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Abstra
t

We show in detail how methods of time series analysis su
h as dimen-

sion and entropy estimates support the idea that fast low-dimensional


haos 
an be modeled properly by noise. Motivated by this observation,

we derive a formalism by whi
h fast 
haoti
 degrees of freedom in sys-

tems with time s
ale separation 
an be repla
ed by a suitable sto
hasti


pro
ess. A Fokker Plan
k equation for the phase spa
e density of the

slow degrees of freedom is derived from the full deterministi
 system by

a proje
tion operator te
hnique together with a perturbation expansion.

We 
ompare two di�erent proje
tion strategies and illustrate the resulting

equations by spe
ifying them for a simple model system.

1 Introdu
tion

The distin
tion between 
haos and noise from observed data is a notoriously

diÆ
ult task. Re
ently, this issue has gained new attention when the potential

veri�
ation of the presen
e of so 
alled mi
ros
opi
 
haos from the observation of

a physi
al di�usion experiment was dis
ussed. More pre
isely, by data analysis,

in Ref. [1℄ it is 
laimed to prove that the seemingly sto
hasti
 motion of an

observed Brownian parti
le is due to the deterministi
 
haoti
 motion of the pool

of small parti
les 
olliding with the large one. As a response to this work, a set

of papers appeared [2℄ in all of whi
h strong arguments against the 
orre
tness

of the reasoning were made. Despite the fa
t that there is no good reason for

any doubts about mi
ros
opi
 
haos, there are many reasons why it should be

impossible to prove its existen
e on the basis of data analysis.

The present paper starts with a review of results whi
h even show the exa
t

opposite, namely, that fast 
haoti
 motion is indistinguishable from a suitable

sto
hasti
 pro
ess in a well de�ned sense. This serves as motivation and as

justi�
ation for the se
ond part, where we present a s
heme by whi
h fast 
haos

is repla
ed by a sto
hasti
 pro
ess. We will fo
us on 
ontinuous time dynami
al

systems with time s
ale separation, i.e., on ordinary di�erential equations where

one set of variables 
an be 
alled fast and the remaining set of variables is slow,

where the ratio between the fast time s
ale and the slow time s
ale will be a

small parameter �. In the limit of �! 0, we will repla
e the full deterministi


system in a formally exa
t perturbation theory by a sto
hasti
 di�erential equa-

tion for the slow variables alone, provided that the fast variables are 
haoti
.

Our approa
h will yield as additional result the fa
t that fast 
haoti
 degrees of

freedom are in some sense small amplitude perturbations of the slow variables

(regardless of the magnitude of the 
oupling terms from the fast to the slow

variables), sin
e their e�e
tive magnitude is of order of

p

�. Moreover, for peri-
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odi
 fast variables, the sto
hasti
 term vanishes and the averaging prin
iple [3℄

yields the full leading order approximation.

One property of a sto
hasti
 pro
ess whi
h will be essential for the following

dis
ussion lies in the fa
t that a more pre
ise knowledge about the present

state will, asymptoti
ally, not in
rease our knowledge about the future. As a


onsequen
e, the analogue of the Kolmogorov-Sinai (KS) entropy of a sto
hasti


pro
ess is in�nite. In physi
s, the 
on
ept of a heat bath of harmoni
 os
illators

is a well established way of how to introdu
e randomness into a deterministi


system through a thermodynami
 limit. In this 
ase, the in�nite entropy 
omes

from the in�nite amount of information needed to spe
ify the initial 
ondition

of the heat bath in this limit { transport of this information into the observables

generates an e�e
tively in�nite KS-entropy of this non-
haoti
 system.

In the situation we are interested in, only a small, de�nitely �nite number

of fast degrees of freedom will be responsible for the generation of sto
hasti
ity.

We require our fast variables to be 
haoti
 themselves. Hen
e, they possess

positive but �nite KS-entropy, whi
h, under a suitable res
aling of time, 
an

diverge. To re
all, KS-entropy is information produ
tion per unit time, su
h

that it s
ales under t! �t like h

KS

! h

KS

=�.

Before we pro
eed to a sket
h of the derivation of the main result, the deriva-

tion of an e�e
tive sto
hasti
 model for a given deterministi
 system, and to its

thorough dis
ussion, we show in some detail in whi
h sense 
haoti
 determin-

isti
 dynami
s and sto
hasti
 pro
esses are (in-)distinguishable, by dwelling on

the 
on
ept of �-entropy per unit time. Let us emphasize that C. Be
k has

studied in great detail the transition from 
haos to sto
hasti
ity in a variety

of low-dimensional 
haoti
 maps, where the observables indi
ating this transi-

tion have been higher-order 
orrelation fun
tions, invariant densities, attra
tor

dimensions, and others [4, 5, 7, 6℄. For spe
i�
 systems he has derived rig-

orous results, whereas our more general and model free dis
ussion fo
uses on

qualitative aspe
ts.

2 Entropy and dimension estimates

Let x 2 � � R

d

be a state ve
tor, subje
t to the equation of motion

_
x = f(x) : (1)

We assume that f is Lips
hitz 
ontinuous, su
h that the initial value problem

x(0) = x

0

has a unique solution. A time series S = fs

1

; : : : ; s

N

g is obtained

from a traje
tory x(t) by re
ording the values of a measurement fun
tion s

k

=

s(x(t = k�)), where � is the sampling interval. If x(t) are 
on�ned to a

bounded invariant set A, then s

k

are elements of an interval I on the real

axis. The 
elebrated theorems of Takens and of Casdagli et al. [8℄ state that

m-dimensional ve
tors s

k

= (s

k

; s

k�1

; : : : ; s

k�m+1

) form an immersion of the

invariant set A to whi
h the traje
tory x(t) is 
on�ned, if m > 2D

f

(A), i.e., if

the dimension m of the embedding spa
e is larger than twi
e the box-
ounting

dimension of the set A. This has two important impli
ations for the distin
tion

of 
haos from noise: If a given time series S represents a traje
tory on an D

f

-

dimensional invariant set, then also the set of delay ve
tors s

k

is 
on�ned to an

D

f

-dimensional set, and the �nite KS-entropy of the dynami
al system Eq.(1) is
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uniquely related to the KS-entropy of the system in the delay embedding spa
e,

whose traje
tory is represented by the sequen
e of s

k

.

The model free distin
tion between 
haos and noise based on observed data


onsists in the veri�
ation or falsi�
ation whether a given time series represents

a �nite dimensional obje
t and possesses a �nite KS-entropy. The diÆ
ulty in

this approa
h lies in the need for a suitable extrapolation, sin
e formally the

dimension of a �nite number of points (as it is given by the time series) is zero.

The bene�t of this dis
ussion, however, will be that we will not only be able to

distinguish between 
haos and noise, but we will also see the equivalen
e of 
haos

and a 
orresponding noise pro
ess in a 
ertain sense. Hen
e, dimension and en-

tropy estimates will be the tools for 
hara
terization of an invariant probability

measure in
luding all of its (possibly nonlinear) temporal 
orrelations and its

s
ale dependent properties.

2.1 Dimension estimates

In the �eld of nonlinear time series analysis, numeri
al dimension analysis has

some tradition. The most suitable generalized dimension is the 
orrelation di-

mension, sin
e it 
an be 
omputed without systemati
 �nite sample e�e
ts [14℄

and with the largest s
aling range employing the Grassberger-Pro
a

ia 
orre-

lation sum [9℄ for suitable k > 0 (to suppress temporal 
orrelations between

ve
tors s

i

and s

j

)

C

2

(m; �) =

2

(N �m� k)(N �m� k � 1)

N

X

i;j:j>i+k;i>m�1

�(��jjs

i

� s

j

jj) ; (2)

where m is the dimensionality of the delay ve
tors s

i

. If the unobserved state

ve
tors x(t = k�) are 
on�ned to a subset with 
orrelation dimension D

2

of the

state spa
e, then for m > D

2

the 
orrelation sum C

2

(m; �) typi
ally exhibits

a s
aling range for small � with C

2

(m; �) / �

D

2

. On the large s
ales, �nite

size e�e
ts of the set (edge e�e
ts) destroy the s
aling evidently, but in addition

entropi
 folding e�e
ts 
an o

ur for either high entropi
 signals or for unsuitably

large sampling intervals of the data. In order to keep the presentation short, we

refer the interested reader to Ref.[10℄ for details.

As an illustration of the e�e
t, we re
all some features of a very simple

2-dimensional map:

x

n+1

= e

��

x

n

+

p

�y

n

y

n+1

= 1� 2y

2

n

: (3)

C. Be
k 
alled this \dynami
al system of Langevin type" and showed [4℄ that

in the limit � ! 0 the dynami
s of the variable x 
onverges to an Ornstein-

Uhlenbe
k pro
ess. In [11℄, the detailed entropy and dimension analysis of this

family of systems was performed. For vanishing �, the entropy per 
orrelation

time of x diverges. In Fig.1 the dimension estimates for one �xed small value

of � are shown: Whereas on the small s
ales the dimension D

2

= 2 is 
learly

re
overed, on the large s
ales the data seem to �ll volumes in any arbitrarily

high-dimensional embedding spa
e, whi
h is the typi
al signature of a sto
hasti


system. For even smaller values of �, the deterministi
 regime is almost ina
-


essible and the data appear sto
hasti
 for any numeri
al analysis, even if they

were 
reated from the same low-dimensional deterministi
 system.
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Figure 1: Numeri
al dimension estimates for a time series of x

n

of the system Eq.(3)

with � = 1=16, embedding dimension m = 1; : : : ; 6 from bottom to top (te
hni
al

remark: time lag 3 in the delay ve
tors, i.e., s

j

= (s

j

; s

j�3

; : : : ; s

j�3m+3

)). Due to

folding e�e
ts, on the large length s
ales the data seem to be sto
hasti
, sin
e they �ll

volumes in arbitrarily high embedding dimensions m.

In summary, data from systems with high entropy per unit time appear

sto
hasti
 on the large length s
ales when analyzed in terms of dimension. This

is neither related to the parti
ular algorithm nor to the 
hoi
e of the 
orrelation

dimension but a 
onsequen
e of the folding of the invariant set in the time delay

embedding spa
e.

2.2 Coarse grained dynami
al entropies

The Kolmogorov-Sinai entropy of a dynami
al system 
an be estimated through

the 
omputation of the positive Lyapunov exponents and the usage of the Pesin

identity. In time series analysis, however, it is typi
ally ne
essary to go ba
k to

its proper de�nition. Let P be a partition of the interval I � R to whi
h the

time series data s

k

are 
on�ned, i.e., P is a set of N

P

disjoint 
ells satisfying

[

i




i

� I. One de�nes the joint probabilities p

i

1

;:::;i

m

that a subsequen
e of m

su

essive observations ful�ls s

k

2 


i

1

, s

k+1

2 


i

2

, et
.. Blo
k entropies of blo
k

length m are de�ned through

H

m

= �

X

i

1

;:::;i

m

p

i

1

;:::;i

m

ln p

i

1

;:::;i

m

(4)

and 
onditional entropies as

h

m

= H

m+1

�H

m

: (5)

The Kolmogorov-Sinai entropy of a dynami
al system is given by

h

KS

= sup

P

lim

m!1

h

m

(P) ; (6)

where sup

P

denotes the supremum over all possible partitions P . For time series

data, the probabilities p

i

1

;:::;i

m

are estimated through the relative frequen
ies

of the o

urren
e of the 
orresponding events (maximum likelihood estimators).
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Figure 2: Prototypi
 behavior of the �-entropy for m > D for a 
haoti
 pro
ess plus

measurement noise (
ontinuous line), for the same pro
ess without noise (dashed line)

and the sto
hasti
 large s
ale behavior (dotted line). For more explanation see text.

Consequently, the stri
t upper limit in m for whi
h a meaningful blo
k entropy


an be 
omputed is when N

P

m

> N (N : length of the time series, N

P

: number

of 
ells). Hen
e, the lim

m!1

is una

essible, but also the supremum over all

possible partitions 
annot be 
omputed.

Apart from the pra
ti
al impossibility to 
ompute h

KS

, there are also many

systems with interesting s
ale dependent stru
ture. This makes entropy expres-

sions with an expli
it s
ale dependen
e desirable. If a partition P

�

is labeled by

the s
ale � = maxfdiam 


i

: 


i

2 Pg, Gaspard and Wang [13℄ show that

h(�) = inf

P

�

lim

m!1

h

m

(P

�

) (7)

is a meaningful de�nition of the �-entropy. The �-entropy is, unlike the KS-

entropy, not invariant under 
oordinate transforms. Still, Eq.(7) 
annot be

exploited with a �nite amount of data.

It is reasonable to introdu
e two approximations: First, one repla
es the in�-

mum over all �-partitions by a unique �-
overing. Se
ond, one repla
es the Shan-

non entropy �

P

p

i

ln p

i

by the se
ond order Renyi entropy � ln

P

p

2

i

(whi
h

la
ks the additivity property) in order to eliminate systemati
 �nite sample er-

rors [14℄. In the limit � ! 0 this entropy is known to be a lower bound of the

KS-entropy [15℄. An estimate of the �-entropy with blo
k length m is given by

[13, 12℄:

h

m

(�) = lnC(m; �)� lnC(m+ 1; �) ; (8)

where C(m; �) is the normalized 
orrelation sum Eq.(2).

The behavior of h

m

(�) as a fun
tion of the spatial resolution � yields addi-

tional insight into the nature of the pro
ess underlying the data. The typi
al

behavior for deterministi
 
haoti
 and for sto
hasti
 pro
esses is summarized in

the following table, where the 
onstants H

(
)

m

and h

(
)

m

will be dis
ussed later:

pro
ess H

m

(�) h

m

(�) = H

m+1

(�)�H

m

(�)

deterministi
, H

(
)

m

�D

2

ln � H

(
)

m+1

�H

(
)

m

� h

KS

m� D

2

, � suÆ
iently small

stationary sto
hasti
 H

(
)

m

�m ln � h

(
)

m

� ln �

deterministi
 m < D

2

or large �
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The KS-entropy of a deterministi
 system 
an only be seen at suÆ
iently

small s
ales. On the large length s
ales, where h

m

(�) < h

KS

, deterministi


data are indistinguishable from sto
hasti
 data, i.e. h

m

(�) / � ln �. This is a


onsequen
e of the trivial bound h

m

(�) � � ln � together with the nontrivial

entropy redu
tion by non-uniformity of the 
oarse grained measure. Deviations

from the � ln � behavior on even larger length s
ales 
an have di�erent origins.

In deterministi
 data, these are edge e�e
ts be
ause of the �nite range of the

invariant set and hen
e the �nite range of the observable. In sto
hasti
 data,

when no su
h limitations exists (e.g., Gaussian random variables), the la
k of

re
urren
e governs the large s
ale 
ross-over regime, whi
h we will negle
t in

the following.

Coarse grained dynami
al entropies hen
e 
ontain nontrivial information for

both deterministi
 and sto
hasti
 data, sin
e they 
an possess a ri
h stru
ture as

a fun
tion of the length s
ale. The la
k of invarian
e of h

m

(�) under 
oordinate


hanges 
an be turned into a virtue: For smooth probability densities �(s) (the

density in the m-dimensional embedding spa
e), the 
onstant h

(
)

m

:= H

(
)

m+1

�

H

(
)

m

is given by the 
ontinuous entropy

H

(
)

m

= � ln

Z

�

2

(s)d

m

s : (9)

If the probability distribution fa
torizes into identi
al one-dimensional distribu-

tions, one has evidently H

(
)

m

= mH

(
)

1

and hen
e h

(
)

m

= h

(
)

0

= 
onst:. Equally

straightforward 
onsiderations show that for a Markov-
hain of order m, all


ontinuous entropies for m

0

> m are identi
al and so are the 
orresponding

h

m

0

(�)-
urves. If the m-dimensional density �(s) is a multivariate Gaussian

with the 
o-varian
e matrix C

(m)

ij

:= hs

i

s

j

i, the 
ontinuous entropies read

H

(
)

m

=

m

2

ln� + ln[det C

(m)

℄ : (10)

The 
o-varian
e matrix is fully determined by the auto-
orrelation fun
tion


(�) = hs(t)s(t� �)i of the signal s(t), hen
e one �nds

det C

(1)

= 
(0) (11)

det C

(2)

= 
(0)

2

�

1�


(�)

2


(0)

2

�

(12)

det C

(3)

= 
(0)

3

�

1� 2


(�)

2


(0)

2

+


(2�)


(0)

��

1�


(2�)


(0)

�

: (13)

In the spe
ial 
ase of exponentially de
aying 
orrelations one �nds 
(2�) =


(�)

2

=
(0), and hen
e again h

(
)

2

= h

(
)

1

as expe
ted.
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Figure 3: The �-entropies obtained numeri
ally from a time series of the Ornstein-

Uhlenbe
k pro
ess. The straight lines are the theoreti
al predi
tions with the 
onstants

h




0

and h




1

repla
ed by their numeri
al values (no �tting parameters), see text. The


urves for m = 1 to m = 10 are almost perfe
tly superimposing ea
h other and almost

indistinguishable. Flu
tuations of the 
urves for m > 7 and small � are statisti
al

�nite sample e�e
ts.

2.3 Linearly �ltered Lorenz system

Let us 
onsider a simple extension of the Lorenz system,

_x = ��x+ y

1

_y

1

=

1

�

s(y

2

� y

1

)

_y

2

=

1

�

(y

1

(r � y

3

)� y

2

)

_y

3

=

1

�

(y

1

y

2

� by

3

) (14)

with the standard parameters s = 10, r = 28, and b = 8=3, and � = 1 here.

We re
ord a time series of the variable x(t) with a sampling interval whi
h is

arbitrarily 
hosen to be � = �=10, hen
e we re
ord 10 samples per 
orrelation

time 1=�. Sin
e the negative Lyapunov exponent of the Lorenz system for the

standard parameters is about �10, for � > �10 the linear degree of freedom

in
reases the attra
tor dimension roughly by unity [16℄. Hen
e, we expe
t in

the numeri
al dimension and entropy analysis a dimension slightly above three

and an entropy given by the positive Lyapunov exponent of the Lorenz system

times the sampling interval.

Before we study the �-entropies of this system, we show in Fig.3 those for

data from the Ornstein-Uhlenbe
k pro
ess, i.e., data generated by _x = ��x+�,

where � is white Gaussian noise of unit varian
e. We observe h

m

(�) / � ln �,

where the o�sets h

(
)

0

= H

(
)

1

= ln(

p

��) (where the varian
e of the data is �

2

),

and h

m>1

= h

(
)

1

= H

(
)

2

�H

(
)

1

= ln(

p

��)+ln

p

1� 
(�)=�

4

(
(�) is the value

of the auto-
orrelation fun
tion for lag �, i.e. in this 
ase 
(�) = �

2

exp(���)).

In summary, h

(
)

1

� h

(
)

0

+

1

2

ln(2��). These values are in fa
t re
overed with

high a

ura
y by the numeri
s.
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Figure 4: The �-entropies h

m

(�) for the linearly �ltered Lorenz system for (a) � = 0:1,

(b) � = 0:5, (
) � = 2. Apart from statisti
al 
u
tuations, the 
ontinuous 
urves show

m = 0 to m = 10 from top to bottom.
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Having fully interpreted the 
urves of the Ornstein-Uhlenbe
k-pro
ess, we

will now dis
uss the 
urves of the deterministi
 pro
esses Eq.(14) for di�erent

� shown in Fig.4. For � = 0:1 (panel (a)) the deterministi
 nature of the whole

system is 
learly visible, sin
e for m > 4 the 
onvergen
e of h

m

(�) to a 
onstant

is evident (
ompare the table following Eq.(8)). We 
an estimate an entropy of

about 0.25 per time unit, whi
h is in fa
t the value we expe
t from the knowl-

edge of the maximal Lyapunov exponent of the Lorenz system and the way how

we have sampled the data. For m < 3, the blo
k length is too short to yield

the deterministi
 properties and we see the signature of a sto
hasti
 pro
ess,

as argued before. On the large length s
ales, also the (m > 3)-
urves possess

an unspe
i�
 
rossover regime. For � = 0:5 (panel (b)), a �nite value of the

entropies is still found. Sin
e we sampled the time 
ontinuous pro
ess Eq.(14)

with a sampling interval proportional to �, larger � implies a larger entropy

per sampling interval. Consequently, the asymptoti
 value of the �-entropy for

large m and small � has in
reased by a fa
tor of 5 with respe
t to the 
ase

� = 0:1. The relevant feature whi
h illustrates our statements from the last

se
tion 
an be seen on the large length s
ales: A sto
hasti
 regime starts to

emerge, where the di�erent h

m

for m > 0 
annot be distinguished from ea
h

other. For � = 2, this sto
hasti
 regime 
overs about one order of magni-

tude. Within the given spatial resolution, joint probabilities p

i

1

;:::;i

m

fa
torize

into the following produ
t of marginal and two-point 
onditional probabilities:

p

i

1

;:::;i

m

� p(i

m

ji

m�1

) : : : p(i

2

ji

1

)p

i

1

. Hen
e, on these large s
ales, the system

looks like a Markov 
hain of order one, whi
h is a property of the white noise

driven Ornstein-Uhlenbe
k pro
ess.

A 
loser look at Fig.4(
) reveals additional details. The �-entropies for � = 2

show two di�erent sto
hasti
 regimes: on length s
ales � > 0:05 one �nds the

Ornstein-Uhlenbe
k behavior (superposition of all 
urves for m > 0), whereas

for smaller �, we see a sto
hasti
 pro
ess with some longer memory (no 
lear

eviden
e for a low order Markov 
hain due to la
k of perfe
t superposition of the


urves, see the dis
ussion following Eq.(9)). The 
rossover to the deterministi


behavior h

m

(�) � h

KS


annot be rea
hed numeri
ally and would be around

� = 5 � 10

�4

. Hen
e, the loss of 
orrelations in the Ornstein-Uhlenbe
k regime

is a nontrivial feature and not simply related to the fa
t that entropies have a

trivial upper bound / � ln �.

In summary, by studying s
ale dependent dynami
al entropies, we have been

able to establish several fa
ts whi
h are relevant for the following se
tion: The

�-entropy of a high entropi
 but deterministi
 signal 
onverges to a �nite value

in the limit of small � and large m. On length s
ales � whi
h are large 
ompared

to � exp(�h

KS

�) (�

2

denotes the varian
e of the data), instead the behavior

typi
al of sto
hasti
 data is found: h(�) / � ln �. Moreover, it is intuitively


lear that the e�e
tive noise introdu
ed by the high entropi
 
haos is in good

approximation white noise, as seen by the la
k of 
orrelations in Fig.4(
) for

large �, sin
e the large value of the entropy was rea
hed through an impli
it


ompression of time, whi
h renders the exponential de
ay of the auto-
orrelation

fun
tion of the mixing, 
haoti
 signals almost Æ-shaped in time. However, the

fa
t that already for �nite time s
ale separation 
orrelations are absent on the

large s
ales is a nontrivial observation.

9



3 A Fokker-Plan
k equation for the slow degrees

of freedom

In the last se
tion we have reported some observations whi
h strongly and in a

quantitative way suggest that high entropi
 
haos a
ts, at least on a well de�ned

range of length s
ales, as white noise. In fa
t, our linearly �ltered Lorenz system

together with our way of sampling is a system with time s
ale separation, sin
e

by res
aling the time in Eq.(14) by t! �t, we end up in the 
lass of the following

two time s
ale systems, to whi
h our analysis will be restri
ted:

We assume that we 
an de
ompose the set of phase spa
e variables into two

groups of dimensionality d

x

and d

y

, where x are 
alled the slow variables and y

the fast ones (from now on, ve
tors will not any more be denoted by parti
ular

symbols, and in order to avoid heavy indexing, we will write the expressions

for the slow dynami
s for d

x

= 1; the generalization is straightforward). If we

assume that the right hand sides of the following di�erential equations, f and

g, are of the order of unity, the time s
ale separation 
an be mediated by a

parameter � through:

_x = f(x; y) (15a)

_y =

1

�

g(x; y) ; (15b)

where 0 < �� 1.

The ultimate goal of this se
tion will be to derive a sto
hasti
 di�erential

equation for x alone,

_x =

e

f(x; �) ; (16)

where � is a multidimensional white noise pro
ess. Instead of 
ontinuing the

line of thought of the pre
eding se
tion, we will derive an evolution equation

for the phase spa
e density of the slow variables. This will supply the relevant

answer to three questions whi
h 
ould not be generally answered in the last

se
tion, namely, how the deterministi
 part of the evolution equation for the

slow variables should look like, whi
h distribution the e�e
tive noise pro
ess

on the large s
ales will assume, and with whi
h amplitude it will be 
oupled

to the slow variables. Previous studies have proven [4, 6℄ that for a parti
ular

realization of the fast 
haoti
 pro
ess in terms of time dis
rete maps a modeling

of the fast motion by Gaussian white noise be
omes possible in 
ertain s
aling

limits. Within our approa
h we are able to deal with quite general systems.

We will estimate the validity of our perturbation expansions by 
omparison of

di�erent approximation s
hemes. Sin
e we do not fo
us on a parti
ular model

we 
an 
ontribute to the question whi
h properties of the slow ve
tor �eld f and

of the fast motion g determine the di�usion matrix and how the renormalization

of the slow ve
tor �eld by fast 
u
tuations looks like.

The time evolution of phase spa
e densities �

t

(x; y) 
orresponding to the

traje
tory-wise des
ription of Eq.(15) is given by the 
orresponding Liouville{

like equation

��

t

�t

= �L�

t

; (17)

where

L :=

1

�

L

(0)

+ L

(1)

:=

1

�

�

�y

g(x; y) +

�

�x

f(x; y) (18)

10



denotes the generator of the dynami
s. We assume for simpli
ity that all densi-

ties are smooth and 
an be treated like ordinary fun
tions

1

. We are interested

in the distribution of the slow variables

��

t

(x) =

Z

dy �

t

(x; y) : (19)

It is the goal to derive a 
losed equation of motion for this distribution (19)

from the full equation of motion (17). The spirit of su
h a pro
edure 
onsists

in repla
ing the distribution �(x; y) by a relevant density

�

rel

t

(x; y) = e�(yjx)��

t

(x) : (20)

Regardless of the spe
ial form of e�(yjx) it is possible to write down an exa
t

equation of motion for ��

t

by using well established proje
tion operator te
h-

niques [17℄. The usefulness and the evaluation of su
h equations in terms of a

perturbation expansion depends 
ru
ially on the parti
ular 
hoi
e for e�.

Two di�erent 
hoi
es of e� are appealing. One would guess that as long

as y is fast enough it adjusts almost instantaneously a

ording to the invariant

distribution of the fast equation (15b) with x being 
onsidered as a �xed param-

eter. Thus the fast variables are modeled by the invariant density of eq.(15b),

�

ad

(y;x), with x being 
onsidered as a �xed parameter. Su
h a 
hoi
e has the

advantage that averages with respe
t to y 
an be 
omputed as time averages

provided 
ertain ergodi
 properties are met. If �

x

[t; y℄ denotes the solution of

eq.(15b) with initial 
ondition �

x

[0; y℄ = y, then

hhi

ad

:=

Z

dy h(x; y)�

ad

(y;x) = lim

T!1

1

T

Z

T

0

dt h(x; �

x

[t; y℄) (21)

holds for typi
al initial 
onditions and for observables h(x; y).

On the other hand one may 
hoose for e�(yjx) the stationary 
onditional

distribution

�


ond

(yjx) :=

�

�

(x; y)

��

�

(x)

; (22)

where �

�

(x; y) and ��

�

(x) denote the 
orresponding stationary densities. Surpris-

ingly, this 
hoi
e leads to formally 
onsistent results. To be able to distinguish

the two ways of 
omputing averages with respe
t to y, we de�ne

hhi


ond

:=

Z

dy h(x; y)�


ond

(yjx) : (23)

We will �rst employ e�(yjx) = �


ond

(yjx) and averages a

ording to Eq.(23).

If we apply the standard proje
tion operator te
hnique to Eq.(17) we obtain

�nally a 
losed equation of motion for the density (19). In lowest order pertur-

bation theory su
h an equation redu
es to (
f.[18℄)

���

t

�t

= �

�

�x

hfi


ond

��

t

(x) +

�

�x

D

(2)


ond

(x)��

�

(x)

�

�x

��

t

(x)

��

�

(x)

: (24)

1

One may add a small di�usive like 
ontribution to Eq.(18) to ensure smoothness and


onsider the limit of vanishing di�usion at the end. In addition, a generalization in terms

of 
orresponding measures seems to be possible, but would in
rease the amount of notation


onsiderably.
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Here the di�usion 
oeÆ
ient is determined by the 
u
tuation of the ve
tor �eld

Æ


ond

f(x; y) = f(x; y)� hfi


ond

(25)

in terms of the auto
orrelation fun
tion as

D

(2)


ond

(x) =

Z

1

0

dthÆ


ond

f(x; �

x

[t; y℄)Æ


ond

f(x; y)i


ond

: (26)

As long as the dynami
s of Eq.(15b) is (exponentially) mixing, the di�usion


oeÆ
ient is well de�ned sin
e the 
orrelations de
ay suÆ
iently fast.

Thus, in lowest order perturbation expansion the deterministi
 equations of

motion redu
e to a sto
hasti
 system with the Fokker{Plan
k equation being

given by Eq.(24). We rewrite the rightmost term of Eq.(24) in a form 
ompatible

with standard notation (e.g.[19℄):

���

t

�t

= �

�

�x

D

(1)


ond

(x)��

t

(x) +

�

2

�x

2

D

(2)


ond

(x)��

t

(x) : (27)

where

D

(1)


ond

= hfi


ond

+D

(2)


ond

(x)

�

�x

ln ��

�

(x) (28)

denotes the drift 
oeÆ
ient. Hen
e, the drift term not only 
onsists of the

y-averaged slow ve
tor �eld, but we �nd an additional term involving the slow

invariant density ��

�

(x). The di�usion term now represents a white noise pro
ess

with suitable amplitude, given by the auto
orrelations of the 
u
tuations of the

ve
tor �eld, a
ting on the variable x. It is straightforward to rewrite this as a

Langevin equation for x.

When we employ the adiabati
 density �

ad

(y;x) in the proje
tion, we en-


ounter more diÆ
ulties in our perturbation expansion. As we were able to

derive in [20℄, the resulting Fokker Plan
k equation whi
h is formally 
orre
t up

to �rst order in � reads as follows:

���

t

�t

= �

�

�x

D

(1)

ad

(x)��

t

(x) +

�

2

�x

2

D

(2)

ad

(x)��

t

(x) (29)

with the drift term

D

(1)

ad

(x) = hfi

ad

+

Z

1

0

dt

0

�

f(x; y)

�Æ

ad

f(x; �

x

[t

0

=�; y℄)

�x

�

ad

(30)

Here, we used Æ

ad

f(x; y) = f(x; y) � hfi

ad

. The di�usion matrix D

(2)

ad

(x) is

determined as in Eq.(26) ex
ept for repla
ing h: : :i


ond

by h: : :i

ad

throughout.

Hen
e, the results of the two di�erent proje
tion s
hemes seemingly di�er in

their stru
ture sin
e eqs.(28) and (30) 
ontain di�erent drift renormalisations.

As our example in the next se
tion will reveal, the seemingly stru
turally similar

parts, the averages of the ve
tor �eld hfi


ond

and hfi

ad

, 
an di�er even more.

But one has to keep in mind that for a meaningful 
omparison of the two Fokker{

Plan
k equations (24) and (29), i.e. of the asso
iated sto
hasti
 systems, only

the 
omparison of the 
orresponding drift and di�usion 
oeÆ
ients is relevant.

In fa
t, the disussion of the example in the next se
tion reveals that the two

drift 
oeÆ
ients D

(1)


ond

and D

(1)

ad

as well as the di�usion 
oeÆ
ients D

(2)


ond

and

D

(2)

ad


oin
ide in the leading order of the perturbation expansion. Thus both

12



expansion s
hemes yield 
onsistent results, and su
h a feature is a �rst hint

for the validity of our expansion s
hemes. As already mentioned the s
heme

using adiabati
 densities may be simpler to evaluate sin
e it boils down to the


omputation of plain time averages in the fast system (
f. eq.(21)).

4 Two-s
ale Ornstein-Uhlenbe
k pro
ess

We 
onsider the following linear system, where mixing of y is enfor
ed by an

expli
it noise pro
ess right away:

_x = ��x+ y (31a)

_y = �

e

�

�

y +

s

e

Æ

�

� ; (31b)

where h�(t)�(t

0

)i = 2Æ(t�t

0

) is Gaussian white noise. Formally the noise is s
aled

by �

�1=2

in order to ensure that the evolution operator (
f. eq.(18)), whi
h is

already an operator of Fokker{Plan
k type, shows a suitable de
omposition in

a fast and a slow part. For a moment, we ignore the �-dependen
e and write

� =

e

�=�, Æ =

e

Æ=�.

It is easy to verify that the invariant density of Eq.(31) is

�

�

(x; y) = N exp

�

�(m

11

x

2

+ 2m

12

xy +m

22

y

2

)

�

(32)

with

m

11

=

�(�+ �)

2

2Æ

m

12

= �

�(�+ �)

2Æ

m

22

=

�+ �

2Æ

with a proper normalization fa
tor N . Every level line of this distribution is

an ellipse 
entered at zero and with semi-axes whi
h, sin
e m

12

6= 0, are not

aligned with the axes of the 
oordinate system.

The invariant density of the x-variable is obtained by integration over y and

reads:

��

�

(x) =

p

(�+ �)��

p

2�Æ

exp

�

�

��(� + �)

2Æ

x

2

�

; (33)

so that we obtain the 
onditional density

�


ond

(yjx) :=

�

�

(x; y)

��

�

(x)

=

p

�+ �

p

2�Æ

exp

�

�

�+ �

2Æ

(y � �x)

2

�

: (34)

The 
onditioned mean value of y depends on x, in 
ontrast to intuition when


onsidering the skew nature of Eq.(31).

We 
an now 
ompute hfi


ond

, for whi
h we �nd:

hfi


ond

:=

Z

�


ond

(yjx)f(x; y)dy = ��x+ �x � 0 : (35)

Hen
e, in this example the e�e
tive drift D

(2)


ond

(x)

�

�x

ln ��

�

(x) is the only drift

in the Fokker Plan
k equation (27). Glan
ing ba
k at Eq.(24), shows that this

in fa
t has to be the 
ase in order for ��

�

(x) to be the invariant density for whi
h

the right hand sides of Eqs.(24) and (27) have to vanish.
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For the 
omputation of the e�e
tive drift we need the di�usion termD

(2)


ond

(x),

whi
h we obtain from Eq.(26), the integral over the 
u
tuations of the ve
tor

�eld. Sin
e hfi


ond

= 0, we have Æ


ond

f(x; y) � f(x; y) = ��x + y. The in-

tegration over paths �

x

[t; y℄ is in this example the mean with respe
t to the

white noise �, whi
h leads to exponentially de
aying 
orrelations e

��t

. Sin
e

the varian
e of the 
onditional average of y is given by hy

2

i


ond

= Æ=(� + �),

one �nds:

D

(2)


ond

(x) =

Æ

�(�+ �)

(36)

Hen
e, Eq.(24) for this example reads

���

t

�t

=

�

�x

�x��

t

(x) +

Æ

�(� + �)

�

2

�x

2

��

t

(x) : (37)

The invariant density Eq.(33) is the exa
t stationary solution of this equation

for any values of �. This is not surprising, sin
e the system Eq.(31) ful�ls

already the basi
 approximations of our formalism: Gaussian distributions and

ex
lusively linear 
orrelations.

From a pra
ti
al point of view our result may be unsatisfa
tory: In order to

obtain Eq.(37) form Eq.(24), we need the 
omplete solution of the full system.

Moreover, the drift term of Eq.(24) vanishes identi
ally. Sin
e by 
onstru
tion

the rightmost term of Eq.(24) vanishes for every system if ��

t

(x) = ��

�

(x), the

ve
tor �eld hf(x)i


ond

�

�

(x) has to be divergen
e free. Hen
e, the drift term

whi
h 
ounter-balan
es the di�usion su
h that the invariant density is in fa
t

invariant is the term D

(2)


ond

(x)

�

�x

ln ��

�

(x), whi
h is still dominant when the sys-

tem is 
lose to its stationary solution. In summary, in order to exploit Eq.(24),

one always needs the solution of the full system, otherwise ��

�

(x) is unknown

and so is the dominant part of the equation.

The way out is to return to the other natural 
hoi
e of the relevant density

with e�(yjx) = �

ad

(y;x). For the Ornstein-Uhlenbe
k system Eq.(31) it is easy

to verify that

hf(x; y)i


ond

+D

(2)


ond

(x)

�

�x

ln ��

�

(x) = hf(x; y)i

ad

= ��x : (38)

Thus the drift terms of Eqs. (24) and (29) 
oin
ide in the order �. Computing

the di�usion 
oeÆ
ient a

ording to Eq.(26) with h:i

ad

yields D

(2)

ad

(x) = Æ=�

2

.

We now re-introdu
e the parameter � and �nd

D

(2)

ad

(x) = D

(2)


ond

(x)(1 +O(�)) : (39)

Hen
e, the example shows that the Fokker Plan
k equation (29) is the more

useful one, sin
e it 
an be spe
i�ed for a given problem without beforehand

knowing its invariant distribution. However, the Fokker Plan
k equations (24)

and (29) 
oin
ide in the lowest nontrivial order of �.

In order to test the a

ura
y of our analyti
 expressions numeri
ally, we re-

turn to the Ornstein-Uhlenbe
k-like system Eq.(14) of Se
.2.3. The spe
i�
ation

of the terms involved in Eq.(29) is straightforward. Due to the fa
t that this

is a skew system, we need a single long run of the Lorenz system in order to

perform all ne
essary averages a

ording to �

ad

(y;x). Its numeri
ally 
omputed

auto-
orrelation yields the di�usion 
onstant D

(2)

ad

, whereas hfi

ad

= ��x. In
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Figure 5: Numeri
ally obtained res
aled standard deviation � =

p

hx

2

i=� and 
or-

relation 
oeÆ
ient a, hx(t)x(t��)i / exp(�a�), of the observable x of the system

Eq.(14) for � = 3 as a fun
tion of the time s
ale separation parameter �, together

with the theoreti
ally predi
ted asymptoti
 values (horizontal lines) obtained with the

averages a

ording to Eq.(21). For small �, numeri
al values are a�e
ted by �nite

sample errors.

Fig.5 we show, for di�erent values of �, the numeri
ally obtained standard devi-

ation and 
orrelation time of the observable x of the system Eq.(14). They are

to be 
ompared to

q

D

(2)

ad

=� and to �. We see that for � < 10

�3

the agreement

is indeed very good.

A slightly more 
omplex example was presented in Ref.[18℄, where the sto
has-

ti
 resonan
e s
enario was mimi
ked by a driving Lorenz system instead of white

noise. Also in this 
ase, making use of Eq.(29) the agreement was ex
ellent for

� < 0:01.

5 Summary

A length s
ale dependent dimension and entropy analysis of systems with a fast


haoti
 
omponent revealed that on large s
ales, fast 
haos is indistinguishable

from noise. Even more, in situations where the slow dynami
s is suÆ
iently sim-

ple, this analysis shows a quantitative agreement between the full deterministi


pro
ess and a suitable sto
hasti
 pro
ess driven by white noise, whi
h in
ludes

a veri�
ation that long range memory e�e
ts do not exist, when only large s
ale

properties are of interest. These results motivate the work presented in Se
tion

3. There, we have presented two Fokker Plan
k equations, Eq.(24) and Eq.(29),

for the slow variables, where the di�usion term models fast 
haoti
 motion. Both

results are formally exa
t of order � in perturbation theory and therefore have

to agree in this order, even though their stru
ture is very di�erent. This shows

the possibility to repla
e fast 
haos by noise and gives the optimal evolution

equations of the slow variables. Eq.(29) is more useful in pra
ti
al appli
ations,

sin
e it 
ontains only terms whi
h 
an be 
omputed when the fast system alone

is analyzed, for frozen values of the slow variables. The examples that have been

treated here in a quantitative way have been skew systems. If the slow vari-
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able itself 
ouples to the fast dynami
s then we will in general obtain e�e
tive

di�usion 
oeÆ
ients whi
h are not 
onstant but depend on the slow variables

themselves.

If the fast variables are (quasi-)periodi
, the theoreti
al derivation of our

results does apply only after a 
areful treatment of the 
orrelations in the dif-

fusion terms. Nonetheless, there is some eviden
e that in this 
ase the di�usion

vanishes and the result redu
es to the result from the averaging prin
iple. In

agreement with numeri
al experiments, our treatment then predi
ts e�e
ts of

the fast (quasi-)periodi
 variables of order �.

As a side remark, this theory supplies an answer to the issue of whether it

is better to run a 
ar fast or slowly over a rough road paved with 
obblestones.

If we assume the verti
al position of the 
enter of mass of the 
ar to be the

slow variable, the amplitude of vibrations felt from the 
obblestones will be

the smaller the faster the 
ar moves. Thus, the in
uen
e of the fast degrees

of freedom on the slow ones be
omes smaller as the speed of the fast variables

in
reases.
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