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1 Queen Mary, University of London, School of Mathematical Sciences, Mile End
Road, London E1 4NS, UK w.just@qmul.ac.uk

2 Institut für Theoretische Physik, Technische Universität Berlin, Hardenbergstr.
36, D-10623 Berlin, Germany

Abstract. Systems with time delay, a rather prominent branch in applied dynam-
ical systems theory, constitute a special case of functional differential equations for
which the general mathematical theory is fairly well developed and largely parallels
the theory of ordinary differential equations. Hence analytic concepts like bifurca-
tion theory, adiabatic elimination, global attractors, invariant manifolds and others
can be used to study dynamical behaviour of systems with time delay if some care
is applied to take special features of infinite dimensional phase spaces into account.
Simple analytic perturbation schemes, frequently used to gain insight for ordinary
differential equations, can be applied to time delay dynamics as well. However, such
approaches seem to be used infrequently within the physics community, probably
because of a lack of easily accessible expositions. Here we review some elementary
and well established concepts for the analytical treatment of time delay dynam-
ics, even when subjected to noise. We cover normal form reduction and adiabatic
elimination, stochastic linearisation of time delay dynamics with noise, and some el-
ements of weakly nonlinear- and bifurcation analysis. These tools will be illustrated
with applications in control problems, time delay autosynchronisation, coherence
resonance, and the computation and structure of power spectra in noisy time delay
systems.

1.1 Introduction

At about half a century ago the notion of chaos and the importance of nonlinear
properties has become relevant in quite diverse branches of science, with the effect
that the well developed specialised mathematical discipline of dynamical systems
theory became one of the major subjects in applied sciences. Since then, dynamical
systems theory has been enriched and diversified by the incorporation of other,
important aspects. Noise and imperfections are certainly one of the major issues
appearing in applications. The emphasis of this aspect can be traced back for about
a century [1–3]. The constructive role of noise becomes apparent when nonlinear
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dynamical behaviour is considered (see e.g. [4,5]), and this aspect plays a major role
for the theory of systems far from equilibrium which is still under development (see
e.g. [6]). The various facets of rigorous approaches and a functional analytic setting
are rather well developed, with even quite accessible expositions being available [7,8]
at the expense of some rigour. In addition, stochastic dynamics has been cast into the
language of modern dynamical systems theory, using tools like invariant manifolds
and bifurcations [9].

The inclusion of time-delayed interactions and the investigation of the corre-
sponding non-Markovian dynamics has as well a fairly long tradition, mainly trig-
gered by topics in engineering (see e.g. [10] and references therein) or by linear
response theories in solid state physics [11, 12]. The proper inclusion of nonlin-
ear dynamical aspects has added additional stimulus to this branch of dynamical
systems theory [13–17], in particular, for applications in fast optical systems and
communication networks where the speed of light becomes a dynamically relevant
quantity [18]. Rigorous mathematical approaches for time delay systems are fairly
well developed within a suitable functional theoretical setting [19], underpinning
the numerical approaches which largely parallel developments in finite dimensional
systems, like, e.g., numerical continuation for uncovering bifurcation structures in
time delay dynamics [20].

Here we want to consider analytical approaches for dynamical systems which may
have both of the previously mentioned facets in conjunction, i.e., nonlinear stochas-
tic time delay systems. We will focus on simple analytical perturbation schemes and
therefore sacrifice to a large extent any mathematical rigour. Instead we focus on for-
mal expansion schemes, which have been well developed and which are in fact quite
well known in the context of ordinary differential equations. What we present here is
not completely new and can be found, at least indirectly, in the existing specialised
literature. However, we have the impression that such approaches are probably not
very well known within an applied dynamical systems community. As a consequence
of our strategy we will largely skip recent topical developments in time delay dy-
namics, as these topics normally still defy any systematic analytical treatment. For
instance, the general theory of systems with distributed and time dependent delays
is well developed and can be dealt with by numerical tools, but analytical results in
closed form are rare. Most challenging are systems with state dependent delays were
even the fundamental theory is still not completely developed. As for synchronisa-
tion in coupled time delay systems master stability function techniques [21] can be
applied in the case of uniform time delay and nice results, e.g., in the limit of large
delay times can be deduced analytically [22,23], emphasising the role of strong and
weak instabilities. However, the power of this approach to disentangle the topology
of the coupling from the properties of the single site dynamics disappears when
more complicated delay structures are considered. For these advanced cases one still
relies largely on numerical simulations with little input from systematic analytical
expansions. Similar caveats apply if one intends to generalise Fokker-Planck tech-
niques to noisy time delay dynamics. While it is still possible to derive an equation
of motion for the distribution function, the approach suffers from the shortcoming
that no closed simple equation of motion can be obtained. Nevertheless, such ideas
can be used to study linear dynamical systems [24] and the limit of small delay and
thus can quantitatively capture corrections to the Markovian limit [25].

The aim of our contribution is modest. We want to summarise some elementary
formally consistent analytic perturbation tools for the analysis of delay dynamics
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with and without noise, which are valid beyond the limit of small time delay. To
some extent our approach can be illustrated by the intuitive averaging technique.
Averaging techniques, multiple scaling expansions, and weakly nonlinear analysis
all describe similar approaches to deal with oscillatory systems which are in some
sense close to a linear case. These concepts have the appeal of an immediate intuitive
interpretation, they are quite flexible, they have appeared in various contexts, such as
nonlinear oscillators (see, e.g., [26] for an introduction) or coherent pattern formation
[27], and can be easily generalised to capture time delay dynamics as well (see,
e.g., [28, 29] for some examples in time-delayed feedback control). Multiple scaling
techniques are closely related and often largely identical to adiabatic elimination
schemes [30], which at the rigorous level can be formalised in terms of centre manifold
and normal form reductions. For deterministic time delay dynamics the entire setup
is very well established, but not easy to apply by non specialists as one has to master
a fairly heavy technical framework which is involved in a rigours description [19].
Some of the more traditional and less general literature is probably easier to access
for non-mathematicians [10,31] and it is this kind of approach we intend to pursue
here.

The analytic expansion schemes which are at focus of our interest will largely
be based on a thorough understanding of linear time delay dynamics. Even though
linear systems are straightforward to solve, either in the deterministic or in the
stochastic case, we will summarise the essential features in section 1.2. For those
readers familiar with expansion schemes in dynamical systems theory it will not
come as a surprise that the proper understanding of the adjoint equation will turn
out to be the key for analytic perturbation schemes. As one by-product of our
discussion we will describe as well the essential structure of an adiabatic elimination
scheme, i.e., the centre manifold reduction in weakly nonlinear noisy time delay
systems. We will use two particular examples to illustrate a few aspects of the
analytic expansion schemes. Section 1.3 is devoted to time-delayed feedback control,
a simple setup for the study of deterministic time delay dynamics. We will use
this case to discuss in some detail the analytic investigation of instabilities in time
delay systems. The results will show a few, probably general, features shared by
time-delayed feedback control systems. As an example for stochastic time delay
dynamics we will analyse in section 1.4 a simple model for coherence resonance
subjected to time-delayed feedback. We will use this case to illustrate centre manifold
reduction and adiabatic elimination in a noisy time delay system, to finally compute
the stationary distribution. Correlation functions will be dealt with by stochastic
linearisation, to demonstrate the benefit of mean-field methods in a weakly nonlinear
setting.

1.2 Some basic features of linear and weakly nonlinear

systems

Analytic perturbation schemes for dynamical systems rely to a large extent on the
detailed analysis of linear systems. Let us recall some of those ideas in the context
of time delay dynamics. All these issues can be found in the literature with various
degrees of rigour, and here we largely follow the approach used in [32]. We will
focus on an elementary formally consistent approach which does not require any
sophisticated mathematical background.
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1.2.1 Linear equations and eigenvalue decompositions

Consider a linear inhomogeneous delay differential equation with a single time delay
τ

ẋ = A x + B x(t − τ ) + h(t) (1.1)

where we allow for a vector valued variable x ∈ R
n with the coefficients being given

by square matrices A and B. The inhomogeneity h(t) can be either a deterministic
drive or a stochastic forcing. In fact, with a slight abuse of notation we mean by linear
equation a linear equation with constant coefficients. The case of time dependent
coefficients would require a completely different approach and would hardly allow
for explicit solutions in closed form.

As usual, the corresponding homogeneous system can be reduced to a nonlinear
eigenvalue problem

ΛuΛ =
“

A + exp(−Λτ )B
”

uΛ (1.2)

when using a particular solutions of exponential type, x(t) = exp(Λt)uΛ. The eigen-
values are determined by the quasipolynomial

det
“

A − ΛI + exp(−Λτ )B
”

= 0 (1.3)

where I denotes the identity matrix. Such a transcendental characteristic equation is
not straightforward to solve (see, e.g., [10,19,33] for some approaches) as it normally
has an infinite set of complex valued solutions. It is however fairly straightforward
to see that the real parts of the eigenvalues cannot become arbitrarily large. If that
would be the case then the exponential contribution exp(−Λτ ) in eq.(1.3) tends to
zero and the eigenvalues would need to tend towards the finite eigenvalues of A. A
similar argument shows that eigenvalues with large imaginary part necessarily have
their real parts tending to minus infinity. Hence, even though there are infinitely
many eigenmodes almost all are exponentially damped, meaning that the delay dy-
namics becomes essentially finite dimensional. In eq.(1.1) we have considered delays
appearing in the state variable x(t) only, the so called “retarded” case. Let us add a
remark on time delays appearing in the derivative. If we replace the second term in
eq (1.1), say, by B ẋ(t− τ ) then the corresponding quasipolynomial (1.3) contains a
term Λ exp(−Λτ )B. If we now apply the previous reasoning then it is easily possible
to have eigenvalues with large imaginary parts and finite negative real parts by keep-
ing Λ exp(−Λτ ) finite. Hence, for such types of equations we have a huge number of
modes which are weakly damped, a case which reminds us of properties of Hamil-
tonian systems. That is one of the reasons why systems with the delay appearing
in the highest derivative behave differently and have been somehow misleadingly
termed as “neutral” delay systems. Here we entirely focus on the retarded case.

For solving the original problem, eq.(1.1), i.e., to perform a decomposition in
eigenmodes the adjoint equation plays a central role. The adjoint dynamics is in fact
a dynamical system running backwards in time, and it seems to be quite challenging
to find elementary expositions for time dependent cases in the literature [31]. Here
we will just need the adjoint eigenvalue equation which reads

v†
ΛΛ = v†

Λ

“

A + exp(−Λτ )B
”

. (1.4)

The eigenvectors obey a kind of “pseudo orthogonality” in the sense that for Λ 6= Λ′
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v†

Λ′uΛ +

Z 0

−τ

exp(−Λ′(θ + τ )) exp(Λθ)v†

Λ′B uΛdθ

= v†

Λ′

Λ − Λ′ + (exp(−Λ′τ ) − exp(−Λτ ))B

Λ − Λ′
uΛ = 0 . (1.5)

For the last step we used the eigenvalue equations (1.2) and (1.4). We are now
able to decompose the inhomogeneous system into eigenmodes if we introduce an
appropriate bilinear form which is inspired by eq.(1.5)

(VΛ|Xt) = v†
Λx(t) +

Z 0

−τ

exp(−Λ(θ + τ ))v†
ΛB x(t + θ)dθ . (1.6)

One can consider eq.(1.6) to be just a useful abbreviation. Naively, it could be viewed
as a kind of scalar product, even though one has to keep in mind that the underlying
phase space is not a Hilbert space. By straightforward differentiation of eq.(1.6) one
easily verifies that eq.(1.1) reduces to

d

dt
(VΛ|Xt) = Λ (VΛ|Xt) + v†

Λh(t) (1.7)

i.e., we have decomposed the original problem into a set of decoupled scalar equa-
tions. It is possible to reconstruct the solution x(t) given the expressions (1.6).
However, in the linear case it is often simpler to use alternative methods to compute
solutions, e.g., by Laplace or Fourier transforms.

1.2.2 Adiabatic elimination and centre manifold reduction

Dynamical systems with slow modes allow for the adiabatic elimination of fast de-
grees of freedom. Such a case occurs for instance in the neighbourhood of time
independent states when almost all eigenvalues of the linear part are negative and
just a few eigenvalues have small positive or vanishing real part. Within the context
of time delay dynamics let us assume that by an appropriate coordinate transfor-
mation the time independent state is the trivial solution x = 0, and that the linear
part of the equations of motion is given by eq.(1.1), i.e.,

ẋ(t) = Ax(t) + B x(t − τ ) + f(x(t), x(t − τ )) + g(x(t), x(t − τ ))ξ(t) . (1.8)

Here f denotes the higher order nonlinear terms, and we allow as well for the in-

clusion of a Gaussian white noise with correlation function 〈ξ(t)ξT (t′)〉 = δ(t− t′)I.
We assume that all eigenvalues of the linear equation have negative real part apart
from a complex conjugate purely imaginary pair ±iΩ. The corresponding two eigen-
functions constitute the slow modes, and we are able to reduce the original system
(1.8) effectively to the dynamics on this two-dimensional manifold. In order to keep
the notation as simple as possible and to avoid the functional analytic description of
the phase space let us just recall that the integration of a delay differential equation
requires the knowledge of the solution at times t + θ with θ ∈ [−τ, 0) denoting the
history. Hence, on our slow manifold we express the solution in the form

x(t + θ) = C(t) exp(iΩθ)uiΩ + C̄(t) exp(−iΩθ)ūiΩ + R(C(t), θ) (1.9)

where exp(iΩθ)uiΩ is the relevant slow eigenmode, C(t) ∈ C denotes the coordinate
on the slow manifold, C̄(t) its complex conjugate, and R abbreviates the terms of
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higher than first order in C. In geometric terms the higher order contributions take
care of the deviation of the centre manifold from the linear eigenspace, i.e., R takes
the curvature of the centre manifold into account. The splitting given by eq.(1.9)
has some ambiguity and we have some flexibility to define the higher order terms.
We use this freedom to require that the higher order terms are “orthogonal” to the
linear eigenspace in the sense of the bilinear form, eq.(1.6). Hence, the condition
(ViΩ |R) = 0 results in

(ViΩ|Xt) = C(t)

„

v†
iΩuiΩ +

Z 0

−τ

exp(iΩθ) exp(−iΩ(θ + τ ))v†
iΩB uiΩdθ

«

+C̄(t)

„

v†
iΩ ūiΩ +

Z 0

−τ

exp(−iΩθ) exp(−iΩ(θ + τ ))v†
iΩB ūiΩdθ

«

= C(t)
“

v†
iΩuiΩ + τ exp(−iΩτ )v†

iΩB uiΩ

”

. (1.10)

The contribution containing the complex conjugate amplitude C̄(t) vanishes be-
cause of the orthogonality (1.5). Since the abbreviation, eq.(1.6) or eq.(1.10), obeys
the equation of motion (1.7) when we identify the inhomogeneous part h with the
nonlinear and stochastic contributions in eq.(1.8), we arrive at

Ċ(t) = iΩC(t) +
v†

iΩf(x(t), x(t − τ )) + v†
iΩg(x(t), x(t − τ ))ξ(t)

v†
iΩuiΩ + τ exp(−iΩτ )v†

iΩB uiΩ

. (1.11)

If we take into account that we consider solutions on our slow manifold, i.e., x
obeys eq.(1.9), we obtain a closed ordinary stochastic differential equation for the
amplitude C. The impact of the time delay is contained in the coefficients via the
spectrum and the eigenvectors. If our original system has only cubic nonlinearities,
a case which for simplicity is often considered in applications, see e.g. [34,35], then
the lowest order linear approximation in eq.(1.9) is sufficient. Otherwise, one would
need to compute the nonlinear corrections R to the invariant manifold using dy-
namical invariance. The details are essentially identical to the procedure used for
ordinary differential equations. In addition, some greater care is needed when one
deals with stochastic dynamics. In fact, the underlying mathematical considerations
may become quite involved (see, e.g., [9] for an introduction in the case of stochastic
differential equations).

The goal to arrive at an effective equation of motion can be achieved by different,
largely equivalent, methods. Multiple scaling techniques (e.g. [26, 36]) are rather
efficient to derive equations of motion on slow time scales, even though one needs to
identify first a small expansion parameter. To some extent these methods inherently
involve a time scale argument which eliminates as well nonresonant terms from
equations of motion and thus perform both, a centre manifold and a normal form
reduction in one step. Above all, the approaches sketched here rely on a detailed
understanding of linear equations of motion, which to a large extent is the backbone
of most analytical perturbation schemes.

1.2.3 Linear stochastic equations and power spectral density

An important example of a linear driven system is a stochastic system where the
driving force is given by white noise
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h(t) = g ξ(t), 〈ξ(t)ξT (t′)〉 = δ(t − t′)I (1.12)

with D = g gT denoting the corresponding diffusion matrix. If we require in addition

the noise to be Gaussian, then the two-point correlations entirely determine the
stationary behaviour of the system. In fact, eqs.(1.1) and (1.12) define a stochastic
process (see, e.g., [37] for a detailed rigorous account). Here we just concentrate
on the formal computation of correlation functions and power spectral densities.
The simplest approach is along the lines of signal processing and uses a Fourier
representation of the noise

ξ(t) =
1√
2π

Z ∞

−∞

ξ
ω

exp(iωt)dω . (1.13)

The expansion coefficients are assumed to be uncorrelated Gaussian random vari-
ables 〈ξ

ω
ξ̄

T

ω′
〉 = δ(ω−ω′)I to ensure Gaussian white noise. The condition ξ

ω
= ξ̄

−ω

keeps the noise real-valued. The formal Fourier transform of eq.(1.1) immediately
results in

xω =
“

iωI − A − B exp(−iωτ )
”−1

g ξ
ω

(1.14)

where we implicitly assume that all the eigenvalues of the homogeneous equation
have negative real part and that we just focus on the stationary properties of the
process. Using the properties of the Fourier coefficients ξ

ω
the correlation matrix is

then easily evaluated as

〈x(t)xT (t′)〉 =
1

2π

Z ∞

−∞

Z ∞

−∞

〈xωxT
ω′ exp(iωt + iω′t′)dωdω′

=
1

2π

Z ∞

−∞

Σ
ω

exp(iω(t − t′))dω (1.15)

where we have introduced the resolvent matrix

Σ
ω

=
“

iωI − A − B exp(−iωτ )
”−1

D
“

−iωI − AT − BT exp(iωτ )
”−1

. (1.16)

The diagonal elements of the matrix (1.16) are just the power spectral densities
of the individual components, whereas the off-diagonal elements are the Fourier
transform of the corresponding cross correlation function. It is of course obvious
that the time delay enters in the same way as in the eigenvalue problem (1.2), and
that the eigenvalues determine the complex poles of the resolvent matrix.

1.3 Weakly nonlinear analysis of time-delayed feedback

control

Time-delayed feedback control [38,39] is a convenient setup to control the stability
of periodic solutions. As a paradigmatic example we will use a Duffing-Van der Pol
oscillator to illustrate various aspects of the analytic perturbation schemes. The
equations of motion are given by

ẋ1(t) = ωx2(t)

ẋ2(t) = −ωx1(t) + ε(σx1(t) − νx3
1(t) − µx2(t)(1 − x2

1(t)))

−κ(x1(t) − x1(t − τ )) . (1.17)
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Here ω denotes the linear frequency, ν governs the nonlinear part of the potential,
and µ the nonlinear damping. Time-delayed feedback with control amplitude κ and
delay time τ is applied to stabilise periodic orbits with period T = τ , where the
equality between period T and time delay τ ensures the control method to be non-
invasive. For the purpose of a perturbation expansion ε denotes a small expansion
parameter. In the leading order, ε = 0, and without time-delayed feedback, κ =
0, the system admits a continuum of harmonic solutions, x1(t) = |a| cos(ωt + ϕ),
x2(t) = −|a| sin(ωt + ϕ) for any a ∈ R. Including the nonlinear terms only a few of
those, if at all, will result in periodic orbits. Typically the period T of those orbits
will depend on nonlinear contributions as well, and multiple scaling techniques or
Lindsted type expansions are required to cope with these issues. It is technically
simpler, in particular in the presence of time delay, if we include a small detuning σ
in the perturbation and require that the resulting orbit, at least at first order, still
has period T = 2π/ω.

We can perform the perturbation expansion even in a more general setup if we
use vector notation. Then eq.(1.17) reads

ẋ(t) = Ax(t) + εf(x(t)) − K(x(t) − x(t − τ )), τ = 2π/ω (1.18)

where the linear part admits a pair of imaginary eigenvalues with right- and left-
eigenvectors u and v†, respectively

A u = iωu, v†A = iωv† . (1.19)

1.3.1 Computation of periodic orbits

For ε = 0 eq.(1.18) clearly admits harmonic solutions a exp(iωt)u + c.c.. Hence, for
the nonlinear system we first seek to compute periodic solutions by a simple series
expansion

x∗(t) = x(0)(t) + εx(1)(t) + . . .

x(0)(t) = a exp(iωt)u + ā exp(−iωt)ū

x(1)(t) = x(1)(t + T ) . (1.20)

Eq.(1.18) in first order gives the inhomogeneous system

ẋ(1)(t) = A x(1)(t) + f(x(0)(t)) . (1.21)

In the case considered here, T = τ , the delay term drops from this existence condition
because the control term is finally non-invasive. Since the solution of eq.(1.21) has to
be periodic, see eq.(1.20), a solvability or Fredholm condition applies. The condition
can be derived straightforwardly if we multiply eq.(1.21) with exp(−iωt)v†, the
solution of the adjoint problem. Then the time derivative and the linear contribution
combine to result in the total derivative of exp(−iωt)v†x(1)(t) and integration over
the period T = τ = 2π/ω yields

0 =

Z τ

0

d

dt

“

exp(−iωt)v†x(1)(t)
”

dt =

Z τ

0

exp(−iωt)v†f(x(0)(t))dt . (1.22)

The condition, eq.(1.22), can be expressed in terms of an effective drift
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0 =
1

τv†u

Z τ

0

exp(−iωt)v†f(x(0)(t))dt = aF (|a|2) . (1.23)

A simple phase argument shows that the integral in eq.(1.23) depends only on the
modulus |a| apart from a single amplitude factor. If we denote by FR and FI the
real and the imaginary part of F , respectively, then the condition for the periodic
orbit results in

FR(|a|2) = 0, FI(|a|2) = 0 . (1.24)

The first of these conditions determines the value of the amplitude of the periodic
orbit, eq.(1.20), whereas the second equation states the constraint that the period of
this orbit is not renormalised by the nonlinear contributions. Such a constraint can
be, for instance, satisfied by including a small linear part εA(1)x in the perturbation,
which properly renormalises the linear frequency. In addition, there exists of course
the trivial solution a = 0 resulting in a small amplitude periodic orbit according to
eq.(1.20). For the system without delayed feedback, K = 0, the expression FR acts
as the derivative of an effective potential and the stability of the orbit is directly
related to the derivative of FR.

For our model system, eq.(1.17), the eigenvectors in eq.(1.19) are given by u =
(1, i)T and v† = (1,−i). From the definition (1.23) and the perturbation according
to eq.(1.17) we obtain

F (|a|2) = FR(|a|2) + iFI(|a|2) = −µ(1 − |a|2)/2 + i(3ν|a|2 − σ)/2 . (1.25)

Hence the finite amplitude periodic orbit has amplitude |a| = 1. It will turn out
to be an unstable orbit for µ > 0 as one expects to be the case for a weakly
nonlinear Van der Pol oscillator. The second condition in eq.(1.24) on the frequency
renormalisation requires σ = 3ν. In fact, the nonlinear potential part of the Duffing
oscillator introduces a chirp (anisochronicity), a dependence of the period on the
amplitude of the oscillation, which is then compensated by the appropriate detuning
σ.

1.3.2 Linear stability and strongly stable domain

So far the time delay has not played any essential role for the existence of periodic
orbits, because of the noninvasive character of the feedback. Of course, the situation
is different when stability considerations become relevant. Assume the periodic orbit,
eq.(1.20), is known. Linear stability is governed by the variational equation, which
in turn using an exponential ansatz, δx(t) = exp(Λt)w(t), can be converted into a
Floquet eigenvalue problem

ẇ(t)+Λw(t) = (A+εDf(x∗(t))−K(1−exp(−Λτ )))w(t), w(t) = w(t+τ ) . (1.26)

The symbol Df denotes the Jacobian matrix. If we consider eq.(1.26) in lowest
order, i.e., for ε = 0, then the time dependence drops and the equation reduces
to an ordinary (nonlinear) eigenvalue problem. The exponents in this order are
determined by the usual quasipolynomial (see e.q.(1.3))

det
“

A − ΛI − K(1 − exp(−Λτ ))
”

= 0 . (1.27)

The condition that all the solutions of eq.(1.27) have nonpositive real part is a
necessary constraint for the stability of the orbit. If we use Λ = iΩ in eq.(1.27) we
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are able to determine the stability boundaries in the parameter space. Our stability
condition so far is determined by the control matrix and the dominant linear part
of the dynamics, and thus essentially reflects the stability of the control loop. In
the leading order, ε = 0, neither the nonlinear part of the dynamics nor the actual
shape of the orbit has entered the analysis.

For our example, eq.(1.17), the characteristic equation (1.27) in leading order
reads

0 = det

„

−Λ ω
−ω − κ(1 − exp(−Λτ )) −Λ

«

= Λ2 + ω2 + κω(1 − exp(−Λτ )) . (1.28)

If we choose Λ = iΩ to determine the boundaries of the control domain, it is
evident that Ωτ = π + 2πn, n ∈ Z. Hence we obtain from eq.(1.28) the thresholds
κ = ω(n+3/2)(n− 1/2)/2. The stable interval where eq.(1.28) has no solution with
positive real part is given by

κ ∈ (−3ω/8, 5ω/8) . (1.29)

Outside this interval there exists at least one Floquet exponent with positive real
part of order one. As our stability condition has been derived in leading order we
call eq.(1.29) the strongly stable domain.

1.3.3 Perturbation expansion of the eigenvalue problem and weak

instabilities

Floquet exponents which in leading order already have a nonvanishing real part do
not change the stability properties if the small perturbation is taken into account.
Hence the strongly stable domain, eq.(1.29), is a necessary constraint for stability.
However, within this interval and in order ε = 0 there still occur two neutral modes
with leading Floquet exponent zero. It is easy to verify that

w(0)(t) = α exp(iωt)u + ᾱ exp(−iωt)ū (1.30)

solves eq.(1.26) for ε = 0 and Λ = 0. Eq.(1.30) determines a two-dimensional sub-
space, parametrised by α and ᾱ, which contains the Goldstone mode of the periodic
orbit. That means no matter what kind of perturbation we apply one of the Flo-
quet exponents remains zero. However, the second exponent may become nonzero
and thus results in an additional stability condition. We aim for computing such a
Floquet exponent using the straightforward series expansions

w(t) = w(0)(t) + εw(1)(t) + . . . , Λ = 0 + εΛ(1) + . . . . (1.31)

Then eq.(1.26) in first order reads

ẇ(1)(t) = A w(1)(t) + h(t), w(1)(t) = w(1)(t + τ ) (1.32)

with inhomogeneous part

h(t) =
“

Df(x(0)(t)) − Λ(1) − Λ(1)τK
”

w(0)(t) . (1.33)

As in the previous section the existence of a periodic solution of eq.(1.32) puts
secular constraints on the inhomogeneous part, which can be easily derived if we
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use the neutral modes of the adjoint problem, exp(−iωt)v† and exp(iωt)v̄†. If we
multiply eq.(1.32) with one of these, the time derivative and the linear term combine
to give a total derivative and integration over one period finally yields the secular
conditions

Z τ

0

exp(−iωt)v†h(t)dt = 0,

Z τ

0

exp(iωt)v̄†h(t)dt = 0 . (1.34)

In view of eq.(1.30) and (1.33) these conditions constitute a two-dimensional linear
system for α and ᾱ. The vanishing of the determinant yields the condition for the
eigenvalue Λ(1) at first order. The integrals occurring in eq.(1.34) can, in fact, be
written in terms of the previously introduced effective drift, eq.(1.23). If we take in
eq.(1.23) derivatives with respect to a or ā we obtain

a2F ′(|a|2) =

Z τ

0

exp(−iωt)v†Df(x(0)(t))ū exp(−iωt)dt/(τv†u)

F (|a|2) + |a|2F ′(|a|2) =

Z τ

0

exp(−iωt)v†Df(x(0)(t))u exp(iωt)dt/(τv†u) .(1.35)

Employing the property (1.24) the two secular conditions, eq.(1.34), can be written
as the homogeneous system

„

|a|2F ′(|a|2) − Λ(1) − γΛ(1) a2F ′(|a|2)
ā2F̄ ′(|a|2) |a|2F̄ ′(|a|2) − Λ(1) − γ̄Λ(1)

« „

α
ᾱ

«

= 0 , (1.36)

where the abbreviation
γ = τv†K u/(v†u) (1.37)

takes the effect of the control loop into account. Eq.(1.36) finally results in the
characteristic polynomial

0 =
“

Λ(1)
”2

|1 + γ|2 − 2Λ(1)Re
`

(1 + γ̄)|a|2F ′(|a|2)
´

(1.38)

which determines the two small Floquet exponents in first order. Clearly one of the
solutions Λ(1) = 0 corresponds to the Goldstone mode, while the other may take
nontrivial values and may induce a weak instability of the orbit. Without control
γ = 0 we have Λ(1) = 2|a|2F ′

R(|a|2) which, as already mentioned above, determines
the stability properties of the periodic orbit without delayed feedback. In cases
when the coefficient of the leading term in eq.(1.38) vanishes the results have to be
considered with some care.

For our model, eq.(1.17), the effective drift, eq.(1.25), gives F ′(|a|2) = (µ+3iν)/2
so that the orbit with amplitude |a| = 1 and without delayed feedback κ = 0 is
unstable for µ > 0, as already mentioned. With the eigenvectors stated above we
obtain from eq.(1.37) γ = −iτκ/2, and the polynomial (1.38) results in the nontrivial
eigenvalue Λ(1)|1+ iτκ/2|2 = µ−3τκν/2. Thus the weak stability condition induced
by this branch reads

κν > µω/(3π) . (1.39)

In this particular example a nonzero value for the nonlinear potential, i.e., a chirp
is required for stabilisation. The two conditions, eq.(1.29) and (1.39), give a fairly
simple shape for the control domain in the parameter space. The perturbative results
are in quite good agreement with numerical results obtained for finite but small
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Fig. 1.1. Control domain for the periodic orbit of the Duffing-Van der Pol oscillator,
eq.(1.17), for µ = 1.0, ω = 1.0, σ = 3ν, and delay τ coinciding with the period of the
orbit. Dashed lines: analytic result of the strong stability boundary, eq.(1.29). Solid
lines: analytic result for the weak stability boundary, eq.(1.39). Shading indicates
numerical results for the real part of the leading Floquet exponent for ε = 0.05.

values of the expansion parameter, see figure 1.1. Overall the perturbative results can
provide some insight which type of feedback could be used to achieve stabilisation,
even though the analytic expressions are limited to the weakly nonlinear regime

The weakly nonlinear analysis of the model (1.17) has very much in common with
the discussion of the corresponding Hopf normal form (Stuart Landau oscillator)
subjected to time delayed feedback [40–42]. The analysis provided here is able to link
the control domain with the actual parameters of the original equation of motion.
In fact, the procedure applied to our example can be almost verbatim transferred
to the discussion of the general weakly nonlinear system

ẋ(t) = A x(t) + B x(t − τ ) + εf(x(t), x(t − τ )) (1.40)

if we assume that the linear part, i.e., the equation for ε = 0 supports periodic
solutions.

1.4 Coherence resonance modulated by time-delayed

feedback

The counterintiuitive phenomenon of coherence resonance [4,43] was originally dis-
covered for excitable systems. It implies that noise-induced oscillations become most
regular for an optimum non-zero value of the noise intensity. It has been shown that
coherence resonance can be enhanced or suppressed by applying time-delayed feed-
back in systems with type-I [44] and type-II [45] excitability. Recently, coherence
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resonance has also been found in non-excitable systems with a subcritical Hopf bifur-
cation [46–48] and its modulation by time-delayed feedback has been demonstrated
theoretically for a subcritical Hopf normal form [29], and confirmed in experiments
with an electronic circuit for a generalised Van der Pol system [49]. It is important to
note that the pure coherence resonance effect for non-excitable systems is observed
for a subcritical Hopf bifurcation and not for the supercritical case. The standard
Van der Pol model close to a supercritical Hopf bifurcation has been investigated in
the presence of delay and noise [45,50,51], but here no coherence resonance, i.e., no
non-monotonic dependence of the correlation time upon the noise intensity, is found.
Coherence resonance has also been observed in real-world systems, for instance, in
microwave dynamical systems such as a five-cavity delayed-feedback klystron oscil-
lator at the self-excitation threshold [52], in lasers with saturable absorber [53], with
optical feedback [54–56], with optical injection [57], or in semiconductor superlat-
tices [58,59].

Here we investigate the impact of time-delayed feedback in a non-excitable model
of coherence resonance. We will apply perturbation techniques to a model which
can be considered as the normal form of a subcritical Hopf bifurcation, see [29]. The
calculation of the stationary amplitude probability distribution and of correlation
functions will be at the centre of interest. Consider a two-variable quintic normal
form of a nonlinear oscillator

ẋ1(t) = (λ + r2(t) − r4(t))x1(t) − 2πx2(t) − K(x1(t) − x1(t − τ )) +
√

2Dξ1(t)

ẋ2(t) = (λ + r2(t) − r4(t))x2(t) + 2πx1(t) − K(x2(t) − x2(t − τ )) +
√

2Dξ2(t)

r2(t) = x2
1(t) + x2

2(t) (1.41)

subjected to time-delayed feedback with control amplitude K and to isotropic Gaus-
sian white noise of strength D, with vanishing mean 〈ξk(t)〉 = 0 and correlation
function 〈ξk(t)ξℓ(t

′)〉 = δ(t − t′)δkℓ. The timescale has been adjusted such that the
linear frequency is given by ω = 2π, and λ denotes the bifurcation parameter. For
simplicity of the perturbative treatment we will only allow integer values of the de-
lay τ . The system mimics a subcritical Hopf bifurcation, including the saddle node
bifurcation of the unstable limit cycle at λ = −1/4, which is the main cause for the
coherence resonance phenomenon.

1.4.1 Adiabatic elimination and stationary probability distribution

To derive an effective simple stochastic differential equation let us first analyse the
bifurcations of the trivial stationary state x1 = x2 = 0 of the deterministic part of
the model (1.41) . The variational equation results in an eigenvalue problem of the
form eq.(1.2) and the characteristic equation (1.3) reads

0 = det

„

λ − Λ − K(1 − exp(−Λτ )) −2π
2π λ − Λ − K(1 − exp(−Λτ ))

«

= (λ − Λ − 2πi − K(1 − exp(−Λτ ))) (λ − Λ + 2πi − K(1 − exp(−Λτ ))) .(1.42)

Obviously, for integer values for the delay τ and λ = 0, Λ = ±iΩ = ±2πi is a
purely imaginary pair of eigenvalues, giving rise to a Hopf bifurcation at λ = 0.
It is in fact possible to show that all the other eigenvalues have negative real part
if K is sufficiently small, for instance, the condition |Kτ | ≤ 1 is sufficient. But
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the corresponding techniques are fairly nontrivial and a discussion of the related
algebraic and numerical concepts can be found, e.g., in [10, 19, 60]. We can apply
the techniques to derive the effective stochastic differential equation, eq.(1.11), when
rewriting the model (1.41) using the notation of eq.(1.8)

A =

„

−K −2π
2π −K

«

, B =

„

K 0
0 K

«

f(x(t), x(t − τ )) = (λ + r2(t) − r4(t))

„

x1(t)
x2(t)

«

g(x(t), x(t − τ )) =
√

2D

„

1 0
0 1

«

. (1.43)

For Λ = iΩ = 2πi the eigenvectors of the linear part (see eqs.(1.2) and (1.4)) are
easily computed as uiΩ = (1,−i)T and v†

iΩ = (1, i). Eq.(1.9) then tells us that on the
slow manifold the phase space variables can be expressed in terms of the amplitude
C(t)

x1(t + θ) = C(t) exp(i2πθ) + C̄(t) exp(−i2πθ) + R1(C(t), θ)

x2(t + θ) = −iC(t) exp(i2πθ) + iC̄(t) exp(−i2πθ) + R2(C(t), θ) . (1.44)

In particular, neglecting the nonlinear contributions in eq.(1.44) we have x1(t) =
2Re(C(t))+ . . ., x2(t) = 2Im(C(t))+ . . . and r2(t) = 4|C(t)|2 + . . .. Thus, the ampli-
tude C has a a direct meaning in terms of the original phase space values. Finally,
using the higher order terms given in eq.(1.43) the effective stochastic differential
equation (1.11) reads

Ċ(t) = 2πiC(t) +
(λ + |2C(t)|2 − |2C(t)|4)2C(t) +

√
2D(ξ1(t) + iξ2(t))

2(1 + Kτ )
(1.45)

where we have evaluated the nonlinear terms using the lowest order linear approx-
imation on the slow manifold, eq.(1.44). The time-delayed feedback results in an
effective rescaling of the time scale, which in turn can be converted to a rescaling
of the noise intensity D. As the system (1.45) has a phase symmetry, the station-
ary distribution is spherically symmetric as well and can be computed by standard
methods quite easily [8]. If we use the radial variable r = |C|/2 the stationary
distribution reads

P (r) = Nr exp

„

r2(λ/2 + r2/4 − r6/6)

D/(1 + Kτ )

«

(1.46)

where N denotes the normalisation factor. The analytic approximation, which has
been obtained as an expansion at the bifurcation point, gives in fact a rather accurate
description even if parameter values deviate substantially from the bifurcation point
(see figure 1.2).

The formal derivation of the effective stochastic model (1.45) has not been en-
tirely systematic, as we were including higher order nonlinear terms to keep the
system globally stable. Such kind of heuristic approach is often used in the physics
literature, and can in principle be dealt with by computing the higher order nonlin-
ear corrections to the slow manifold (1.44).
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Fig. 1.2. Stationary probability distribution of the radial variable r = (x2
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for the stochastic delay system, eq.(1.41), with parameters λ = −0.26, K = 0.5,
D = 0.015, and different values of the delay τ . Solid lines: distribution according to
the analytic perturbation expansion, eq.(1.46). Dashed lines: results obtained from
numerical simulations.

1.4.2 Dynamical correlations and power spectral density

Correlation functions and power spectral densities are at the heart of detecting
coherence resonance phenomena. The evaluation of dynamical correlation functions
in nonlinear stochastic systems is an inherently difficult task. If time delay is added
then one cannot even resort to spectral theories, e.g., using Fokker-Planck operators.
On the contrary, the evaluation of correlations in linear systems is almost trivial by
comparison. Hence, one often aims at approximating the original nonlinear dynamics
by a suitable linear system [61], even at the expense of a systematic approximation
scheme. Following ideas developed in the context of Fokker-Planck systems with
nonlinear drift [62] one tries to approximate nonlinear terms in the equations of
motion by linear ones, using some kind of optimisation approach. To illustrate the
main idea let us consider the stochastic time delay equation

ẋ(t) = f(x(t)) + B x(t − τ ) + g ξ(t) (1.47)

which covers as well the model of interest, eq.(1.41) when we choose the nonlinear
term f(x) appropriately. We intend to replace this nonlinear function by a linear
contribution Ax by making the “best choice” for the coefficient matrix in the sense

that we minimise the mean square deviation 〈(f(x)−A x)T (f(x)−Ax)〉. The min-
imisation yields

A = 〈f(x)xT 〉〈xxT 〉−1 (1.48)

with eq.(1.1) and (1.12) being the “best” linear approximation of eq.(1.47). The
evaluation of eq.(1.48) requires the computation of static expectation values, a fea-
ture which is quite common in dynamical theories of this kind. One could deduce
such values either from simulations or from alternative theories, like, e.g., those de-
veloped in the previous section. The impact of the nonlinearity on the dynamics
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has been effectively condensed in the few parameters, eq.(1.48). The computation
of dynamical correlation functions now becomes a trivial task as we can resort to
the exact result available for linear systems, see eqs.(1.15) and (1.16). There are
certainly alternatives to arrive at a suitable linear model, i.e., the scheme outlined
here is by no means a unique way to solve the task. In addition, the accuracy of the
method is difficult to predict a priori. Like most mean-field schemes the approach
does not rely on a small expansion parameter. But the scheme has the potential to
capture at least qualitatively the main features of the correlations as the impact of
the time delay has been fully taken into account.

For our model (1.41) we have, using the notation of eq.(1.47)

B =

„

K 0
0 K

«

, g =
√

2D

„

1 0
0 1

«

(1.49)

while the components of the nonlinear part are given by f1 = (λ+ r2 − r4 −K)x1 −
2πx2 and f2 = (λ+ r2− r4 −K)x2 +2πx1. Since our model is spherically symmetric
all static cross correlations vanish, i.e., 〈xkxℓ〉 = 0 and 〈(r2−r4)xkxℓ〉 = 0 for k 6= ℓ.
The diagonal components coincide and expectation values can be written in terms
of the radial variable, 〈xkxk〉 = 〈r2〉/2 and 〈(r2 − r4)xkxk〉 = 〈(r2 − r4)r2〉/2. Thus,
eq.(1.48) results in

A =

„

λeff − K −2π
2π λeff − K

«

, λeff = λ + 〈(r4 − r6)〉/〈r2〉 . (1.50)

Within our approximation the entire impact of the nonlinear contributions is a static
renormalisation of the bifurcation parameter. The required expectation values can
be either obtained from the approximation, eq.(1.46), or from simulations. One can
also aim at a self-consistent computation using the Gaussian stationary solution of
the effective model, eqs.(1.1) and (1.12), even though the actual stationary density
is by no means well approximated by a normal distribution, see figure 1.2. Finally,
the correlation matrix is easily evaluated from eq.(1.16). The result is conveniently
stated if we introduce the abbreviation

z(ω) = iω − λeff + K(1 − exp(−iωτ )) . (1.51)

The diagonal elements coincide, (Σω)11 = (Σω)22 = S(ω), and represent the power
spectral density of each component

S(ω) = 2D
|z(ω)|2 + (2π)2

|z(ω) − 2πi|2|z(ω) + 2πi|2 = D(|z(ω)−2πi|−2 + |z(ω)+2πi|−2) . (1.52)

For the cross correlations we obtain

(Σω)12 = −(Σω)21 = 2D
2π(z(ω) − z(−ω))

|z(ω) − 2πi|2|z(ω) + 2πi|2

= 2D
4πi(ω + K sin(ωτ ))

|z(ω) − 2πi|2|z(ω) + 2πi|2 . (1.53)

The results of this phenomenological approximation scheme are quite encouraging
as the main features of the power spectral density are captured quantitatively to a
fairly high degree of precision, see figure 1.3.
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Fig. 1.3. Normalised power spectral density S(ω)/D of the model, eq.(1.41), for
λ = −0.26, K = 0.5, D = 0.015 and different values of the delay. Solid lines: numer-
ical simulations of the stochastic delay differential equation. Dashed lines (white):
analytic approximation according to eq.(1.52). For better visibility the top and the
bottom spectrum is shifted by ±10dB, respectively.

1.5 Concluding remarks

Formal analytic expansion schemes, even if they just cover very simple setups, play
their role for the investigation of dynamical systems, in particular for models includ-
ing noise and time delay. Initially, the methods have been largely developed within
an engineering context for ordinary differential equations. The tools turn out to be
useful for the understanding of basic mechanisms in dynamical systems and provide
an analytic overview of structures in phase- and parameter space. Even for contem-
porary research questions, such as the relevance of coupling topologies in networks
with noise or time delay, or global dynamical aspects such as manifolds determining
basins of attraction, simple analytic perturbation schemes could give viable input.
For instance, Melnikov’s method has been empirically generalised to cope with noise
and time delay, but systematic studies are still lacking.

Our selection of perturbation expansion schemes was of course incomplete, and
there are plenty of related approaches available in the literature. Essentially all of
these have limitations from a mathematical point of view. Unlike the impression
which is sometimes given in the physics literature formal expansions do not provide
rigorous proofs. Caveats apply as well when applications are considered. Most real
world problems do not come in a setting which allows for the application of analytic
expansion schemes. Hence, numerical approaches, say either direct simulations or
sophisticated continuation techniques to track bifurcations, are certainly often the
method of choice to determine the behaviour of a particular dynamical systems.
Having said that, simple analytic formal expansion schemes such as those sketched
above, combined with rigorous methods or numerical approaches can provide useful
insight for complex dynamical behaviour of systems with noise and time delay.
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16. V. Flunkert, I. Fischer, E. Schöll (eds.), Dynamics, control and information in

delay-coupled systems, Theme Issue of Phil. Trans. R. Soc. A 371, 20120465
(2013)

17. J.Q. Sun, G. Ding (eds.), Advances in Analysis and Control of Time-Delayed
Dynamical Systems (World Scientific, Singapore, 2013)

18. M. Soriano, J. Garca-Ojalvo, C. Mirasso, I. Fischer, Rev. Mod. Phys. 85, 421
(2013)

19. J.K. Hale, S.M. Verduyn Lunel, Introduction to Functional Differential Equa-
tions (Springer, New York, 1993)

20. K. Engelborghs, DDE-BIFTOOL: a Mathlab package for bifurcation analysis of
delay differential equations.
http://www.cs.kuleuven.ac.be/koen/delay/ddebiftool.shtml

21. L. Pecora, T. Carroll, Phys. Rev. Lett. 80, 2109 (1998)
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