonlinearity plays a two-fold

role insofar as it is responsible for the o

urren
e of so-
alled phason gaps,

but also be
ause the ground state of these model systems is related to low-

dimensional nonlinear mappings. The advan
ement in the understanding of

the latter provides deeper insights into the ground state properties of these

stru
tural models and vi
e versa.



Part III

Complex and Chaoti
 Behaviour



Introdu
tion to Part III

The nonlinear dynami
s of intera
ting parti
les or systems is generally a
-


epted as one of the 
orner-stones of equilibrium and non-equilibrium statis-

ti
al me
hani
s. Although it is 
lear that unstable and 
haoti
 behaviour on

a mi
ros
opi
 s
ale is of fundamental importan
e in this �eld, there exists, in


ontrast to systems with few degrees of freedom, still a 
onsiderable la
k of

understanding. One reason is the appearan
e of qualitatively new, 
olle
tive

e�e
ts in the thermodynami
 limit. Also in the more general 
ontext of inter-

a
ting entities in biologi
al, so
ial, or e
onomi
 systems, the understanding

of emerging 
omplex behaviour is still in its infan
y. This reasoning explains

why in the following 
ontributions the interplay between Nonlinear Dynami
s

and Statisti
al Physi
s plays a major role.

The �rst 
ontribution by Günter Radons is naturally 
onne
ted to the

previous part on disordered systems: It is 
on
erned with nonlinear dynam-

i
s in the presen
e of quen
hed disorder. He �rst points out that even quite

simple disordered dynami
al systems with one 
haoti
 degree of freedom 
an

naturally give rise to non-equilibrium phenomena su
h as aging, anomalous

transport, and the dynami
al phase transitions usually observed in 
omplex

many-parti
le systems. The se
ond half of the paper is devoted to large en-

sembles of intera
ting limit 
y
le os
illators, i.e. prototype elements des
rib-

ing periodi
ally a
tive subsystems su
h as neurons or 
ells. The randomness

lies in the individual frequen
ies and possibly in the intera
tion terms. In

the �rst 
ase, whi
h is known as Kuramoto model a famous 
olle
tive e�e
t,

the syn
hronization transition is explained in detail and the 
orresponding

Lyapunov spe
trum is 
al
ulated analyti
ally. For random intera
tions the

non-equilibrium 
ounterpart of a spin-glass transition is identi�ed and its

manifestation in the Lyapunov spe
trum is investigated.

The Lyapunov spe
tra of many parti
le systems is also one of the 
entral

obje
ts of interest in the se
ond paper by Harald Pos
h and Christina Forster.

The 
orresponding perturbation dynami
s is introdu
ed and investigated in

detail for �uids in equilibrium and in stationary non-equilibrium situations.

As models, hard sphere gases or many-parti
le systems with soft intera
-

tion potential are investigated by mole
ular dynami
s methods. The authors

present an interesting re
ent �nding in the equilibrium situation, namely the

o

urren
e of steps in the Lyapunov spe
trum of hard sphere systems and
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the observation of wave-like stru
tures in the asso
iated Lyapunov ve
tors.

These hydrodynami
 Lyapunov modes provide an example of a surprising new


olle
tive e�e
t in 
haoti
 many parti
le systems. The se
ond part of this 
on-

tribution is devoted to the non-equilibrium mole
ular dynami
s (NEMD) of

su
h systems. In systems whi
h are to be kept in a stationary state far from

equilibrium one needs thermostats to get rid of the ex
ess heat produ
ed

by the external me
hani
al or thermal for
es. The authors dis
uss how su
h

states are re�e
ted in the Lyapunov spe
tra of these systems, and how the

latter are 
onne
ted to ma
ros
opi
 transport 
oe�
ients. Some aspe
ts of

this approa
h, e.g. the appearan
e of multifra
tal phase spa
e stru
tures, are

subje
t of an ongoing s
ienti�
 dis
ussion to whi
h the present arti
le is a

profound 
ontribution.

The link between Nonlinear Dynami
s and Equilibrium Statisti
al Physi
s

is also the subje
t of the 
ontribution of Wolfram Just. Here, however, the


onne
tion is more on a formal level where the analogy between time series

of symbols and, in the simplest 
ase, spin-
hains is exploited. This subje
t is

usually referred to as symboli
 dynami
s or the thermodynami
 formalism.

In this arti
le �rst an elementary introdu
tion to this topi
 is given. The


on
epts of Markov partitions and Markov maps are explained with the aid

of simple models, whi
h are helpful also for the understanding of the more


ompli
ated dynami
s of the maps introdu
ed in the �rst 
ontribution by

Günter Radons in this part. Subsequently these 
on
epts are extended to

deal with questions of spa
e-time 
haos, a subje
t of great 
urrent interest.

For this purpose so-
alled 
oupled map latti
es are introdu
ed, whi
h are


onstru
ted su
h that the Markov property is preserved. The time series

generated by su
h an in�nite one-dimensional array of 
oupled maps 
an

be understood in terms of the equilibrium properties of the 2-dimensional

Ising model, whi
h is known to display a phase transition. This implies the

o

urren
e of a new kind of dynami
al phase transition for 
oupled maps, a

ma
ros
opi
 
olle
tive e�e
t due to the extended nature of the system. This

phenomenon is dis
ussed as a spe
ial 
ase of similar e�e
ts in more general


oupled maps, where due to the typi
ally greater 
omplexity of the symboli


dynami
s also transitions to spin-glass phases et
. 
an be expe
ted.

The last 
ontribution to this part by Heinz Georg S
huster introdu
es a

quite di�erent and novel aspe
t. The 
on
ept of adaptivity opens a whole

realm of appli
ations of nonlinear dynami
s for instan
e in the biologi
al s
i-

en
es and in e
onomy. As an example, agents modify their a
tions in response

to rea
tions of other agents with the goal of optimising some environmental

in�uen
e on them. Su
h problems de�ne 
oupled nonlinear systems, whi
h


an be investigated with the tools of Nonlinear Dynami
s. The approa
h is

explained with two examples. The �rst is a self-re
ognition problem 
onsisting

in the determination of the status of a member in a hierar
hy, and the se
ond

is the solution of the minority game with the aid of adaptive probabilisti


Boolean fun
tions.


