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Abstra
t. In systems with time s
ale separation, where the fast degrees of freedom

exhibit 
haoti
 motion, the latter are repla
ed by suitable sto
hasti
 pro
esses. A

proje
tion te
hnique is employed to derive equations of motion for the phase spa
e

density of the slow variables by eliminating the fast ones. The resulting equations 
an

be approximated in a 
ontrolled way by Fokker{Plan
k equations or equivalently by

sto
hasti
 di�erential equations for the slow degrees of freedom. We dis
uss some model

situations and explore the a

ura
y of the approximations by numeri
al simulations.
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1. Introdu
tion

Many phenomena in nature are 
hara
terised by the intera
tion of dynami
s on very

di�erent time s
ales. Within the 
ontext of statisti
al me
hani
s su
h phenomena

are well known for de
ades and result �nally in e�e
tive redu
ed des
riptions like

e.g. Boltzmann{, master{, or Fokker{Plan
k equations [1℄. Here one usually applies

a thermodynami
 limit for the fast degrees of freedom and assumes to some degree

lo
al thermodynami
 equilibrium whi
h gives rise to 
u
tuation dissipation relations.

However these thermodynami
 properties of the "heat bath" are in prin
iple dispensable,

sin
e one just relies on the de
ay of 
orrelations of fast degrees of freedom. Thus, one

should be able to apply similar approa
hes in few degrees of freedom systems having


haoti
 dynami
s.

One parti
ular example where these 
onsiderations play an important role is the

o
ean{atmosphere system generating our weather and our 
limate. Here on the one hand

a 
onsiderable separation of time s
ales appears. The o
ean is 
hara
terised by time

s
ales of hundreds of years, whereas the atmospheri
 stru
tures su
h as 
y
lones and

anti
y
lones have lifetimes of a 
ouple of days. On the other hand one 
annot model the

fast degrees of freedoms as a thermodynami
 heat bath, although its e�e
tive dynami
al

degrees of freedom may be large. Nevertheless it might be highly useful to redu
e the

number of degrees of freedom and in parti
ular to get rid of the fast degrees, if one is

interested in the long time behaviour. The most obvious approximation would be to

ignore the fast degrees of freedom 
ompletely, or at least to repla
e them by a fun
tion of

the slow ones. Su
h approa
hes known as "adiabati
 elimination" [2℄ or 
entre manifold

redu
tions work well if the fast degrees of freedom are governed by essentially relaxatory

dynami
s. If the fast degrees are periodi
, the "averaging theorem" [3℄ supplies a

framework for their elimination. In both 
ases, e�e
tive deterministi
 equations of

motion 
ontaining ex
lusively the slow degrees of freedom are found. However, for


haoti
 degrees of freedom, these pro
edures have to be improved in order not to lose

relevant dynami
al s
enarios.

In the framework of 
limate resear
h, the notion of sto
hasti
 
limate models has

been 
oined by Hasselmann [4℄ and re
ently re
alled by mathemati
ians [5℄. The idea

is to repla
e the fast degrees of freedom by suitable sto
hasti
 pro
esses, i.e. to repla
e

the full deterministi
 system by a sto
hasti
 di�erential equation with only slow degrees

of freedom. It is, however, until now un
lear how to derive systemati
ally a sto
hasti


model from a deterministi
 one and in whi
h sense the sto
hasti
 equation might be

an approximation of the deterministi
 system. In this paper we will make use of a

proje
tion te
hnique whi
h yields answers to both questions.

Related work, however with a di�erent goal and di�erent te
hniques, was done for

spe
i�
 systems by C. Be
k. He showed that 
entral limit theorems 
an be applied

to 
haoti
 deterministi
 systems [6℄, hen
e showing that 
haoti
 systems 
an exhibit

sto
hasti
 signatures in 
ertain limits (
f. also the approa
hes in [7, 8℄). Moreover, he

was able to prove that the Perron{Frobenius equation governing the time evolution of
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the invariant measure of a parti
ular 
lass of dynami
al systems is, in a 
ertain limit,

equivalent to a Fokker{Plan
k equation [9℄. The setting studied in [6, 9℄ is in fa
t a

spe
ial 
ase of time s
ale separation and hen
e a spe
i�
 example of what we want to

show here in more generality.

To spe
ify our formal setup we restri
t ourselves to the 
ase of only two time s
ales,


alled "slow" and "fast". For simpli
ity and pedagogi
al reasons we assume that we 
an

de
ompose the set of all phase spa
e variables into two groups of dimensionality d

x

and

d

y

, where x are the slow variables and y the fast ones. If we assume that the right hand

sides of the following di�erential equations, f and g, are of the order of unity, the time

s
ale separation 
an be mediated by a small parameter " through

_
x = f(x;y) (1)

_
y =

1

"

g(x;y) ; (2)

where 0 < " � 1. The ultimate goal of this paper will be to derive a sto
hasti


di�erential equation for x alone

_

~
x =

~

f(
~
x; �) ; (3)

where � is a ve
tor valued noise pro
ess with suitable 
orrelations.

The issue of how to derive eq.(3) from eqs.(1) and (2) is dire
tly linked to

the question whether and in whi
h sense the sto
hasti
 des
ription approximates the

deterministi
 system. It is evident that the introdu
tion of any kind of noise pro
ess


an never improve the a

ura
y of a parti
ular solution, i.e. the error jx(t) �
~
x(t)j


an never be made smaller on average by introdu
ing un
ertainty in the evolution

equation of
~
x. Even if the error is smaller for one parti
ular realization of the noise

pro
ess, it will inevitably be larger for other realizations. As a 
onsequen
e, the gain by

introdu
ing noise 
an only be in the sense of more realisti
 modelling, or more realisti


averages. In Se
tions 4 and 5 we will study examples where the fast degrees of freedom


reate dynami
al phenomena whi
h disappear when eliminating the fast degrees and

whi
h reappear when introdu
ing noise instead. So in the end, our 
riterion will be

the a

ura
y by whi
h the redu
ed equation reprodu
es the invariant measure of the

full system restri
ted to the slow degrees of freedom, and on the a

ura
y of ergodi


averages on this measure. Hen
e, a relevant and exa
t intermediate result will be an

equation for the time evolution of the phase spa
e density of the slow variables, where

the fast degrees of freedom have been self{
onsistently eliminated.

Se
tion 2 is devoted to the formal elimination s
heme to derive Fokker{Plan
k{like

evolution equations for the phase spa
e density of the slow degrees of freedom. Among

others, one likes to 
onvert the formal solution into Langevin equations for the slow

variables in order to be able to perform numeri
al solutions of the initial value problem,

whi
h is the typi
al setting in most numeri
al modelling tasks. The resulting Langevin

equation assumes a parti
ularly simple form for skew systems, whi
h are dis
ussed in

Se
tion 3. Se
tions 4 and 5 are devoted to two di�erent numeri
al examples. The �rst

one, presented in Se
tion 4, will allow us to make a quantitative 
omparison between
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the numeri
al results and our analyti
 predi
tions. One parti
ular issue will be how

the a

ura
y of the approximations made at the end of Se
tion 2 will depend on the

magnitude of the time s
ale separation. The se
ond example whi
h is dis
ussed in

Se
tion 5 exploits some aspe
t of the full nonlinear 
oupling between the di�erent types

of degree of freedom. Bifur
ations in the fast subsystem may 
onsiderably in
uen
e the

nature of the e�e
tive noise pro
ess. Some te
hni
al details are summarised in three

appendi
es to keep the paper self 
ontained.

2. Temporal evolution in terms of Fokker{Plan
k equations

In order to perform the elimination of the fast degrees of freedom we swit
h from the

traje
tory{wise des
ription of eqs.(1), (2) to an equivalent des
ription in terms of the

phase spa
e density �

t

(x;y) and the 
orresponding Liouville{like equation

��

t

�t

= �L�

t

: (4)

Here

L :=

1

"

L

(0)

+ L

(1)

:=

1

"

�

�y

g(x;y) +

�

�x

f(x;y) (5)

denotes the generator of the dynami
s. We assume for simpli
ity that all densities are

smooth and 
an be treated like ordinary fun
tionsz. Elimination of fast variables is now

most 
onveniently done by 
onsidering the distribution of slow variables

��

t

(x) =

Z

dy �

t

(x;y) : (6)

It is the goal to derive a 
losed equation of motion for the distribution (6) from the

full equation of motion (4). The spirit of su
h a pro
edure 
onsists in approximating

the full distribution by a redu
ed density, where the fast variables are in some sense

adiabati
ally eliminated

�

red

t

(x;y) = �


ond

(yjx)��

t

(x) : (7)

Regardless of the spe
ial form of �


ond

it is possible to write down an exa
t equation of

motion for ��

t

by using well established proje
tion operator te
hniques [10℄. However,

the usefulness and the evaluation of su
h equations in terms of a perturbation expansion

depends 
ru
ially on the parti
ular 
hoi
e for �


ond

.

As dis
ussed also in a previous study [11℄, two di�erent 
hoi
es seem to be appealing.

From the mathemati
al point of view one would guess that as long as y is fast enough it

adjusts itself almost instantaneously a

ording to the invariant distribution of the fast

equation (2) with x being 
onsidered as a �xed parameter. The 
orresponding density

�

add

x

(y) has the advantage that averages with respe
t to y 
an be 
omputed as time

z One may add a small di�usive like 
ontribution to eq.(5) to ensure smoothness and 
onsider the

limit of vanishing di�usion at the end. In addition, a generalisation in terms of 
orresponding measures

seems to be possible, but would in
rease the amount of notation 
onsiderably.
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averages provided 
ertain ergodi
 properties are met. If �

x

[t;y℄ denotes the solution of

eq.(2) with initial 
ondition �

x

[0;y℄ = y, then

hhi

y

:=

Z

dy h(x;y)�

add

x

(y) = lim

T!1

Z

T

0

dt h(x;�

x

[t;y℄) (8)

holds for typi
al initial 
onditions and observables h(x;y).

On the other hand one may take the stationary 
onditional distribution

�


ond

(yjx) :=

�

�

(x;y)

��

�

(x)

; (9)

where �

�

and ��

�

denote the 
orresponding stationary densities. As we shall show, this


hoi
e leads to formally 
onsistent results. Fortunately, the just mentioned two 
ases


oin
ide in the limit of small " provided some regularity assumptions are met. Taking

eqs.(5) and (9) into a

ount the 
ondition of stationarity results in

0 = L�

�

=

1

"

��

�

L

(0)

�


ond

+ L

(1)

�


ond

��

�

: (10)

Assuming that all densities stay uniformly smooth in the limit "! 0, the �rst term has

to vanish in the leading order of the small parameter ". Therefore, �


ond

tends towards

the invariant density of L

(0)

and �nally 
oin
ides with �

add

x

.

If we now apply the standard proje
tion operator te
hnique to eq.(4) we obtain

�nally a 
losed equation of motion for the density (6) (namely eq.(A.8), 
f. Appendix A

for details). In lowest order perturbation theory this equation redu
es to the Fokker{

Plan
k equation (
f. Appendix B)

���

t

�t

= �

�

�x

hfi

y

��

t

(x) +

�

�x

 

D(x)��

�

(x)

�

�x

��

t

(x)

��

�

(x)

!

: (11)

Here the d

x

{dimensional di�usion matrix is determined by the 
u
tuation of the ve
tor

�eld f ,

Æf(x;y) = f(x;y)� hfi

y

(12)

in terms of the auto
orrelation fun
tion as

D(x) =

Z

1

0

dthÆf(x;�

x

[t;y℄)Æf(x;y)i

y

: (13)

The average h: : :i

y

expresses a

ording to the de�nition (8) an average over initial


onditions y. As long as the dynami
s of eq.(2) is (exponentially) mixing the di�usion

matrix is well de�ned sin
e the 
orrelations de
ay suÆ
iently fast. Furthermore, the

di�usion matrix is of order ", sin
e this expansion parameter governs the time s
ale on

whi
h the 
orrelation de
ays a

ording to eq.(2).

Thus, in lowest order perturbation expansion the deterministi
 equations of motion

redu
e to a sto
hasti
 system with the Fokker{Plan
k equation being given by eq.(11).

The drift 
onsists of the y{averaged ve
tor �eld, whereas the di�usion is given by

the auto
orrelations of the 
u
tuations of the ve
tor �eld. Both quantities are easily


al
ulated by integrating the fast system (2) alone.

The resulting Fokker{Plan
k{equation is a self{
onsistent equation for the slow

variables and 
an be 
onverted into a Langevin equation. The latter is often easier
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to handle by numeri
 integration sin
e time dependent solutions of Fokker{Plan
k

equations are usually 
umbersome to 
ompute. Moreover, dynami
al aspe
ts su
h as

stability of an individual solution with respe
t to perturbations of the initial 
ondition

are simpler to analyse on the basis of sto
hasti
 di�erential equations. IfD

1=2

(x) denotes

the 
anoni
al square root of the di�usion matrix, i.e. D

1=2

is the symmetri
 positive

semi{de�nte matrix whose square yields the di�usion matrix (whi
h by 
onstru
tion is

positive semi{de�nite), then the 
orresponding Langevin equation using Stratonovi
h


al
ulus reads [12℄

_
x(t) = hfi

y

+D(x)

�

�x

ln ��

�

(x) +D

1=2

(x)

 

�

�x

D

1=2

(x)

!

+D

1=2

(x)�(t) : (14)

Here � denotes a Gaussian white noise normalised a

ording to

h�

�

(t)�

�

(t

0

)i = 2Æ

��

Æ(t� t

0

) : (15)

In the lowest nontrivial order in ", eq.(14) redu
es to a Langevin equation whi
h 
ontains

only x and the noise pro
ess but not the invariant density ��

�

. Hen
e, it 
an be treated

numeri
ally or even analyti
ally quite straightforwardly.

3. Skew systems and averaging

The simplest 
lass of systems 
onsists of those where there is no feedba
k from the slow

to the fast degrees of freedom, i.e. where g(x;y) = g(y). Then the di�usion matrix

(13) inherits its phase spa
e dependen
e solely from the 
oupling of the fast degrees of

freedom to the slow one, f(x;y), but not from the internal fast dynami
s �. Hen
e an

additive/multipli
ative 
oupling of the fast degrees of freedom in f dire
tly transfers to

the 
oupling of the noise in the Langevin equation (14). Su
h a feature is 
learly not

present in non skew models dis
ussed in the next se
tion.

There are two prominent examples of elimination of fast degrees of freedom whi
h

behave regularly and yield a deterministi
 redu
ed dynami
al system (
f. e.g. [2℄). Both

of these 
ases are in
luded in our analysis too. The �rst 
ase, often refered to as

"slaving" 
orresponds to a fast dynami
al system (2) relaxing to a �xed point. Here

a full dis
ussion whi
h goes to arbitray order in perturbation theory 
an be supplied

(
f. Appendix C). The se
ond 
ase, often referred to as averaging, 
orresponds to a

period
 fast dynami
s with g(x;y) = g(y), so that the period does not depend on x.

The approa
h adopted here is not well taylored to this 
ase sin
e the auto
orrelation

entering the di�usion matrix (13) is periodi
 and the Markov approximation needs a

more thorough justi�
ation. Nevertheless, the di�usion matrix still has a meaning in the

distributional sensex. Above all, the di�usion matrix 
oin
ides with the zero freque
y


ontribution in the spe
trum of the periodi
 quantity (12). Sin
e the 
u
tuation does not


ontain a 
onstant 
ontribution, the di�usion matrix vanishes. Therefore no sto
hasti


for
e appears in the Langevin equation (14). The deterministi
 drift is given by the

x From the te
hni
al point of view one may in
lude a fa
tor exp(��t) in the intergal eq.(13) and


onsider the limit �! 0+.
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time average of the slow dynami
s sin
e the density ��

�

is in general nonsingular. Thus,

the result 
oin
ides to leading order with the usual averaging pro
edure.

4. Sto
hasti
 vs. deterministi
 resonan
e

Let us now 
ome ba
k to the 
ase where the fast dynami
s is 
haoti
, so that we expe
t

a �nite di�usion in the redu
ed dynami
s. As an example, we study the motion of

a damped parti
le in a double well potential driven by a small periodi
 for
ing. One


omponent of a fast 
haoti
 Lorenz model is added to the slow equation of motion.

_x = x� x

3

+ a 
os(!t) + �y

1

_y

1

=

�

"

(y

2

� y

1

)

_y

2

=

1

"

(ry

1

� y

1

y

3

� y

2

)

_y

3

=

1

"

(y

1

y

2

� by

3

) : (16)

We 
hoose the 
anoni
al parameters, �=10, r=28, b=8/3, and ! = 0:001, a = 0:1. Due

to the la
k of feedba
k from the slow to the fast variables and due to the additive nature

of the 
oupling of the fast to the slow variables, the di�usion 
onstant D of eq.(13) is

independent of x. If we denote by hy

1

(t

0

)y

1

(t

0

+ t)i

t

0

the auto{
orrelation fun
tion of

the Lorenz{y

1

{
oordinate for " = 1, then the di�usion 
onstant D in the Fokker{Plan
k

equation 
orresponding to eq.(16) is given by

D = "�

2

Z

1

0

hy

1

(t

0

)y

1

(t

0

+ t)i

t

0

dt : (17)

The e�e
tive des
ription in terms of the Langevin equation (14) in order

p

" for

the x{dynami
s leads to the well known 
lassi
al s
enario of sto
hasti
 resonan
e (for

an ex
ellent review on sto
hasti
 resonan
e see [14℄). With � = 0 and a = 0, the

parti
le x settles down in one of the two wells of the potential, i.e. x(t) ! �1. For

0 < a � 1, the periodi
 for
ing is still so weak that it 
annot indu
e any transitions

from one well to the other. For � > 0 and hen
e D > 0 we expe
t a �nite probability

for su
h a jump from one well to the other. It is approximately given by the Kramers

rate 1=T

K

= exp(��=D) where � = 1=4 is the height of the barrier between the two

wells, and D measures the noise amplitude. It is known that there o

urs a maximal

syn
hronization between the jumps and the periodi
 for
ing, if the period of the for
ing

and the Kramers time ful�ll the 
ondition 2�=! = 2T

K

.

If " � 1 the theory developed in the last se
tion tells us that the Lorenz{y

1

{


oordinate should in fa
t a
t like noise. In Figure 1 we show numeri
al results of the

full system eq.(16) in 
omparison to white noise driven motion in the double well, i.e.

a numeri
al simulation of the 
orresponding Langevin equationk. We 
ompute the

k In a naive numeri
al simulation, white noise is realized as a pie
ewise 
onstant fun
tion with step

widths Æt, where Æt is the time step of the Euler{integrator. Consequently, the auto{
orrelation fun
tion

of this numeri
al noise is 
(�) = �

2

if � 2 [�Æt=2; Æt=2℄ and 0 elsewhere, where �

2

is the varian
e of
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orrelation between the 
oordinate x(t) and the periodi
 driving


 =

q

hx(t) 
os!ti

2

t

+ hx(t) sin!ti

2

t

(18)

and the phase di�eren
e between driving for
e and the well-hopping,

� = ar
tan

hx(t) sin!ti

2

t

hx(t) 
os!ti

2

t

: (19)

In the numeri
al simulation, we �x " and tune � to produ
e the 
urves shown in Figure

1.

The 
omparison of the results shows that for � < 0:1, there is within the statisti
al

a

ura
y a perfe
t agreement between the noise driven system and the Lorenz driven

system. For larger �, i.e. less pronoun
ed time s
ale separation, deviations of the 
urves

from the noise limit are evident. The onset of syn
hronous well{hopping is shifted

towards larger equivalent noise amplitudes, and the 
orrelation between periodi
 for
ing

and hopping is slightly more pronoun
ed. The �rst 
omes from the 
lear non{Gaussian


hara
ter of the short time a

umulation of y

1

. The tails are �nite as 
an be seen from

the inset in Figure 2.

This example shows impressively the bene�ts of sto
hasti
 modelling. The ad ho



omplete elimination of the fast degrees of freedom is here equivalent with the zeroth

order approximation in ". However, it destroys the relevant dynami
al feature of hopping

between the wells, whereas our properly derived noise pro
ess whi
h is �rst order in

p

" produ
es quantitatively 
orre
t hopping rates and syn
hronisation e�e
ts. Thus

the invariant measure in the extended phase spa
e, i.e. in
luding the driving for
e, is


orre
tly reprodu
ed (
f. also [7, 11℄).

Only for " � 0:1, one needs to go beyond the �rst order in

p

" here. In order to

see of what nature the higher order 
orre
tions might be, we 
reated so 
alled surrogate

data of the Lorenz y

1

{
oordinate. A sequen
e of random numbers was 
reated whi
h

has an identi
al auto
orrelation fun
tion and marginal probability distribution as the

original sequen
e of the Lorenz system but no nontrivial higher order 
orrelations [15℄.

It re
e
ts thus a non{Gaussian, linearly 
orrelated noise pro
ess. Repla
ing the fast

Lorenz-system by these surrogates and 
onsidering " = 1, we �nd indeed a shift of the

onset of the resonan
e to higher noise levels. But we do not reprodu
e the in
reased

value of 
orrelation between hopping and periodi
 driving of the double well (
f. Figure

2). We therefore 
on
lude that the nontrivial distribution (
f. insert of Figure 2) is only

one sour
e of the di�eren
es. It 
an be taken into a

ount by a non{Gaussian noise

pro
ess. We should re
all that the linear 
orrelations of the fast variable 
an be fully

absorbed in the di�usion 
onstant, so that alternatively to the sophisti
ated surrogates

one 
an use a simple s
rambling of the fast deterministi
 variable (
onserving their

nontrivial distribution but destroying all of their temporal 
orrelations) and feed this

data instead of � into the Langevin equation. In this 
ase, 
orrelations and distributions

are 
onsidered separately. The remaining dis
repan
y has to be 
aused by higher order

the random numbers. Hen
e, the di�usion 
oeÆ
ient of this pro
ess is 1=2Æt�

2

. Of 
ourse, in a proper

integration s
heme, this

p

Æt-fa
tor is 
orre
tly respe
ted.
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Figure 1. Upper panel: Correlation 
 between x(t) and the periodi
 driving for

suÆ
iently strong time s
ale separation 
ompared to the numeri
al integration of the

Langevin eq.(14). The \e�e
tive noise amplitude" is, for the deterministi
 simulation,

obtained a

ording to eq.(17).

Central panel: The 
onvergen
e of the behaviour of 
 as a fun
tion of the time s
ale

separation ".

Lower panel: The phase shift � between periodi
 driver and response of x(t),


omparing the Lorenz driven system to the Langevin dynami
s. In [14℄ approximate

analyti
 des
riptions of both 
 and � are given.
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Figure 2. Curve as in Figure 1 for white noise, for the Lorenz driven motion

with "=1, and for surrogate driven motion, also with "=1. The inset shows the

distribution of the Lorenz data and the surrogates.


orrelations. A proper treatment of this feature would require mu
h more sophisti
ated

sto
hasti
 models. Fortunately su
h 
orrelations are only relevant if the time s
ale

separation is poor.

We �nally have to add however a reservation 
on
erning topologi
al 
onstraints.

Su
h 
onstraints may appear if the slow subsystems displays relaxatory dynami
s, e.g.

if it is one{dimensional. Then more sophisti
ated 
onsiderations have to be used. If

one 
onsiders the model (16) then as explained above the 
orresponding sto
hasti


des
ription yields a simple one{dimensional sto
hasti
 di�erential equation whi
h of


ourse 
oin
ides with the famous Kramers problem if the periodi
 driving is negle
ted.

In su
h 
ases hopping between the potential wells is triggered by the Gaussian nature

of the noise whi
h allows for arbitrarily large amplitudes. These large amplitudes are

indeed required to indu
e transitions between the wells. That property already holds

for the full system (16). Thus our sto
hasti
 des
ription (11) and (14) whi
h we have

obtained in lowest order perturbation expansion is 
orre
t only if the amplitudes of

the fast system are large enough. If they are too small then all higher orders of the

master equation have to be taken into a

ount (
f. eq.(A.8)) rendering the analysis mu
h

more 
ompli
ated. In fa
t, this parti
ular feature yields the main di�eren
e between

the treatment of statisti
al me
hani
s and the analysis of low dimensional dynami
al

systems. In statisti
al me
hani
s large amplitudes 
an be always a
hieved be
ause on

takes the thermodynami
 limit of the heat bath. Here we 
annot guarantee for these

amplitudes in advan
e, and one has to 
he
k su
h a 
ondition in ea
h 
ase separately.

However, if no topologi
al 
onstraint appears then the approximation by Gaussian noise

does not pose a problem as shown in this se
tion.
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5. Non skew systems and intrinsi
 noise bifur
ation

The general situation of a nonlinear 
oupling between fast and slow degrees of freedom

is too diÆ
ult to be treated in generality. We dis
uss here a parti
ular e�e
t, namely

fast degrees of freedom whose 
haoti
ity depends on the values of the slow variables.

Whenever the fast variables are 
haoti
, the di�usion 
onstant D(x) is non{vanishing

and the fast variables a
t as noise. When they behave periodi
ally, the periodi
ity of

the auto{
orrelation fun
tion �nally integrates up to zero, and no noise is visible. We


ombine these two features by 
onsidering a fast equation of motion whose parameters

are modulated by the slow variables in su
h a way that a 
hange from regular to 
haoti


motion 
an be triggered. For that purpose we 
onsider two Lorenz systems. The slow

one with the variables x

1

, x

2

, x

3

and standard parameter values is driven by the fast

variable y

1

additively. The fast system with y

1

, y

2

, y

3

is driven by the slow one through

the parameter r

y

(x

1

) = 210 + 60 ar
tan(2x

1

)=�. In order to simplify the treatment we

have 
hosen a sigmoid fun
tion r

y

(x

1

) for the feedba
k whi
h a
ts as a kind of swit
h.

_x

1

= 10(x

2

� x

1

) + �y

1

_x

2

= 28x

1

� x

1

x

3

� x

2

_x

3

= x

1

x

2

�

8

3

x

3

_y

1

=

10

"

(y

2

� y

1

)

_y

2

=

1

"

(r

y

(x

1

)y

1

� y

1

y

3

� y

2

)

_y

3

=

1

"

(y

1

y

2

�

8

3

y

3

) : (20)

A proje
tion of the attra
tor onto the x

1

{x

2

{plane is shown in Figure 3, whereas Figure

4 displays the 
orresponding time tra
e of y

1

and r

y

. The time s
ale relation was set to

" = 2 � 10

�3

and the 
oupling strength to � = 10.

The asymmetry of the attra
tor shape is related to the fa
t that the mean value

of y

1

is non{zero for both the 
haoti
 and periodi
 motion. Moreover, if r

y

� 240,

the traje
tory of the fast system settles after some 
haoti
 transient on either of two


oexisting pairwise symmetri
 limit 
y
les. Despite the fa
t that 
haoti
 and limit 
y
le

os
illations have almost identi
al amplitude and the same time s
ale, their e�e
t on the

slow variables is evidently di�erent. In the 
ase of 
haoti
 os
illations, the fast variable

e�e
tively a
ts as noise. However for the limit 
y
le behaviour, i.e. if r

y

� 240, then due

to the averaging theorem the sto
hasti
 
hara
ter of the fast variable disappears in good

approximation. Eq.(20) demonstrates that through the 
oupling of the slow dynami
s

to the fast degrees of freedom the nature of the e�e
tive noise 
hanges 
onsiderably if

bifur
ations within the fast system appear.
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Figure 3. The proje
tion of the attra
tor of Eq.(20) into the x

1

-x

2

-plane. On

the left part of the attra
tor, r

y

(t) � 180, so that the fast motion is 
haoti
,

whereas on the right part, r

y

(t) � 240, so that it is periodi
 (limit 
y
le).

180
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0 2 4 6 8 10 12 14 16 18 20

r y
(t

)

t

-40

-20
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20

40
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y 1

t

Figure 4. The parameter r

y

(x

1

), as a fun
tion of time (upper panel) and the

fast variable y

1

driving the slow Lorenz (lower panel) during the same time

interval.

6. Con
lusions

If a system 
an be de
omposed into a slow and a fast subsystem, the time evolution of

the phase spa
e density of the slow variables 
an be des
ribed by an e�e
tive equation of

motion. In lowest order of time s
ale separation su
h an equation redu
es to a Fokker{

Plan
k equation where the drift and di�usion 
oeÆ
ients are given expli
itly in terms

of averages over the fast dynami
s. This result extends the usual averaging theorem

for periodi
 modulation to 
haoti
 degrees of freedom. Our features are in agreement
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with generalised 
entral limit theorems for 
haoti
 systems [6℄ whi
h state that 
haoti


degrees of freedom 
an a

umulate to a Gaussian noise pro
ess.

If the time s
ale separation be
omes less pronoun
ed we still 
an write down a 
losed

non{Markovian equation of motion for the density of the slow variables. Expanding

in terms of the time s
ale separation we observe that the exa
t stationary density is

preserved in ea
h order, so that even an analysis beyond the simple Fokker{Plan
k

approa
h seems to be promising. Of 
ourse the simple relation to sto
hasti
 di�erential

equations gets lost, sin
e these higher order 
ontributions are no longer of Fokker{

Plan
k type. Thus, we expe
t that modelling of fast degrees of freedom by Gaussian

noise is limited to the 
ase of well pronoun
ed time s
ale separation. This 
onje
ture is

supported by our numeri
al analysis. We have found that a modelling by an adapted

non{Gaussian noise whi
h takes the distribution of the 
haoti
 pro
ess into a

ount is

not suÆ
ient. Temporal higher order 
orrelations be
ome important if one wants to 
ope

with all features of the full dynami
al system. In [9℄ a parti
ular higher order e�e
t was

found, whi
h in our setting, however, seems less relevant, sin
e we are dealing with time


ontinuous systems. However, translated into our language, it means: In a skew system,

the fast dynami
s 
an stay arbitrarily long time spans arbitrarily 
lose to an unstable

periodi
 orbit. Su
h regular episodes 
an potentially 
reate strong non{sto
hasti
 e�e
ts

on the slow dynami
s, and sin
e they 
an be arbitrarily long, they might appear (with


orresponding low probability) for every �nite �.

Last but not least we emphasise that 
ontrary to appli
ations in statisti
al

me
hani
s the slow variables may have dramati
 e�e
ts on the fast dynami
s, sin
e

no thermodynami
 limit for a heat bath is involved. We have studied this e�e
t in

a simple model system showing that the in
uen
e of the fast degrees of freedom may


hange 
onsiderably due to the dynami
al 
oupling of the slow variables. It would be

interesting to �nd other physi
al models whi
h display this novel type of instability.

Appendix A. Mori{Fujisaka{Shigematsu expansion

Within statisti
al me
hani
s there exists a well developed formally exa
t expansion of

the master equation [13℄. We are adopting here a variant of this approa
h to derive

an equation of motion for the distribution of slow variables (6). In order to keep the

presentation self 
ontained we re
all these steps in some detail for the spe
ial system

given by eqs.(1) and (2).

Using the notation Tr

y

f: : :g =

R

dy : : : for the phase spa
e integral with respe
t to

fast variables we introdu
e the proje
tion operator

P : : : := �


ond

Tr

y

f: : :g (A.1)

whi
h generates the redu
ed density (7). Applying this proje
tion to the full equation

of motion (4) one obtains the Nakajima{Zwanzig equation [10℄

��

red

t

�t

= �PL�

red

t

+

Z

t

0

dsPLQe

�QLs

QL�

red

t�s

(A.2)
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where Q := I � P denotes the orthogonal proje
tion. For the initial 
ondition the


onstraint Q�

rel

t=0

= 0 has been adopted. Employing the de�nitions (5), (9), and (A.1)

and using the stationarity of �

�

we are left with{

���

t

�t

= �

�

�x

Tr

y

ff�


ond

g��

t

(x) +

�

�x

Z

t

0

dsTr

y

f�fe

�QLs

�f�

�

g

�

�x

��

t�s

(x)

��

�

(x)

; (A.3)

where

�f(x;y) := f(x;y)� Tr

y

ff�


ond

g (A.4)

denotes the 
u
tuation with respe
t to the 
onditional stationary density (9). Eq.(A.3)


onstitutes almost the Fokker{Plan
k type equation we are dwelling on. But at the

moment the integral kernel is still an operator and we are going to evaluate its a
tion

on the distribution ��

t

expli
itly.

Employing the formally adjoint operators

P

y

: : : = Tr

y

f: : : �


ond

g; L

y

= �

1

"

g(x;y)

�

�y

�

�

�x

f(x;y) (A.5)

we obtain for arbitrary fun
tions G(x;y) and H(x;y)

Tr

y

fG � e

�QLs

Hg � Tr

y

fe

�L

y

Q

y

s

G �Hg

=

Z

s

0

ds

1

d

ds

1

Tr

y

fe

�L

y

Q

y

(s�s

1

)

G � e

�QLs

1

Hg

= �

�

�x

Z

s

0

ds

1

Tr

y

ffQ

y

e

�L

y

Q

y

(s�s

1

)

G � e

�QLs

1

Hg ; (A.6)

where in the last step the de�nition (5) has been employed. Iterating eq.(A.6) we are

left with

Tr

y

fG � e

�QLs

Hg = Tr

y

fe

�L

y

Q

y

s

G �Hg

�

�

�x

Z

s

0

ds

1

Tr

y

fe

�L

y

Q

y

s

1

fQ

y

e

�L

y

Q

y

(s�s

1

)

G �Hg

+

 

�

�

�x

!

2

Z

s

0

ds

1

Z

s

1

0

ds

2

Tr

y

fe

�L

y

Q

y

s

2

fQ

y

e

�L

y

Q

y

(s

1

�s

2

)

fQ

y

e

�L

y

Q

y

(s�s

1

)

G �Hg

+ : : : : (A.7)

Using the expansion (A.7) in eq.(A.3) we obtain the �nal result

���

t

�t

= �

�

�x

Tr

y

ff�

�

g

��

t

(x)

��

�

(x)

+

1

X

n=0

(�1)

n

 

�

�x

!

n+1

Z

t

0

ds�(s; x)

�

�x

��

t�s

(x)

��

�

(x)

; (A.8)

where

�

0

(s;x) := Tr

y

fe

�L

y

Q

y

s

�f ��f�


ond

g (A.9)

�

n

(s;x) :=

Z

s

0

ds

1

: : :

Z

s

n�1

0

ds

n

Tr

y

fe

�L

y

Q

y

s

n

fQ

y

e

�L

y

Q

y

(s

n

�s

n�1

)

: : :fQ

y

e

�L

y

Q

y

(s�s

1

)

�f ��f�


ond

g

{ Ve
tor notation has to be understood in the sense that produ
ts between �=�x and f are s
alar

produ
ts. All other produ
ts are wedge produ
ts.
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denote the tensorial integral kernels. It is worth to mention that the exa
t stationary

distribution ��

�

ful�ls eq.(A.8) term by term sin
e stationarity ensures that the average

of the slow ve
tor �eld has neither sour
es nor sinks

�

�x

Tr

y

ff�

�

g = �Tr

y

fL�

�

g = 0 : (A.10)

Appendix B. Perturbation expansion

Employing the small parameter in eq.(5) the expressions (A.9) may be evaluated by a

perturbation expansion. Using

L

(0)y

P

y

= 0; L

y

Q

y

=

1

"

L

(0)y

+ L

(1)y

Q

y

(B.1)

and negle
ting the small 
ontribution L

(1)y

Q

y

in the operator exponential eq.(A.9) yields

to leading nonvanishing order

�

0

(s;x) = Tr

y

fe

�L

(0)y

s="

Æf � Æf�

add

x

g+O(") : (B.2)

Here we have taken into a

ount that the density �


ond

is to leading order identi
al to

�

add

x

. Sin
e the 
orrelation given by eq.(B.2) de
ays on a time s
ale of order " we may

repla
e the density ��

t�s

in the 
orresponding integral of eq.(A.8) by ��

t

and may extend

the remaining integral to in�nity (Markov approximation). For the same reason the

kernels appearing in the higher derivatives are of higher order

�

n

(s;x) = O("

n

) (B.3)

and will be negle
ted. Thus we arrive at the Fokker{Plan
k equation (11).

Appendix C. Slow manifold

Eq.(A.8) 
onstitutes a formally exa
t result of the full evolution equation (4) where

no approximation was involved, apart from a 
onstraint on the initial 
ondition.

Our previous 
onsiderations have shown that within a straightforward perturbation

expansion the Fokker{Plan
k equation (11) 
an be derived. Su
h a result follows in

a di�erent manner too, if the proje
tion operator (A.1) were based on �

add

x

instead of

�


ond

. However, su
h a 
hoi
e somehow anti
ipates the perturbation expansion in the

de�nition of the proje
tion operator. In fa
t, higher order terms di�er and might be even

formally in
onsistent. Su
h features are already well known from statisti
al me
hani
s

where there has been a long lasting debate how to in
lude the intera
tion with a heat

bath appropriately in the proje
tion operator.

We will illustrate these features by 
onsidering a spe
ial 
ase of eqs.(1) and (2)

namely when there exists an invariant attra
ting manifold determined by y = �

�

(x).

First of all, the 
ondition of invarian
e requires

1

"

g(x;�

�

(x)) = D�

�

(x)f(x;�

�

(x)) ; (C.1)
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whereas the motion on the manifold is given by

_
x = f(x;�

�

(x)) : (C.2)

If ��

�

(x) denotes the invariant distribution of eq.(C.2) then the full stationary density is

given by

�

�

(x;y) = Æ(y � �

�

(x))��

�

(x) : (C.3)

The latter expression is 
on�rmed easily by evaluating the 
ondition of invarian
e

L�

�

= 0 taking eqs.(C.1) and (C.2) into a

ount. Hen
e, the 
onditional stationary

density (9) reads

�


ond

(yjx) = Æ(y � �

�

(x)) : (C.4)

Now the full drift 
oeÆ
ient of the Master equation (A.8) is given by

Tr

y

ff�


ond

g = f(x;�

�

(x)) (C.5)

in 
omplete a

ordan
e with eq.(C.2). By virtue of eqs.(C.4) and (A.4)

�f(x;y)�


ond

(yjx) � 0 (C.6)

holds, so that all di�usion kernels (A.9) vanish identi
ally. Hen
e, the full Master

equation(A.8) redu
es to the deterministi
 system (C.2) on the slow manifold. In this

sense the drift given by the weight �


ond

is a renormalised drift to in�nite order of

perturbation theory. Su
h a property depends 
ru
ially on the appropriate 
hoi
e for

the proje
tion operator.
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